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APPENDIX A: Bilayer Non-Hermitian SSH Model 

Fig. 1(a) in the main text schematically shows the BNH SSH model constructed by stacked photonic 

waveguide arrays with NIC. The optical field propagation in the waveguide lattice can be described by the 

coupled-mode theory (CMT) under the tight-binding approximation: 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + (𝜅 + 𝛾)𝜑𝑛+𝑁, n=1, 5, 9, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + (𝜅 − 𝛾)𝜑𝑛+𝑁, n=2, 6, 10, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + (𝜅 − 𝛾)𝜑𝑛+𝑁, n=3, 7, 11, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + (𝜅 + 𝛾)𝜑𝑛+𝑁, n=4, 8, 12, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + (𝜅 − 𝛾)𝜑𝑛−𝑁, n=N+1, N+5, N+9, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + (𝜅 + 𝛾)𝜑𝑛−𝑁, n= N+2, N+6, N+10, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + (𝜅 + 𝛾)𝜑𝑛−𝑁, n= N+3, N+7, N+11, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽0𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + (𝜅 − 𝛾)𝜑𝑛−𝑁, n= N+4, N+8, N+12, …, (A1) 

where 𝜑𝑛 denotes the optical field in the nth waveguide, 𝛽0 is on-site propagation constants, 𝑡1 and 𝑡2 

are two in-layer nearest neighbor coupling coefficients, 𝜅 is the isotropic interlayer coupling coefficient, 𝛾 
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is the anisotropic interlayer coupling coefficient, and N is the number of the waveguides per layer. Fig. 1(b) 

shows the counterpart with on-site gain and loss, where is no NIC, and its coupled mode equations are given 

by 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐺𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + 𝜅𝜑𝑛+𝑁, n=1, 5, 9, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐿𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + 𝜅𝜑𝑛+𝑁, n=2, 6, 10, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐿𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + 𝜅𝜑𝑛+𝑁, n=3, 7, 11, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐺𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + 𝜅𝜑𝑛+𝑁, n=4, 8, 12, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐿𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + 𝜅𝜑𝑛−𝑁, n=N+1, N+5, N+9, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐺𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + 𝜅𝜑𝑛−𝑁, n= N+2, N+6, N+10, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐺𝜑𝑛 + 𝑡2𝜑𝑛−1 + 𝑡1𝜑𝑛+1 + 𝜅𝜑𝑛−𝑁, n= N+3, N+7, N+11, …, 

−i
𝜕

𝜕𝑧
𝜑𝑛 = 𝛽𝐿𝜑𝑛 + 𝑡1𝜑𝑛−1 + 𝑡2𝜑𝑛+1 + 𝜅𝜑𝑛−𝑁, n= N+4, N+8, N+12, …, (A2) 

where 𝛽𝐺,𝐿 are the on-site propagation constants (𝛽𝐺 = 𝛽0 + 𝑖𝛾 and 𝛽𝐿 = 𝛽0 − 𝑖𝛾, 𝛾 is gain or loss rate) 

and the other parameters are the same as above. Applying the Fourier transformation, we obtain the Bloch 

Hamiltonians of the arrays with NIC and on-site gain and loss in the case of PBCs, respectively 

 

𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶 
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾) =

[
 
 
 
 
 
 
 
 

0 𝑡1 0 𝑡0𝑒
𝑖𝐾 𝜅 + 𝛾 0 0 0

𝑡1 0 𝑡0 0 0 𝜅 − 𝛾 0 0
0 𝑡0 0 𝑡1 0 0 𝜅 − 𝛾 0

𝑡0𝑒
−𝑖𝐾 0 𝑡1 0 0 0 0 𝜅 + 𝛾

𝜅 − 𝛾 0 0 0 0 𝑡1 0 𝑡0𝑒
𝑖𝐾

0 𝜅 + 𝛾 0 0 𝑡1 0 𝑡0 0
0 0 𝜅 + 𝛾 0 0 𝑡0 0 𝑡1
0 0 0 𝜅 − 𝛾 𝑡0𝑒

−𝑖𝐾 0  𝑡1 0 ]
 
 
 
 
 
 
 
 

, (A3) 

which can be viewed as a 2 by 2 block matrix, and it represents the forms of 𝐻𝑚, 𝐻12, and 𝐻21 of Eq. (1). 

𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶
𝐺𝐿 (𝐾) =

[
 
 
 
 
 
 
 
 

𝑖𝛾 𝑡1 0 𝑡2𝑒
𝑖𝐾 𝜅 0 0 0

𝑡1 −𝑖𝛾 𝑡2 0 0 𝜅 0 0
0 𝑡2 −𝑖𝛾 𝑡1 0 0 𝜅 0

𝑡2𝑒
−𝑖𝐾 0 𝑡1 𝑖𝛾 0 0 0 𝜅

𝜅 0 0 0 −𝑖𝛾 𝑡1 0 𝑡2𝑒
𝑖𝐾

0 𝜅 0 0 𝑡1 𝑖𝛾 𝑡2 0
0 0 𝜅 0 0 𝑡2 𝑖𝛾 𝑡1
0 0 0 𝜅 𝑡2𝑒

−𝑖𝐾 0  𝑡1 −𝑖𝛾 ]
 
 
 
 
 
 
 
 

. (A4) 

The lattice is a bilayer Hermitian SSH model in the absence of the gain and loss (γ = 0). At the topological 

phase transition point 𝑡1=𝑡2, two gapless doubly degenerate Dirac cones at K = 0 with energy splitting of 
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2κ are shown in Fig. 5(b). When 𝑡1>𝑡2 or 𝑡1<𝑡2, two Dirac cones at the center of the FBZ open bandgaps 

respectively and together form a complete bandgap [Figs. 5(a) and (c)]. The two closest bands above and 

below the bandgap have a frequency split of 2κ at K = 0. When 𝑡1>𝑡2, the winding number v=0 corresponds 

to the topologically trivial case, and 𝑡1<𝑡2 corresponds to the topologically nontrivial case with v=1. Eight 

bands degenerate in pairs at 𝐾 = ±𝜋 creating eight edge DPs, which can be regarded as the spectrum of the 

original SSH model folded at k = ±π/2 and stretched to the entire FBZ.  

 

FIG. 5. Folded band structure of bilayer Hermitian SSH model with system parameters κ=0.5, and 𝑡1 =1, 𝑡2 = 2 for (a), 

𝑡1 = 𝑡2 = 1.5 for (b), and 𝑡1 =2, 𝑡2 = 1 for (c). 

 

Fig. 6 compares the periodic-boundary-condition E−γ relation of 𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾) and 𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶
𝐺𝐿 (𝐾) when 

𝐾 = 0 , 𝑡1 = 2, 𝑡2  = 1, and κ=0.2. Two pairs of EPs emerge at 𝛾 = 𝑡1 − 𝜅  and 𝛾 = 𝑡1 + 𝜅 , respectively, 

marked by black dots. Two DPs of the fourth and fifth eigenvalues emerge at  𝛾 = √(𝑡1 − 𝜅)2 − 𝑡2
2 and 

𝛾 = √(𝑡1 + 𝜅)2 − 𝑡2
2, marked by green dot and red dot, respectively. The DP of the third and the fourth 

eigenvalues and the DP of the fifth and the sixth eigenvalues emerge at γ = √𝑡1
2 + 𝜅2 − 𝑡2

2 −
𝑡1
2𝜅2

𝑡2
2 , marked 

by orange dots.  
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FIG. 6. Comparison of real parts (a) and imaginary parts (b) of the eigenvalues of 𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾)  (solid lines) and 

𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶
𝐺𝐿  (𝐾) (discrete circles) as a function of γ. EPs are marked by black dots, and different DPs are marked by green, 

orange, and red dots.  

 

APPENDIX B: Derivation with Arbitrary Gain and Loss 

Considering a two-level system with anisotropic couplings indicated by arrows in various colors, as shown 

on the left panel of Fig. 7(a). The two-level system with on-site gain and loss is illustrated in the right panel 

of Fig. 7(a). 𝜔1,2  are the resonance frequencies of two coupled modes, κ denotes the isotropic coupling 

coefficient, and 𝛾1,2 are the anisotropic coupling terms in the nonreciprocal hopping model and the gain or 

loss rate in the on-site gain-and-loss model. By coordinate translation, arbitrary gain and loss can be 

transformed into a PT-symmetric configuration with a global imaginary part. Without loss of generality, we 

choose 𝛾1 = −𝛾2 = 𝛾 > 0, which always holds because we can set the zero point of the imaginary potential 

as (𝛾1 + 𝛾2)/2. For simplicity, we assume that for the resonance frequencies of two coupled modes, 𝜔1 =

𝜔2 = 𝜔0, and that 𝛾, 𝜔0, and κ are real numbers. 

The Hamiltonians of nonreciprocal hopping model and on-site gain-and-loss model using CMT can be 

written as  

𝐻̂2
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

= [
𝜔0 𝜅 + 𝛾

𝜅 − 𝛾 𝜔0
], (B1) 

𝐻̂2
𝐺𝐿 = [

𝜔0 + 𝑖𝛾 𝜅
𝜅 𝜔0 − 𝑖𝛾

]. (B2) 

𝐻̂2
𝐺𝐿  satisfies PT symmetry [𝐻̂2

𝐺𝐿, P̂T̂] = 0  with parity operator P̂  and time operator T̂ , which act as 

P̂(𝑎1, 𝑎2) = (𝑎2, 𝑎1)  and T̂(𝑎1, 𝑎2) = (𝑎1
∗, 𝑎2

∗) . 𝐻̂2
𝐺𝐿  has PT symmetry since (P̂T̂)𝐻̂2

𝐺𝐿(P̂T̂)−1 = 𝐻̂2
𝐺𝐿 , 
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where P̂ = 𝜎̂𝑥 and T̂ is the complex-conjugation operation. The values of the parameters in 𝐻̂2
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 and 

𝐻̂2
𝐺𝐿 are the same. The eigenvalues of both systems are E2

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
= 𝐸2

𝐺𝐿 = 𝜔0 ± √𝜅2 − 𝛾2. In Fig. 7(b), we 

compare the behavior of the eigenvalues of 𝐻̂2
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 and 𝐻̂2
𝐺𝐿 as γ changes when 𝜅 = 1 and 𝜔0 = 0. 

The similarity transformation is still applicable when the zero point of the imaginary potential is not equal 

to 0. Arbitrary gain and loss (𝛾1 and 𝛾2, both can be positive and negative) are introduced in the on-site gain-

and-loss two-level system. The Hamiltonian can be written as 

𝐻2
𝐺𝐿𝑎𝑟𝑏 = (

𝜔0 + 𝑖𝛾1 𝜅
𝜅 𝜔0 + 𝑖𝛾2

). (B3) 

𝜉 = (𝛾1 + 𝛾2)/2  and 𝜂 = (𝛾1 − 𝛾2)/2  are introduced, since arbitrary gain and loss can be seen as the 

coordinate translation of PT-symmetric structure, and the imaginary part of the eigenvalues will get a 

corresponding shift.  

The Hamiltonian in Eq. (B3) is transformed to PT-symmetric two-level system: 

𝐻2
𝐺𝐿′

= (
𝜔0 + 𝑖𝜂 𝜅

𝜅 𝜔0 − 𝑖𝜂
), with a uniform background ∆𝐻2

𝐺𝐿 = (
𝑖𝜉 0
0 𝑖𝜉

). (B4) 

The Hamiltonian of nonreciprocal two-level system is 

𝐻2
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝′

= (
𝜔0 𝜅 + 𝜂

𝜅 − 𝜂 𝜔0
), with a reciprocal coupling ∆𝐻2

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
= (

0 𝜉
𝜉 0

). (B5) 

The similarity transformation relates 𝐻2
𝐺𝐿′

 and 𝐻2
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝′

 

𝒞̂2𝐻2
𝐺𝐿′

𝒞̂2
−1 − 𝐻2

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝′
= 0, 𝒞̂2 =

1

√2
(
−𝑖 1
1 −𝑖

). (B6) 

Four-level systems with NIC and balanced on-site gain and loss are shown in Fig. 7(c). t is the in-layer 

hopping strength and we normalize all quantities using t. 𝜔1,2,3,4  are the resonance frequencies of four 

coupled modes. κ denotes the isotropic interlayer coupling coefficient. 𝛾1,2,3,4 are the anisotropic interlayer 

coupling terms in the nonreciprocal hopping model and the gain or loss rate in the on-site gain-and-loss model. 

We choose 𝛾1 = −𝛾3 = −𝛾2 = 𝛾4 = 𝛾 > 0. Using CMT, the Hamiltonians are written as follows: 

𝐻̂4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

= 𝑡𝜎̂0𝜎̂𝑥 + 𝜅𝜎̂𝑥𝜎̂0 + 𝑖𝛾𝜎̂𝑦𝜎̂𝑧, (B7) 

𝐻̂4
𝐺𝐿 = 𝑡𝜎̂0𝜎̂𝑥 + 𝜅𝜎̂𝑥𝜎̂0 + 𝑖𝛾𝜎̂𝑧𝜎̂𝑧, (B8) 

where 𝜎̂0 and 𝜎̂𝑥,𝑦,𝑧 are the two-by-two identity matrix and Pauli matrix. 𝐻̂4
𝐺𝐿 has the anti-PT symmetry 

(P̂T̂)𝐻̂4
𝐺𝐿(P̂T̂)−1 = −𝐻̂4

𝐺𝐿  with P̂ = 𝑖𝜎̂𝑥𝜎̂𝑦  and complex-conjugation operation T̂ . A Hamiltonian Ĥ  is 

anti-PT-symmetric when {Ĥ, P̂T̂} = 0 , where the commutator replaced by the anticommutator, which 

represents a generalization of PT symmetry. We obtain the equal eigenvalues of Eqs. (B7) and (B8) as 
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E4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 = 𝐸4
𝐺𝐿 = 𝜔0 ± √(𝜅 ± 𝑡)2 − 𝛾2. In Fig. 7(d), we compare the E – γ relation of the four eigenvalues 

of 𝐻̂4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 (solid lines) and 𝐻̂4
𝐺𝐿 (discrete circles) when κ/t = 2 and 𝜔0 = 0. Two EPs emerge at 𝛾 = |𝜅 −

𝑡| and 𝛾 = |𝜅 + 𝑡|, respectively, indicated by black dots.  

Arbitrary gain and loss can also be introduced in the on-site gain-and-loss four-level system. The 

Hamiltonian can be written as 

𝐻4
𝐺𝐿𝑎𝑟𝑏 = (

𝜔0 + 𝑖𝛾1 𝑡 𝜅 0
𝑡 𝜔0 + 𝑖𝛾2 0 𝜅
𝜅 0 𝜔0 + 𝑖𝛾3 𝑡
0 𝜅 𝑡 𝜔0 + 𝑖𝛾4

), (B9) 

𝜉1 = (𝛾1 + 𝛾3)/2 , 𝜂1 = (𝛾1 − 𝛾3)/2 , 𝜉2 = (𝛾4 + 𝛾2)/2 , and 𝜂2 = (𝛾4 − 𝛾2)/2  are introduced, since 

arbitrary gain and loss can be seen as the coordinate translation of PT-symmetric structure, and the imaginary 

part of the eigenvalues will get a corresponding shift.  

The Hamiltonian in Eq. (B9) is transformed to a PT-symmetric four-level system: 𝐻4
𝐺𝐿′

=

(

𝜔0 + 𝑖𝜂1 𝑡 𝜅 0
𝑡 𝜔0 − 𝑖𝜂2 0 𝜅
𝜅 0 𝜔0 − 𝑖𝜂1 𝑡
0 𝜅 𝑡 𝜔0 + 𝑖𝜂2

), with background ∆𝐻4
𝐺𝐿 = (

𝑖𝜉1 0 0 0
0 𝑖𝜉2 0 0
0 0 𝑖𝜉1 0
0 0 0 𝑖𝜉2

). (B10) 

The Hamiltonian of nonreciprocal four-level system is 𝐻4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝′

= (

𝜔0 𝑡 𝜅 + 𝜂1 0
𝑡 𝜔0 0 𝜅 − 𝜂2

𝜅 − 𝜂1 0 𝜔0 𝑡
0 𝜅 + 𝜂2 𝑡 𝜔0

), 

with reciprocal coupling ∆𝐻4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

= (

0 0 𝜉1 0
0 0 0 𝜉2

𝜉1 0 0 0
0 𝜉2 0 0

). (B11) 

The similarity transformation relates 𝐻4
𝐺𝐿′

 and 𝐻4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝′

 

𝒞̂4𝐻4
𝐺𝐿′

𝒞̂4
−1 − 𝐻4

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝′
= 0, 𝒞̂4 =

1

√2
(

−𝑖 0 1 0
0 −𝑖 0 1
1 0 −𝑖 0
0 1 0 −𝑖

). (B12) 

The coordinate translation can also be used to transform arbitrary gain and loss in BNH SSH model, and 

BNH C6v PC. 
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FIG. 7. (a) Schematic diagram of two non-Hermitian two-level systems with nonreciprocal coupling and balanced gain and 

loss, whose Hamiltonians have the same eigenvalues and satisfy 𝒞̂2𝐻̂2
𝐺𝐿𝒞̂2

−1 = 𝐻̂2
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 . (b) Comparison of the energy 

spectrum given by 𝐻̂2
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 (solid lines) and 𝐻̂2
𝐺𝐿 (discrete circles) as a function of γ. (c) Schematic diagram of two non-

Hermitian four-level systems with nonreciprocal coupling and balanced gain and loss, whose Hamiltonians have the same 

eigenvalues and satisfy 𝒞̂4𝐻̂4
𝐺𝐿𝒞̂4

−1 = 𝐻̂4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

. (d) Comparison of the energy spectrum given by 𝐻̂4
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 (solid lines) 

and 𝐻̂4
𝐺𝐿 (discrete circles) as a function of γ. 

 

A PT-symmetric trimer system with gain and loss 𝛾 on the outer matrix entries and only a frequency offset 

∆ on the center entry is considered now, described by the Hamiltonian: 

𝐻̂3
𝑃𝑇 = (

𝑖𝛾 𝑡 0
𝑡 ∆ 𝑡
0 𝑡 −𝑖𝛾

). (B13) 

The bilayer PT-symmetric trimer system is shown in the left panel of Fig. 8(a), and the bilayer trimer system 

with NIC is shown in the right panel of Fig. 8(a). The Hamiltonians of the bilayer PT-symmetric trimer system 

and the bilayer nonreciprocal trimer system are 
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𝐻̂6
𝐺𝐿 =

(

 
 
 

𝑖𝛾 𝑡 0 𝜅 0 0
𝑡 ∆ 𝑡 0 𝜅 0
0 𝑡 −𝑖𝛾 0 0 𝜅
𝜅 0 0 −𝑖𝛾 𝑡 0
0 𝜅 0 𝑡 ∆ 𝑡
0 0 𝜅 0 𝑡 𝑖𝛾)

 
 
 

, and 𝐻̂6
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

=

(

 
 
 

0 𝑡 0 𝜅 + 𝛾 0 0
𝑡 ∆ 𝑡 0 𝜅 0
0 𝑡 0 0 0 𝜅 − 𝛾

𝜅 − 𝛾 0 0 0 𝑡 0
0 𝜅 0 𝑡 ∆ 𝑡
0 0 𝜅 + 𝛾 0 𝑡 0 )

 
 
 

. (B14) 

The similarity transformation relates 𝐻̂6
𝐺𝐿 and 𝐻̂6

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
 are 

𝒞̂6𝐻̂6
𝐺𝐿𝒞̂6

−1 = 𝐻̂6
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

, with 𝒞̂6 =
1

√2
(𝜎̂𝑥 − 𝑖𝜎̂0)Î3. (B15) 

In Fig. 8(b), we compare the E – γ relation of the six eigenvalues of 𝐻̂6
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 (solid lines) and 𝐻̂6
𝐺𝐿 (discrete 

circles) when 𝑡 = 1, 𝜅 = 2, and ∆= 1. Two EPs are indicated by black dots. 

 

FIG. 8 (a) Schematic diagram of bilayer PT-symmetric trimer system and the bilayer trimer system with anisotropic interlayer 

coupling. (b) Comparison of the energy spectrum given by 𝐻̂6
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 (solid lines) and 𝐻̂6
𝐺𝐿 (discrete circles) in (a) as a 

function of γ. 

 

APPENDIX C: Properties of Similarity Transformation 
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The more general forms of the Hamiltonians of the systems with NIC and on-site gain/loss are given by 

𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

= [
𝐻̂0 𝐺̂ − i𝐷̂

𝐺̂ + i𝐷̂ 𝐻̂0

], (C1) 

𝐻̂𝑛
𝐺𝐿 = [

𝐻̂0 + 𝐷̂ 𝐺̂

𝐺̂ 𝐻̂0 − 𝐷̂
], (C2) 

Both Hamiltonians are written as 2 × 2 block matrices,  Ĥ0 is a Hermitian matrix describing on-site energy 

and in-layer isotropic hopping, 𝐺̂  is a diagonal matrix describing isotropic interlayer hopping.  𝐷̂  is a 

diagonal matrix describing anisotropic interlayer hopping in  𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

, and describes on-site gain and loss 

in 𝐻̂𝑛
𝐺𝐿. The similarity transformation is described as 𝒞̂𝑛𝐻̂𝑛

𝐺𝐿𝒞̂𝑛
−1 = 𝐻̂𝑛

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
 and its Hermitian conjugate 

form 𝒞̂𝑛𝐻̂𝑛
𝐺𝐿†

𝒞̂𝑛
−1 = 𝐻̂𝑛

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝†
, which brings 𝐷̂ from diagonal to off-diagonal, which means we convert 

the system with nonreciprocal coupling into the system with on-site gain and loss. The eigenvalues of the 

systems with on-site gain\loss and nonreciprocal hopping are the same, and the eigenstates belong to the same 

eigenvalues of two Hamiltonians are related by 𝒞̂𝑛. 

The eigenequations of 𝐻̂𝑛
𝐺𝐿 and 𝐻̂𝑛

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
 are  

𝐻̂𝑛
𝐺𝐿|𝜙𝑚

𝐺𝐿⟩ = 𝐸𝑚|𝜙𝑚
𝐺𝐿⟩, and 𝐻̂𝑛

𝐺𝐿†
|𝜒𝑚

𝐺𝐿⟩ = 𝐸𝑚
∗ |𝜒𝑚

𝐺𝐿⟩, (C3) 

𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ = 𝐸𝑚|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩, and 𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝†

|𝜒𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ = 𝐸𝑚
∗ |𝜒𝑚

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
⟩. (C4) 

where |𝜙𝑚
𝐺𝐿⟩  and |𝜒𝑚

𝐺𝐿⟩  (|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩  and |𝜒𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ ) are the mth right and left eigenstates of 𝐻̂𝑛
𝐺𝐿(𝐾𝑖) 

(𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

). 

By using the similarity transformation, we can obtain  

𝒞̂𝑛𝐻̂𝑛
𝐺𝐿𝒞̂𝑛

−1|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ = 𝐸𝑚|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩, (C5) 

left multiply Eq. (C5) by 𝒞̂𝑛
−1 , and we get 𝐻̂𝑛

𝐺𝐿𝒞̂𝑛
−1|𝜙𝑚

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
⟩ = 𝐸𝑚𝒞̂𝑛

−1|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ , which means 

𝒞̂𝑛
−1|𝜙𝑚

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
⟩ is an eigenstate of 𝐻̂𝑛

𝐺𝐿.  

Another form of the similarity transformation is 𝐻̂𝑛
𝐺𝐿 = 𝒞̂𝑛

−1𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

𝒞̂𝑛 , and we can obtain 

𝒞̂𝑛
−1𝐻̂𝑛

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
𝒞̂𝑛|𝜙𝑚

𝐺𝐿⟩ = 𝐸𝑚|𝜙𝑚
𝐺𝐿⟩ . Multiplying the above equation left by 𝒞̂𝑛 , and we get 

𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

𝒞̂𝑛|𝜙𝑚
𝐺𝐿⟩ = 𝐸𝑚𝒞̂𝑛|𝜙𝑚

𝐺𝐿⟩ ), which means 𝒞̂𝑛|𝜙𝑚
𝐺𝐿⟩  is an eigenstate of 𝐻̂𝑛

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
 . The relations of 

eigenstates are |𝜙𝑚
𝐺𝐿⟩ = 𝒞̂𝑛

−1|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩  and |𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ = 𝒞̂𝑛|𝜙𝑚
𝐺𝐿⟩ . In the same way, the mth left 
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eigenstates belonging to the same eigenvalues of the two Hamiltonians 𝐻̂𝑛
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝†

 and 𝐻̂𝑛
𝐺𝐿†

 are related by 

the transformation matrix 𝒞̂𝑛: 

|𝜒𝑚
𝐺𝐿⟩ = 𝒞̂𝑛

−1|𝜒𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ and |𝜒𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ = 𝒞̂𝑛|𝜒𝑚
𝐺𝐿⟩. (C6) 

The similarity transformation can be understood as an operation on the basis set where the Hamiltonians 

are written. The tight-binding Hamiltonians are originally given based on wannier states, for example, the 

lattice sites. However, consider the linear combination of the two corresponding bases with a phase of 
𝜋

2
 or 

−
𝜋

2
 to form a new set of bases, and we find the transformation matrix is exactly 𝒞̂𝑛

−1. As a result, the system 

with nonreciprocal hopping and the system with on-site gain and loss may be regarded as alternative 

expressions of the same non-Hermitian system. 

 

APPENDIX D: Bilayer Domain Walls of C6V PC 

The matrix forms of 𝐻𝑚𝑜𝑛𝑜, 𝐻𝐺𝐿, and 𝐻𝐿𝐺 in Eq. (12) are as follows: 

𝐻𝑚𝑜𝑛𝑜 =

[
 
 
 
 
 
 
 
𝐻̂0 𝐻̂𝑐1 0 0 0 0 0

𝐻̂𝑐2 𝐻̂0 𝐻̂𝑐1 0 0 0 0

0 𝐻̂𝑐2 𝐻̂0 𝐻̂𝑐1 0 0 0

0 0 𝐻̂𝑐2 ⋱ 𝐻̂𝑐1 0 0

0 0 0 𝐻̂𝑐2 𝐻̂0 𝐻̂𝑐1 0

0 0 0 0 𝐻̂𝑐2 𝐻̂0 𝐻̂𝑐1

0 0 0 0 0 𝐻̂𝑐2 𝐻̂0 ]
 
 
 
 
 
 
 

, (D1) 

𝐻𝐺𝐿 =

[
 
 
 
 
 
 
 
𝐻̂𝐺 𝐻̂𝑐1 0 0 0 0 0

𝐻̂𝑐2 𝐻̂𝐺 𝐻̂𝑐1 0 0 0 0

0 𝐻̂𝑐2 𝐻̂𝐺 𝐻̂𝑐1 0 0 0

0 0 𝐻̂𝑐2 ⋱ 𝐻̂𝑐1 0 0

0 0 0 𝐻̂𝑐2 𝐻̂𝐿 𝐻̂𝑐1 0

0 0 0 0 𝐻̂𝑐2 𝐻̂𝐿 𝐻̂𝑐1

0 0 0 0 0 𝐻̂𝑐2 𝐻̂𝑙 ]
 
 
 
 
 
 
 

, (D2) 

𝐻𝐿𝐺 =

[
 
 
 
 
 
 
 
𝐻̂𝐿 𝐻̂𝑐1 0 0 0 0 0

𝐻̂𝑐2 𝐻̂𝐿 𝐻̂𝑐1 0 0 0 0

0 𝐻̂𝑐2 𝐻̂𝐿 𝐻̂𝑐1 0 0 0

0 0 𝐻̂𝑐2 ⋱ 𝐻̂𝑐1 0 0

0 0 0 𝐻̂𝑐2 𝐻̂𝐺 𝐻̂𝑐1 0

0 0 0 0 𝐻̂𝑐2 𝐻̂𝐺 𝐻̂𝑐1

0 0 0 0 0 𝐻̂𝑐2 𝐻̂𝐺 ]
 
 
 
 
 
 
 

, (D3) 

where the matrices 𝐻̂𝐺, 𝐻̂𝐿, 𝐻̂𝑐1, and 𝐻̂𝑐2 take the forms of  
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𝐻̂𝐺/𝐿 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
±𝑖𝛾 𝑡0 0 0 0 𝑡0 0 0 0 0 0 0

𝑡0 ±𝑖𝛾 𝑡0 0 𝑡𝑒𝑖𝐾 0 0 0 0 0 0 0
0 𝑡0 ±𝑖𝛾 𝑡0 0 0 𝑡 0 0 0 0 0
0 0 𝑡0 ±𝑖𝛾 𝑡0 0 0 0 0 𝑡 0 0

0 𝑡𝑒−𝑖𝐾 0 𝑡0 ±𝑖𝛾 𝑡0 0 0 0 0 0 0
𝑡0 0 0 0 𝑡0 ±𝑖𝛾 0 0 0 0 0 0

0 0 𝑡 0 0 0 ±𝑖𝛾 𝑡0 0 𝑡0𝑒
𝑖𝐾 0 0

0 0 0 0 0 0 𝑡0 ±𝑖𝛾 𝑡0 0 𝑡 0

0 0 0 0 0 0 0 𝑡0 ±𝑖𝛾 0 0 𝑡0𝑒
𝑖𝐾

0 0 0 𝑡 0 0 𝑡0𝑒
−𝑖𝐾 0 0 ±𝑖𝛾 𝑡0 0

0 0 0 0 0 0 0 𝑡 0 𝑡0 ±𝑖𝛾 𝑡0
0 0 0 0 0 0 0 0 𝑡0𝑒

−𝑖𝐾 0 𝑡0 ±𝑖𝛾 ]
 
 
 
 
 
 
 
 
 
 
 
 
 

, (D4) 

𝐻̂𝑐1 =

[
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
𝑡 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 𝑡 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

, (D5) 

𝐻̂𝑐2 =

[
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 𝑡 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 𝑡
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

, (D6) 

The subscripts of 𝐻̂𝐺/𝐿 represent on-site gain (diagonal element of the 𝐻̂𝐺 is +𝑖𝛾) or loss (diagonal element 

of the 𝐻̂𝐿  is -𝑖𝛾). 𝐻̂0 equals 𝐻̂𝐺/𝐿  when 𝛾 = 0. 𝐻̂𝑐1 and 𝐻̂𝑐2 represent the coupling between this unit 

and its two neighboring units, respectively. The first and last units of both layers can exchange energy with 

the environment for the scattering boundary conditions, so they only couple with one neighboring unit.  

Fig. 9(a) is the zoom-out plot of Fig. 3(i), showing the complete projected band structures in the topological 

case. The domain-induced bands are colored in blue (real parts) and red (imaginary parts). Fig. 9(b) compares 

the projected band structures given by 𝐻̂𝐶6 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾) (solid lines) and 𝐻̂𝐶6 𝑃𝐵𝐶
𝐺𝐿 (𝐾) (discrete circles) in the 
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trivial case with parameters 𝑡1 = 0.5, 𝑡2 = 1 , κ=0.05, and γ = 4.934. In the topological case, eight bands 

appear in the bandgap because C6v-typed cross-shaped gain-loss domain walls can support localized interface 

states protected by the corresponding Hermitian topology. However, the domain wall cannot result in any new 

states in the trivial case, because no modes appear at the boundaries of a subsystem in the trivial cases.  

 

FIG. 9. Comparison of projected bands given by 𝐻̂𝐶6 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾)  (solid lines) and 𝐻̂𝐶6 𝑃𝐵𝐶
𝐺𝐿 (𝐾)  (discrete circles) with 

parameters γ = 4.934, 𝑡2 = 1, 𝜅 = 0.05, and 𝑡1 = 5 for (a) and 𝑡1= 0.5 for (b). 

 

The zoom-in plot of Fig. 3(c) is shown in the Fig. 10(a), where the DITISs with different PT symmetry–
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breaking threshold points are colored in dark and light blue (red) in real (imaginary) parts. In Fig. 10(b), we 

compare the normalized field distributions of four representative DITISs of 𝐻̂𝐶6 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾) (light green) and 

𝐻̂𝐶6 𝑃𝐵𝐶
𝐺𝐿 (𝐾)  (dark green) when γ = 4.87. The normalized field distribution of DITISs of 𝐻̂𝐶6 𝑃𝐵𝐶

𝐺𝐿 (𝐾)  is 

uniformly distributed in the four regions (colored by light pink and blue) in exact PT symmetry phase, and 

mainly distributed in the crossed regions colored pink (blue) if the imaginary parts of corresponding 

eigenvalues are positive (negative) in broken PT symmetry phase.|𝜑𝐶6 𝑃𝐵𝐶
𝐺𝐿 ⟩ = 𝒞̂480

−1 |𝜑𝐶6 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ is shown in 

the Fig. 10(c), where |𝜑𝐶6 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩ (|𝜑𝐶6 𝑃𝐵𝐶
𝐺𝐿 ⟩) are the eigenstates of 𝐻̂𝐶6 𝑃𝐵𝐶

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
(𝐾) (𝐻̂𝐶6 𝑃𝐵𝐶

𝐺𝐿 (𝐾)). 

FIG. 10. (a) Comparison of the E−γ relation of DITISs of 𝐻̂𝐶6  𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾) (solid line) and 𝐻̂𝐶6  𝑃𝐵𝐶

𝐺𝐿 (𝐾) (discrete circles) at 

𝐾 = 0 . (b) Comparison of |𝜑𝐶6 𝑃𝐵𝐶
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩  (light green) and |𝜑𝐶6 𝑃𝐵𝐶
𝐺𝐿 ⟩  (dark green) for the four representative DITISs. (c) 

Comparison of 𝒞̂480
−1 |𝜑𝐶6  𝑃𝐵𝐶

𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝
⟩ (light green) and |𝜑𝐶6 𝑃𝐵𝐶

𝐺𝐿 ⟩ (dark green) for the four representative DITISs. Above (below) 

the horizontal line is the field distribution of the first (second) layer. Only twelve sites around the domain wall of both layers 

are shown. 

 

APPENDIX E: Type2 Similarity Transformation 

We present another similarity transformation between the non-Hermitian systems with nonreciprocal 

coupling and on-site gain/loss. Considering another kind of four-level system with nonreciprocal coupling and 

its counterpart with balanced on-site gain/loss [Fig. 11(a)]. By using CMT, the Hamiltonians are written as: 
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𝐻̂
4′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

= [

𝜔0 𝑡 𝜅 + 𝑖𝛾 0
𝑡 𝜔0 0 𝜅 − 𝑖𝛾

𝜅 + 𝑖𝛾 0 𝜔0 𝑡
0 𝜅 − 𝑖𝛾 𝑡 𝜔0

], (E1) 

𝐻̂4′
𝐺𝐿 = [

𝜔0 + 𝑖𝛾 𝑡 𝜅 0
𝑡 𝜔0 − 𝑖𝛾 0 𝜅
𝜅 0 𝜔0 + 𝑖𝛾 𝑡
0 𝜅 𝑡 𝜔0 − 𝑖𝛾

], (E2) 

where 𝜔0, t, κ, and γ are real numbers. 𝜔0 is the frequency of the four coupled modes since 𝜔1 = 𝜔2 =

𝜔3 = 𝜔4 = 𝜔0, t is the in-layer hopping strength, and we normalize all quantities with t. κ represents the 

isotropic coupling coefficient, and γ represents the non-Hermitian part of interlayer hopping in Eq. (E1) and 

the gain or loss rate of the coupled modes in Eq. (E2), respectively. We obtain the equal eigenvalues of 

𝐻̂
4′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 and 𝐻̂4′
𝐺𝐿 as  E

4′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

= 𝐸4′
𝐺𝐿 = 𝜔0 ± 𝜅 ± √𝑡2 − 𝛾2. Fig. 11(b) compares the E – γ relation of 

the four eigenvalues of 𝐻̂
4′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 (solid lines) and 𝐻̂4′
𝐺𝐿 (discrete circles) when κ/t=2 and 𝜔0 = 0. Two EPs 

emerge simultaneously at 𝛾 = 𝑡, marked by black dots. The type2 transformation matrix is 

𝒞̂4′ = [

1 −𝑖𝛾 0 𝑖𝛾
0 1 0 0
0 𝑖𝛾 1 −𝑖𝛾
0 0 0 1

], (E3) 

The type2 similarity transformation is defined as 𝒞̂4′𝐻̂4′
𝐺𝐿𝒞̂4′

−1 = 𝐻̂
4′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

, and the relation of their right 

eigenstates satisfy |𝜙𝑚
𝐺𝐿⟩ = 𝒞̂4′

−1|𝜙𝑚
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

⟩, where 𝒞̂4′
−1=[

1 𝑖𝛾 0 −𝑖𝛾
0 1 0 0
0 −𝑖𝛾 1 𝑖𝛾
0 0 0 1

]. 
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FIG. 11. (a) Schematic diagram of two non-Hermitian four-level systems with nonreciprocal coupling and 

balanced gain and loss, whose Hamiltonians have the same eigenvalues and satisfy the type2 similarity 

transformation. (b) Comparison of the energy spectrum given by 𝐻̂
4′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

 (solid lines) and 𝐻̂4′
𝐺𝐿 (discrete 

circles) as a function of γ. 

 

Consider the BNH SSH model constructed by stacked photonic waveguide arrays in Figs. 12(a) and (b), 

whose non-Hermiticity is caused by NIC and on-site gain/loss, respectively. Following the CMT in the tight-

binding approximation and applying the Fourier transformation, we obtain the Bloch Hamiltonians of the unit 

cellin black dotted boxes under PBCs: 
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𝐻̂
𝑆𝑆𝐻 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾) =

[
 
 
 
 
 
 
 
 

0 𝑡1 0 𝑡2𝑒
𝑖𝐾 𝜅 + 𝑖𝛾 0 0 0

𝑡1 0 𝑡2 0 0 𝜅 − 𝑖𝛾 0 0
0 𝑡2 0 𝑡1 0 0 𝜅 − 𝑖𝛾 0

𝑡2𝑒
−𝑖𝐾 0 𝑡1 0 0 0 0 𝜅 + 𝑖𝛾

𝜅 + 𝑖𝛾 0 0 0 0 𝑡1 0 𝑡2𝑒
𝑖𝐾

0 𝜅 − 𝑖𝛾 0 0 𝑡1 0 𝑡2 0
0 0 𝜅 − 𝑖𝛾 0 0 𝑡2 0 𝑡1
0 0 0 𝜅 + 𝑖𝛾 𝑡2𝑒

−𝑖𝐾 0  𝑡1 0 ]
 
 
 
 
 
 
 
 

, (E4) 

𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) =

[
 
 
 
 
 
 
 
 

𝑖𝛾 𝑡1 0 𝑡2𝑒
𝑖𝐾 𝜅 0 0 0

𝑡1 −𝑖𝛾 𝑡2 0 0 𝜅 0 0
0 𝑡2 −𝑖𝛾 𝑡1 0 0 𝜅 0

𝑡2𝑒
−𝑖𝐾 0 𝑡1 𝑖𝛾 0 0 0 𝜅

𝜅 0 0 0 𝑖𝛾 𝑡1 0 𝑡2𝑒
𝑖𝐾

0 𝜅 0 0 𝑡1 −𝑖𝛾 𝑡2 0
0 0 𝜅 0 0 𝑡2 −𝑖𝛾 𝑡1
0 0 0 𝜅 𝑡2𝑒

−𝑖𝐾 0  𝑡1 𝑖𝛾 ]
 
 
 
 
 
 
 
 

, (E5) 

where K is the Bloch wave number, and 𝑡1 and 𝑡2 describe the in-layer nearest-neighbor couplings in the 

lattice. κ is the Hermitian isotropic interlayer hopping, and γ is the non-Hermitian part of the interlayer hopping 

in the passive waveguide arrays and gain or loss strength in the gain and lossy waveguides, respectively. Here, 

𝐾 , 𝑡1 , 𝑡2  κ, γ are real numbers. The type2 similarity transformation between 𝐻̂
𝑆𝑆𝐻 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾)  and 

𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) is 𝒞̂8′𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶′

𝐺𝐿 𝒞̂8′
−1 = 𝐻̂

𝑆𝑆𝐻 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

, and the transformation matrix is given by 

𝒞̂8′ =

[
 
 
 
 
 
 
 
𝑎 + 𝑖𝑏 𝑏𝛾 0 0 𝑎 − 𝑖𝑏 −𝑏𝛾 0 0
−𝑏𝛾 𝑎 + 𝑖𝑏 0 0 𝑏𝛾 𝑎 − 𝑖𝑏 0 0
0 0 𝑎 + 𝑖𝑏 −𝑏𝛾 0 0 𝑎 − 𝑖𝑏 𝑏𝛾
0 0 𝑏𝛾 𝑎 + 𝑖𝑏 0 0 −𝑏𝛾 𝑎 − 𝑖𝑏

𝑎 − 𝑖𝑏 −𝑏𝛾 0 0 𝑎 + 𝑖𝑏 𝑏𝛾 0 0
𝑏𝛾 𝑎 − 𝑖𝑏 0 0 −𝑏𝛾 𝑎 + 𝑖𝑏 0 0
0 0 𝑎 − 𝑖𝑏 𝑏𝛾 0 0 𝑎 + 𝑖𝑏 −𝑏𝛾
0 0 −𝑏𝛾 𝑎 − 𝑖𝑏 0 0 𝑏𝛾 𝑎 + 𝑖𝑏]

 
 
 
 
 
 
 

, (E6) 

where neither a nor b is 0. When 𝐾 = 0, the eigenvalues of the eight periodic-boundary-condition energy 

bands are 

𝐸±±±
𝑆𝑆𝐻′

= ±𝑡2 ± 𝜅 ± √𝑡1
2 − 𝛾2, (E7). 

Fig. 12(c) compares the E−γ relation of 𝐻̂
𝑆𝑆𝐻 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾) (solid lines) and 𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) (discrete circles) 

when 𝐾 = 0, 𝑡1= 2, 𝑡2 = 1, and κ=0.2. Four EPs emerge at  𝛾 = 𝑡1, marked by black dots. Two DPs of the 

fourth and fifth eigenvalues emerge at  𝛾 = √𝑡1
2 − (𝑡2 + 𝜅)2 and 𝛾 = √𝑡1

2 − (𝑡2 − 𝜅)2, marked by green 

dot and red dot, respectively. The DP of the third and the fourth eigenvalues and the DP of the fifth and the 

sixth eigenvalues emerge at γ = √𝑡1
2 − 𝑡2

2, marked by orange dots.  
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In Figs. 12(d–i), we compare the bulk bands given by 𝐻̂
𝑆𝑆𝐻 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾)  (solid lines) and 𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) 

(discrete circles) with increasing γ. When γ = 0, the lattice is the Hermitian SSH model. When γ≠0, the edge 

DPs become EPs marked by pink and magenta crosses, and gradually move toward the center of FBZ, while 

the complex energy region expands from the edge to the center of the FBZ [Fig. 12(d)]. As γ increases, the 

real parts of bands gradually move toward zero energy, and the central gap is closed (marked by black crosses) 

when γ = √𝑡1
2 − (𝑡2 + 𝜅)2  [Fig. 12(e)]. The bands approach and the complex energy region expands 

gradually to form two central DPs when γ = √𝑡1
2 − 𝑡2

2 [Fig. 12(f)]. The real parts of bands form a central 

DP again when γ = √𝑡1
2 − (𝑡2 − 𝜅)2 [Fig. 12(g)]. Two EPs merge into one EP at the center of the FBZ 

When γ = 𝑡1 [Fig. 12(h)], and disappear when γ > 𝑡1 [Fig. 12(i)]. 

 

 

FIG. 12. Schematic of the BNH SSH model for (a) passive waveguide arrays with non-Hermitian interlayer 

coupling κ+iγ and κ-iγ and (b) gain (red) and lossy (blue) waveguides. (c) Comparison of real parts and 

imaginary parts of eigenvalues of 𝐻̂
𝑆𝑆𝐻 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾)  (solid lines) and 𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶′
𝐺𝐿 (𝐾)  (discrete circles) as a 

function of γ when 𝐾 = 0. EPs are marked by black dots, and different DPs are marked by green, orange, and 

red dots, respectively. Comparison of the bulk band structures of BNH SSH model in the PBCs using 
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parameters 𝑡1= 2, 𝑡2= 1, κ=0.2 and γ = 1 for (d), γ = 1.6 for (e), γ =1.732 for (f), γ = 1.833 for (g), γ = 2 for 

(h), and γ = 2.4 for (i). The blue solid (red dot) lines indicate the real (imaginary) parts of eigenvalues of  

𝐻̂
𝑆𝑆𝐻 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

(𝐾) , and the blue (red) discrete circles indicate the real (imaginary) parts of eigenvalues of 

𝐻̂𝑆𝑆𝐻 𝑃𝐵𝐶′
𝐺𝐿 (𝐾).  

 

With periodic (scattering) boundary conditions along the x (y) direction, the bilayer supercells of C6v 

topologically nontrivial PC with zigzag-type parallel non-Hermitian domain walls constructed by NIC [Fig. 

13(a)] and on-site gain/loss [Fig. 13(b)] are considered. Here we also take 40 unit cells along the y direction 

per layer. The Hamiltonians of the bilayer supercell using the tight-binding approximation in k space can be 

written as 

𝐻̂
𝐶6 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾) = 𝜎̂0𝐻𝑚𝑜𝑛𝑜 + 𝜅𝜎̂𝑥𝜎̂0𝐼𝑁/2 + 𝑖𝛾𝜎̂𝑥𝜎̂𝑧𝐼𝑁/2, (E8) 

𝐻̂𝐶6 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) = [

𝐻𝐺𝐿 𝜅𝐼𝑁
𝜅𝐼𝑁 𝐻𝐺𝐿

], (E9) 

which satisfy 𝒞̂𝐶6′𝐻̂𝐶6 𝑃𝐵𝐶′
𝐺𝐿 𝒞̂𝐶6′

−1 = 𝐻̂
𝐶6 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝

. The matrix forms of 𝐻𝑚𝑜𝑛𝑜 and 𝐻𝐺𝐿 are given in Eqs. (D1) 

and (D2). 𝐾  is the Bloch wave number; 𝐼𝑁  (𝐼𝑁/2 ) is N × N (
N

2
×

N

2
) identical matrix, and here we take 

N=240. The non-Hermitian interlayer coupling is κ + iγ (κ − iγ) between the first layer and the second layer 

in the upper (lower) half part of the y-axis as shown in Fig. 13(a). Each coupling term consists of a Hermitian 

part, κ, and a non-Hermitian part, γ. κ is the reciprocal interlayer nearest-neighbor hopping as shown in Fig. 

13(b). Fig. 13(c) compares the E−γ relation of the eight DITISs of 𝐻̂
𝐶6 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾)  (solid lines) and 

𝐻̂𝐶6 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) (discrete circles) with parameters 𝑡1 = 5, 𝑡2 = 1, 𝜅 = 0.2, and 𝐾 = 0, which is similar to the 

E−γ relation of the BNH SSH model [Fig. 12(c)]. The non-Hermitian domain-induced bands are highlighted 

by dark and light blue (red) in real(imaginary) parts. 

Figs. 13(d-h) compare the projected band structures given by 𝐻̂
𝐶6 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾) (solid lines) and 𝐻̂𝐶6 𝑃𝐵𝐶′

𝐺𝐿 (𝐾) 

(discrete circles) with increasing γ. The projected bands of the eight DITISs are similar to the bulk bands 

shown in Figs. 13(e-i). We conclude that the parallel non-Hermitian domain wall in C6v PCs degenerates into 

the non-Hermitian SSH model shown in Fig. 12 if we just consider the sites and couplings near the bilayer 

domain walls. The non-Hermitian DITISs can be described by the non-Hermitian SSH model, whose 

topological index can also be defined in this way. 
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FIG. 13. (a) Supercell of bilayer C6v PCs with zigzag-type parallel non-Hermitian domain walls constructed 

by (a) anisotropic coupling strength κ+iγ (red arrows) and κ-iγ (blue arrows) between two layers, and (b) on-

site gain (red) and loss (blue). (c) Comparison of the eigenvalues of 𝐻̂
𝐶6 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾)  (solid line) and 

𝐻̂𝐶6 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) (discrete circles) with varying γ at 𝐾 = 0. The DITISs are colored in blue (real parts) and red 

(imaginary parts). Comparison of parts of the projected band structures of 𝐻̂
𝐶6 𝑃𝐵𝐶′
𝑛𝑜𝑛𝑟𝑒𝑐𝑖𝑝(𝐾)  (solid line) and  

𝐻̂𝐶6 𝑃𝐵𝐶′
𝐺𝐿 (𝐾) (discrete circles) with 𝑡1 = 5, 𝑡2 = 1, κ=0.2 and γ = 4.5 for (d), γ = 4.782 for (e), γ =4.8468 for 

(f), γ = 4.8817 for (g), γ = 5.2 for (h). 


