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Abstract The negative refraction of electromagnetic wav-
es in photonic crystals was recently demonstrated experi-
mentally, and the physical properties were analyzed. Micro-
superlenses based on two-dimensional photonic crystals

were designed and the subwavelength images were observed.

In this review, after providing a brief history of the research
related to the above phenomena, we will summarize our
research works in this field including the method of creating
a negative refraction region, generating an absolute negative
refraction, the focusing of unpolarized electromagnetic
waves, and the effect of interface and disorder on the image
by the two-dimensional photonic crystal flat lens. The
discussion on the negative refraction and the focusing by
high symmetric quasicrystals is also presented.
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Cerenkov radiation. These anomalous features allow con-
siderable control over light propagation and open the door
for new approaches to a variety of applications.

In general, the negative refraction can be created in the
following ways. The first is at the interface between a posi-
tive conventional medium and a negative refractive meta-
material (such as split-ring resonator) where the electric
permittivity and the magnetic permeability are simultane-
ously negative [1—14]. The second is at the interface of a
uniaxially anisotropic medium [15—17]. It has been re-
cently shown that a unique type of interface of a special
category of the twinning structures in uniaxial crystals can
serve as an example for achieving both negative refraction
and total transmission [15—17]. The third is at the interface
of the photonic crystal (PC) [18 —42]. In this brief review,
we will focus our summary on the third way.

1 Introduction

In recent years, there has been a great deal of interest in the
study of negative refraction and left-hand materials (LHMs).
The properties of such materials were analyzed theoretically
by Veselago over 30 years ago [1, 2], but it is only recently
that they were demonstrated experimentally [3—5]. As was
shown by Vesselago, the LHMs possess a number of un-
usual electromagnetic effects including negative refraction,
inverse Snell’s law, a reversed Doppler shift, and a reversed
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2 Negative refraction and image by two-dimensional
photonic crystal

Negative refraction in photonic crystals was first observed
by Kosaka et al. in 1998 [18]. After which there have been a
number of reported experimental demonstrations and theo-
retical studies in this field [19—42]. The physical principles
that allow for a negative refraction in the PC arise from the
dispersion characteristics of wave propagation in a periodic
medium, which can be well described by analyzing the
equifrequency surface (EFS) of the band structures [19—42].
Figure 1 represents a typical branch of a dispersion surface
in reciprocal space for a PC. The curvature of the dispersion
surface turns from downward to upward, and the incident
light comes from the top of the figure. The direction of
propagation of the light in the PC is normal to the dispersion
surface. Due to the different shape of the curvature, the flux
directions of the propagation wave at various points are dif-
ferent, which can be obtained by the group velocity,
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vy, =V, @ (k), where @ is the optical frequency at the

wave vector k. This means that there are various transport
properties of the wave in the PCs, for example, divergent
propagation as in a concave lens (point A), collimated
propagation (point B) and negative refraction (point C). That
is to say, the negative refraction is only one way for trans-
mitting waves in the PC. The refraction is determined by the
shape of the EFS or the structure of the PC allowing us to
regulate it by choosing the various structures of the PC.
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Fig. 1 A schematic illustration of wave transmitting through the PC. Ar-
rows above the dispersion surface indicate incident wave vectors in recip-
rocal space. Arrows below the dispersion surface indicate the energy flow
in real space.

Figure 2 describes several constant frequency contours
for the second band of a two-dimensional (2D) PC with a
triangular lattice for the S wave. It is clear from the figure
that the frequencies increase inwards, meaning that §- k£ < 0
and the group velocities v, are opposite of the phase velocity.
Here, S and & represent the Poynting vector and wave vector,
respectively. This indicates that the transmitting features of
the wave in such a PC structure have left-handed behavior.
At the same time, we also notice that some EFS contours
such asw=0.42-0.47(2na/c) are very close to a perfect

circle, indicating that the crystal can be regarded as an effec-
tive homogeneous left-handed medium at these frequencies.

M K

Fig. 2 Several constant frequency contours for the second band of the 2D
PC with a triangular lattice of coated cylinder in air for the S wave. The
radii of the dielectric cylinder and inner metallic cylinder are R = 0.45 a and
r=0.25 a, respectively.
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The above example shows that the maximum dispersion
curve is located at the 7™ point of the Brillouin zone and the
negative refraction comes from the backward wave effect. In
fact, the negative refraction can also be realized without
employing the backward wave effect [22—33]. Figure 3
displays several constant frequency contours for the first
band of the 2D PC with a square lattice for the S wave. We
find that the lowest bands have S- k > 0 everywhere within
the first Brillouin zone, meaning that the group velocities are
never opposite to the phase velocity. However, some low
frequency contours such as 0.232 are significantly distorted
from a circle, which are convex around M points. The con-
servation of the &£ component along the surface of refraction
will also result in the negative refraction effect in this case.
The advantages of a negative refraction in the lowest va-
lence band are that it has a single-mode and has high trans-
mission. At high frequency, the left-handed and the right-
handed behaviors are generated simultaneously due to the
excitations of the multiple-mode, which has been pointed
out in Ref. [21]. The single-mode and all-angular negative
refraction are very important to some applications in de-
signing optical devices, which will be introduced in the fol-
lowing.
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Fig. 3 Several constant frequency contours for the first band of the 2D PC
with a square lattice of coated cylinder in air for the S wave. The radii of
the dielectric cylinder and inner metallic cylinder are R = 0.45 a and r =
0.15 a, respectively.

The two seemingly different situations do share a com-
mon feature, that is, the photonic effective mass near a local
maximum of the dispersion curve is negative-definite. The
negative refraction at both high and low frequencies rely on
the same mechanism that the relative wave vector of a local
frequency maximum is pointed opposite to the group veloc-
ity. The two have the same usefulness. for example, they
both can be applied to design a flat lens and realize the fo-
cusing of the wave. It is well known that an important ap-
plication of negative refraction materials is the flat lens. Ide-
ally, a flat lens can focus a point source on one side of the
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lens into a real point image on the other side even for cases
of a parallel sided slab of material. It has advantages over
conventional lenses, for example, it can go beyond the tradi-
tional limitation on lens performance and focus light on to
an area smaller than a square wavelength.

Figure 4 represents a typical field intensity pattern for the
S wave across the flat lens consisting of 2D PCs with a tri-
angular lattice. The structure and parameters of the PC cor-
respond to those in Fig. 2. X and Y represent the vertical and
transverse direction of the propagating wave, respectively.
The field intensity in the figure is over a 30ax30a region
around the center of the sample. The geometry of the PC
slab is also displayed for a clear view. The high quality im-
age in the opposite side of the slab and the focusing in the
middle of the slab are clearly observed. If we move the posi-
tion of the source, the image distance changes simultane-
ously. The relation between the object length and the image
distance explicitly follows the well-known wave-beam
negative refraction law. This means that the image is
non-near-field. This theoretical result has been demonstrated
experimentally by us [42].
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Fig. 4 The intensity distributions of point source and its image across a
11a 2D PC slab at @=0.42(2na/c) for the S wave. The structure and
parameters are identical with those in Fig. 2. Schematic picture depicting
the lensing of a source by a PC slab to an image are shown on top of the
figure.

In contrast to the result in Fig. 4, Fig. 5 describes a case
with a square lattice. The structure and parameters corre-
spond to those in Fig. 3. In such a case, the position of the
image does not change with the moving of the source, and
the image is located at the near-field region. The difference
between Fig. 4 and Fig. 5 had led to some argument about
the origin of the focusing. Some authors think that the fo-
cusing arises from the self-collimation effect instead of the
all-angle negative refraction (AANR) for such a case [29,
33]. The argument has been recently clarified by us and Hu
et al. [36, 37]. We will give the detailed introduction in the
next Section.
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Fig. 5 The intensity distributions of a point source and its image across a
11a 2D PC slab at w=0.231(2na/c) . The structure and parameters are

identical with Fig. 2.

3 Creating negative refraction by tuning the scatters

In fact, the AANR and the high transmission are very im-
portant to the design of a microsuperlens and for wave fo-
cusing. However, the AANR region is usually narrow or
absent in some 2D PC structures. Thus, the creation and
enlargement of the AANR region becomes an important
issue. Recently, we have presented a method to create and
enlarge the AANR region by using insertion [30]. Consider
a 2D square lattice of dielectric cylinders immersed in the
air background with the lattice constant a. The radius and the
dielectric constant of the cylinders are 0.45a and 14, respec-
tively. The band structures of this system are shown inFig. 6
(a). The AANR region does not exist in this case. However,
the situation can be changed by introducing a metallic com-
ponent in the center of every dielectric cylinder, resulting in
a “coated cylinder” PC. The corresponding photonic band
structures with an inner metal core » = 0.25 a is plotted in
Fig. 6 (b). The AANR region appears, which has been
marked by dark shadow. Within this region, the EM beam
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Fig. 6 (a) The calculated photonic band structures of a square lattice of dielectric cylinders with radius R = 0.45 a and € = 14 in the air
for P wave. (b) The corresponding case for coated cylinders with inner metallic cylinder radius » = 0.25 a. The insets show the microstruc-

tures. The light line shifted to M is shown by dashed lines.

incident on the /"M surface with different incident angles
will couple to a single Bloch mode that propagates into this
crystal on the negative side of the boundary normal.

It is interesting that the AANR region cannot only be cre-
ated and enlarged by introducing a metallic component in
the center of every dielectric cylinders, the focusing feature
by such a PC slab can also be regulated by the size of the
inner metal core. In Fig. 5, we have shown that focusing is
only located at the near-field region by the PC slab with a
square lattice for the lowest valence band due to the anisot-
ropy of the dispersion (or the self-collimation effect). How-
ever, the self-collimation effect can in principle be sup-
pressed by changing the scatter, and the position of the fo-
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cusing (in near-field region or non-near-field region) can be
regulated. Figure 7 (a) shows the intensity distributions of the
point source and its image across an 11a 2D PC slab with an
inner metal core » = 0.25 a at @ =0.245(2na/c). Compar-

ing it with Fig. 5, we find that the image distance becomes
larger and the position of the focusing can move with the ob-
ject distance, although it does not satisfy the negative refrac-
tion law. If we continue to increase the size of the metal core
such as r = 0.43 q, the focusing based on the negative refrac-
tion law has been realized. Figure 7 (b) represents such a case.
The position of the focusing depends on the shape of the EFS.
This means that the focusing in the near-field region or the
non-near-field region, all come from negative refraction.
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Fig. 7 The intensity distributions of point source and its image across an 1la 2D PC slab with inner metal core » = 0.25 a at
w=0.2452na/c) (a), with inner metal core » = 0.43 a at @=0.317 (2ma/c) (b) for the P wave. The structure and parameters of the PC are

identical to those in Fig. 6.
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4 Absolute negative refraction and imaging of unpo-
larized electromagnetic waves

It is well known that an electromagnetic wave can decom-
pose into E polarization (S wave) and H polarization (P
wave) modes for the 2D PC structures. However, the previ-
ous discussions about the negative refraction and the focus-
ing of the wave in the 2D PC all focused on a certain polar-
ized wave, S wave or P wave. It is a natural question to ask
whether or not a complete negative refraction region for all
polarized waves exists. Recently, our studies have shown
that such a region exists [31, 39]. It is interesting that such a
phenomenon can be engineered by using a perturbation
method [39].

Figures 8 (a) and (b) represent the photonic band struc-
tures of a triangular lattice of coated cylinder in air for the S
wave and the P wave, respectively. The relative refractive
index of n = —1 for the S wave at w=0.49(2na/c) and

the P wave at w=0.44(2na/c) have been marked by dot-

ted lines. We find that the same structure and parameters
yield n = —1 at different frequency for both types of polari-
zations. In fact, such a case can be changed by adding a
component to the existing photonic crystal. The dielectric
properties of such a component are chosen according to the
field-energy distribution of Bloch states at the band edges.
Thus, we calculate the field-energy distribution of the
band-edge state in a unit cell. For the 27" point of the S wave
in Fig. 8 (a), the absolute value of the electric field distribu-
tion outside the cylinder in a Wigner unit cell is plotted in
Fig. 9 (a). It is shown that the electric field at the six sym-
metric points of a Wigner unit cell is large. If we choose a
dielectric material to insert at the positions of these points,
the field distribution in the unit cell will change, which leads
to the shift of the band edge. The shift tendency and range
for the S wave can be estimated by the following perturba-
tion formula,
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Fig. 8 The calculated photonic band structures of a triangular lattice of
coated cylinder in air for (a) S wave and (b) P wave. The radii of the di-
electric cylinder is R = 0.4 a. The inner metallic cylinders are » = 0.25a for
both polarized waves. The dielectric constants are £ =12.96 . Dotted lines vs.
the frequencies with negative refraction index of —1.
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Fig. 9 (a) The distribution of the absolute value of the electric field out-
side the cylinder (in arbitrary units) at the band edge 2/ in the Wigner
unit cell for the S wave. (b) The distribution of the absolute value of the
displacement field outside the cylinder (in arbitrary units) at the band edge
in the Wigner unit cell for the P wave. The corresponding Wigner unit cell
is plotted on the top of the figure.
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Here, &(r)and @, represent the new dielectric constant and

the eigenfrequency, respectively, corresponding to the
original £ and @, . The function £(r)— &£(r) is nonzero, only

at the insertion position. The shift tendency and range of the
band edge depend on the dielectric properties of the addi-
tional components as well as the field-energy distribution at
the band edge. For example, if we choose to insert the di-
electric cylinders, we can deduce that the band edge shifts
down. With the change of the band structure, the negative
refraction region will change at the same time.

Similar to the above case of the S wave, for the P wave,
when the new components are inserted into the unit cell, the
frequency shift can also be estimated by the following rela-
tion

[%Jz - E B )P dr
[e(r) | E ()P dr

2
a%k

Here E,,(r) represents the displacement field in the unit

cell. The intensity distribution of the displacement field out-
side the cylinder in a Wigner unit cell at the 27" point of
the P wave in Fig. 8§ (b) is plotted in Fig. 9 (b). We find that
the displacement field at six symmetric points of a Wigner
unit cell is also large. If we choose the same dielectric com-
ponents to insert the same positions in the unit cell for the P
wave as the case of the S wave, the drop of the frequency at
the 27" point can also be found. However, the shift for the P
wave is smaller than that of the S wave. Therefore, it is pos-



sible to obtain the same effective refractive index for both
polarized waves by choosing a suitable dielectric component
to insert. For example, when the dielectric cylinders with R
= 0.11 a and £€=12.96 are inserted, the frequency posi-
tions with relative refractive index of —1 become w =
0.405(2ma/c) for the S and the P waves at the same time.

That is to say, the same structure yields n = —1 at the same
frequency for both polarized waves.

The above theoretical analyses have been demonstrated
by exact numerical calculation [39]. The calculated results
of the negative refraction indexes as a function of the fre-
quency are plotted in Figs. 10 (a) and (b). Figures 10 (a) and
(b) correspond to the cases before and after the insertion,
respectively. The solid lines correspond to the S wave and
the dotted lines to the P wave. It can be seen clearly that the
positions of effective refractive index of n = —1 for the S and
P waves in the original system are different. However, the
cross point of an effective refractive indexes of n = —1 for
the S and P waves appears at w=0.405(2na/c) after the
dielectric cylinders with R = 0.11 @ and £=12.96 are in-
serted. Thus the focus of unpolarized electromagnetic waves

can be realized by the flat lens consisting of such a modified
PC.
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Fig. 10 Effective indexes vs frequencies (a) before and (b) after the addi-
tional components are inserted. The solid lines and dashed lines correspond
to the S wave and the P wave, respectively. The positions of relative refrac-
tive index of —1 are marked by dotted lines.
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5 Effect of interface and disorder on the image by
two-dimensional photonic crystal flat lens

There are two aspects relating to image and focusing. One is
position (in near-field region or non-near-field region), and
the other is resolution (full width at half maximum of the
focus spot). The position of the image depends on the effec-
tive refractive index n of the sample and the homogeneity of
the materials. In the case where n = —1 and the transmission
is single-mode, the imaging behavior depends on the slab
thickness and the object distance, explicitly following the
wave-beam negative refraction law, which has been dis-
cussed above. However, due to the anisotropy of dispersion
in some 2D PCs, the refraction angles are not linearly pro-
portional to the incident angles when a plane wave is inci-
dent from the vacuum to the PC. This is the reason why only
the near-field images were observed in some works [22—
40]. The position of the image does not depend on whether
or not the evanescent waves are amplified. That is to say, the
focus and image can still be observed if only the propagating
waves are considered. In such a case, the image resolution
cannot beat the diffraction-limit. In contrast, the superlens-
ing effect comes from the evanescent waves (or resonance
transmission). The excitation of the surface mode (or the
appearance of resonant transmission) can improve the image
resolution [25, 40]. In this part, we discuss the effect of in-
terface and disorder on the image.

Based on the theoretical analysis of Ref. [2], the perfect
lens consists of a homogeneous LHM with » = —1 that can
focus a point source on a perfect image without any loss of
reflection. However, for the photonic-crystal-based flat lens,
even in cases with an effective index n = —1, the loss of re-
flection is inevitable due to the scattering on the interface
layers. This has been demonstrated in the discussion above
[19—42]. A few works [25] have shown that the surface
termination within a specific cut of the structure can excite
the surface waves and allow the reconstruction of the eva-
nescent waves for a better focus. In fact, apart from the sur-
face termination, the other methods such as changing the
dielectric constants of the interface layers, adding symmetric
cap layers and introducing optical gain in the surface layers
can also improve the image resolution [40].

Figures 11(a) and (b) display the comparative results be-
tween the unmodified and the modified cases by adding the
symmetric cap layers; (a) corresponds to the field intensity
distributions along the vertical X direction at Y= 0.0 and (b)
to the transverse Y direction at the image plane for the S
wave point source across the PC slab with the cap layers.
Comparing the unmodified results (solid lines) with those
modified results (dotted lines), we find that the intensities of
the central peaks increase, whereas the transverse half-
widths decrease.

The cap layers can be added in various ways. In Fig. 11,
we only consider the cap layers consisting of dielectric cyl-
inders with R = 0.4 a. The lattice constants and the positions
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of the cylinders on the cap layers correspond to the PC slab.
That is to say, the thickness of the PC slab increases by 2 a,
and at the same time the coated cylinders on two surface
layers are replaced by the dielectric cylinders with R = 0.4a.
We have to point out that the improvement of the image reso-
lution by the cap layers cannot be realized in any case, except
for the appearance of the resonance [40]. Dotted lines in Fig.
11 describe such a case. Similar to adding symmetric cap lay-
ers, changing the dielectric constants of interface layers can
also lead to the appearance of such a phenomenon [40].
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Fig. 11 Intensity distributions along the vertical X direction at ¥ = 0.0

(a) and the transverse Y direction at the image plane (b) for P wave. Solid
lines represent the unmodified cases. Dotted line corresponds to the case with
R=0.4 a and ¢ = 4.5 dielectric cylinder cap layers. The crystal and parameters
are identical to those in Fig. 8. Schematic picture is shown on the top.

In contrast to the improvement of the image resolution by
tuning the surface structure, the effect of disorder always
reduces the image resolution (including image peaks and full
width at half maximum of the focusing). The role of the dis-
order is similar to that of material absorption, which has
been discussed in Ref. [40].

6 Negative refraction and focusing by high symmetric
quasicrystals

It is evident that the anisotropy of the dispersion is depend-

ent on the symmetry of the PC lattice. In order to obtain a
homogeneous dispersion and realize the non-near-field focus,
we should use the structures with a high symmetry to con-
struct the flat lens. However, the highest level of symmetry
that can be found in a periodic lattice is six. In contrast, the
highest symmetry in a photonic quasicrystals (PQCs) can
reach 12. The problem is whether or not negative refraction
exists in these PQCs. If it exists, what kind of properties
does it possess? Based on these problems, we have per-
formed a detailed investigation on the phenomenon of nega-
tive refraction in the PQCs [43]. The problems have been
clarified.

Depending on the level of the symmetry [44,45], the
PQCs can be divided into 5-fold, 8-fold, 10-fold and 12-fold
structures. Figures 12 (a) and (b) describe two kinds of
structures with a 12-fold symmetry. The PQC structures
with an 8-fold and a 10-fold symmetry are shown in Figs. 12
(c) and (d), respectively.
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Fig. 12 Schemes of the basic quasicrystal structures. (a) 12-fold quasi-
crystal with a random square-triangle tiling system. (b) 12-fold quasicrystal
with a general rotated symmetry. (¢) 10-fold quasicrystal. (d) 8-fold quasi-
crystal.

The 12-fold PQC based on a random square-triangle til-
ing system [Fig. 12 (a)] is first considered both theoretically
and experimentally [43]. The samples, consisting of a num-
ber of dielectric cylinders embedded in a styrofoam template,
have been fabricated experimentally. The transmission in-
tensity as a function of refractive angle has been measured.
The existence of the negative refraction has been shown
[43].

The origin of the negative refraction in such a PQC can
be understood similar to the cases in the periodic PCs. Some
experiments [46] have shown that analogous concepts to



Bloch functions and to Bloch-like states in the periodic
structures can be applied to some PQCs. In particular, the
12-fold PQC is composed of two basic units (triangle and
square) tiling together. One is convinced that each unit,
when arranged in a periodic lattice, can generate a negative
refraction. If we bring the triangle and square together into a
PQC, a negative refraction phenomenon is expected.

Yia)

~15 =10 =5 0 5 10 15

Xia)
(a)

Image

Yia)

Fig. 13 The intensity distributions of point sources and their images
across the 11a 2D PQC slabs. (a) 12-fold PQC [Fig. 12 (b)]. (b) 10-fold
PQC [Fig.12(c)]. (¢) 8-fold PQC [Fig. 12 (d)].

In fact, the negative refraction not only exists in the ran-
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dom square-triangle tiling system, it also exists in other
high-symmetry PQC. Similar to the periodic PC, we can
also use the PQC to design the flat lens and realize the fo-
cusing of the wave. Figures 13 (a), (b) and (c) describe the
flat lenses and the focusing by a 12-fold [Fig. 12 (b)], a
10-fold [Fig. 12 (c)] and an 8-fold [Fig. 12 (d)] PQC, re-
spectively. The thicknesses of the slabs are taken as 11a. The
continuous-wave point sources are placed at a distance of
5.5a (half thickness of the sample) from the left surface of the
slab. The frequencies of the incident wave emitting from the
point sources are @ = 0.4365, 0.4367 and 0.436 (2nc/a) for
the three kinds of PQCs, respectively. The non-near-field
focuses in the opposite sides are observed for all cases. It is
interesting that the focuses are not only for the S wave, but
are also for the P wave at the same time. Our calculated re-
sults indicate that the high symmetry PQC slabs possess a
universal feature for the non-near-field focus of two kinds of
polarized waves. That is to say, the PQC slabs can focus the
unpolarized wave emitting from a point source at the ap-
proximately same frequency. Such a superior feature origi-
nates from a high rotational symmetry and negative refraction,
which they posses [43].

We would like to point out that the PQCs are not better
than the periodic PC in all aspects. However, the PQC has
some advantages in producing non-near-field images due to
their higher rotational symmetry. For example, it is very
difficult to construct a flat lens by using a pure dielectric
cylinder of periodic structure to realize the non-near-field
focus for the S wave, but it is easy to complete using a high
symmetry PQC slab as has been shown. Thus, this investi-
gation on the negative refraction and the focusing of the
PQC can now open a new window in the realistic applica-
tion of such a phenomenon.

7 Summary

Based on a series of our researches, in this paper we have
offered a concise account of the history of research related
to negative refraction and the focusing of electromagnetic
wave through 2D photonic crystals. The physical principles
causing such a phenomenon have also been analyzed. The
different kinds of focusing by 2D PC slabs have been sum-
marized. In particular, the methods to create and enlarge the
negative refraction region have been introduced. The reali-
zation of an absolute negative refraction and the focusing of
unpolarized electromagnetic waves have also been reviewed.
The effects of interface and disorder on the image of a 2D
PC flat lens have been discussed. The investigations on the
negative refraction and the focusing by high symmetric PQC
have also been presented.
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