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Abstract To demonstrate the existence of singular
parity-time symmetry (PT-symmetry) broken point in
optics system, we designed a one-dimensional PT sym-
metric structure including N unit-cell with loss and gain
materials in half. We performed an analytical deduction to
obtain the transmittance and reflectance of the structure
basing on Maxwell’s equations. We found that with the
exact structure unit-cell number and the imaginary part of
refraction index, the transmittance and reflectance are both
close to infinite. Such strict condition is called the singular
point in this study. At the singular point position, both the
transmission and reflection are direction-independent.
Away from the singular point, the transmittance and
reflectance become finite. In light of classical wave optics,
the single unit and total structure both become the
resonance units. The infinite transmittance and reflectance
result from the resonance matching of single unit and total
structure. In light of quantum theory, the singular point
corresponds to the single eigenvalue of electromagnetic
scattering matrix. The infinite transmittance and reflec-
tance mean a huge energy transformation from pumping
source to light waves. Numerical calculation and software
simulation both demonstrate the result.

Keywords parity-time symmetric (PT-symmetric) struc-
ture, singular point, transmittance, reflectance

1 Introduction

In designing optical transmission system, the material
refraction indexes take the leading position. Diverse
distributions of refractive index have led to great progress
in optics ranging from the design and fabrication of

photonic crystals [1] and photonic crystal fibers [2] to the
exploration of nanoplasmonics [3] and metamaterials with
negative refraction effect [4]. For most cases, people
consider the ideal dielectric with real refractive index. Loss
is a trivial problem that is usually solved by the loss
correction or compensation gain [5]. Gain is also used to
overcome the loss. For long time, loss and gain have taken
a back seat in optics design. However, such a situation has
been changed since parity-time symmetric (PT-symmetric)
structure was used in optics [6,7].
The PT-symmetric structure comes from quantum

mechanics. In quantum mechanics, the parity operator p̂
leads to x̂↕ ↓– x̂ and p̂↕ ↓– p̂, and the operator T̂ leads to
x̂↕ ↓̂x, i↕ ↓– i and p̂↕ ↓– p̂, where x̂ and p̂ represent the
position and momentum operators, respectively. For a non-
Hermitian Hamiltonian Ĥ ¼ p̂2=2þ V ðx̂Þ associated with
a complex potential V ðx̂Þ, it is parity-time symmetric
provided that it commutes with the parity-time operator,
i.e., Ĥ p̂T̂ = p̂T̂ Ĥ . In this case, Ĥ and p̂T̂ have a common
set of eigenfunctions and the non-Hermitian Hamiltonians
can actually possess entirely real spectra as the Hermitian
Hamiltonians possess. The lack of completeness or the
breaking of PT-symmetry is associated with the presence
of exceptional points for the discrete spectrum or the
spectral singularity for the continuous spectrum [8].
Matter wave phenomena under the framework of non-

Hermitian Hamiltonians are often taken as an analogy
study in optical systems with balanced gain and loss,
because optics can provide a productive test bed where the
notions of parity time symmetry can be experimentally
explored. In optics, PT-symmetry demands that the
complex refractive index obeys the condition n(r) = n*
( – r), in other words the real part of the refractive index
should be an even function of position, whereas the
imaginary part must be odd. In these optical systems, gain
and loss have played the important role in determining
optical properties. Many intriguing physical phenomena
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with PT-symmetric systems have been predicted and
observed, such as loss induced transparency [9], power
oscillations and nonreciprocity of light propagation [7],
coherent perfect absorber-lasers [10–12], optical switches
[13], on-chip optical isolation [14–16]. The one-dimen-
sional sinusoidal [17,18] and layered PT symmetric
complex crystals [19,20] with balanced gain/loss modula-
tions may be highlighted since they show one-way
enhanced reflection, while remains total transmission
(unidirectional invisibility). The unique phenomena
occur at the exception point or PT-symmetry breaking
threshold. At the special position, the sum of reflectance
and transmittance are larger than unit, which means that the
extra energy is obtained from pumping light to the gain
regions of the structure. Another important PT-symmetry
phenomenon is that the spectral singularities in complex
scattering potentials are achieved through an electromag-
netic waveguide [8]. At the spectral singularities unbelie-
vable infinite reflectance and transmittance occur. Other
researchers also pointed out the existence of novel singular
points in the broken-symmetry phase [10–12,21,22]. The
singular points are associated to the single eigenvector and
eigenvalue of electromagnetic scattering matrix (S matrix)
[21]. Although the concept of spectral singularities has
been introduced into optics system, the analyzed method is
also based on quantum theory [8]. In this paper, we
demonstrate the existence of the singular broken PT-
symmetry points through a classical analytical method
from Maxwell equations. Thus our study can provide a
more direct demonstration about the singular point.
Different from the structures including one unit-cell with
loss and gain materials in half embedded in the rectangular
waveguide [10–12,21,22], the structure in this study is a
one-dimensional model including N unit-cell with loss and
gain materials in half. We verify that the singular broken
PT-symmetry point has infinite reflectance and transmit-
tance. In this paper. we find that the direct physical reason
for the singular point is the exact match between the unit
resonance and the system resonance. We also find the
singular point just corresponds to the single eigenvalue of
the electromagnetic S matrix. The results are also
demonstrated through numerical calculation and software
simulation.

2 Model and analytical deduction

Optical PT-symmetry in one-dimensional structure
requires the complex refractive index distributed in x
direction in the form of n(x) = n*( – x). In this paper we
construct such PT symmetric structure by placing two
layers A and B with the same thickness d alternately in the
x-axis. The refraction indexes for layers A and B are
chosen as nA = n0 + i� and nB = n0 – i�, respectively, to
satisfy the PT-symmetry condition. The structure is
schematized in Fig. 1.

For such structure with N period units, we can obtain its
transmission properties through strict analytical deduction.
For layered structures, the transmittance and reflectance are
dependent on the transfer matrixes [23]. The matrixes
associated with layers A and B are

mA ¼ cosδA – i=nAsinδA

– inAsinδA cosδA

" #
, (1)

and

mB ¼ cosδB – i=nBsinδB

– inBsinδB cosδB

" #
, (2)

where δA ¼ nAk0d ¼ n0k0d þ i�k0d and δB ¼ nBk0d ¼
n0k0d – i�k0d denote the phase change for normal
incidence in layers A and B, respectively. For left
incidence (from left to right), the matrix for a unit-cell is

m ¼ mAmB ¼ m11 m12

m21 m22

� �
¼

cosδAcosδB – nB=nAsinδAsinδB – i=nBcosδAsinδB – i=nAsinδAcosδB

– inBcosδAsinδB – inAsinδAcosδB cosδAcosδB – nA=nBsinδAsinδB

" #
: (3)

For the whole periodic structure with N unit-cells, we have the total matrix M

M ¼ mN ¼ M11 M12

M21 M22

" #
¼

m11uN – 1ðaÞ – uN – 2ðaÞ m12uN – 1ðaÞ
m21uN – 1ðaÞ m22uN – 1ðaÞ – uN – 2ðaÞ

" #
, (4)

where a ¼ ðm11 þ m22Þ=2 and uN are the Chebyshev
Polynomials of the second kind from [23] uN að Þ ¼ sin½ðN þ 1Þcos – 1ðaÞ�ffiffiffiffiffiffiffiffiffiffiffi

1 – a2
p : (5)

Fig. 1 Schematic diagram of PT symmetric layered structure
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For background material with refraction index n0, the
transmittance and reflectance of left incidence are
respectively

Tlef t ¼  ����� 2n0
ðM11 þM22Þn0 þ ðM12n

2
0 þM21Þ

  �����, (6)

Rlef t ¼  ����� ðM11 –M22Þn0 þ ðM12n
2
0 –M21Þ

ðM11 þM22Þn0 þ ðM12n
2
0 þM21Þ

  �����: (7)

To obtain Tleft and Rleft, we first calculate the important
parameter a. For simplicity, we denote δA ¼ δþ iΔ and
δB ¼ δ – iΔ, in which δ ¼ n0k0d and Δ ¼ �k0d. Thus we
have

a ¼ ðm11 þ m22Þ=2

    ¼ cosδAcosδB –
1

2

nB
nA

þ nA
nB

� �
sinδAsinδB

    ¼ eiðδþiΔÞ þ e – iðδþiΔÞ

2

eiðδ – iΔÞ þ e – iðδ – iΔÞ

2

                –
1

2

n20 – �
2

n20 þ �2
eiðδþiΔÞ – e – iðδþiΔÞ

2i

eiðδ – iΔÞ – e – iðδ – iΔÞ

2i

    ¼ cosð2δþ κÞ ¼ cosα, (8)

where α ¼ 2δþ κ, and κ is a small quantity that is used to

correct the approximation of
n20 – �

2

n20 þ �2
¼ 1 for n0>>� used

in the conduction of Eq. (8). Here, we make the first
constraint condition

2δ ¼ jπ ðj ¼ 1,  2,  3:::Þ: (9)

From δ ¼ n0k0d, we have

d ¼ jl=ð4n0Þ ðj ¼ 1,  2,  3:::Þ, (10)

where l is the incidence wavelength. Thus we have

uN að Þ ¼ sin½ðN þ 1Þα�
sinα

, (11)

and

M11 ¼ m11
sinðNαÞ
sinα

–
sin½ðN – 1Þα�

sinα
, (12)

M12 ¼ m12
sinðNαÞ
sinα

, (13)

M21 ¼ m21
sinðNαÞ
sinα

, (14)

M22 ¼ m22
sinðNαÞ
sinα

–
sin½ðN – 1Þα�

sinα
: (15)

Next basing on α ¼ 2δþ κ ¼ jπþ κ, we make follow-
ing operations.

M11 þM22 ¼ m11 þ m22ð ÞsinðNαÞ
sinα

– 2
sin½ðN – 1Þα�

sinα

¼ 2cosα
sinðNαÞ
sinα

– 2
sin½ðN – 1Þα�

sinα

¼ 2

sinα
cosαsin Nαð Þ – sin Nα – αð Þ½ �

¼ 2cosðNαÞ

  ¼ 2cosðNjπþ NκÞ: (16)

For large N, we apply the second constraint condition

Nκ ¼ ðN1 þ 1=2Þπ ðN1 ¼ 0,  � 1,  � 2:::Þ: (17)

That leads to

M11 þM22 ¼ 0, (18)

M11 –M22 ¼
�ðm11 –m22Þ

sinα
¼ �4i�n0sinδAsinδB

ðn20 þ �2Þsinα , (19)

M12 ¼
�m12

sinα
, (20)

M21 ¼
�m21

sinα
, (21)

M12n
2
0 ¼

�m12

sinα
n20

           ¼ � – i
n20
nB

cosδAsinδB – i
n20
nA

sinδAcosδB

� �
=sinα

           ¼ � – inAcosδAsinδB – inBsinδAcosδB½ � n20
n20 þ �2

=sinα

           ¼ �½ – inAcosδAsinδB – inBsinδAcosδB�=sinα: (22)

In Eq. (22), we have made the only approximation in this
study for the large contrast of n0 and �

n20
n20 þ �2

� 1: (23)

Under this approximation, we further have
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M12n
2
0 þM21 ¼ �½ – icosδAsinδBðnA þ nBÞ

  – isinδAcosδBðnA þ nBÞ�=sinα

  ¼ �i2n0ðcosδAsinδB þ sinδAcosδBÞ=sinα,
(24)

M12n
2
0 –M21 ¼ �½ – icosδAsinδBðnA – nBÞ

  – icosδBsinδAðnA – nBÞ�=sinα

  ¼ �2�ðcosδAsinδB þ cosδBsinδAÞ=sinα,
(25)

cosδAsinδB þ cosδBsinδA

¼ eiðδþiΔÞ þ e – iðδþiΔÞ

2

eiðδ – iΔÞ – e – iðδ – iΔÞ

2i

þ eiðδ – iΔÞ þ e – iðδ – iΔÞ

2

eiðδþiΔÞ – e – iðδþiΔÞ

2i

¼ sinð2δÞ: (26)

Taking Eqs. (18), (19), (24) and (25) into Eqs. (6) and
(7), we obtain

Tlef t ¼  ������ 2n0

ðM11 þM22Þn0 þ ðM12n
2
0 þM21

�  ������

¼  ���� 2n0sinα
0� 2in0sinð2δÞ

  ����
¼  ���� sinα

sinð2δÞ  ����, (27)

Rlef t ¼  ����� ðM11 –M22Þn0 þ ðM12n
2
0 –M21Þ

ðM11 þM22Þn0 þ ðM12n
2
0 þM21Þ

  �����
¼  ������ 2�n20sinδAsinδB

ðn20þ�2Þ � i�sinð2δÞsinα
�n0sinð2δÞ

  �����: (28)

From Eq. (9), we have sinð2δÞ = 0. Since sinα, sinδA and
sinδB are all finite, Tleft and Rleft are both close to infinite.
The infinite values are based on a special status. Thus
Eqs. (9) and (28) state the resonance condition and the
resonance amplification effect, respectively. We will
demonstrate in the next section that it is a special PT-
symmetry broken point. However, we should notice that
the infinite Tleft and Rleft are based on the constraint
conditions of Eqs. (9) and (17). Such conditions lead that
such PT-symmetry broken points should be singular and
only dependent on the two special structure parameters N
and � if Eq. (9) holds.
Up to here, one may ask whether the infinite Tleft and

Rleft occur for only left incidence. In this study, we can
demonstrate for right incidence (from right to left) infinite
transmittance and reflectance occur at the same parameters
N and �. In fact, for right incidence the matrix of a unit-cell
is

m# ¼ mBmA ¼ mí11 mí12
mí21 mí22

" #
¼

cosδBcosδA – nA=nBsinδBsinδA – i=nAcosδBsinδA – i=nBcosδAsinδB

– inBcosδAsinδB – inAcosδBsinδA cosδBcosδA – nB=nAsinδBsinδA

" #
: (29)

The total matrix M′ is

M# ¼ m#N ¼ Mí
11 Mí

12

Mí
21 Mí

22

" #
¼

mí11uN – 1ða#Þ – uN – 2ða#Þ mí12uN – 1ða#Þ
mí21uN – 1ða#Þ mí22uN – 1ða#Þ – uN – 2ða#Þ

" #
: (30)

From Eq. (30), we easily find that a# ¼ ðmí11 þ mí22Þ=2
¼ ðm11 þ m22Þ=2 ¼ a. In this condition, we can
demonstrate Mí

11 þMí
22 ¼ M11 þM22, Mí

11 –M
í
22 ¼

– ðM11 –M22Þ, M
0
12 ¼ M12 and M

0
21 ¼ M21. Comparing

Eqs. (6) and (7) with

Tlef t ¼  ���� 2n0
Mí

11 þMí
22ð Þn0 þ Mí

12 n
2
0 þ Mí

21

	 
  ����, (31)

Rlef t ¼  ���� Mí
11 –M

í
22ð Þn0 þ Mí

12 n
2
0 – Mí

21

	 

Mí

11 þMí
22ð Þn0 þ Mí

12 n
2
0 þ Mí

21

	 
  ����, (32)

we find Tright is always equal to Tleft, thus the transmission
is always reciprocal. However, without the constraint
condition of Eq. (9), Mí

12n
2
0 –M

í
21 is not equal to zero.

Because of Mí
11 –M

í
22 ¼ – ðM11 –M22Þ, Rright is not equal

to Rleft. Therefore, only at the isolated PT-symmetry
broken point with Mí

12n
2
0 –M

í
21 = 0, the reflection is

reciprocal.
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3 Demonstration by numerical calculations
and simulation

Here we consider a specific example. Taking arbitrary
values of l = 150 nm and n0 = 3, the value of d is taken as
d ¼ 5l=ð4n0Þ = 62.5 nm according to Eq. (10). Thus Tleft
and Rleft are only dependent on the two parameters N and �.
Based on Eqs. (6) and (7) and a Matlab program, the 3D
plots of Tleft(N,�) and Rleft(N, �) are plotted in Fig. 2. We
can see from the figure that there is an isolated point at N =
149 and � = 0.0158 at which both Tleft and Rleft are close to
infinite. Such result just demonstrates the above analytical
formulations. It also demonstrates the existence of the
singular PT-symmetry broken point aforementioned.
About the point, two features should be mentioned. First,
it is achieved through a finite period number and small
modulation depth of index. Second, according to the
analytical formulations in above section, if d ¼ 5l=ð4n0Þ
holds, the wavelength l can be arbitrary changed and the

PT-symmetry broken point keep its position invariant. For
example, if we take l = 15 nm and d = 6.25 nm, the PT-
symmetry broken point still occurs at N = 149 and � =
0.0158. Such feature provides us much flexibility in
designing PT-symmetry dependent device. For simplicity,
we do not show the result.
The PT-symmetry breaking can be seen from the

eigenvalues of scattering matrix S [21,22] that can be
deduced from the matrix M in Eq. (4). For PT-symmetric
systems, the eigenvalues of the S matrix either form pairs
that are unimodular in the exact PT phase, or are with
reciprocal moduli in the broken symmetry phase [22]. In
Fig. 3, we plot them with different N for � = 0.0158. It is
seen from the figure that out of the range of 145<N< 153,
all the two eigenvalues are unimodular. The PT-symmetry
broken occurs in the range 145<N< 153 in which the two
eigenvalues form reciprocal relation. However, in the
range 145<N< 153, the two eigenvalues take a jumping
just at N = 149 at which they are close to infinite and zero,
respectively. The singularity of eigenvalues just corre-
sponds to the singular PT-symmetry broken point. The
dependence of the singular PT-symmetry broken point on
Nmeans that the structure length plays an important role in
determining the optical properties of layered PT-symmetric
structure. Some similar results have been reported [18,19].
In Ref. [18], authors proposed sinusoidal PT-symmetric
complex crystals of finite thickness and found three
regimes of lengths in which the structure takes on different
properties. In Ref. [19], authors proposed periodic multi-
layer structures with PT that exhibits anisotropic reflection
oscillation patterns as the number of unit-cells is increas-
ing. Different from those in Refs. [18,19], the reflection
and transmission in our study are close to infinite and occur
at the isolated PT-symmetry broken point.
To explore the transmission mechanism of infinite Tleft

and Rleft, we perform a simulation through Comsol
software based on finite element method. We use a 2D

Fig. 2 (a) Transmittance and (b) reflectance for left incidence as
a function of N and �

Fig. 3 Two eigenvalues of the S matrix with � = 0.0158 as a
function of N
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structure in the xy plane instead of infinite one-dimensional
structure in x direction and periodic boundary condition in
the y direction. We also use two ports at the two interfaces
of the 2D structure to excite plane wave with Ez field. The
source field value is taken as 0.02 V/m. We perform a
frequency domain simulation with incidence wavelength l
= 150 nm and the structure parameters as given in
Section 2. The results are shown in Fig. 4(a), through
which we find huge field amplification in the PT-
symmetric structure. Figure 4(b) is the localized region
of Fig. 4(a). The dashed lines denote the interfaces of each
unit cell. We clearly find that every interface is exactly at
the localized maximum value or minimum value, which
means an intense resonance effect occurring at the
interfaces. Physically, besides each unit-cell can be
function as a resonance unit, the whole structure forms a
resonance system. Only if the unit resonance and the
system resonance are exactly matched, can the infinite
transmittance and reflectance occur. The matched condi-
tion is dependent on the values of N and �. Because this is
an open system, the coupled resonance leads to a huge
energy transformation from pumping energy source into
the gain regions of the structure. The energy transforma-
tion will bring about the infinite transmittance and
reflectance.

4 Conclusion

In this paper, we constructed a simple one-dimensional PT-
symmetric structure in which the unit cell includes two
layers with the conjugated refraction indexes. We found a
singular PT-symmetry point corresponding to a special unit
cell number and parameter �. At the singular PT-symmetry
point, infinite transmittance and reflectance simultaneously
occur. At the singular point position, both the transmission
and reflection are direction-independent. Away from the
singular point, the transmittance and reflectance will
become finite. Such result means a huge energy transfor-
mation from pumping source to light waves. This study
demonstrates the quantum theory for the singular point of
PT-symmetry system is well in agreement with the
classical analysis from the wave optics. Undoubtedly, the
strange optical phenomena can be applied in nonlinear
optics, energy transformation or other functional optical
devices.
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