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Abstract   Field electron emission (FE) is a quantum tun-
neling process in which electrons are injected from materials 
(usually metals) into a vacuum under the influence of an 
applied electric field. In order to obtain usable electron cur-
rent, the conventional way is to increase the local field at the 
surface of an emitter. For a plane metal emitter with a typi-
cal work function of 5 eV, an applied field of over 1 000 
V/µm is needed to obtain a significant current. The high 
working field (and/or the voltage between the electrodes) 
has been the bottleneck for many applications of the FE 
technique. Since the 1960s, enormous effort has been de-
voted to reduce the working macroscopic field (voltage). A 
widely adopted idea is to sharpen the emitters to get a large 
surface field enhancement. The materials of emitters should 
have good electronic conductivity, high melting points, good 
chemical inertness, and high mechanical stiffness. Carbon 
nanotubes (CNTs) are built with such needed properties. As 
a quasi-one-dimensional material, the CNT is expected to 
have a large surface field enhancement factor. The experi-
ments have proved the excellent FE performance of CNTs. 
The turn-on field (the macroscopic field for obtaining a den-
sity of 10 µA/cm2 ) of CNT based emitters can be as low as 
1 V/µm. However, this turn-on field is too good to be ex-
plained by conventional theory. There are other observations, 
such as the non-linear Fowler-Nordheim plot and multi 
-peaks field emission energy distribution spectra, indicating 
that the field enhancement is not the only story in the FE of 
CNTs. Since the discovery of CNTs, people have employed 
more serious quantum mechanical methods, including the 
electronic band theory, tight-binding theory, scattering the-
ory and density function theory, to investigate FE of CNTs. 
A few theoretical models have been developed at the same 
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time. The multi-walled carbon nanotubes (MWCNTs) 
should be assembled with a sharp metal needle of nano-scale 
radius, for which the FE mechanism is more or less clear. 
Although MWCNTs are more common in present FE appli-
cations, the single-walled carbon nanotubes (SWCNTs) are 
more interesting in the theoretical point of view since the 
SWCNTs have unique atomic structures and electronic 
properties. It would be very interesting if people can predict 
the behavior of the well-defined SWCNTs quantitatively (for 
MWCNTs, this is currently impossible). The FE as a tunnel-
ing process is sensitive to the apex-vacuum potential barrier 
of CNTs. On the other hand, the barrier could be signifi-
cantly altered by the redistribution of excessive charges in 
the micrometer long SWCNTs, which have only one layer of 
carbon atoms. Therefore, the conventional theories based 
upon the hypothesis of fixed potential (work function) 
would not be valid in this quasi-one-dimensional system. In 
this review, we shall focus on the mechanism that would be 
responsible for the superior field emission characteristics of 
CNTs. We shall introduce a multi-scale simulation algorithm 
that deals with the entire carbon nanotube as well as the 
substrate as a whole. The simulation for (5, 5) capped 
SWCNTs with lengths in the order of micrometers is given 
as an example. The results show that the field dependence of 
the apex-vacuum electron potential barrier of a long carbon 
nanotube is a more pronounced effect, besides the local field 
enhancement phenomenon. 

Keywords  carbon nanotube, field emission, multi-scale 
simulation 
 
PACS numbers  68.37.Vj , 61.46.Fg, 71.15.Pd  

 

1 Introduction 
The electron source based on field electron emission (FE) has 
several attractive advantages, in contrast to the conventional 
electron source of hot cathodes. An obvious advantage is 
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that the FE need not heat the electron up to a high tempera-
ture as in the case of hot cathodes, thus saving much energy 
in principle. The FE technique can be combined with the 
microelectronic integrated technique and would finally be-
come portable. The applications of FE include flat panel 
displays, high-power vacuum electronic devices, micro-
wave-generation devices, and vacuum microelectronic de-
vices.  

Serious investigations took off in the late 1960s and early 
1970s, when Spindt-type cathodes were developed. These 
are basically micro-fabricated molybdenum tips in gated 
configuration [1, 2]. Subsequently, silicon microtip arrays 
were fabricated, and silicon vacuum micro-triodes were in-
troduced. This development led to the creation of a new area 
of research called “vacuum microelectronics”. The Mo mi-
crotip arrays and Si microtip arrays were subsequently de-
veloped for large-area addressable electron emitters for pro-
totype field emission displays. High-resolution displays 
based on this novel technology were being produced by 
various commercial organizations and demonstrated since 
the beginning of the 1990s. Cold cathodes utilize the surface 
field enhancement at the apex of each nanoscale protrusion 
(or microtip) to lower the threshold voltage enabling FE. 
The field for obtaining current density of 10 µA/cm2 is usu-
ally defined as the turn-on field. Although the macroscopic 
field needed for appreciable emission has been considerably 
reduced (the turn-on field is reduced from a few kV/µm to 
hundreds of V/µm ) by the above mentioned mi-
cro-fabricated techniques, the working field is still too high. 
The high field results in ionization of the residual gases, 
emitter damage, and large current fluctuation. To improve 
the operation of FE devices, people have to seal the emitter 
in a high vacuum environment. It has been found that the 
emitters coated with inert materials such as amorphous dia-
mond-like-carbon [3, 4] have been shown to have electron 
emission properties and robustness much superior to Mo and 
Si micro/nanotip arrays. However, the fabrication facility 
required and the fabrication processes are relatively expen-
sive and complicated. This is still the prime obstacle that 
hinders FE from becoming a popular household electron 
source such as for television displays and light elements.  

Since Iijima first reported the discovery of carbon nano-
tubes (CNTs) in a simple arc-evaporation apparatus [5] in 
1991, the unique physical properties of CNTs have attracted 
great interest from both academic studies and industrial ap-
plications [6, 7, 8]. The high aspect ratio of CNTs is the main 
feature that attracts people since it would imply an ex-
tremely large field enhancement at the apexes of CNTs. This 
provides a great opportunity for using such a material to 
obtain electron emission at rather low fields. It has been 
reported that CNTs may emit electrons with driving voltages 
comparable to that of a solid-state device [9]. The CNTs also 
have good electrical conductivity, high melting points, good 
chemical inertness, and high mechanical stiffness. All these 
are welcome properties for FE. With such exciting opportu-
nities, there is now a flurry of activities in theoretical inves-

tigations and experimental explorations. In 1995, the FE of 
nanotubes from an isolated single MWCNT was first re-
ported by Rinzler et al. [10] and FE from a MWCNT film 
was reported by de Heer et al. [11]. Subsequently, many 
experimental studies on FE from MWCNTs [12, 13, 14, 15] 
and SWCNTs [14, 16, 17] were reported. Experimental ob-
servations of individual CNT have been accumulating [18, 

19, 20, 21, 22]. Significant emission can be observed in a 
macroscopic field much lower than the normal emitters. In 
CNT films, Ma et al. recorded the turn-on field for obtaining 
an emission current density of 10 µA/cm2 to be ~2.1 V/µm 
and the threshold field for obtaining a current density of 10 
mA/cm2 to be ~3.0 V/µm [23]. The turn-on field can be even 
as low as 1 V/µm [24, 25]. Another advantage is that the 
energy spread is far narrower than for thermoelectronic 
sources. The width of the energy distribution (full width at 
half maximum, or FWHM) can be as low as 0.11 eV, but 
typical values are around the 0.2 eV [20, 26, 27]. Large area 
FE based on CNTs have become possible after two major 
achievements including: (i) the capability of aligning carbon 
nanotubes vertically to the substrate surface [28] and (ii) the 
success in growing carbon nanotube towers in array form 
[29]. The field electron emission based on CNT materials 
has found applications in flat panel displays [30, 31], light 
elements [32, 33], sensor devices [34, 35, 36, 37], and minia-
ture high-brightness electron sources for both electron mi-
croscope [38] and parallel e-beam lithography systems [39]. 
A new generation of electron source based on this technique 
has become foreseeable.  

The set up of the CNT-based field electron emission sys-
tem is schematically illustrated in Fig. 1. The CNT is mounted 
on the metal substrate (tungsten for instance) vertically. 
When a voltage is applied between the cathode and the an-
ode, electrons are driven to the tip of the CNT and have a 
certain probability to tunnel through the apex-vacuum bar-
rier by quantum mechanics. The central theoretical issue has 
been the mechanism underlying the field emission from 
CNTs observed at an applied field as low as 1 V/µm. To 
explain such a finding by the classical Fowler-Nordheim 
(FN) theory [40, 41], some researchers have reported a field 
enhancement factor as large as several thousands, which is 
too large for a realistic CNT emitter. More serious investiga-
tion is required. 

 
Fig. 1  Setup for field emission from a SWCNT. The SWCNT is vertically 
mounted on the tungsten substrate. The distance between the cathode and 
anode is unphysical. 

The electronic bands of SWCNTs of various atomic 
structures were obtained within the first two years just after 
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the discovery of CNTs [42,  43,  44,  45,  46]. It is known that 
the conductivity of a SWCNT depends on the diameter and 
the atomic structure. The SWCNT can either be metallic or 
semiconducting. The field emission properties have been 
calculated by the tight-binding theory and scattering theory 
[47,  48,  49]. In recent years, quantum mechanical simula-
tions of the field emission of CNTs have been performed [50, 

51, 52, 53, 54, 55]. Density-functional theory (DFT) has been 
employed to calculate the electrostatic fields, charge distri-
butions and electronic states near the tips [51,  52,  56,  57]. 
The earlier works were limited by the computational effi-
ciency and capacity available. In such calculations, the fields 
at the tip are often set to a very high value following the 
field enhancement factor predicted by the classical theory 
[54, 55]. The validity of this assumption is not easy to ex-
amine since it is difficult to determine the surface field, thus 
the field enhancement factor in experiments. On the other 
hand, extra charges have been found to have significant ef-
fects on the potential at the tip and subsequently on the 
emission process [53]. However, the exact amount of extra 
charges around the tip is not easy to determine in the simu-
lations [53]. Zheng et al. [55] have developed a procedure to 
simulate the charge distributions and electrostatic fields 
along a 1-µm long capped (5, 5) SWCNT under the applied 
fields of 10―14 V/µm and a realistic experimental setup. 
This and a more detailed simulation [58] enabled one to 
calculate the field enhancement factor through the simulated 
potential barrier. It revealed a new mechanism besides the 
well-known field enhancement. That is the field dependence 
of the apex-vacuum electron potential barrier. The effective 
work function at the apex where the electrons are to be 
emitted is reduced by the applied field significantly, which 
leads to the low voltage FE of CNTs. There are other hints 
for the invalidity of classical FN theory. For instance, the 
linear FN plot predicted by the classical FN theory is found 
to be disregarded in some experiments [15, 59, 60, 61, 62, 63]. 
Both single-peak and multi-peaks have been observed in the 
field emission energy distribution spectra [20, 64, 65, 66], 
which would be related to the special features of CNTs and 
have great theoretical interests. 

The article will be arranged as follows. In Section 2, some 
basic facts of CNTs will be introduced. In Section 3, after a 
brief review of the conventional Forlor-Nordheim theory, 
we will discuss several mechanisms that would be responsi-
ble for field electron emission of CNTs. The main ideas of the 
multi-scale algorithm for simulations of entire CNTs are 
outlined in Section 4. The simultion of the (5,  5) SWCNT 
with capped end will be shown as an example in Section 5. 
Section 6 is devoted for discussions and conclusions. 

 

2 The structure and electronic bands of CNTs 
The CNTs produced in the earlier days usually contain sev-
eral walls. Each wall is a rolled-up graphene layer in which 
each atom is bound to three neighbors in a honeycomb-like 
structure [Fig. 2  (a)], and ranged in outer diameter from 

about 3 nm to 30 nm. In 1993, single-walled CNTs 
(SWCNTs) were synthesized [67, 68]. The SWCNTs have 
very small diameters, typically 1 nm or even smaller.  

The structure of an individual SWCNT is specified by a 
vector (C ) joining two equivalent points on the planar gra-
phene lattice. By use of the unit cell base vectors of the gra-
phene lattice, a1 and a2, the vector can be expressed as C = n 
a1 + m a2. Then each integer pair (n,  m) with n > m represents 
a possible tube structure [Fig. 2  (b)]. The lattice constant a = 
|a1| = |a2| = 0.246 nm. The magnitude of C is |C| = a◊(n2

 +  
nm + m2), and the diameter of the tube is dt=|C|/π. The 
SWCNTs are usually divided into three species according to 
their atomic structures. They are the armchair carbon nano-
tubes of n = m [Fig. 2  (c)], the zigzag carbon nanotubes of m 
= 0 [Fig. 2 (d)], and the chiral carbon nanotubes if neither n = 
m nor m = 0 [Fig. 2  (e)]. Detailed discussions about the 
structures can be found in Refs. [42, 69]. A SWCNT (infinite 
long) can be either metallic or semiconducting, depending 
on how the graphene sheet is rolled up into the tube [42, 43, 44, 

45,  46, 69, 70]. It has been known that metallic conduction 
occurs when n− m = 3 q, where q is an integer or zero. 

The band structure of SWCNTs can be obtained from the 
well-known band structure of graphene, if one neglects the 
small distortion due to the curvature of SWCNTs. The elec-
tron energy of graphene at a point of the Brillouin zone 
specified by the wave vector (kx , ky) has the expression [71], 
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where γ 0 = 2.7 eV is the nearest-neighbor transfer integral. 
The minus (plus) sign is for the bonding (antibonding) σ and 
π (σ * and π* ) bands. The Fermi level is at the point where 
the π level and the π* level are degenerate. Since the cir-
cumferences of carbon nanotubes are in atomic dimensions, 
the motion in the circumferential direction is confined hence 
its energy is discretized. Denote the wave number in the 
direction of the tube axis as k, the wave vector can be writ-
ten as 

2
( ) 3 ( )

2x
a m n ak k n m
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where v is an integer. For instance, ky = k of the (n, n) arm-
chair is in the direction of the tube axis; in the circumferen-
tial direction, 

2
3xk

n a
ν π

= ,  n,,1=ν  (4) 

The energy dispersion relations for armchair SWCNTs are 
obtained by substituting Eq. (4) into Eq. (1). The Fermi level 

is at 5=ν  and 2 .
3yk k
a
π

= =  The linear density of states 

in the vicinity of the Fermi level is a constant, Nf = 
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Fig. 2  The structures of single-walled carbon nanotubes. (a) The lattice of a graphene sheet; a1 and a2 are two unit vectors of the lattice; the sheet is 
to be wrapped by coinciding O and A ( B and B′ ). (b) The labels of sites. (c) The armchair SWCNT. (d) The zigzag SWCNT. (e) The chiral SWCNT. 

08 3 .aγπ  
The band structures for MWCNTs have not been conclu-

sive. Saito and colleagues calculated the band structure of 
double-walled nanotubes using the tight-binding method 
[72]. They showed that the interlayer coupling had little ef-
fect on the electronic properties of the individual tubes. 
However Charlier and his colleagues found that the coupling 
between layers would change the metallic tube to semicon-
ducting tube in some circumstances [73, 74]. 

Table 1  Typical electronic properties of CNTs and graphite concerned 
with field emission. 

parameters CNT Graphite Reference

Resistivity /(Ω.cm) 
Conductance /(kΩ)−1 
Work function /eV 

~(5.1―5.8)×10−6 
2e2/h 

~4.6―4.8 

1.375×103 
 

5.0 

[75] 
[76] 
[77] 

A physical property that has a strong effect on FE is the 
work function of CNTs and a number of studies were carried 
out to determine this [77, 78, 79]. In an investigation using in 
situ transmission electron microscopy by Gao et al. [77], the 
majority of the MWNTs were found to have values of work 
function in the range of 4.6―4.8 eV at the tips, which is 
~0.2―0.4 eV lower than that of a bulk carbon sample, while 
a small fraction of them have a work function of ~5.6 eV, 
which is about 0.6 eV larger than that of the carbon. Also, 
for MWNTs of diameters within the range of 14―55 nm, 
the tip work function is essentially not affected by their 
diameter. 

 

3 The mechanisms 
In the past ten years, many calculations and simulations 

have been devoted to understand the mechanism of FE from 
CNTs and the related problems. As CNTs have many possi-
ble structures, of which the conductivity and density of 
states are different, there would be several mechanisms 
playing roles together or separately for different structures. 
The common features of CNTs used in FE shall be the high 
apex ratio and the π ( π* ) bonding (antibonding) orbitals for 
valence (conducting) electrons. The multi-walled CNTs 
having larger radii would resemble a metal wire. The sin-
gle-walled CNTs having small radii would be more compli-
cated since they can be either metallic or semiconducting. 
The detailed structure of the apex, e.g., open-ended or 
cap-ended, and how the dangling bonds of carbon are satu-
rated, would all have important effects on the FE. In the 
present article, we do not attempt to give a complete review 
in any sense to the existing literatures on this topic. Only a 
few theories that are either widely accepted or reflecting the 
common features of the CNTs will be discussed. 

3.1 The Fowler-Nordheim theory 

The Fowler-Nordheim (FN) theory dates back to 1928 and is 
the standard theory for FE from metallic planes. In the clas-
sical FN theory, the potential barrier on the metal surface is 
presumably a combination of the ramp potential and the 
image potential of the emission electron. The ramp potential 
is associated to a surface field, denoted by E. The barrier 
potential is then written as 

2

F
0

( )
16

eU z E ezE
z

φ
ε

= + − −
π

  (5) 

where φ is the work function of the metal; EF is the Fermi 
level of the metal; z is the normal coordinate of the metal 
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surface. It is valid for z > z0, with z0 defined by U (z0) = EF . 
The transmission probability is calculated by the JWKB 
approximation. Following Forbes’s parameterization [80], 
the emission current of a FN-type theory for general-barrier 
can be written as 

( )1 2 3/ 2exp /I a E b Eλ φ µ φ−= −  (6) 

where a and b are known constants, µ and λ are “gener-
alized correction factors” that do not or only weakly depend 
on E . The surface field is usually larger than the applied 
field Eappl. The field enhancement factor is defined as γ = 
E/Eappl Therefore, the plot of ( )2

applln /I E  versus 1/Eappl is a 

straight line, with a slope 3/ 2 / .bµ φ γ−  This plot is the fa-
mous FN plot. The straight FN plot has been known as the 
best model of FE experiments. Provided µ , one can extract 

γ  from the slope of an FN plot. The field enhancement fac-
tor obtained in this way will be referred to as the phenome-
nological field enhancement factor (γ phe) [58]. A recent 
comprehensive discussion on the validity and the experi-
mental implications of the FN theory has been given by 
Forbes [80, 81]. 

The experimental observations of CNT field electron 
emission do not always give straight FN plots [15, 59, 60, 61, 

62, 63]. There have been many explanations. For instance, it 
has been attributed to the curvature of the apex [82]; to small 
size and strong local fields that lead to localized states at the 
apex [20, 59, 83]; to the space charge vs thermionic emission 
[15, 60]; to the adsorbate effects [21]; to the back contact 
resistance [84]; and so on. The emission current from CNTs 
have been estimated by taking into account the band struc-
tures of CNTs [47, 48, 49]. It is found that current depends on 
the chirality only at very high temperatures [49]. The 
method of transfer-matrix and Green’s functions should be a 
more reliable method for calculation of emission current [85, 

86]. However, this method has been quite tedious. The shape 
of the energy distribution strongly suggests that the electrons 
are not emitted from a metallic continuum, but from energy 
bands of 0.2―0.4 eV width [20]. Assuming that most emit-
ting electrons come from the π* orbitals of the first layer (on 
the side of the anode) and have the Fermi energy (approxi-
mately), the emission current can be simply estimated as 

F( )I q D Eν π=  (7) 
where qπ is the charge of electrons in the π* orbitals of the 
first layer, and ν  is the collision frequency that can be esti-
mated from the average kinetic energy of π* electrons as 

*
k ( ) /E hν = π  or other methods [58]. The order of ν  should 

be 1014Hz. The transmission coefficient in the JWKB ap-
proximation is 

 F F
2( ) exp Im 2 [ ( )]dD E m E U z z⎛ ⎞= − −⎜ ⎟

⎝ ⎠∫  (8) 

All methods for the estimation of emission current men-
tioned above are based on the apex-vacuum potential barrier 

U (z), which defines the main trend of FE characteristic. In 
the following text, we shall focus on the calculation of U (z). 

3.2 The field enhancement mechanism 

The apex-vacuum potential barrier is roughly represented by 
the surface field enhancement factor defined as the ratio of 
the surface field and the applied macroscopic field. A com-
mon but not yet verified view is that the high aspect ratio of 
a CNT leads to the low turn-on macroscopic field because 
the intense electric field concentration at the apex surface 
reduces the apex-vacuum potential barrier (AVPB). This 
mechanism will be referred to as field enhancement mecha-
nism (FEM). According to classical electrostatics, the field 
enhancement factor γ is approximately equal to the 
length/radius aspect ratio [87]. For more than half a century, 
engineers have made great effort to purchase metallic apexes 
(apex arrays) of high aspect ratio. Since the CNTs have ex-
tremely high aspect ratio, it is natural to expect them to have 
large γ and to have great possibility to be good FE emitters. 
In fact it is the first motivation for this application of CNTs.  

A classical model for a CNT emitter is the metallic 
hemisphere supported on a shank (Fig. 3). Instructive com-
ments on the classical field enhancement factor (γ cl) have 
been made by Forbes, Edgcombe, and Valdrè [87]. In a good 
approximation, γ cl is given by 

cl 2.5 Lγ
ρ

= +  (9) 

where ρ  is the radius of the apex half-sphere and L is the 
distance of the center of the half-sphere to the substrate sur-
face. 

 

Fig. 3  The hemisphere supported on a shank. 

Kokkorakis, Modinos, and Xanthakis (KMX) proposed a 
model that the CNT was simulated by a cylindrical array of 
touching spheres, each sphere representing an atom of the 
tube [88]. For the capped SWCNT, they obtained 

2
cl 5.93 0.73( / ) 0.0001( / )L Lγ ρ ρ= + −  (10) 
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It is consistent with the finite element calculations of Edg-
combe and Valdrè for 500/100 << ρL  [89]. To the open 
CNTs, the KMX model suggests that the field enhancement 
factor is determined primarily by the thickness of the wall 
and not by the radius of the tube. Taking into account the 
carbon polarization, Adessi and Devel calculated the field 
enhancement factor by means of a self-consistent resolution 
of Possion’s equation [90]. Their numerical results show a 
logarithmic saturation of field enhancement against the CNT 
length. It has been noticed that the local fields at the apex of 
CNTs may depend on the angles to the axis of the CNT [82]. 

Comparing the theoretical field enhancement factor with 
the experiments is not straightforward, anyhow. Conven- 
tionally, one extracts the field enhancement factor (γ phe) 
from the experimental slope of the FN plot (see 3.1). Since 
the standard F-N theory is derived for the emitters that 
should be considered as a metal plate, it could not be related 
to the real field enhancement factor defined by the ratio of 
the surface field and the applied field. It is also not necessar-
ily equal to the theoretical value γ cl for CNTs. In fact it has 
been quite confusing in experimental values of the field 
enhancement factor [21,  91, 92]. The values of γ phe from 
several hundreds to several thousands have been reported.  

The FEM would not be valid for CNTs of small diameters, 
especially for SWCNTs. Assuming that CNTs have a work 
function of 5.eV as graphene, the surface field must be in the 
order of several Volts per nm in any case for that significant 
field emission to be observed. If the low turn-on macro-
scopic field were due to the FEM, one would need a field 
enhancement factor as large as several thousands for CNTs. 
Although this would be consistent with the electrostatics 
conclusion that the field enhancement factor for a long metal 
rod is approximately the same as its aspect ratio, some 
problems remain unclear: (1) Can the CNTs shield the  
electrostatic field completely as a metal rod? If not, the field 
enhancement would depend on the structural properties of 
the CNT in a complicated way; (2) According to the classi- 
cal theory, the CNTs in applied fields would become unsta- 
ble as the tube length exceeds a certain value when the field 
strength at the tip is comparable to the atomic field due to 
the huge field enhancement. Since a stable FE from CNTs of 
micrometer scale has been observed in experiments, the 
classical theory must not be fully correct for long CNTs; (3) 
Is there any unknown quantum effect thatp lays a role in the 
nanoscale tube tip? It has been found that FE is closely re-
lated to the local electronic states in the tip [20,59,83]; and 
(4) In the classical FN theory, the potential barrier between a 
metal and the vacuum is a combination of the ramp potential 
of the applied field and theimage potential of the emission 
electron. The latter arisesfrom a macroscopic mean effect 
and is found field-independent. As the apex of the CNT is in 
nanoscale, the conceptof image potential would no longer be 
applicable. 

To clarify these issues, we need to know the detailed 
electronic structure of the CNTs under applied external 
fields, especially the charge distribution and the electron 

potential in the tip region. A quantum mechanical investiga-
tion is thus necessary. However, since a carbon nanotube is 
a huge molecule that consists of hundreds of thousands to 
millions of carbon atoms, an atomic level calculation of the 
entire tube is still far from achievable. Most of the previous 
calculations based on DFT [51, 52, 56, 57] were carried out 
on nanotubes whose lengths are only a few nanometers be-
cause of the limitation of computational resources. To com- 
pare with experimental results, a factor  Ltube /Ltip  is intro-
duced to scale the external field in the simulation on a short 
SWCNT [50], where Ltube represents the length of the tube 
of experimental usage while Ltip is the length adopted in the 
calculation. Based on this simplified model, some suggestive 
results have been obtained. Since Ltip is on the order of a few 
nanometers while Ltube is usually a few µm, the scaled field 
Escal is much stronger than the applied field Eappl . The rela-
tionship between the scaled field and the localized electronic 
states at the tip is still not clear, and the amount of excessive 
charges around the tip has not been determined in previous 
calculations. 

3.3 The apex structure mechanism 

Since the CNT apex consists of a small number of atoms, 
the emission current will be greatly affected by the apex 
structure and adsorbates [21, 22]. The defects or decorated 
atoms at the apex could play as electron donors or acceptors, 
and create localized states. The resonant energy levels would 
be formed around the defects and adsorbates that the tun-
neling probability of some channels would be increased 
dramatically. The energy distribution analysis of the emis-
sion shows that the density of states at the tip is non-metallic, 
appearing in the form of localized states with well-defined 
energy levels [20]. The electron transfer between the adsor-
bates and the CNT body forms an electric dipole (and/or 
quadrupoles) at the apex and changes the local field. The FE 
assisted by special apex structure will be referred to as the 
apex structure mechanism (ASM). It has been observed that 
the hydrogenation of the tube wall transforms a metallic 
CNT into a semiconducting one [93], that O2 exposure in-
creases the turn-on field of SWCNTs and decreases the FE 
efficiency [94], and that the adsorption of H2O enhances the 
field emission current. However, experimental observations 
have not been conclusive so far [63, 93, 94, 95]. 

To understand the dependence of FE upon the atomic 
structures of CNT apexes, careful simulations via the DFT 
have been done [96―102]. There are contradictory conclu-
sions about the effect of adsorbates. Zhou et al. [51] and 
Kim et al. [95, 103] obtained the local density of states 
(LDOS) at the apex by ab initio methods. They found that 
the LDOS at the charge-neutrality level was suppressed by 
the hydrogen. They therefore concluded that hydrogen 
adsorption reduces FE current density. By contrast, Mayer et 
al. calculated the AVPB using a dipole and point charge 
model [104]. They assumed that the surface barrier was re-
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duced by the presence of the hydrogen, and concluded that 
hydrogen adsorption enhanced the FE current density. 
Mayer recently improved the model and illustrated the elec-
trostatic potential around the carbon nanotube [105].  

More extensive studies on this topic would obviously be 
useful. 

3.4 The electron accumulation mechanism 

Only recently, it has become possible to tackle the realistic 
size of SWCNTs in FE conditions by a multi-scale method 
involving quantum mechanics and molecular mechanics [55]. 
The field enhancement factor is found to be much smaller 
than what people expected from the classical metal wire 
model. The recent simulations have confirmed that the 
charge accumulation in both the apex and the body of CNTs 
leads to lowering of effective local work function (ELWF) 
[58], which has a more pronounced effect on FE. The low-
ering of ELWF due to electron accumulation is the third 
mechanism that we will discuss in detail in this paper. We 
will call this mechanism as the electron accumulation 
mechanism or EAM. 

Through this paper, we have assumed that the SWCNT is 
in equilibrium with the substrate, i.e., the so-called quasi- 
equilibrium assumption. In the equilibrium, the Fermi level 
is a constant over the entire CNT and is equal to the Fermi 
level of the substrate. John Cumings et al. [106] observed 
that the electric field distribution varies by less than 2.5 % 
while the emission current has a fluctuation of 80 %. That 
implies that the current has less effect on the barrier and 
electron distribution at the tip. The equilibrium is a good 
approximation at least when the emission current is not too 
big. For the same reason, we will ignore the image effect of 
emission electron. 

An applied field Eappl will drive electrons to the tip of the 
SWCNT. The re-distribution of electrons has two conse- 
quences. The first is that the field is shielded in the body of  
SWCNT, more or less, that leads to the field enhancement at 

the tip. However, since the SWCNT has only one layer of 
atoms, the shielding is not complete. There is field penetra-
tion in the tip region, so the field enhancement is smaller 
than the classical theory for a metal rod. Secondly, there are 
excessive charges accumulating along the tube, especially 
on the tip. In the quasi-equilibrium assumption, the charge 
accumulation is only possible if the neutrality level (i.e., the 
energy level of the neutral CNT) bends down. This happens 
because the applied field lowers the energies of local orbitals. 
The orbital with energy between the Fermi level (that is as-
sumed to be fixed by the substrate) and the neutrality level 
can accommodate electrons and contribute excessive 
charges. A schematic picture is given in Fig. 4. When elec-
trons fill the A zone, the SWCNT is neutral. Each electron in 
the orbital in the B zone contributes a charge e− , that forms 
the induced charge. The curve separating the A zone and the 
B zone is the neutrality level 

*
fE . The barrier between the 

apex and the vacuum is marked by C. φ is the work function 
of the substrate, and χ is the barrier high respective to the 
local neutrality level at the apex. 

The bending of neutrality level leads to the lowering of  
the apex-vacuum barrier, denoted by φ∆ . Since the elec-
trons of the highest energy occupy the orbital of the energy 
of the substrate Fermi level, they see a barrier that is much 
lower than the affinity of an isolated neutral SWCNT. The 
barrier lowering corresponding to the charge accumulation 
at the tip is the new mechanism that favors FE besides the 
well-known field enhancement effect (see section 3.2). For a 
neutral armchair SWCNT, it is believed that the molecular 
orbitals below the neutrality Fermi level are π orbitals and 
those above are π*. In the applied field, as mentioned above, 
some π* orbitals will sink below the Fermi level. Electrons in 
these orbitals provide the excessive charges. Therefore the 
emitted electrons most probably come from the π* orbitals 
near the Fermi level. 

To verify the above mechanism, one should simulate the 
entire SWCNT. This was achieved recently by a multi-scale 
algorithm [55]. In the next section, we will introduce this

 

Fig. 4  A zone: filled with atom electrons; B zone: filled with induced electrons; C zone: the barrier between the apex and the vacuum. E*
F is 

the neutrality level at the tip, ∆φ is the barrier lowering. 

∆φ 
φ 

EF χ 
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method briefly. 

 

4 The multi-scale simulation algorithm 
As far as the FE is concerned, the SWCNT is a typical 
multi-scale system where the emission current is strongly 
correlated to both the mesoscopic length scale and the 
atomic scale at the apex. The concept of multi-scale cou-
pling is important to understand the properties of a huge 
system, which are sensitive to different scales of the system. 
The electron emission assisted by an electric field is a tun-
neling process that is sensitive to the apex electronic struc-
ture, and thus needs to be treated by quantum mechanics. In 
experiments, the length of the SWCNT is usually in mi-
crometers, therefore huge numbers of freedom should be 
considered. For instance, the (5,  5) type SWCNT of one mi-
crometer long consists about 105 carbon atoms. It is still im-
possible to deal with the entire system using the first princi-
ple methods. Limited by the computational efficiencies and 
resources, all ab initio studies so far only can simulate the 
local properties involving hundreds of carbon atoms. The 
electronic properties are sensitive to both the detailed atomic 
arrangement (i.e., the location of defects and adsorbates) and 
the electronic states that would extend over the whole tube. 
It is a challenge for computational algorithms. 

Reference [55] has proposed a multi-scale algorithm for 
simulation of the entire tube. It is a hybrid quantum me-
chanics and molecular mechanics (QM/MM) approach [107]. 
The entire SWCNT is firstly divided into two regions, a 
quantum region and a classical region (Fig. 5). In the quan-
tum region all valence electrons and excessive electrons 
induced by the applied field are treated as quantum 
particles. 

The classical region covers the rest of the SWCNT in which 
the electrons and core ions are treated as point charges since 
their predominant influence on the emission is through their 
electrostatic potential at the tip. 

The quantum region that contains 8 000 to 10 000 atoms 
is still too big for any ab initio method. A proper way to deal 
with this huge system is the linear-scaling divide-and 
-conquer (DAC) method [108]. It calculates the charge dis-
tribution in the quantum region by further dividing the 
quantum region into some subregions. Each subregion and 
its adjacent subregions (refer to as buffers) form a subsystem 
that is to be simulated by an ab initio method, as schemati-
cally shown in the enlargement on the right side of Fig. 5. 
The buffers are used to reduce the error of separating the 
subregion from the CNT. Free bonds of buffers are usually 
passivated by hydrogen atoms. 

To estimate the excessive charge in the classical region 
one must take the energy band characteristic into account. 
For the armchair SWCNT as an example, the tight-binding 
theory predicts that the linear density of states (LDOS) in 
the vicinity of the neutrality level is a constant (see Section 
2). There are also experimental evidences for the constant 
LDOS [109,  110]. As a consequence of the constant LDOS, 
in the first order of the approximation, the linear density of 
excessive charge (i.e., excessive charge per length) in the 
classical region is a linear function of the distance to the 
substrate, ρ (z) = cz, with c a constant [111]. In Ref.  [55] the 
radial component of the electric field is ignored and  ρ is 
written as an exponential function (Eq.  (2) of Ref.  [55]). 
For large decay constant (λ), the exponential function is 
consistent with the linear solution. By use of the linear ρ 
ansatz, one can determine the charge distribution in the clas-
sical region by one parameter, which can be fixed by the

 
Fig. 5  The quantum region and classical region of a CNT. The quantum region is divided into subregions, each subregion and its neighbors 
form a subsystem. 
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charge density obtained by quantum simulations in the 
overlap region.  

Since the excessive charges in the classical region have 
contributions to the electric field in the quantum region, one 
must simulate the excessive charge distribution in two re-
gions alternatively, until self-consistency is obtained. 

When the excessive charge distribution is known, it is 
straightforward to calculate the electrostatic potential energy 
[has been denoted by U(z)] of a point electron. It is the su-
perposition of Coulomb potential energies created by the 
excess charges in the entire tube and their image charges in 
the substrate, and the linear decreasing energy potential 
generated by the applied macroscopic field. 

 

5 The capped (5, 5) SWCNT 
We take the (5, 5) SWCNT with the capped-end [Fig. 1(c)] as 
an example. The multi-scale simulation mentioned in the 
previous section has been applied to the capped (5, 5) 
SWCNT of various lengths in Refs. [55, 58]. Here we will 
present the major results, with some new figures obtained by 
more precise simulation (the quantum region consists 10 000 
atoms in stead of 6 000 atoms in Ref. [55, 58]). The electro-
static electron potential energy in an intersection plane 
through the axis is given in Fig. 6. The thinnest AVEB is the 
path along the forward axis, therefore, forward emission is 
predominant. The density of excessive electrons is presented 
in Fig. 7. Notably, the electrons are not mostly concentrated 
in the first layer but in between the second and the third lay-
ers. 

 

Fig. 6  The electrostatic electron potential energy (in eV) in an intersection 
plane through the axis of the capped SWCNT. 

 
The change of AVEB as the applied field is shown in Fig. 

8. The zero of the electron potential is the energy of vacuum 
in remote space out of the electric field region. The Fermi 
energy is at –5.08 eV. The lowering of potential height is 
plotted in Fig. 9. Figures 7―9 confirm the electron accu-
mulation mechanism. 

 

 
Fig. 7  The density of excessive electrons in the cap. 

 
Fig. 8  Variation of electrostatic electron potential energy for the (5, 5) 
capped SWCNT. The curves from top to bottom are corresponding to Eappl = 
10 to 16, with step 1 V/µm, and Eappl =18 V/µm respectively. 

 
Fig. 9  The potential barrier height versus applied fields. 

Define the local field  Eloc  as the highest field on the r.h.s. 
of the barrier. From Fig. 8, one can extract the field en- 
ancement factor γ q = Eloc / Eappl. The subscript “q” reminds us 
that this field enhancement factor is obtained by quantum 
mechanical simulation and is different form γphe and γcl in 
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definition. It is found that γq for the one micrometer long 
capped (5, 5) SWCNT is about 630 in contrast to the naïve 
estimation, 2 600, as given by the aspect ratio [recalling that 
the radius of the (5, 5) SWCNT is 0.35 nm]. Figure 10 shows 
that γq decreases as Eappl increases. 

 

Fig. 10  The field enhancement factor of capped SWCNT. The solid curve 
is used to guide the eyes. 

The (5,  5) capped SWCNTs of lengths from 0.5 µm to 
1.1µm were simulated in Ref. [58]. The length-dependence 
of γq in the range explored can be fitted by the formula: 

0
q

appl

E LC
E r

γ = +  (10) 

where L is the length, r is the radius of the SWCNT. 
Finally, the emission currents are estimated by Eqs. (7) 

and (8). The current as a function of the applied field is 
plotted in Fig. 11. The FN plot is shown as inset. Figure 12 
presents the current versus the lengths. 

 

Fig. 11  The emission current as a function of the applied field. The inset 
is the FN plot. The lines are used to guide the eyes. 

 

Fig. 12  The emission current as a function of lengths, at an applied field 
of 14 V/µm. The left vertical axis is in logarithmic scale, the right is the 
linear scale. 

 

6 Conclusions and discussions 
The field electron emission of carbon nanotubes has impor-
tant applications. This subject is also interesting as a realistic 
physical system, which is well defined but non-trivial. We 
have addressed three mechanisms that would be responsible 
for the low turn-on field of CNT field electron emission. 
They are the field enhancement mechanism (FEM), the apex 
structure mechanism (ASM), and the electron accumulation 
mechanism (EAM).  

Since the multi-scale algorithm was introduced, the 
mechanisms could be verified not just by experiments, but 
also by computer simulations. The recent progresses of 
multi-scale simulations have shown that the electron accu-
mulation in the carbon nanotube has an important conse-
quence to the effective field enhancement factor and the 
apex surface barrier. The effective local work function is 
lowered significantly following the electron accumulation 
and field penetration on the tip of SWCNT. This is the so- 
called EAM.  

The present observations of both experiments and com-
puter simulations have not excluded the other mechanisms, 
such as the FEM and the ASM. Since the experiments could 
not measure the surface field directly, the best way to exam-
ine various mechanisms should be through computational 
simulations. Very different from one’s expectation, the field 
enhancement from the simulations is only in the order of a 
few hundreds rather than a few thousands. It is clear that the 
local field enhancement mechanism alone cannot account 
for the observed phenomenon. It must be interesting to 
investigate field electron emission from CNTs of different 
ending structures, of different chiralities, and of defects or 
adsorbates. In high applied fields, the quasi-equilibrium hy-
pothesis would be violated. Also, the possibility of emitter 
destruction due to excessive heating needs to be thought out 
[112]. Further studies on these problems are requested. 

In conclusions, the physical mechanism responsible for 
low field emission from a carbon tube would be mainly due 

γq 
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to the lowering of the potential barrier height and the local 
field enhancement due to high aspect ratio is less of a con-
tribution. It is helpful to achieve a quantitative simulation  
for SWCNTs by the multi-scale algorithm. But it is still a 
great challenge to computational science to simulate more 
general structures of CNTs under more general physical 
conditions. 
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