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Abstract The ionization potentials and fine structure split-
tings of 1s%nl (I =s, p, and d; n < 9) states for lithium-like
V%" jon are calculated by using the full-core plus
correlation (FCPC) method. The quantum defects of these
three Rydberg series are determined according to the single-
channel quantum defect theory (QDT). The energies of any
highly excited states with n = 10 for these series can be
reliably predicted using the quantum defects that are
function of energy. The digole oscillator strengths for the
1s*2s-1s%np and 1s2p—1snd (n < 9) transitions of V***
ion are calculated with the energies and FCPC wave
functions obtained above. Combining the QDT with the
discrete oscillator strengths, the discrete oscillator strengths
for the transitions from the given initial state to highly
excited states (n = 10) and the oscillator strength density
corresponding to the bound-free transitions are obtained.

Keywords V2" jon, ionization potential, quantum defect,
oscillator strength

PACS numbers 31.25.Jf, 31.10.+z, 32.70.Cs

1 Introduction

Research in the structure and properties of highly ionized
atomic systems has recently aroused great interest because
the results and data obtained play a dominant role in con-
trolled thermonuclear reactions, where atomic radiation is

Translated from Chinese Journal of Atomic and Molecular
Physics, 2005(2) (in Chinese)

WANG Zhi-wen (D<), HAN Qiu-ju, HU Mu-hong,
YANG Di, LI Jin-ying

School of Physics and Electronic Technology,
Liaoning Normal University,

Dalian 116029, China

E-mail: zwwang@online.In.cn

the primary energy loss mechanism, in astrophysical study
for the knowledge of atomic abundance, and in plasma
modeling. However, in the present, the available experi-
mental data in the literature on these ions are far from
satisfactory. Thus, reliable theoretical predictions for these
important data are obviously of significance.

From a theoretical point of view, the key to solving the
many-electron atomic system problems lies in the treat-
ments of electron correlation and relativistic effects. The
multiconfiguration Hartree-Fock (MCHF) and multiconfig-
uration Dirac-Fock (MCDF) methods have been used
effectively for a long time. However, these traditional con-
figuration interaction (CI) methods get tangled in the
numerical convergence problems in many cases. An elegant
and complete variation approach, namely, the full-core plus
correlation (FCPC) method, has been developed by Chung
[1]. This method has been successfully applied to the
atomic systems with a 1s® -core [2-5]. For example, the
ionization potentials of the lithium-like ground states from
Z =3-10 are predicted to within 1 ppm of the experiment
[2].

In this paper, we extend this method to the system with
higher nuclear charge and in the higher energy region. The
ionization potentials, fine structure splittings of 1sn/ (I =,
p, and d; n < 9) states, and the dipole oscillator strengths for
1s%2s—1snp and 1s2p—1s’nd (n < 9) transitions for
lithium-like VZ°" jon are calculated. The quantum defects
of these three Rydberg series are determined as a function of
energy. Combining the calculated results of discrete
oscillator strengths with the single-channel quantum defect
theory (QDT), the discrete oscillator strengths for the
1s?2s—1s”np and 1s*2p—1s°nd (n = 10) transitions and the
oscillator strength densities corresponding to the bound-
free transitions are predicted.

2 Theoretical method

The details of the FCPC method used in this paper can be
found in [1-4]. These presentations will not be repeated
here. By using the square-integrated Slater-type basis sets,



the variational wave function of the 1s’nl (I = s, p, and d)
state for lithium-like V?°" ion is given by
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where 4 is an antisymmetrization operator. @145(1,2) is a
predetermined 1s” -core wave function, which is used as a
single term in the total wave function of the three-electron
system, and its expression can be found in [1]. The effect of
the valence electron is accounted for by multiplying the
core wave function with a linear combination of Slater
orbitals for the valence electron. The second term on the
right-hand side of Eq. (1) describes the relaxation of the
1s? -core and the other possible correlations in the three-
electron system. @, ;) is the basis set of three-electron
system [1-4]. The linear parameters in Eq. (1) are
determined by solving the secular equation, and the
nonlinear parameters are optimized by minimizing the
energy of the system. The explicit expression of non-
relativistic Hamiltonian is given in [1-4]. The nonrelativ-
istic energies (upper bounds) E, of the 1s* —core and the
1s°nl (I=s, p, and d; n < 9) states are obtained, and their
corresponding FCPC wave functions ¥ are determined in
this process. The relativistic effects, including the correc-
tion to kinetic energy, Darwin term, the electron—electron
contact term, and the orbit—orbit interaction, and mass-
polarization effect on the energies are calculated using the
first-order perturbation theory. The total energy of the
three-electron system is given by

Etot: E() + <¢|H/|¢> (2)
=Ey+ AE

The explicit expressions of these operators are given in
[1-4]; they will not be repeated here. To obtain a more
accurate result for the larger Z system, the quantum-
electrodynamics (QED) correction should be included. We
assume that the QED effects of the core cancel out in the
ionization potential (IP). Thus, this correction to energy can
be evaluated for the valence electron by using a hydrogenic
formula [6] with an effective nuclear charge. It can be
shown [1—4] that this correction consists of two terms that
cause a shift of the center of gravity for 1s?n/ configuration
energy and a correction to the fine structure splitting of
the “°L (L = P or D) systems, respectively. Their explicit
expressions can be found in [1-4,6].

The IPs for the 1s°nl states of the V>*" ion are obtained
from the difference between the energies of three-electron
system and of the ion core:

IP(15°nl) = Eior (15> 'S) — Eiot (15°n1°L) — AEG gy (nl)
©)
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The last term on the right-hand side of Eq. (3) is the
correction to the center of gravity for the 1s?a/ configu-
ration energy from the QED effect.

For the 1s’n/ (I = p and d) states, the fine structure
splittings mainly come from the spin—orbit and spin—other—
orbit interactions. To calculate the splitting, the LSJ-
coupling scheme is used, and the result is given by the
summation of the expectation values of Hgg and Hgoo and
the QED contribution to the splitting, namely,

AEfg = (LSIM;|Hso + Hsoo|LSIMy) + AEjpp (nl)
“

where the expressions of operators Hgo and Hgoo can be
found from [1-4].

According to the single channel QDT [7-9], the
quantum defect 11, of 1s?n/ state is defined by

ZZ
En = -

2 ) (in a.u.)
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where 7 is the principal quantum number and E,, is the term
energy obtained above for n < 9. For highly excited states,
quantum defect, u,,, should be a smooth function of energy,

Table 1 The ionization potential of 1s2ns, lsznp, and 1s°nd states
for V2 jon

States IP Experimental (cm_l) [11]
a.u. cm !

1s%2s  57.65785693 12654301 12660 000
1s%3s 2524317447 5540177 5545600
1s?4s  14.09519173 3093 504

1s?5s 898112588 1971108

1s6s 621846075 1364780

1s27s  4.55896577 1000567

1s%8s  3.484 87024 764 832

1s%9s  2.750 177 40 603 588

1s2p 55.87725604 12263509 12269 163
1s?3p  24.74508421 5430860 5435333
1s*4p  13.88845447 3048130 3057000
1s?5p  8.87694099 1948242 1967 000
1s%6p  6.15850264 1351620 1352000
1s?7p  4.521353 53 992312 1000 000
1s8p  3.45975219 759 320

1s%9p 273244672 599 696

1s3d 2452921766 5383483 5386940
1s%4d 1379951747 3028612 3030520
1s>5d  8.83110859 1938183 1939000
1s?6d  6.13209045 1345824 1345000
1s27d  4.504 754 37 988 669 985 000
128d  3.448 64327 756 882 754 000
1s29d  2.724 647 44 597985
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Table 2 Fine structure splittings of 1s*a/ (I = p, d) states for V*%°
ion

1

States This work/cm™" Experiment [11])/cm
1s%2p 74338 75550
1s%3p 21964 22 000
1s%4p 9258

1s*5p 4732

1s%6p 2737

1s*7p 1722

1s’8p 1537

1s*9p 810

1s%3d 7022 6 600
1s%4d 2960 3800
1s5d 1515

1s%6d 877

1s*7d 552

1s%8d 370

1s%9d 260

and hence, it can be approximated in terms of a weakly
varying function of energy in following form
Hu = to + M E + hF? (©)

The coefficients p, 41, and &, for each Rydberg series
are determined by using the p, values obtained from
Eq. (5). Treating Egs. (5) and (6) as a set of equations for £,
and p,, the quantum defect, y,, and term energy, E,, for
highly excited states (z = 10) are determined by an iteration
method. Firstly, we set u,, = po and put it into Eq. (5). Then,
E, and p,, can be refined by iteration procedure. Finally, the
quantum defect, 11, and the term energy, E,,, are obtained.

It can be shown that the dipole oscillator strength is
given by any of the following three forms [7]:

fi = 2 (B — E) | (@iirlw;)
1y =3 (5= ) |@Iv)
fa =25 5) (i)
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Fig. 1 Fine structure of 1s*np states for V*2°
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Fig. 2 Fine structure of 1snd states for V2° ion. Experiment data
are taken from [11]

Here, (E~E;) is the transition energy. ¥; and ¥; are the wave
functions of the initial and final states, respectively. These
three alternatives are called the length, velocity, and
acceleration forms, respectively. They should be calculated
by summing over the final states and averaging over the
initial states.

As is known, the oscillator strength densities corre-
sponding to the final states in the continuum are associated
with the discrete oscillator strengths corresponding to the
bound-bound transitions. We can define the oscillator
strength densities of the bound—bound transition as

(n*)°

©(E) = -

®)

fij (in a.u.)

where Z is the charge of the ion core, E is the energy of the
final state, and f;; is the discrete oscillator strength. The
effective principal quantum number of the final state, n*,
which is given by
e =n—p, ©)
According to QDT, a channel consists of an infinite number
of discrete states and corresponding continuum states with
the same angular momentum characters. The bound—bound
transitions from the given initial state to any discrete states
in the channel and the bound continuum from the same
initial state to the continuum states in the channel can be
treated in unified form. In the limit £ — 7 (from below),
where / is the ionization potential of the system, 7 (E), as a

Table 3 The coefficients in the expansions of quantum defects for
1s%nl states

States o hl h2

1s%ns 0.045 507 02 —0.000 062 64 0.000 000 89
lsznp 0.016 286 42 —0.000 061 79 0.000 000 22
1s*nd 0.004 197 75 —0.000 130 17 0.000 001 31
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Table 4 The comparison Number  1s2ns 152np 1s2nd
of ionization potentials for 1s%n/
states obtained from the FCPC FCPC Semiempirical FCPC Semiempirical FCPC Semiempirical
method and semiempirical
method for V% jon® 6 6.218461 6.218 236 6.158 503  6.157 621 6.132090 6.132 047
7 4.558966  4.558 734 4.521353  4.520 657 4.504 754 4.504 681
8 3.484 870 3.484 664 3.459752  3.459200 3.448 643 3.448 557
“In au 9 2.750 177  2.749 860 2.732447  2.732000 2.724 647  2.724 555
. . . .. 0.024
function of E, will match the oscillator strength densities, 0.022k
df/de of continuum states, namely 0.020k
(n4) of . 0.018F
V) e N 0.016f
T(E) 7 f;’j*& (10) MZ:O.OI4;
£0.012 C
For the 1s*2s—1s’np and 1s*2p-1s’nd transitions of V** 0.010¢
ion under consideration, neither the Cooper minimum nor 0.008
the following maximum is found in the near-threshold 0.006F L

energy region. Hence, Eq. (10) can be used to extrapolate
the discrete oscillator strength, f;;, below the threshold to
the discrete oscillator strength densities, df/de, above the
threshold. In the near-threshold region (|E|<1/2), the
oscillator strength and the oscillator strength densities can
be accurately approximated by [10]

B (n>k)3 _df E; \df
(0=~ (575 a

(In

=0

where E; and E; are the energies of the initial state and final
state, respectively; s is a coefficient to be determined; and
df /dels—o is the oscillator strength density at the
threshold. Equations (8) and (11) make it possible to
determine the oscillator strengths easily for transition from
a certain initial state to all possible final states, including
the discrete and continuum states, of the Rydberg series.

Table 5 The oscillator strengths of dipole transitions 1s*2s—1s*np
(n < 9) and 1s*2p-1s?nd (n < 9) for V' ion

Transitions  fi. ~ fa Experimental [12]
2s-2p 0.05943 0.05943 0.06830 0.062
2s-3p 037925 0.37921 0.37960 0.372
2s—4p 0.09436 0.09435 0.09434 0.099
2s-5p 0.03914 0.03915 0.03912 0.040
2s-6p 0.02035 0.02035 0.02034 0.0212
2s-7p 0.01204 0.01204 0.01203 0.0124
2s-8p 0.00775 0.00775 0.007 75

25s-9p 0.00530 0.00530 0.00529

2p-3d 0.68094 0.68073 0.68218 0.68
2p—4d 0.12209 0.12209 0.12184 0.12
2p-5d 0.04483 0.04484 0.04480 0.0450
2p-6d 0.02194 0.02194 0.02197 0.0220
2p-7d 0.01253 0.01254 0.01252 0.0126
2p-8d 0.007 89 0.00790 0.007 89

2p-9d 0.00532 0.00532 0.00531

30 <15 <10 =5 0 5
E-I/(a.u.)

=25

Fig. 3 The oscillator strengths of 1s*2s—1s%np in V' ion. The fu/l
curve is obtained from Eqgs. (8) and (11), and the dots represent the
values computed from Eq. (8). The discrete oscillator strengths are
multiplied by a respective factor (n*)*/Z>. The continuous oscillator
strength density above the threshold is df/de

3 Results and discussion

For the 1s>-core wave function, we used 222 terms in seven
I components. To calculate the 15?1/ energy, we used eight
d; terms. The number of terms in &,,;) s ranges from about
900 to 1000 terms. Numerical calculations of energies
converge rather fast.

Our calculated results of the IPs for the 1s%n/ (I=s,p,d;
n < 9) states of the V?°" ion and the experimental data
available in the literature [11] are listed in Table 1. It is
noted that the uncertainties quoted in these experiments are
about 10°-10* cm ™' in most cases. To sum up the com-
parison between our predicted IPs for these states for the
V2°" jon and the available experimental data, we found that
our results agree well with the experimental data. We hope

0.045
0.040
0.035
N\ 0.030
«0.025
% 0.020
0.015
0.010
0.005

3d

LI B B B L L B B

=25

20 —i5 —10 5 0 5
E-I/(a.u)

Fig. 4 The oscillator strength density of 15*2s—1s?nd in V**° ion.

The fill curve is obtained from Egs. (8) and (11), and the dots

represent the values computed from Eq. (8). The discrete oscillator

strengths are multiplied by a respective factor (n*)*/Z>. The
continuous oscillator strength density above the threshold is df/de



106

that our theoretical results will stimulate some interest in
making higher precision experimental measurements.

According to Eq. (4), our obtained fine structure
splittings for the 1s%zp and 1s”nd (n < 9) states of VZ*©
ion are listed in Table 2. Their variations with principal
quantum number 7 are shown in Figs. 1 and 2. It evident
from Table 2 that the error bar in the experimental data
available in the literature [11] is quite large, and even in
many cases, we are not aware of any experimental results
for comparison with theory. Figures 1 and 2 show that, with
the increase in 7, our results of the sglittings for the 1s%np
and 1s’nd (n < 9) states of the V2*" jon follow a well-
behaved variation regularity of spin—orbit interaction with
n, which is main physical reason leading to fine structure
splitting, along a Rydberg series [7].

In accordance to the procedure of determining quantum
defect, given in the previous section, our obtained expan-
sion coefficients in Eq. (6) are given in Table 3. Thus, the
quantum defects, 1, of these three series, 1sns, 1sznp, and
1s’nd, of the V*°* ion, as smoothly varying functions of
energy, are determined. With these p, values as input, the
IPs of the 1s°nl (I =, p, d; n < 9) states for V*°" ion are
calculated by using the iteration method described in the
previous section. The results are given in the columns
marked by “Semiempirical” in Table 4. Corresponding
results obtained from the FCPC method are also listed in
this table for comparison. It is seen that the agreement
between them is quite good, and relative discrepancy is less
than 10™*. We have reason to believe that the quantum
defects of these three series for the VZ°* ion determined in
this work are reliable, and the energies of any discrete states
(n = 10) of these series for the V?°* jon below the ioni-
zation limit can be accurately predicted using their quan-
tum defects, p,, as input.

The three forms of the dipole oscillator strength given in
Eq. (7) are equivalent when exact wave functions are used.
But they usually give rather different results when
approximate wave functions are used because the matrix
elements in these three forms are weighted towards
different regions of electron configuration space. There-
fore, whether the f'values obtained from the three formulae
are in agreement with each other is a rigorous evaluation of
the quality of the wave functions for the initial and final
states used in the calculation.

The calculated results of the oscillator strengths for the
1s?2s—1s’np (2 < n < 9) and 1s*2p-1s’nd 3 < n < 9)
transitions of V?°* ion are given in Table 5. The
experimental data [12] available in the literature are also
listed in the table. As can be seen from this table, the
agreement between our f values obtained from the length,
velocity, and acceleration formulae is up to four digits in
most cases, and the agreement of our calculated results with
experimental data is also fairly satisfactory. The results for
the oscillator strengths in this work show that our FCPC
wave functions have a reasonable behavior over the whole
configuration space of V2°" jon.

The oscillator strengths for transitions from a certain
initial state to all states for the Rydberg series are
determined using Egs. (8) and (11). Figures 3 and 4 depict

qu (11) corresponding to the 1s*2s—1s’np and 1s*2p—
1s°nd transitions of V2°" ion, respectively. For 1s*2s—1s%np
(2 <n <9) transitions, df /de|,_o = 0.00828, and s = 1.77.
For 1s2p-1s’nd (3 < n < 9) transitions, df / de
le=0 =0.00775 and s = 2.91. It is shown that the discrete
oscillator strengths calculated from the transition energies
and FCPC wave functions obtained above lie rather well
along the curves expressed by Eq. (11), and these discrete
oscillator strengths and the oscillator strength densities
corresponding to the bound-free transitions join smoothly
across the ionization threshold £ = I. Thus, reliable theo-
retical predictions of dipole oscillator strengths for V2°* jon
have been extrapolated to the whole energy region.

4 Conclusion

In this paper, we have calculated the structure and spectral
property in the whole energy region, from discrete states to
continuum states, for the V2°* ion by combining the FCPC
method with QDT. The comparisons of the IPs of the 1s%n/
(n < 9) states for V>*" jon that we obtained and the
experimental data available in the literature indicate that
our results should be reliable. Our evaluated fine structure
splittings of 1s’ap and 1s’nd (n < 9) states for V>°* ion
follow a well-behaved regularity. By using our determined
quantum defects, as function of energy, the energies of any
highly excited states (n = 10) of these series for V>°" jon
below the ionization limit can be accurately predicted. The
agreement between the values of oscillator strength
obtained from the length, velocity, and acceleration
formulae shows that our FCPC wave functions should be
accurate in the whole configuration space and that the
predicted f values should also be accurate. Combining the
fvalues with QDT, we have obtained reliable and accurate
oscillator strengths for dipole transitions from the given
initial states to all possible states, including the oscillator
strength densities corresponding to bound-free transitions.
The results of this paper will provide valuable reference for
other research in the future.
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