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APPENDIX A: Bilayer Non-Hermitian SSH Model
Fig. 1(a) in the main text schematically shows the BNH SSH model constructed by stacked photonic
waveguide arrays with NIC. The optical field propagation in the waveguide lattice can be described by the

coupled-mode theory (CMT) under the tight-binding approximation:

—1—<pn = Bo@n + t2Pn_1 + tiPpi1 + (K +V)Ppin. 0=1,5,9, ...,

_1_(Pn = Pon + tiPn-1 + LPn41 + (K = ¥)Ppin, 072, 6, 10, ...,
_1_(Pn = Popn + L2Pn-1 + LiPni1 + (K = V)Ppin, 073, 7,11, ...,
_1_(Pn = PoPn + tiPn-1 + LPn41 + (K +¥V)Ppin, 074, 8,12, ..,
—1—<pn = Bo@n + t2Pn_1 + t1Ppi1 + (K = Y)Pp_p, 0=NFL NH5, NH9, .,
_1_(Pn = BoPn + t10n-1 + t2Pp11 + (K +¥)Pn_n, = N+2, N+6, N+10, ...,
—1—<pn = Bo®n + t2Pn—1 + t1@pi1 + (K +Y)Ppoy, 0= N+3, N+7, N+I1, ..,

.0
—i-@n = BoPn + t1Pp-1 + tr0n41 + (K = V)Pn_y, 1= N4, N+8, N+12, ..., (A1)

where ¢, denotes the optical field in the nth waveguide, [, is on-site propagation constants, t; and ¢,

are two in-layer nearest neighbor coupling coefficients, k 1is the isotropic interlayer coupling coefficient, y



is the anisotropic interlayer coupling coefficient, and N is the number of the waveguides per layer. Fig. 1(b)
shows the counterpart with on-site gain and loss, where is no NIC, and its coupled mode equations are given

by

—i%% = BePn t t2Pn1 + tiPnig + KPry, 0=1,5,9, .,

_i%¢n = BLPn + t10n-1 + L@Pp11 + KQpy, 122, 6,10, ..,

_i%¢n = BLPn + t20n-1 + L1@Ppi1 + KQpy, =3, 7,11, ..,

_i%¢n = BePn + t10n-1 + L2Pn41 + KQpy, 0=4,8,12, ..,

_i%¢n = BLPn + t20n-1 + L1041 + KQp_y, =N+, N5, N9, L.,
_i%¢n = BePn + L1901 + L2Pn41 + KPp_y, 0= N+2, N+6, N+10, ...,
i@ = BePn + t20n-1 + t1Pnsr + K@p_y, 0= N43, N4, NI, .,

_i%(pn =BrPn + t1Pn_1 + t2@n41 + K@y, 0= N+4, NH8, N+12, ..., (A2)
where f are the on-site propagation constants (f; = By + iy and S, = By — iy, y is gain or loss rate)

and the other parameters are the same as above. Applying the Fourier transformation, we obtain the Bloch

Hamiltonians of the arrays with NIC and on-site gain and loss in the case of PBCs, respectively

0 ty 0 tee’® Kk+y 0 0 0
tl 0 tO 0 O K — ]/ 0 O
0 to 0 ty 0 0 K—Yy 0
_ ; tee™ K 0 t 0 0 0 0 k+y
fronreciv 1y _ | Lo 1 1, (A3
ssi pac. (1) k—y 0 0 0 0 ts 0 tee (A9
0 K+vy 0 0 tq 0 to 0
0 0 K+y 0 0 to 0 ty
0 0 0 Kk—y tee ™ 0 ty 0
which can be viewed as a 2 by 2 block matrix, and it represents the forms of H,,, H;,,and H,; of Eq. (1).
iy t;, 0 tyek K 0 0 0
_ t,eT™ 0t iy 0 0 0 K
agk K)y=|" ! | (A4
sst pec (K) « 0 0 0 iyt 0 telf (A4)
0 K 0 0 ty iy ¢ty 0
0 0 K 0 0 t, iy ty
0 0 0 Kk te ™ 0t —iyl

The lattice is a bilayer Hermitian SSH model in the absence of the gain and loss (y = 0). At the topological

phase transition point t;=t,, two gapless doubly degenerate Dirac cones at K = 0 with energy splitting of
2



2« are shown in Fig. 5(b). When t;>t, or t;<t,, two Dirac cones at the center of the FBZ open bandgaps
respectively and together form a complete bandgap [Figs. 5(a) and (c)]. The two closest bands above and
below the bandgap have a frequency split of 2k at K = 0. When t;>t,, the winding number v=0 corresponds
to the topologically trivial case, and t;<t, corresponds to the topologically nontrivial case with v=1. Eight
bands degenerate in pairs at K = +m creating eight edge DPs, which can be regarded as the spectrum of the

original SSH model folded at k = +n/2 and stretched to the entire FBZ.

(a) (b) (c)

R0
-3.5! . Iy . | | . |
-1 0 1-1 0 1-1 0 1

K/m K/m K/m
FIG. 5. Folded band structure of bilayer Hermitian SSH model with system parameters k=0.5, and t; =1, t, = 2 for (a),

t; =t, =1.5 for(b),and t; =2, t, =1 for (c).

Fig. 6 compares the periodic-boundary-condition E—y relation of Hesy it (K) and AZL; ppe(K) when

K =0, t4=2, t; =1, and k=0.2. Two pairs of EPs emerge aty =t; —k and y = t; + k, respectively,

marked by black dots. Two DPs of the fourth and fifth eigenvalues emerge at y = J (t; — k)2 — t,% and

y = J (t; + K)2 — t,2, marked by green dot and red dot, respectively. The DP of the third and the fourth

2,.2
eigenvalues and the DP of the fifth and the sixth eigenvalues emerge at y = \/ t2 + K2 —t: — tlt'; , marked

2

by orange dots.
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FIG. 6. Comparison of real parts (a) and imaginary parts (b) of the eigenvalues of Hggy ppe (K) (solid lines) and

HEE, ppe (K) (discrete circles) as a function of y. EPs are marked by black dots, and different DPs are marked by green,

orange, and red dots.

APPENDIX B: Derivation with Arbitrary Gain and Loss

Considering a two-level system with anisotropic couplings indicated by arrows in various colors, as shown
on the left panel of Fig. 7(a). The two-level system with on-site gain and loss is illustrated in the right panel
of Fig. 7(a). w,, are the resonance frequencies of two coupled modes, x denotes the isotropic coupling
coefficient, and y;, are the anisotropic coupling terms in the nonreciprocal hopping model and the gain or
loss rate in the on-site gain-and-loss model. By coordinate translation, arbitrary gain and loss can be
transformed into a PT-symmetric configuration with a global imaginary part. Without loss of generality, we
choose y; = —y, =y > 0, which always holds because we can set the zero point of the imaginary potential
as (y1 +7v2)/2. For simplicity, we assume that for the resonance frequencies of two coupled modes, w; =
w, = Wy, and that ¥, w,, and x are real numbers.

The Hamiltonians of nonreciprocal hopping model and on-site gain-and-loss model using CMT can be
written as

fronreciy _ [Kaioy K a-)l-oy]’ (B1)

SGL (})0+l]/ K

AS: satisfies PT symmetry [HSE, PT| = 0 with parity operator P and time operator T, which act as

P(ay, a;) = (az,a;) and T(ay,a,) = (a;*,a,*). HS: has PT symmetry since (PT)HSH(PT)™! = HSE,
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where P =6, and T is the complex-conjugation operation. The values of the parameters in 17; OnTeC and

AS" are the same. The eigenvalues of both systems are E;"*“? = ESL = w, + /kZ — y2. In Fig. 7(b), we

—

compare the behavior of the eigenvalues of H;l OnTeCP and HSY asy changes when k =1 and w, = 0.

The similarity transformation is still applicable when the zero point of the imaginary potential is not equal
to 0. Arbitrary gain and loss (y; and y,, both can be positive and negative) are introduced in the on-site gain-

and-loss two-level system. The Hamiltonian can be written as

GLarp _ wo + Y1 K
Bt = (0T ) 9

E=(1+v2)/2 and n = (y; —y3)/2 are introduced, since arbitrary gain and loss can be seen as the
coordinate translation of PT-symmetric structure, and the imaginary part of the eigenvalues will get a
corresponding shift.

The Hamiltonian in Eq. (B3) is transformed to PT-symmetric two-level system:
& 0

wo + i K : : GL _ ( )
( . Wy — in)’ with a uniform background AH;* = 0 i) (B4)

HEY =
The Hamiltonian of nonreciprocal two-level system is

nonrecip’ _ ( Wo K+7n

H nonrecip __ 0 S;
z Sk w

), with a reciprocal coupling AH, =\¢ 0). (BS)

ST . ! nonrecip’
The similarity transformation relates H$“ and H, b

1

a7 L) eo

Four-level systems with NIC and balanced on-site gain and loss are shown in Fig. 7(c). ¢ is the in-layer

LT
5 GL' A—1 nonrecip’ __ 5 _
CZHZ 62 - HZ —_ O, CZ -

hopping strength and we normalize all quantities using 7. w;,34 are the resonance frequencies of four
coupled modes. k denotes the isotropic interlayer coupling coefficient. y; , 3, are the anisotropic interlayer
coupling terms in the nonreciprocal hopping model and the gain or loss rate in the on-site gain-and-loss model.
We choose y; = —y3 = =y, = ¥4 =y > 0. Using CMT, the Hamiltonians are written as follows:
AT = t6,®6, + k6,86, + iy6,®36,, (BT)
HSE = t6,86, + k6,86, + iy6,86,, (B8)
where 6, and 6,, , are the two-by-two identity matrix and Pauli matrix. HSE has the anti-PT symmetry

(PDHSL(PT)™* = —HSE with P = i6,®3d,, and complex-conjugation operation T. A Hamiltonian H is

anti-PT-symmetric when {FI, ’IST} = 0, where the commutator replaced by the anticommutator, which

represents a generalization of PT symmetry. We obtain the equal eigenvalues of Egs. (B7) and (BS8) as
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Ezonrmp = Efl = wg + /(i £ £)2 — y2. In Fig. 7(d), we compare the E — y relation of the four eigenvalues

of ﬁ:onmdp (solid lines) and HS™ (discrete circles) when x/t=2 and w, = 0. Two EPs emerge aty = |k —
t| and y = |k + t|, respectively, indicated by black dots.
Arbitrary gain and loss can also be introduced in the on-site gain-and-loss four-level system. The

Hamiltonian can be written as

wo + iy t K 0
GLarb _ t wy t+ iy, 0 K
H, N K 0 wo +iy;3 t > (B9)
0 K t wo + 1Y,

=01 +7v3)/2, m=W1—7v3)/2, &= at7v2)/2, and 1y = (y4 —¥2)/2 are introduced, since

arbitrary gain and loss can be seen as the coordinate translation of PT-symmetric structure, and the imaginary

part of the eigenvalues will get a corresponding shift.

The Hamiltonian in Eq. (B9) is transformed to a PT-symmetric four-level system: Hf"’ =

(l)o + ”71 t K 0 lgl O O O
t wO - lnz 0 K . GL _ 0 lfz 0 0
K 0 wy — iMy ¢ , with background AH;" = 0 0 & 0 .(B10)
0 K t wo i1 0O 0 0 i&
wo t K + 771 0
iltoni i . ip' t 0 —
The Hamiltonian of nonreciprocal four-level system is H,' " ““?" = Wo K =1 ’
K—=m 0 (OO0 t
0 K+ t Wy
0 0 & 0O
N - : 0 0 0
with reciprocal coupling AH, " *"P = P _(BI1)
& 0 0 0
0 & 0 0
The similarity transformation relates HS.' and Hf;onr“ip’
- 0 1 0
S HEY 6 ip’ 5 1[0 —i 0 1
CHI G —HT0 =0 G=Fl 1 g o | B2

0 1 0 —i
The coordinate translation can also be used to transform arbitrary gain and loss in BNH SSH model, and

BNH Cev PC.
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FIG. 7. (a) Schematic diagram of two non-Hermitian two-level systems with nonreciprocal coupling and balanced gain and

loss, whose Hamiltonians have the same eigenvalues and satisfy C,HS*C;! = ﬁ; onrecip (b) Comparison of the energy
spectrum given by H onrecip (solid lines) and HS™ (discrete circles) as a function of y. (c) Schematic diagram of two non-
Hermitian four-level systems with nonreciprocal coupling and balanced gain and loss, whose Hamiltonians have the same
eigenvalues and satisfy C,HS*C;! = Alwnreap (d) Comparison of the energy spectrum given by H Anonreap (solid lines)

and HSY (discrete circles) as a function of y.

A PT-symmetric trimer system with gain and loss y on the outer matrix entries and only a frequency offset
A on the center entry is considered now, described by the Hamiltonian:
iy t O
arr = (t At > (B13)
0 t -y
The bilayer PT-symmetric trimer system is shown in the left panel of Fig. 8(a), and the bilayer trimer system
with NIC is shown in the right panel of Fig. 8(a). The Hamiltonians of the bilayer PT-symmetric trimer system

and the bilayer nonreciprocal trimer system are



iy t O k 0 O 0 t 0 k+y O 0
t At 0 x O t A t 0 K 0

~ 0 t =iy 0 0 «k ~ - 0 t 0 0 0 k—vy

GL __ nonrecip __

He" =14 0 o —iy t o [2dHs “lk—y 0 0 o t o [®B4
0 k O t At 0 K 0 t A t
0 0 «k 0 t iy 0 0 k+vy 0 t 0

The similarity transformation relates HZ“ and H; oMTEP are

1

5 fJGLA—-1 _ jynonrecip . 5 _
C6H6 66 = H6 ,Wlth 66 _\[i

(6, — i6,)®I5. (B15)

In Fig. 8(b), we compare the £ — y relation of the six eigenvalues of ﬁg onrecip (solid lines) and HE" (discrete

circles) when t = 1, k = 2, and A= 1. Two EPs are indicated by black dots.

FIG. 8 (a) Schematic diagram of bilayer PT-symmetric trimer system and the bilayer trimer system with anisotropic interlayer
coupling. (b) Comparison of the energy spectrum given by ﬁg onrecip (solid lines) and HEL (discrete circles) in (a) as a

function of y.

APPENDIX C: Properties of Similarity Transformation



The more general forms of the Hamiltonians of the systems with NIC and on-site gain/loss are given by

Hyomree? = lAﬁo _ G- iﬁl, (C1)

G+iD A,

_ [g+b ¢

gor= [P G | o
G HO_D

Both Hamiltonians are written as 2 x 2 block matrices, H, isa Hermitian matrix describing on-site energy

and in-layer isotropic hopping, G is a diagonal matrix describing isotropic interlayer hopping. D is a
diagonal matrix describing anisotropic interlayer hopping in  H""*“? and describes on-site gain and loss

H\nonrecip
n

in HS:. The similarity transformation is described as C,HS:C, ! = and its Hermitian conjugate

s et oa _ it : ~ : : :
form C,ASLTE-1 = H;°"'P" which brings D from diagonal to off-diagonal, which means we convert
the system with nonreciprocal coupling into the system with on-site gain and loss. The eigenvalues of the
systems with on-site gain\loss and nonreciprocal hopping are the same, and the eigenstates belong to the same

eigenvalues of two Hamiltonians are related by C,,.

nonTeCl
The eigenequations of HS$" and H P are

ASHpSH) = EnmldGh), and AG- xS = ElxGh), (C3)

and H

ynonreci nonreci
H p | d) p)

i | ¢Tl07’lT€Clp )

,\nonreczp | nonrectp) E*

Xnonrectp) (C4)

m

where |pSL) and |ySE) (|¢nonreap) and | )(mmreap» are the mth right and left eigenstates of HS:(K;)
(ﬁnonrecip)
n :
By using the similarity transformation, we can obtain
C HGLC 1|¢nonreap) — |¢nonrec1p> (CS)
m
left multiply Eq. (C5) by €', and we get HSLC, 1|q§nonrmp) E,C. 1|¢n°nrmp), which means

nonreci . . 7
X P} is an eigenstate of HSL.

Another form of the similarity transformation is HSL = ¢, H"" ¢, | and we can obtain
C LA B |pGLY = E,|¢pSE) . Multiplying the above equation left by €, , and we get

ﬁ,’fonrmpe |q,’>GL =E,C |¢ L}), which means C,|¢SL) is an eigenstate of ﬁ;}""r“i”. The relations of

eigenstates are [pSL) = Cil|pm ™) and |pp™P) = Co|pSLY . In the same way, the mth left

9



. . . . . = ipT ~
eigenstates belonging to the same eigenvalues of the two Hamiltonians H;°"" ““? " and HﬁLT are related by

the transformation matrix C,,:

nonrecip

XSE) = Citlam P and |y ") = CplxEh). (C6)
The similarity transformation can be understood as an operation on the basis set where the Hamiltonians

are written. The tight-binding Hamiltonians are originally given based on wannier states, for example, the
lattice sites. However, consider the linear combination of the two corresponding bases with a phase of % or
—% to form a new set of bases, and we find the transformation matrix is exactly ¢,;*. As a result, the system

with nonreciprocal hopping and the system with on-site gain and loss may be regarded as alternative

expressions of the same non-Hermitian system.

APPENDIX D: Bilayer Domain Walls of Cev PC

The matrix forms of H,,n0, Hgp, and Hp; in Eq. (12) are as follows:

H, H, 0 0 0 0 0]
A, H H, 0 0 0 0
o H, H, H, 0 0 0
Hpono =| 0 0 ch ﬁcl 0 0 |, (D1)
o o o0 HA, H H, O
o o o o A, H H,
Lo o o0 o o0 AH, HI
A, H, 0 0 0 0 0]
A, H, H, 0 0 0 0
o HA, H, H, 0 0 0
Hg =0 o0 H., =~ H,; 0 0 [ (D2
o o o0 H, H H, 0
o o o0 o0 H., H H,
o 0o o o o0 H, O]
A H, 0 0 0 0 0]
A, H H, 0 0 0 0
o H, H H, 0 0 0
Hg=|10 0 A, A, 0 0 [ (D3
o o0 o0 H., H H, 0
o o O O0 AH., H H,
o 0o O o0 0 AH, H.

where the matrices H;, Hy, H.,, and H., take the forms of

10



+iy t, 0 0 0 |t 0 0 0 0 0 0
to *iy to 0 te® 0 0 0 0 0 0 0
0 t, +iy tg 0 0 t 0 0 0 0 0
0 0 t, iy t, O 0 0 0 t 0 0
0 te”® 0 t, =iy ¢t 0 0 0 0 0 0

_ to 0 0 0 t =iy O 0 0 0 0 0

Hen={0o o ¢t 0o o0 0 +iy t, 0 ek o o [PV
0 0 0 0 0 0 to, iy t, 0 t 0
0 0 0 0 0 0 0 ty,  *iy 0 0 toeX
0 0 0 t 0 0 tee® 0 0 +iy ¢t 0
0 0 0 0 0 0 0 t 0 to iy to
[ 0 0 0 0 0 0 0 0 tee”® 0 t, iy

0 0 0 00O 0O O 0O OO0 0 O
0000 O0OO0OOUOTUO0OTO00D0
0000 O0O0OOUOTU OUOTO 00O
0000 O0OO0OOUOTUO0O0TO00D0
0000 O0OO0OO0UOTUO0OTO00D0
~ o oo 0000 O0OOOTU OO
Hee =150 00000000 0 of®
0000 O0O0OOUOTU O0UOTO 00
t 0000 O0O0O0OTU OO OO
0000 O0OO0OOUOTUO0OTO00D0
0000 O0O0OOUOTU OUOO0 0
lo 0 00Ot 00 0 O0 0 O
0 0 0 00O O 0O ¢t 0 0 O
0000 O0OOOUOTU O0OO00D0
0000 O0OOUOTU OO OO0 0
0000 O0OOOUOTUO0OTO0 D0
0000 O0OOOUOTUO0O0TO00D0
~ o oo 00O OOUOO OOt
Hea =10 0 0000000 0 0 of®®
0000 O0O0OOUOTU OO OO0 0
0000 O0OOOUOTU O0UOTO0 D0
0000 O0OOOUOTUO0O0TO 00O
0000 O0OOUOTU OO OO0 0
lo 0 00O OO OO O 0 o

The subscripts of ﬁG/L represent on-site gain (diagonal element of the H; is +iy) or loss (diagonal element

of the H, is -iy). H, equals H;/, when y = 0. H.; and H, represent the coupling between this unit

and its two neighboring units, respectively. The first and last units of both layers can exchange energy with
the environment for the scattering boundary conditions, so they only couple with one neighboring unit.
Fig. 9(a) is the zoom-out plot of Fig. 3(i), showing the complete projected band structures in the topological

case. The domain-induced bands are colored in blue (real parts) and red (imaginary parts). Fig. 9(b) compares

the projected band structures given by ﬁgg %%Cip (K) (solid lines) and HE}pp-(K) (discrete circles) in the

11



trivial case with parameters t;= 0.5, t, = 1, k=0.05, and y = 4.934. In the topological case, eight bands
appear in the bandgap because Cev-typed cross-shaped gain-loss domain walls can support localized interface
states protected by the corresponding Hermitian topology. However, the domain wall cannot result in any new

states in the trivial case, because no modes appear at the boundaries of a subsystem in the trivial cases.

(a) t; = 5 (topological) (b) t; = 0.5 (trivial)
3 25] |

-6 . I -6 . |
-1 0 1 -1 0 1

fynonrecip 7GL

FIG. 9. Comparison of projected bands given by H g pp. " (K) (solid lines) and H¢gppc(K) (discrete circles) with

parameters y =4.934, t, =1, k = 0.05,and ¢t; =5 for (a) and t;= 0.5 for (b).

The zoom-in plot of Fig. 3(c) is shown in the Fig. 10(a), where the DITISs with different PT symmetry—
12



breaking threshold points are colored in dark and light blue (red) in real (imaginary) parts. In Fig. 10(b), we

compare the normalized field distributions of four representative DITISs of H gg decdp (K) (light green) and

AEE g (K) (dark green) when y = 4.87. The normalized field distribution of DITISs of HEEpp-(K) is
uniformly distributed in the four regions (colored by light pink and blue) in exact PT symmetry phase, and
mainly distributed in the crossed regions colored pink (blue) if the imaginary parts of corresponding

. oy . . 5— nonreci . .
eigenvalues are positive (negative) in broken PT symmetry phase.|9&E ppc) = Cigol®cs ppe p) is shown in

the Fig. 10(c), where |<pgg%‘?ip) (|p&E ppc)) are the eigenstates of ﬁgg%‘?w (K) (HEE ppc (K)).

(a) (b)

0.4] ¢ a B ecC I ®D

0.2

o~ At - - g -~ | = -t :ijH“

0.2

0.4

=l
<l

115 118 121 124 115 118 121 124 115 118 121 124 115 118 121 124
Site Number

Normalized field distribution
2

FIG. 10. (a) Comparison of the E—y relation of DITISs of A2 << (K) (solid line) and ASL ppc(K) (discrete circles) at

nonrecip

K = 0. (b) Comparison of |¢¢ ppc ) (light green) and |@&t ch) (dark green) for the four representative DITISs. (¢)
Comparison of Crgo|@pe ngip) (light green) and |t ppc) (dark green) for the four representative DITISs. Above (below)
the horizontal line is the field distribution of the first (second) layer. Only twelve sites around the domain wall of both layers

are shown.

APPENDIX E: Type2 Similarity Transformation
We present another similarity transformation between the non-Hermitian systems with nonreciprocal
coupling and on-site gain/loss. Considering another kind of four-level system with nonreciprocal coupling and

its counterpart with balanced on-site gain/loss [Fig. 11(a)]. By using CMT, the Hamiltonians are written as:

13



Wy t K+ iy 0
~ - t W 0 K— iy
nonreclp __ 0
Hy Tk +iy 0 Wy t | (E1)
0 K—1y t Wy |
wo + iy t K 0
i7GL __ t (1)0 - ly 0 K
Hy™ = K 0 Wy + iy t I (E2)
0 K t Wy — 1y

where w,, t, K, and y are real numbers. w, is the frequency of the four coupled modes since w; = w, =
w3 = W4 = Wy, t 1s the in-layer hopping strength, and we normalize all quantities with z. k represents the
isotropic coupling coefficient, and y represents the non-Hermitian part of interlayer hopping in Eq. (E1) and

the gain or loss rate of the coupled modes in Eq. (E2), respectively. We obtain the equal eigenvalues of
I:Izl,onrmp and H f,L as Er,onrmp = Ef,L = wy t k +/t? — y2. Fig. 11(b) compares the E — y relation of

the four eigenvalues of ﬁ;anredp (solid lines) and ﬁff (discrete circles) when x/t=2 and w, = 0. Two EPs

emerge simultaneously at y = t, marked by black dots. The type2 transformation matrix is

1 =iy 0 iy
0 1 0 o0

Cy = E3
0O 0 0 1
The type2 similarity transformation is defined as C‘A’4II’-I\46,LCA’ 4_,1 = H\zonrecm, and the relation of their right

1 iy 0 -iy
: : GL\ _ A—1, 4nonrecip 5-1_10 1 0 0
eigenstates satisfy [¢n, ) = Cr|Ppy, ), where C,r"= 0 —iy 1 iy
0O 0 0 1
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Caw

K+ iyltlc tiy K- iy“‘x - iyU

N

0 1 2 0 1 2
14 14

FIG. 11. (a) Schematic diagram of two non-Hermitian four-level systems with nonreciprocal coupling and

balanced gain and loss, whose Hamiltonians have the same eigenvalues and satisfy the type2 similarity
transformation. (b) Comparison of the energy spectrum given by ﬁ:,omdp (solid lines) and I’-I\f,L (discrete

circles) as a function of y.

Consider the BNH SSH model constructed by stacked photonic waveguide arrays in Figs. 12(a) and (b),
whose non-Hermiticity is caused by NIC and on-site gain/loss, respectively. Following the CMT in the tight-
binding approximation and applying the Fourier transformation, we obtain the Bloch Hamiltonians of the unit

cellin black dotted boxes under PBCs:
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0 ty 0 t,e’  k+iy 0 0 0
ty 0 t, 0 0 K—1y 0 0
0 t, 0 ty 0 0 K— 1y 0
Anonrectp tze_iK 0 t 0 0 0 0 K+iy
Hosipac’ 0O =1 iy O 0 0 0 ty 0 e’ (B
0 k—iy 0 0 t, 0 ty 0
0 0 «x-—iy 0 0 t, 0 t;
0 0 0 K+iy te K 0 ty 0
iy t;, 0 tye K 0 0 0
ty -y t 0 0 K 0 0
0 t, -—iy ty 0 0 K 0
—CL t,eT™ 0t iy 0 0 0 K
Hssiapper(K) = | 0O 0 0 iy t; 0 tek| (ES)
0 K 0 0 ty -y ¢t 0
0 0 K 0 0 t, -y t
0 0 0 kK te ™ 0 ot iy |

where K is the Bloch wave number, and t; and t, describe the in-layer nearest-neighbor couplings in the
lattice. k is the Hermitian isotropic interlayer hopping, and vy is the non-Hermitian part of the interlayer hopping

in the passive waveguide arrays and gain or loss strength in the gain and lossy waveguides, respectively. Here,

K, t;, t, x, y are real numbers. The type2 similarity transformation between H nso: ;‘;Ccl,’,) (K) and
HgsLH ppcr (K) is Cgr HSSH PB c’cs_’l = ﬁ;;o: :,f;ci’,’, and the transformation matrix is given by
ra + ib by 0 0 a—ib —by 0 0
—by a+ib 0 0 by a—1ib 0 0
0 0 a+ib —by 0 0 a—1ib by
4 0 0 by a+ib 0 0 —by a-—ib
Co = a—ib —by 0 0 a+ib by 0 0 > (E6)
by a—1ib 0 0 —by a+ib 0 0
0 0 a—1ib by 0 0 a+ib —by
0 0 —by a-—ib 0 0 by a+ibl

where neither a nor b is 0. When K = 0, the eigenvalues of the eight periodic-boundary-condition energy

bands are

SSH'
EX3Y =

+t, + k ++/t;%2 —y2, (B7).

fynonrecip

7GL
SSH PBC' H

Fig. 12(c) compares the E—y relation of H (K) (solid lines) and Hggy, ppor(K) (discrete circles)

when K =0, t;=2, t, =1, and k=0.2. Four EPs emerge at y = t;, marked by black dots. Two DPs of the

fourth and fifth eigenvalues emerge at y = \/tlz —(t,;+x)? and y = \/tlz — (t, — k)2, marked by green

dot and red dot, respectively. The DP of the third and the fourth eigenvalues and the DP of the fifth and the

Vt1?2 — t,2, marked by orange dots.
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In Figs. 12(d-i), we compare the bulk bands given by ﬁ:;;;;fci’f(l{) (solid lines) and ﬁgSLH ppc' (K)

(discrete circles) with increasing y. When y = 0, the lattice is the Hermitian SSH model. When y+0, the edge
DPs become EPs marked by pink and magenta crosses, and gradually move toward the center of FBZ, while
the complex energy region expands from the edge to the center of the FBZ [Fig. 12(d)]. As y increases, the

real parts of bands gradually move toward zero energy, and the central gap is closed (marked by black crosses)

when y = \/ t,2 — (t, + k)2 [Fig. 12(e)]. The bands approach and the complex energy region expands

gradually to form two central DPs when y = \/t;% — t,? [Fig. 12(f)]. The real parts of bands form a central

DP again when y = \/ t;2 — (t, — k)2 [Fig. 12(g)]. Two EPs merge into one EP at the center of the FBZ

NN

O’l-—"

When y =t; [Fig. 12(h)], and disappear when y > t; [Fig. 12(1)].

(a) (b)

e—iy .
\\ m "K-FE?;F\\

g ) U J8 e v &Cs’

P == j

CHEA (d) (e) ®° (f)

FIG. 12. Schematic of the BNH SSH model for (a) passive waveguide arrays with non-Hermitian interlayer

coupling k+iy and k-i1y and (b) gain (red) and lossy (blue) waveguides. (c) Comparison of real parts and

imaginary parts of eigenvalues of ﬁ:;; ;;Cci?(l() (solid lines) and HgSLH ppc’ (K) (discrete circles) as a

function of y when K = 0. EPs are marked by black dots, and different DPs are marked by green, orange, and

red dots, respectively. Comparison of the bulk band structures of BNH SSH model in the PBCs using
17



parameters t;=2, t,= 1, «=0.2 and y =1 for (d), y = 1.6 for (e), y =1.732 for (f), y = 1.833 for (g), y = 2 for

(h), and y = 2.4 for (i). The blue solid (red dot) lines indicate the real (imaginary) parts of eigenvalues of

fynonreci
H P

<su e (), and the blue (red) discrete circles indicate the real (imaginary) parts of eigenvalues of

77GL
HSSH pPBC' (K)~

With periodic (scattering) boundary conditions along the x () direction, the bilayer supercells of Cev
topologically nontrivial PC with zigzag-type parallel non-Hermitian domain walls constructed by NIC [Fig.
13(a)] and on-site gain/loss [Fig. 13(b)] are considered. Here we also take 40 unit cells along the y direction

per layer. The Hamiltonians of the bilayer supercell using the tight-binding approximation in k space can be

written as

Hnonrecip(K) = 6y®Hmono + K&x®6'0®fN/2 + iy6x®5z®iN/2, (ER)

c6 PBC'
_ H Kl
a2 J(K) =" TN (E9
C6PBC( ) [KIN HGL ( )

5—1 fynonreci
,C = H p

H H 5 ijGL
which satisfy C.qH ce' = Heg ppe’

C6 PBC . The matrix forms of H,,,,, and Hg; are given in Egs. (D1)

and (D2). K is the Bloch wave number; Iy (Iy,;) is NxN (g X g) identical matrix, and here we take

N=240. The non-Hermitian interlayer coupling is k + iy (x — iy) between the first layer and the second layer
in the upper (lower) half part of the y-axis as shown in Fig. 13(a). Each coupling term consists of a Hermitian

part, K, and a non-Hermitian part, y. k is the reciprocal interlayer nearest-neighbor hopping as shown in Fig.

13(b). Fig. 13(c) compares the E—y relation of the eight DITISs of ﬁggzgecc,ip(l() (solid lines) and

I:I\Caé ppc' (K) (discrete circles) with parameters t; =5, t, =1, k = 0.2,and K = 0, which is similar to the

E—y relation of the BNH SSH model [Fig. 12(c)]. The non-Hermitian domain-induced bands are highlighted

by dark and light blue (red) in real(imaginary) parts.

Figs. 13(d-h) compare the projected band structures given by ﬁgg Z;ecc,ip (K) (solid lines) and H CG6L pec’ (K)

(discrete circles) with increasing y. The projected bands of the eight DITISs are similar to the bulk bands
shown in Figs. 13(e-1). We conclude that the parallel non-Hermitian domain wall in Cev PCs degenerates into
the non-Hermitian SSH model shown in Fig. 12 if we just consider the sites and couplings near the bilayer
domain walls. The non-Hermitian DITISs can be described by the non-Hermitian SSH model, whose

topological index can also be defined in this way.
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FIG. 13. (a) Supercell of bilayer Cev PCs with zigzag-type parallel non-Hermitian domain walls constructed

by (a) anisotropic coupling strength x+iy (red arrows) and x-iy (blue arrows) between two layers, and (b) on-

site gain (red) and loss (blue). (c) Comparison of the eigenvalues of ﬁggﬁ;‘;ﬁi”(l() (solid line) and

ﬁgg ppc’ (K) (discrete circles) with varying y at K = 0. The DITISs are colored in blue (real parts) and red

(imaginary parts). Comparison of parts of the projected band structures of ﬁgg ﬁrBi:C,ip (K) (solid line) and

HGL

ce ppc’ (K) (discrete circles) with t; =5, t; =1,%x=0.2 and y = 4.5 for (d), y =4.782 for (e), y =4.8468 for

(1), y=4.8817 for (g), y = 5.2 for (h).
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