
Front. Phys. China (2006) 1: 54–66
DOI 10.1007/s11467-005-0017-1

REVIEW ARTICLE

WANG Kai-ge, XIONG Jun, GAO Lu

From Hanbury–Brown and Twiss Experiment to the Second-Order

Double-Slit Interference for Incoherent Light

# Higher Education Press and Springer-Verlag 2006

Abstract In this review article, we discuss both experi-
mentally and theoretically the second-order double-slit inter-
ference for a thermal light source which is random in
transverse propagating direction. We show that when the
bandwidth of the noise spectrum is increased, the first-order
interference pattern disappears while the sub-wavelength
pattern fringe emerges in the intensity correlation measure-
ment. Our theoretical description, which is carried out in
contrast with coherent light and two-photon state sources,
demonstrates that this effect can be explained in accor-
dance with the Hanbury–Brown and Twiss experiment.
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1 Introduction

Double-slit interference is a perpetual subject in physics.
Since the first double-slit experiment was originally per-
formed by the physicist and physician Thomas Young around
1805, the debate was resolved whether light was composed
of particles (the “corpuscular” theory), or consisted of waves
travelling through some aether. A century later, the new
debate about wave-like and particle-like was aroused when
the quantum phenomena were discovered. Single-photon
interference through a double slit is one of the defining
experiments of quantum mechanics, and there is no other
simple experiment that demonstrates the wave-particle duality
so well. This led to Dirac’s famous statement that “each

photon then interferes only with itself”. Furthermore, the
double-slit interference is an important experimental evi-
dence of the de Broglie wave for matter. Richard Feynman
described the double-slit interference for particles as “a
phenomenon which is impossible, absolutely impossible,
to explain in any classical way, and which has in it the heart
of quantum mechanics. In reality it contains only mystery”
[1]. In frequent discussions about quantum theory, how-
ever, the double-slit interference acts as a classic Gedanken
experiment (thought experiment) for its clarity in express-
ing the central puzzles of quantum mechanics.

In the 1960s, when laser was invented and the coherence
theory of optical field was established, the double-slit in-
terference pattern was the sign and measure of the spatial
coherence of the light source. For a coherent source, where
all the atoms radiate cooperatively such as a laser, the double-
slit interference pattern can be easily observed with perfect
visibility. However, for an incoherent source, where atoms
radiate independently, the spatial coherence is limited by
the van Cittert–Zernike theorem [2], and the double-slit
interference does not occur when the dimension of the
source is out of the coherent area. The physical reason is
quite intuitional: in the incoherent source, the independent
rays randomly propagating along different directions form
the fringes at different positions and, as a result, their inco-
herent superposition degrades the fringe. One might con-
clude that the disorder in propagating directions for the
incoherent source destroys the coherent information com-
pletely. We will see that this is not true.

The above discussion concerns only the first-order (or
one-photon) double-slit interference where the one-photon
intensity distribution 〈E(−)(x)E(+)(x)〉 in the detection plane
is measured. Since the 1980s, some peculiar quantum phe-
nomena of two-photon entanglement have drawn much
interest. Among them, two-photon coincidence (or ghost)
imaging/interference [3–13] and sub-wavelength interfer-
ence [14–25] were extensively studied both experimentally
and theoretically. The original idea of these schemes was
proposed by Klyshko [26]. In observation of these effects,
a two-photon coincidence measurement and a two-photon
absorption detection are performed to evaluate the second-
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order correlation functions 〈E(−)(x1)E
(+)(x1)E

(−)(x2)E
(+)(x2)〉

and 〈E(−)(x)E(−)(x)E(+)(x)E(+)(x)〉, respectively. Since these
effects had indeed never been observed in classical optics
before, they are nominated with an unusual word “ghost”.
In particular, sub-wavelength interference was regarded as
a non-classical interference that can surpass the Rayleigh
diffraction limit and realize the quantum lithography.

Recently, Bennink et al. [27] showed in their experi-
ments that coincidence imaging and coincidence interfer-
ence can be also performed with a classical light source under
certain conditions. A debate was raised if quantum imaging
and interference can be classically simulated [28,29]. Fur-
ther theoretical analyses [30–34] showed that a thermal or
quasi-thermal source possesses such a second-order spatial
correlation similar to two-photon quantum entanglement,
and hence it can perform the correlated imaging/interfer-
ence and sub-wavelength interference. These effects have
been demonstrated in several experiments [35–38].

Indeed, the second-order correlation property of thermal
light has been known since Hanbury–Brown and Twiss
proposed an optical stellar intensity interferometer in the
1950s [39]. Their work was controversial because it ap-
peared to contradict the established beliefs about quantum
interference. It is meaningful that, half a century later, we
face again a conflict between quantum entanglement and
classical correlation, associated with the Hanbury–Brown
and Twiss experiment.

In this article, we review the studies on the second-order
double-slit interference for the incoherent light. In Sec-
tion 2, we describe the experimental observation of the
double-slit interference for a pseudo-thermal light source.
In Section 3, a simple theoretical explanation to the effect is
presented, and the detailed theoretical analysis in terms of
the second-order spatial correlation function for coherent
field, two-photon entangled state and thermal light is given
in Section 4. The summary is shown in the last section.

2 Experimental observation

We first review the experimental results obtained by Xiong
et al. [35]. The experimental set-up of the second-order
double-slit interference for incoherent light shown in Fig. 1
is rather simple and can be performed in an ordinary labora-
tory. The pseudo-thermal light source is obtained by pass-

ing a focused He–Ne laser beam of wavelength 632.8 nm
through a slowly rotating (0.5 Hz) ground glass disk. A
double-slit of slits separation d = 100 μm and slit width b =
55 μm is illuminated by the thermal light. For the con-
venience of simultaneous detection at two positions, the
diffracted radiation is split into two beams with a non-po-
larizing 50/50 beam splitter. The transmitted and reflected
beams are detected by small-area (diameter, 0.6 mm) Si
photodetectors D1 and D2, which are mounted on transla-
tion stages. The signals from the two detectors are recorded
on a digital oscilloscope (Tektronics 3012B) for the joint-
intensity measurement. By averaging the products of these
two signals over a 2-s interval, we obtain the joint-intensity
correlation 〈I1(x1)I2(x2)〉, where I1(x1) and I2(x2) are the
light intensities detected by D1 and D2 at positions x1 and
x2, respectively. As a matter of fact, the joint-intensity cor-
relation of the outgoing fields in the beam splitter is pro-
portional to the second-order correlation of the input field.
For comparison, we also measured the first-order and sec-
ond-order interference-diffraction patterns for the coherent
light using the same experimental set-up (simply by taking
away the glass disk).

The experimental results are plotted in Figs. 2, 3, 4 and 5,
where Fig. 2(a), Figs. 3(a)–(c), Fig. 4(a), Fig. 5 show the
results for thermal light, and Fig. 2(b), Fig. 3(d) Fig. 4(b)
those for coherent light. In Fig. 2, the averaged intensity
distributions of the two outgoing beams were individually
measured. As expected, the incoherent thermal light
produces a diffraction pattern without fringes, whereas the
coherent light exhibits the well-known first-order interfer-
ence fringe. In Figs. 3 and 4, however, we perform the
joint-intensity measurement at positions (x,−x) and (x,x),
respectively. (In the experiment, the origin x = 0 on the
interference screen is not necessarily at the symmetric
center of the double-slit, and it can be any position on the
screen; see also Section 3.) For the thermal light source,
although the intensity observed by each detector exhibits
disordered fluctuation, the interference fringes emerge by
measuring the normalized joint-intensity correlation g(2)(x,
−x) = 〈I1(x)I2(−x)〉/[〈I1(x)〉〈I2(−x)〉], the joint-intensity fluc-
tuation correlation ΔG(2)(x,−x) = 〈I1(x)I2(−x)〉 − 〈I1(x)〉
〈I2(−x)〉 and the joint-intensity correlation G(2)(x,−x) =
〈I1(x)I2(−x)〉, as shown in Fig. 3(a)–(c), respectively. In Fig. 4
(a), the second-order interference disappears in the correla-
tion g(2)(x,x) for the thermal light. For the sake of

Fig. 1 Sketch of the experimental
set-up
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comparison, the measured G(2)(x,−x) and G(2)(x,x) for
coherent light are plotted in Figs. 3(d) and 4(b),
respectively. It can be seen that the fringe interval for the
thermal light is half of that for the laser beam. Furthermore,
in Fig. 5, the normalized correlation g(2)(x,0) was measured
by fixing one detector and scanning the other detector
along x. A similar interference pattern with the same fringe
interval as that for the coherent beam is obtained.

The experimental results clearly demonstrate that, for the
incoherent light, although the first-order double-slit inter-
ference does not exist, the second-order interference does
exist.

3 Simple theoretical explanation

3.1 Classical description

The second-order double-slit interference for the incoher-
ent light can be explained in terms of the Hanbury–Brown
and Twiss effect. We assume that a monochromatic beam

of wavelength λ illuminates the double-slit, and the fields
EA and EB at the two slits are completely incoherent, that is,
the two fields are statistically independent

hE�
AEBi ¼ hE�

AihEBi ¼ 0 (1)

where 〈EA〉 = 〈EB〉 = 0 is due to the random phase of the
fields. As shown in Fig. 6, P1 and P2 are two positions on
the interference plane. The amplitude and intensity at
position Pi (i = 1, 2) are obtained as

EðPiÞ ¼ð1=RÞ½EA expðikriAÞ þ EB expðikriBÞ�
ði ¼ 1; 2Þ

(2a)

Fig. 3 Interference-diffraction patterns obtained by measuring
(a) the normalized joint-intensity correlation function g(2)(x,−x),
(b) the joint-intensity correlation fluctuation ΔG(2)(x,−x) and (c) the
joint-intensity correlation G(2)(x,−x) for the pseudo-thermal light. In
(d), the function G(2)(x,−x) is measured for coherent light

Fig. 2 Average intensity distributions of the two outgoing beams
from the beam splitter for (a) the pseudo-thermal light and (b) the
coherent light. Experimental data are indicated by triangles and
circles detected by D1 and D2, respectively. In this figure and
in Figs. 3, 4 and 5, the solid lines represent the numerical
simulations
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IðPiÞ ¼ð1=R2Þ jEAj2 þ jEBj2 þ ½E�
AEB expðikriÞ þ c:c:�

n o
ði ¼ 1; 2Þ

(2b)

where k = 2π/λ is the wave number, R is the distance
between the slits and the screen, and ri ≡ riB − riA is the path
difference from the two slits to position Pi. When the fields
at the two slits are incoherent [i.e., Eq. (1)], it is well known
that there is no first-order double-slit interference on the
observation plane

hIðP1Þi ¼ hIðP2Þi ¼ ð1=R2ÞðhjEAj2i þ hjEBj2iÞ (3)

We now consider the second-order double-slit interfer-
ence by the joint-intensity measurement at two positions

hIðP1ÞIðP2Þi
¼ ð1=R4Þ hðjEAj2 þ jEBj2Þ2i þ ½hðE�

AÞ2EAEBi þ hE�
BðEBÞ2E�

Ai�½eikr1 þ eikr2 � þ c:c:
� �n

þ hðE�
AÞ2ðEBÞ2ieikðr1þr2Þ þ c:c:

� �
þ hjEAj2jEB j2i½eikðr1�r2Þ þ c:c:�

o
(4)

Taking into account the incoherence of the fields at the two slits, we obtaintwo slits, we obtain

hIðP1ÞIðP2Þi ¼ ð1=R4Þ hjEAj4i þ hjEBj4i þ 2hjEAj2ihjEBj2i½1þ cos kðr1 � r2Þ�
n o

¼ ð1=R4Þ hjEAj4i þ hjEBj4i þ 2hjEAj2ihjEBj2i½1þ cos
2�d

�R
ðx1 � x2Þ�

� � (5)

Fig. 4 Interference-diffraction patterns obtained by measuring (a) the
normalized joint-intensity correlation function g(2)(x,x) of the pseudo-
thermal light, and (b) the joint-intensity correlation function G(2)(x,x)
of coherent light

Fig. 5 Interference-diffraction patterns obtained by measuring the
normalized joint-intensity correlation function g(2)(x,0) of the pseudo-
thermal light
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where d is the slit interval and xi = riR/d is the transverse
coordinate of position Pi. The first two terms introduce a
background and the last term displays an interference
pattern.

Equation (5) can explain all the experimental results in
Section 2. If we scan the two detectors in the opposite
direction around any position x0, i.e., x1 = x0 + x and x2 =
x0 − x, we observe the interference pattern ð1þ cos 2πdλR 2xÞ;
which shows a half fringe interval of that for the first-order
interference (Fig. 3). However, if we scan one detector by
fixing the other, we obtain the same interference pattern as
the ordinary one (Fig. 5). The interference fringe disappears
only when two detectors are scanned in the same direction
(x1 = x0 + x and x2 = x0 + x) or a two-photon absorption
detector (x1 = x2 = x) is applied [Fig. 4(a)].

The fringe visibility of the second-order interference can
be defined and evaluated as

V � hIðP1ÞIðP2Þimax � hIðP1ÞIðP2Þimin

hIðP1ÞIðP2Þimax þ hIðP1ÞIðP2Þimin

¼ 2hjEAj2ihjEBj2i
hjEAj4i þ hjEBj4i þ 2hjEAj2ihjEBj2i

(6)

If, for example, the fields at the two slits are random only in
phase and their intensities are equal without fluctuation,
i.e., |EA|

2 = |EB|
2 = I0, the fringe visibility is 50%. However,

if the source is thermal light satisfying Gaussian statistics,
it has 〈|E|4〉 = 2〈|E|2〉2 and the visibility is 33.33%.

3.2 Microscopical mechanism

Microscopically, the double-slit interference can be under-
stood in the photon’s picture. It is well known that the
first-order interference can occur for a single photon. The
one-photon state at the double-slit is written as

jΨiS ¼ 1ffiffiffi
2

p ayA þ ayB
� �

j0i (7)

in which there is no information about which slit the
photon passes through. The field at position P in the
detection plane is expressed as

EðþÞðPÞ ¼ aA expðikrAÞ þ aB expðiÞ (8)

Thus the first-order interference is obtained as

ShΨ jEð�ÞðPÞEðþÞðPÞjΨiS ¼ 1þ cos kr (9)

where r ≡ rB − rA = xd/R is proportional to the transverse
position x in the detection plane (see Fig. 6).

In the second-order double-slit interference, however,
there are at least two photons involved. We consider three
two-photon states at the double slit

jΨiSS ¼ 1ffiffiffi
8

p ayA þ ayB
� �

ayA þ ayB
� �

j0i (10a)

jΨiEN ¼ 1

2
ayA

� �2
þ ayB
� �2

� �
j0i (10b)

jΨiDS ¼ ayAa
y
Bj0i (10c)

which implicate the ways that two photons pass through the
two slits. Both |Ψ〉SS and |Ψ〉DS describe two independent
photons, whereas |Ψ〉EN describes the entangled photons.
Obviously, jΨiSS ¼ ð1= ffiffiffi

2
p ÞðjΨiEN þ jΨiDSÞ:

The first-order double-slit interference patterns can be
evaluated for the three two-photon states

SS Ψ jEð�ÞðPÞEðþÞðPÞjΨ
D E

SS
¼ 2ð1þ cos krÞ (11a)

EN Ψ jEð�ÞðPÞEðþÞðPÞjΨ
D E

EN
¼ 2 (11b)

DS Ψ jEð�ÞðPÞEðþÞðPÞjΨ
D E

DS
¼ 2 (11c)

State |Ψ〉SS shows the same interference pattern just as the
single photon state |Ψ〉S, whereas both states |Ψ〉EN and
|Ψ〉DS do not show the first-order interference.

Fig. 6 Sketch of the second-order double-slit interference
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We now consider the second-order interference for these
states. In experimental observation, the two-photon coin-
cidence measurement is performed using a beamsplitter. As
a result, the second-order correlation of the field at the
input port of the beamsplitter is proportional to the two-
photon coincidence probability measured at the output ports

nðP1ÞnðP2Þh i / Eð�ÞðP1ÞEð�ÞðP2ÞEðþÞðP2ÞEðþÞðP1Þ
D E

¼ h0jEðþÞðP2ÞEðþÞðP1ÞjΨi
�� ��2

(12)

where |Ψ〉 is a two-photon state. We calculate the second-
order correlation functions for the three two-photon states

SS
ΨðEð�ÞðP1ÞEð�ÞðP2ÞEðþÞðP2ÞEðþÞðP1ÞÞΨ

� �
SS

¼ 2ð1þ cos kr1Þð1þ cos kr2Þ
(13a)

EN
ΨðEð�ÞðP1ÞEð�ÞðP2ÞEðþÞðP2ÞEðþÞðP1ÞjΨ

� �
EN

¼ 2 1þ cos kðr1 þ r2Þ½ �
(13b)

DS
ΨðEð�ÞðP1ÞEð�ÞðP2ÞEðþÞðP2ÞEðþÞðP1ÞÞΨ

� �
DS

¼ 2 1þ cos kðr1 � r2Þ½ �
(13c)

which exhibit three types of second-order interference. In
state |Ψ〉SS, the two photons are independent and each of them
interferes with itself, so that the second-order interference is
the product of two first-order interference patterns. How-
ever, both states |Ψ〉EN and |Ψ〉DS show position correlation
in the second-order interference and reveal sub-wavelength
interference pattern when r1 = r2 and r1 = − r2, respectively.
To understand the sub-wavelength interference of the two-
photon state |Ψ〉EN with respect to the single-photon state
|Ψ〉S, Jacobson et al. [14] proposed the concept of multi-
photon de Broglie wavepacket.

State |Ψ〉DS contributes an interference pattern similar to
that for the classical incoherent light, as shown in Eq. (5)
with the exception of a background. Different from states
|Ψ〉EN and |Ψ〉S, two photons simultaneously pass through
the two slits with certainty in state |Ψ〉DS. But the photon
registered by each detector in the coincidence measurement
comes from either slit A or slit B, showing uncertainty.
Only when the two photons reach the same position r1 = r2,
the uncertainty does not exist and the interference disap-
pears. Although these microscopic states do not mean the
macroscopic sources available, the discussions may pro-
vide us more intuitive knowledge of interference in the
photon’s picture.

4 Spatial correlation properties of fields

The above experimental results and theoretical explanation
show that the generalized double-slit interference can occur
not only for coherent light, but also for incoherent light.
This implies that the distinct interference behaviors reflect
the spatial correlation properties of fields, rather than the
coherence. In this section, we discuss the spatial correlation
properties of three sources, a coherent beam, a photon-pair
spatially entangled and a thermal light source, and the cor-
responding interference effects.

The double-slit function T(x) is defined as

TðxÞ ¼
1; x 2 � d þ b

2
;� d � b

2

� �
and

d � b

2
;
d þ b

2

� �
0; others

8><>:
(14)

where b and d are the width of each slit and the interval
between two slits, respectively. An input field a(x) is
assumed to be monochromatic. By ignoring the thickness
of double-slit, the transverse envelope operators of the
input field a(x) and the output field a1(x) of the double-slit
are expressed by

a1ðxÞ ¼ aðxÞTðxÞ þ avðxÞ½1� TðxÞ� (15)

where the vacuum field av is introduced for maintaining the
bosonic commutation relation. [Note that T 2(x) = T(x).]
Since the vacuum field has no contribution to the normal-
order correlation, it can be omitted in the calculations below.

We assume that both the double-slit and the detection
screen are placed at the two focal planes of a lens of focal
length f. In the paraxial approximation, the field a2(x) in the
detection plane is expressed by a Fourier transform of the
field at the double-slit a1(x)

a2ðxÞ ¼
ffiffiffiffiffiffiffiffiffi
k

2π f

s Z
a1ðx0Þ exp �i

k

f
x0x

� �
dx0 (16)

Substituting Eq. (15) into Eq. (16), we obtain a convolution

a2ðxÞ ¼
ffiffiffiffiffiffiffiffi
k

2πf

s Z
~T

kx

f
� q

	 

aðqÞdq (17)

where

~TðqÞ ¼ 1ffiffiffiffiffiffi
2π

p
Z

TðxÞe�iqxdx

¼ 2bffiffiffiffiffiffi
2π

p sincðqb=2Þ cosðqd=2Þ

(18)

eTðqÞ and aðqÞ are the Fourier transforms of T(x) and a(x),
respectively, and q is the transverse wavevector. Thus, the
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first- and second-order correlation functions in the detection
plane are obtained

Gð1Þðx1; x2Þ � ay2ðx1Þa2ðx2Þ
D E
¼ k

2πf

Z
~T� kx1

f
� q1

	 

~T

kx2
f

� q2

	 

� ayðq1Þaðq2Þ
� �

dq1dq2

(19a)

Gð2Þðx1; x2Þ � ay2ðx1Þay2ðx2Þa2ðx2Þa2ðx1Þ
D E
¼ k

2πf

	 
2 Z
~T� kx1

f
� q1

	 

~T � kx2

f
� q2

	 

~T

kx2
f

� q02

	 

~T

kx1
f

� q01

	 

ayðq1Þayðq2Þaðq02Þaðq01Þ
� �

dq1dq2dq
0
1dq

0
2

(19b)

G (1)(x, x) and G (2)(x1, x2) describe the first- and second-order
double-slit interference patterns, respectively. Therefore, the
interference patterns reflect the spatial correlation properties
of the source field. In the following, we discuss three sources.

4.1 Coherent field source

The coherent state is the border between classical and
quantum regimes. We review double-slit interference for a
coherent beam, which is assumed to be a monochromatic
wave with an angular spectrum C(q), describing the wave-
front of the beam. The correlation functions for the coher-
ent field read

αjayðq1Þaðq2Þjα
� � ¼ jαj2C�ðq1ÞCðq2Þ (20a)

αjayðq1Þayðq2Þaðq02Þaðq01Þjα
� �

¼ jαj4C�ðq1ÞC�ðq2ÞCðq02ÞCðq01Þ (20b)

In the detection plane, the first- and second-order cor-
relation functions are calculated as

Gð1Þðx1; x2Þ ¼ jαj2V �ðx1ÞV ðx2Þ (21a)

Gð2Þðx1; x2Þ ¼ jαj4V �ðx1ÞV �ðx2ÞV ðx2ÞV ðx1Þ (21b)

where

V ðxÞ ¼
ffiffiffiffiffiffiffiffi
k

2πf

s Z
~T

kx

f
� q

	 

CðqÞdq (22)

The separability of spatial variables in the correlation func-
tions Eqs. (21a) and (21b) verifies perfect coherence of the
field, and it gives

Gð2Þðx1;x2Þ ¼ Gð1Þðx1;x1ÞGð1Þðx2;x2Þ (23)

The second-order interference consisting of the two first-
order interference patterns can be factorized in terms of
spatial positions. This feature is equivalent to the interfer-
ence of the two independent photons |Ψ〉SS [see Eq. (13a)].

In the plane wave limit, the angular spectrum C(q) =
δ(q), then we obtain V ðxÞ / eTðkx=f Þ; which indicates an
ideal fringe pattern. For the coherent Gaussian beam that
the angular spectrum is given by jCðqÞj2 ¼ ð ffiffiffiffiffiffi

2π
p

wÞ�1

exp½�q2=ð2w2Þ�; the first-order interference patterns re-
lated to the bandwidth of the Gaussian spectrum is plotted
in Fig. 8(a). The fringe visibility is perfect and irrelevant to
the bandwidth, that is, the angular spectrum of the coherent
field does not degrade the coherence. In addition, as the
bandwidth is increased, the fringe envelope is extended
while the intensity drops rapidly. (The latter is not shown in
the plot.)

According to Eq. (23), the second-order interference
G(2)(x,x) has the same fringe period as the first-order
one. Instead, if two independent modes of coherent
beams illuminate the double-slit, Eq. (23) is replaced by

Gð2Þðx1;x2Þ ¼ Gð1Þ
H ðx1;x1ÞGð1Þ

V ðx2;x2Þ (24)

where the subscripts H and V designate two different
modes, for instance, two orthogonally polarized modes.
Assume that the two polarized beams are plane-wave
with the same wavelength and incident upon the double-
slit with a fixed angle, their angular spectra are CH(q) =
δ(q − QH) and CV(q) = δ(q − QV). The second-order
interference is thus written as

Gð2Þðx1; x2Þ � cos2
kx1
f

� QH

	 

d

2

� �
� cos2 kx2

f
� QV

	 

d

2

� �
¼ 1

4

(
cos

kðx1 þ x2Þ
f

� ðQH þ QV Þ
	 


d

2

� �

þ cos
kðx1 � x2Þ

f
� ðQH � QV Þ

	 

d

2

� �)2

(25)
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where the envelope part has been neglected. By
appropriately setting the incident angles, we obtain

Gð2Þðx; xÞ � 1

4
cos2

kð2xÞ
f

� ðQH þ QV Þ
	 


d

2

� �
when ðQH � QV Þd ¼ π

(26a)

Gð2Þðx;�xÞ � 1

4
cos2

kð2xÞ
f

� ðQH � QV Þ
	 


d

2

� �
when ðQH þ QV Þd ¼ π:

(26b)

The fringes described by Eq. (26) have a half period of
that for the first-order interference pattern. This scheme
has been experimentally demonstrated [40].

Although the physics of this scheme is trivial, it tells us
that the super-resolution of the fringe can be readily carried
out with coherent beams. Moreover, there were other propos-
als using nonlinear optical processes to realize the super-
resolution patterns [41,42]. But all of these schemes are
different in essence from the second-order interference of
both quantum entangled and classical correlated sources
according to whether the first-order interference exists or
not.

4.2 Quantum two-photon state source

A two-photon wavepacket consists of two photons, which
are assumed to be monochromatic with the same wave-
length. The two photons can be orthogonally or similarly
polarized. The former has been discussed by Cao et al.
[25], and here we focus on the latter.

A two-photon wavepacket containing two same polar-
ized photons is written as

jψi ¼
Z
Σ

dq1dq2Cðq1; q2Þayðq1Þayðq2Þj0i (27)

Since a†(q1)a
†(q2)|0〉 and a†(q2)a

†(q1)|0〉 denote the same
state, the above integral is taken over a half plane Σ of the
space (q1,q2) divided by the diagonal q1 = q2. We may
extend the spectrum C(q1,q2) to the whole space (q1,q2) by
setting the symmetric condition C(q1,q2) = C(q2,q1), and
state (27) can be rewritten as

jψi ¼ 1ffiffiffi
2

p
Z1
�1

dq1

Z1
�1

dq2Cðq1; q2Þayðq1Þayðq2Þj0i

(28)

The state normalization gives

Z1
�1

dq1

Z1
�1

dq2C
�ðq1; q2ÞCðq1; q2Þ

¼ 2
Z
Σ

dq1dq2C
�ðq1; q2ÞCðq1; q2Þ ¼ 1

(29)

If the two-photon wavepacket consists of two indepen-
dent single-photon wavepackets

jΦij ¼
Z1
�1

dqCjðqÞayðqÞj0i; j ¼ 1; 2 (30)

the unentangled two-photon state is thus given by

jΨiSS ¼ jΦi1 � jΦi2

¼
Z1
�1

dq1

Z1
�1

dq2C1ðq1ÞC2ðq2Þayðq1Þayðq2Þj0i

(31)

whereCj (q) is the single-photon angular spectrum satisfying

Z1
�1

C�
j ðqÞCjðqÞdq ¼ 1 (32)

Since C1(q1)C2(q2) and C1(q2)C2(q1) are the amplitudes for
the same state and can be added together, we may define a
two-photon spectrum

CSSðq1; q2Þ � A

2
C1ðq1ÞC2ðq2Þ þ C1ðq2ÞC2ðq1Þ½ � (33)

which is symmetric by exchanging q1 and q2. The unen-
tangled two-photon state (31) can be equivalently expressed
by Eq. (27) or Eq. (28) with the spectrum CSS(q1,q2). The
normalization conditions (29) and (32) give

jAj2 ¼ 2

1þ jβj2 (34a)

β ¼
Z1
�1

C�
1ðqÞC2ðqÞdq (34b)

where β measures the overlap between the two single-
photon wavepackets. For two degenerate wavepackets, i.e.,
C1(q) = C2(q), it has β = 1 and |A|2 = 1. However, for two
orthogonal wavepackets, it has β = 0 and |A|2 = 2.
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For the sake of comparison, we show the first-order cor-
relation for the single-photon wavepacket (30)

hΦjayðq1Þaðq2ÞjΦi ¼ C�ðq1ÞCðq2Þ (35a)

Gð1Þðx1; x2Þ ¼ V �ðx1ÞV ðx2Þ (35b)

where V(x) has been defined by Eq. (22). The first-order
correlation and interference of a single photon are the same
as the coherent field.

We now turn to the two-photon wavepacket described by
Eq. (28). The first- and second-order correlation functions
are obtained as

hΨ jayðq1Þaðq2ÞjΨi ¼
Z

C�ðq; q1ÞCðq; q2Þd (36a)

hΨ jayðq1Þayðq2Þaðq02Þaðq01ÞjΨi ¼ C�ðq1; q2ÞCðq01; q02Þ
(36b)

Substituting Eqs. (36a) and (36b) into Eqs. (19a) and
(19b), we obtain the corresponding correlation functions in
the detection plane

Gð1Þðx1; x2Þ ¼ k

2πf

Z
~T� kx1

f
� q1

	 

~T

kx2
f

� q2

	 

C�ðq; q1ÞCðq; q2Þdqdq1dq2

(37a)

Gð2Þðx1; x2Þ

¼ k

2πf

	 
2

Z
~T

kx1
f

� q1

	 

~T

kx2
f

� q2

	 

Cðq1; q2Þdq1dq2

���� ����2
(37b)

In the following, we show three examples:

(i) Two-photon wavepacket with the maximum entangle-
ment C(q1,q2) = δ(q1 + q2). The first- and second-order
correlation functions (36a) and (36b) can be evaluated
as

hΨ jayðq1Þaðq2ÞjΨi ¼ δðq1 � q2Þ (38a)

hΨ jayðq1Þayðq2Þaðq02Þaðq01ÞjΨi ¼ δðq1 þ q2Þδ q01 þ q02Þ



(38b)

Equation (38a) implies incoherence since each single
photon of entangled photon pair is in a statistical mix-
ture of states with different transverse wavevectors. Con-
sidering |T(x)|2 = T(x), we can calculate the integralsZ

~T� kx1
f

	 q

	 

~T

kx2
f

	 q

	 

dq

¼
ffiffiffiffiffiffi
2π

p
~T

k

f
ðx2 � x1Þ

� � (39a)

Z
~T� kx1

f
	 q

	 

~T

kx2
f


 q

	 

dq

¼
ffiffiffiffiffiffi
2π

p
~T

k

f
ðx2 þ x1Þ

� � (39b)

The correlation functions are obtained as

Gð1Þðx1; x2Þ ¼ k

2πf

ffiffiffiffiffiffi
2π

p
~T

k

f
ðx2 � x1Þ

� �
(40a)

Gð2Þðx1; x2Þ ¼ k

2πf

	 
2

2π ~T ½k
f
ðx2 þ x1Þ�

���� ����2 (40b)

The first-order double-slit interference disappears, that
is,Gð1Þðx; xÞ / eT ½0�:However, the second-order double-
slit interference shows the sub-wavelength feature

owing to Gð2Þðx; xÞ / ~T ½kf ð2xÞ�
��� ���2: We notice that the

same feature exists in the two-photon interference scheme
using a beamsplitter [16], where for the two-photon en-
tangled state the second-order interference shows sub-
wavelength fringe while the first-order interference
does not occur.

(ii) Entangled beams produced in spontaneous parametric
down-conversion (SPDC)
The first- and second-order correlation functions for
the spontaneous parametric beams produced in type-I
crystal are written as [25]

ayðq1Þaðq2Þ
� � ¼ jV ðqÞj2δðq1 � q2Þ; (41a)

ayðq1Þayðq2Þaðq02Þaðq01Þ
� �

¼ V �ðq1ÞU�ðq2ÞV ðq02ÞUðq01Þ
δðq1 þ q2Þδðq01 þ q02Þ þ V �ðq1Þ
V �ðq2ÞV ðq02Þ � V ðq01Þ½δðq1 � q01Þ
δðq2 � q02Þ þ δðq1 � q02Þδðq2 � q01Þ�

(41b)

where U and V are the transfer coefficients. Equation
(41a) corresponds to the first-order spectral correlation
of a classical stochastic variable which satisfies the
Wiener–Khintchine theorem [see Eq. (44) below].
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However, the second term in Eq. (41b) describes a
classical thermal correlation (see Eq. (45) below). In
the weak coupling case when |U|≫|V|, the classical
correlation term can be omitted, and Eqs. (41a) and
(41b) display the similar correlation as Eqs. (38a) and
(38b) for the two-photon entangled state. Using Eqs.
(41a) and (41b) and Eqs. (19a) and (19b), we calculate
the first- and second-order interference patterns and
plot them in Fig. 7. As the bandwidth of the transfer
coefficients is increased, the first-order interference
fringe disappears while the second-order interference
fringe exhibits the sub-wavelength characteristic.

(iii) Unentangled two-photon wavepacket CSS (q1,q2)
Substituting Eq. (33) into Eqs. (37a) and (37b), we
obtain

Gð1Þðx1; x2Þ ¼ jAj2
4

fV �
1 ðx1ÞV1ðx2Þ þ V �

2 ðx1ÞV2ðx2Þ
þ βV �

1 ðx1ÞV2ðx2Þ þ β�V �
2 ðx1ÞV1ðx2Þg

(42a)

Gð2Þðx1; x2Þ ¼ jAj2
4

V1ðx1ÞV2ðx2Þ þ V2ðx1ÞV1ðx2Þj j2

(42b)

where Vj (x) is defined by Eq. (22). The first-order
double-slit interference pattern is thus

Gð1Þðx; xÞ

¼ jAj2
4

V1ðxÞj j2þ V2ðxÞj j2þ βV �
1 ðxÞV2ðxÞ þ c:c:

� �n o
(43)

This means that each single-photon wavepacket gen-
erates its own pattern while the overlap between the two
wavepackets, described by β, brings about the “secondary
interference” between the two patterns. This comes from
the indistinguishability of two photons. However, the sec-
ond-order interference pattern is irrelevant to the overlap of
wavepackets.

If two single-photon wavepackets are identical, that is,
V1(x) = V2(x) ≡ V(x) and β = |A|2 = 1, we obtain G(1)(x1,x2) =
V*(x1)V(x2) and G(2)(x1,x2) = |V(x1)V(x2)|

2 = G(1)(x1,x1)
G(1)(x2,x2). Therefore, the two independent degenerate
single-photon wavepackets exhibit the same interference
behaviors as that for the coherent field.

Fig. 7 (a) First-order interference
patterns and (b) second-order
interference patterns vs the nor-
malized bandwidths q0b/(2π) of
SPDC process, where the cou-
pling parameter g = 0.4
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Fig. 8 (a) First-order interference patterns of coherent fields for
different normalized bandwidthsW =wb/(2π) of the Gaussian angular
spectrum. (b) First-order interference patterns and (c) second-order
interference patterns of thermal light for different normalized

bandwidths W of the Gaussian power spectrum. The X-axis X =
xkb/(2πf) is the normalized position in the detection plane and the
double-slit parameter is taken to be d = 4b
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4.3 Classical thermal light source

Let us now consider a classical thermal light source. We
assume a monochromatic plane wave E0exp[i(kz − ωt)] il-
luminating a material containing disordered scattering cen-
ters. After scattering, the field is written as E(x, z, t) = ∫E(q)
exp[i(qx + kz z − ωt)]dq, where q is the transverse wave-
vector introduced by the random scattering and satisfies
q2 þ k2z ¼ k2: Hence, E(q) is a stochastic variable obeying
Gaussian statistics. If q≪k, the scattered field can be ap-
proximately written as E(x, z, t) = A(x)exp[i(kz − ωt)], where
A(x) = ∫E(q)exp[iqx]dq is the slowly varying envelope. As a
result, we have defined a monochromatic pseudo-thermal

light random in both strength and propagation direction.
According to the Wiener–Khintchine theorem, the first-
order spectral correlation must satisfy

hE�ðqÞEðq0Þi ¼ SðqÞδðq� q0Þ (44)

where S(q) is the power spectrum of the spatial frequency.
For any random variable with Gaussian statistics, all

high-order correlations can be expressed in terms of the
first-order ones [43]. Hence, the second-order spectral cor-
relation of thermal light can be written as

hE�ðq1ÞE�ðq2ÞEðq02ÞEðq01Þi ¼ hE�ðq1ÞEðq01ÞihE�ðq2ÞEðq02Þi þ hE�ðq1ÞEðq02ÞihE�ðq2ÞEðq01Þi
¼ Sðq1ÞSðq2Þ½δðq1 � q01Þδðq2 � q02Þ þ δðq1 � q02Þδðq2 � q01Þ�: (45)

Combining the correlation nature in Gaussian statistics
with the Wiener–Khintchine theorem, Eq. (45) implies
spatial intensity correlation. When the thermal light is split
into two beams at a beam splitter, the two output beams are
spatially correlated. This is the origin of the correlated
imaging and interference for the classical thermal source.
As a matter of fact, there is no such correlation in any
coherent beam, so the correlated imaging can not occur.
However, in the case of two-photon entanglement, the field
correlation exists within the same spatial frequency
components, as shown in Eq. (36b). In particular, in the
spontaneous parametric down-conversion process, the
entanglement occurs in photon pairs satisfying the momen-
tum conservation, and the second-order correlation is
given by Eq. (38b).

Substituting Eqs. (44) and (45) into Eqs. (19a) and (19b),
we obtain

Gð1Þðx1; x2Þ ¼ k

2πf

Z
~T� kx1

f
� q

	 

~T

kx2
f

� q

	 

SðqÞdq

(46a)

Gð2Þðx1; x2Þ ¼ Gð1Þðx1; x1ÞGð1Þðx2; x2Þ þ jGð1Þðx1; x2Þj2
(46b)

The interference patterns depend on the bandwidth of
spectrum S(q) with respect to the double-slit parameter,
characterized by 1/b. In the narrow bandwidth limit,
S(q)→δ(q), the correlation functions become the same as
the coherent field, since, in this case, the disorder is trivial.
However, in the broadband limit when S(q)→S0, Eqs. (46a)
and (46b) are written as

Gð1Þðx1; x2Þ ¼ k

2πf

ffiffiffiffiffiffi
2π

p
S0 ~T

k

f
ðx2 � x1Þ

� �
(47a)

Gð2Þðx1; x2Þ ¼ k

2πf

	 
2

2πS20 ~T2ð0Þ þ ~T
k

f
ðx1 � x2Þ

� ����� ����2
( )

(47b)

where Eq. (39a) is applied. The first-order correlation
function is the same as that for the two-photon entangled
state, given by Eq. (40a), so that the first-order interference
disappears, i.e., Gð1Þðx; xÞ / eT ½0� . This is in accordance
with the conventional understanding that the disorder in
spatial wavevectors washes out the interference pattern.
However, the interference pattern can be extracted through
joint-intensity measurement. For example, when two detec-
tors in the joint-intensity measurement are scanned in the
opposite directions with respect to a position x0, i.e. x1 =

x0 + x and x2 = x0 − x, we obtain Gð2Þðx1; x2Þ / ~T2ð0Þ þ
~T ½kf ð2xÞ�
��� ���2: The interference pattern is the same as that

for the entangled photon pair in the two-photon detection,
except that the background accompanies the fringe for the
thermal light, causing the maximum visibility of 33.3%,
whereas for the entangled two-photon state the fringe has
perfect visibility.

In the general case, we set the Gaussian power spectrum
to be SðqÞ ¼ ð ffiffiffiffiffiffi

2π
p

wÞ�1 exp½�q2=ð2w2Þ�: Fig. 8(b)–(c)
shows the first- and second-order interference patterns for
the different normalized bandwidths W = wb/(2π), respec-
tively. At very small bandwidth, both the first- and second-
order interference patterns show the same fringes as that for
the coherent beam. As the bandwidth increases, the first-
order interference disappears and the second-order interfer-
ence shows half of the fringe period for the first-order one.
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5 Conclusions

In summary, we have shown the second-order double-slit
interference for an incoherent light source both experimen-
tally and theoretically. The theoretical description, which is
carried out in contrast with coherent light and two-photon
state sources, demonstrates that this effect is the double-slit
interference version of the Hanbury–Brown and Twiss effect.
Therefore, we gain new knowledge about the interference
effect of incoherent light.

Both the first- and second-order double-slit interference
reflect the statistics and spatial correlation of optical fields.
For the coherent field and the two independent photons, the
second-order interference is the product of two first-order
ones, resulting in the decorrelation of spatial variables. How-
ever, for both the two-photon entangled state and the ther-
mal light, the second-order interference appears in the form
that two spatial positions are correlated while the first-order
interference disappears. In spite of the similarity of the effects
for both sources, we may conclude different physics for
them: the quantum coherent interference for the two-photon
entangled source and the Hanbury–Brown and Twiss-type
interference for the incoherent light source.
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