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Abstract The tightly focused field of an incident light
beam through cubic phase modulation has been investi-
gated by vectorial diffraction theory. For different
modulation index of cubic phase and polarization states
of the incident light, the focused fields have been
presented. The results show that the Airy-like field can
be produced by cubic phase modulation under high
numerical aperture (NA) optical system. Intensity pattern
and length of the main lobe are depended on modulation
index for the spatial uniform polarization, and the Airy-like
field is affected by polarization state for the spatial
nonuniform polarization. It is helpful to structure new
optical fields in optical manipulation, optical imaging, and
surface plasma controlling.
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1 Introduction

In 1979, Berry and Balazs [1] first demonstrated that a
nonspreading Airy wave packet solution is satisfied to the
potential-free Schrodinger equation in theory. Then, based
on the Fourier transform, the finite-energy Airy wave
packet is a Gauss beam modulated with cubic phase.
Siviloglou et al. [2] reported the first observation of Airy
beam, which can exhibit unusual optical features such as
the nondiffraction propagation and free acceleration over a
long distance. Justly due to the distinctive properties of
nondiffraction, self-healing, transverse acceleration and
autofocusing, Airy beams have exhibited tremendous
application potentials in these fields [3—13], for example,
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optical microscopy, spatiotemporal Airy light bullets,
optical micromanipulation of particles, and surface plasma
control.

For the generation of Airy beam, the general method is
cubic phase modulation of a Gauss beam in optical Fourier
transform system, due to the relation between Gauss
function with cubic phase and Airy function. At present,
the cubic phase modulation can be implemented by spatial
light modulation, quadratic nonlinear photonic crystal,
polymer-dispersed liquid crystals (PDLC) with a binary
phase pattern, liquid crystals with a binary phase pattern
electrode, nanograting and continuous phase plate [14-20].
Meanwhile, based on the approximate expression of Airy
function, 3/2 phase modulation could be exploited to
directly generate Airy beam and the optical Fourier
transform system was not necessary [21]. By the
geometrical properties of paraxial or non-paraxial optical
caustics and the Legendre transform, direct spatial phase
encoding and imaging could generate arbitrary convex
accelerating optical beams [22]. When cubic phase
collaborated with one-dimension (1D) binary function,
the main lobe of super-Airy beam could present smaller
size and higher intensity than the main lobe of Airy beam
[23]. Obviously, these aforementioned optical systems and
methods based on Fourier transformation or Fresnel
diffraction did not involve the vectorial character of
optical diffraction. To comprehensively analyze Airy
beam, many nonparaxial and vectorial methods [24-27]
were presented, and the new family of Airy beam can be
generated.

The high numerical aperture (NA) optical system can
also be analyzed by the vectorial diffraction theory,
wherein a small focus and short focal depth appears.
Furthermore, the focused field often relates to the
polarization state of the incident light beam. If special
optical fields can be produced by phase or polarization
modulation, where the focus size lies on high NA and the
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focal depth has long length, this will make them find more
applications. Considering the nondiffraction character of
Airy beam, the wavefront coded by cubic phase mask or
squared cubic phase mask was directly exploited to
engineer point spread functions in optical imaging system
[28,29], but the tightly focused field generated directly by
cubic phase modulation had not been fully investigated.
Therefore, under the high NA optical system, it is very
necessary to exploit these important physics parameters to
structure the new focused field, such as phase modulation
strength of cubic phase and polarization state of the
incident light beam. In this paper, we investigated the
tightly focused field generated by cubic phase modulation.
Through the vectorial diffraction theory, the optical
intensity distribution near the focus was presented. By
the numerical simulation, different focused optical fields
were generated and analyzed. Finally, the relations
between Airy-like field, modulation index of cubic phase
and polarization state of the incident light were presented.

2 Theory

In the proposed optical system, the parallel light beam is
collimated and conveyed through a cubic phase plate, then
focused by a high-NA objective lens. The tightly focused
field can be presented by the vectorial diffraction theory
[30]. Here, the cubic phase distribution P(x, y) in the exit
aperture of objective lens can be expressed as

P(xy) = exp{ia[(x + )" + (x-»)’]}, (1

1 + (cosf—1)cos®ep
A(0,0) = | (cos—1)cospsing
sinfcosp

The matrix unit vector, [px; py; pz], which depends on
the polarization states of incident light beam, can be
expressed as

px 1
py| = |0 Linear polarization along x—axis,
pz 0
(4-1)

px Y
py| = 7 i Right circular polarization, (4-2)
pz 0

px cost

py | = | sinf | Radial polarization, (4-3)

pz 0
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where « is the modulation index. x and y are the Cartesian
coordinates in the exit aperture plane. For Airy beam, the
direction of transverse acceleration is depended on the sign
of a.

When the high-NA objective lens without aberration is
satisfied to Abbe’s sine condition, the tightly focused field
of incident beam with different amplitude, phase and
polarization can be expressed as

p r2n
E(rgr2) = iC [ [ VeoslEo(0.0)4(0.0)P(0.9)

pX
Py eikn(zzcosﬂ+rzsin0005(q)ﬂpz))Sin9d9d¢’ (2)

pz

where E(r,,p,,2,) s the electric field at the point (r,,¢,,2)
near the focus, and C is the normalized constant. Integral
upper limit S is equal to arcsin(NA/ n). Here, NA is the
numerical aperture of the objective, and # is the refractive
index of the focal region. v/cosf is the apodization factor,
and Ey(6, ¢) is the amplitude distribution of incident light
beam. P(0, ¢) is the expression of Eq. (1) under the
cylindrical coordinates, based on x = fsinfcosp and y =
fSinfsing. f is the focal length of the high-NA objective
lens. & is the wave number of the focal region and equals
2nn/A. A(6,p) is a 3x3 matrix related with the structure of
the objective lens. For the aplanatic lens, 4(6,p) can be
expressed as

(cosf—1)cospsing  —sinfcosg
1 + (cosf—1)sin’p  —sinfsing 3)
sinfsing cosf
px —sinf
py | = | cosf Azimuthalpolarization.  (4-4)
pz 0

Therefore, the electric intensity distributions of tightly
focused field generated by cubic phase modulation are

given by I = |E|* + |Eo|* + [Exf.

3 Simulation and discussion

To investigate the tightly focused optical field generated in
the proposed optical system, we suppose that the amplitude
distribution of incident light beam E(6, ¢) is Gauss
function, and equals to exp(—#’sin’6/sin*f). Here, 7 is the
ratio of the pupil radius to the beam waist, and assumed to
be 1/2 as an example in this case. When the incident light
beam with wavelength of 500 nm is circular polarization,
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the focused optical fields through a high-NA oil-immersion
objective of NA= 1.4 and n = 1.518 are simulated by
Eq. (2), whose pupil radius is 10 mm.

Based on Eq. (1), the cubic phase masks with different
modulation index o« are shown in Fig. 1. The wrapped
phase is from —x to 7. Obviously, there are two symmetry
axes in the phase map. Here, the phase map is symmetric to
the x-axis, but is antisymmetric to the y-axis, which
determines the acceleration direction along the x-axis for
Airy beam [23]. Considering the electric fields shown in
Eq. (2), when the phase map, amplitude and polarization
distribution are rotational symmetric, the focused fields of
high NA optical system without aberration will also be
rotational symmetric. Under the above assumed condition,
this means that the focused fields modulated by the cubic
phase maybe have transverse acceleration. Meanwhile, the
central part looking like an “eye” in cubic phase has
relatively slow phase modulation along the y-axis, but the
outer part locating away from the “eye” has fast phase
modulation. Therefore, modulation index can determine
the weight between slow and fast phase part, then make the
focused field take a change.

For illuminating the effect of cubic phase, the focused
optical fields normalized by the intensity peak of the main
lobe in the focal plane are presented in Fig. 2. When o =0,
it is corresponding to the case without cubic phase
modulation shown in Figs. 2(a)—2(c), the tightly focused
fields are rotational symmetric at the transverse plane, but
the intensity values and patterns will take a change with the
increasing of z. Here, we define the nondiffraction length
as the distance between the two transverse planes, where
the intensity peak is equal to the 1/2 of intensity peak in the
focal plane. Thus, the nondiffraction length is about A for
the case of a = 0. For the case of cubic phase with o =0.01,
the different focused fields are presented in Figs. 2(d)—
2(i). Note that one main lobe with some minor lobes
conveys most of light energy along several diffraction
lengths, and all lobes hold on transverse acceleration along
the x-axis, which is similar to the case of Airy beam. So,
we define this focused field as Airy-like field. Considering
the phase distribution in Fig. 1, the acceleration direction
of the Airy-like field can be determined by the location of
symmetry axis (x-axis) in cubic phase map. While the
intensity patterns of main lobe along the acceleration

Fig. 1

trajectory take some change, the main lobe can carry
certain light energy from z =—6.81 to 6.84. Compared with
the case without cubic phase modulation, the nondiffrac-
tion length is enlarged about 14 times. Here, Figs. 2(b) and
2(e) depict the optical fields in the focal plane. Note that
the position, shape and size of main lobe are changed by
the cubic phase. Compared with the Gauss spot at the focal
plane, the main lobe locates at (—0.684, 0), takes on coma
shape, and has a larger area. Due to the cubic phase part
involving in coma aberration of the optical system, cubic
phase modulation in our proposed system has the similar
effect, which makes the main lobe take a change along the
acceleration trajectory. This is corresponding to Figs. 2(d)
—2(h). Especially, there are two areas near z =—54 and 51
in Fig. 2 (d), in which the main lobe takes an obvious
change and minor lobes become weaker. From the three-
dimensional optical field shown in Fig. 2(i), note that the
intensity pattern of the main lobe is transformed from
triangle shape to oval shape, and the size of the main lobe
is decreased. This case can be further proved in Figs. 2(g)
and 2(h). Considering of Eq. (2), in high NA optical
system, the tightly focused field is not perfect Fourier
transform of Gauss beam with cubic phase. In theory, this
induces the intensity patterns and acceleration trajectory of
the main lobe in the focused field differ from the main lobe
of Airy beam, but the Airy-like field simultaneously keeps
some characteristics of Airy beam. Therefore, cubic phase
modulation can produce Airy-like field in the high NA
optical system.

To further investigate the effect of a, the normalized
longitudinal and transverse optical fields are presented in
Fig. 3. Note that the direction of transverse acceleration is
not changing for different a, which once demonstrates the
acceleration direction of Airy-like field is determined by
the symmetry of cubic phase map. When o takes a smaller
value, the nondiffraction length of Airy-like field
decreases, these minor lobes become weaker, and the
intensity patterns of the main lobe along the acceleration
trajectory become more uniform. Obviously, compared
with Figs. 3(b) and 3(c), Fig. 3(a) has no two areas, in
which the intensity patterns of the main lobe will
transform. If a<<0.0005, cubic phase modulation almost
takes no effect, thus the main lobe gradually becomes the
Gaussian circular spot. However, with the increasing of

-7

Cubic phase masks with different modulation indexes. (a) « = 0.002; (b) = 0.01; (c) = 0.08
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Fig. 2 Normalized optical fields modulated without and with cubic phase. When = 0, the longitudinal optical field through the focus is
(a), the transverse optical fields are at (b) z=0 and (c) z = 0.54. When « = 0.01, the longitudinal optical field through the focus is (d), the
transverse optical fields are at (¢) z =0, (f) z= 4, (g) z=4.74, and (h) z = 6.8 A. Here, (i) is corresponding to the area shown by the dashed

box in (d)
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Fig. 3 Normalized optical fields modulated by different cubic phase. The longitudinal optical fields through the focus are (a) —(d) and the
transverse optical fields in the focal plane are (e) —(h), for the case of o= 0.002, 0.008, 0.02, and 0.06, respectively

modulation index, Figs. 3(c) and 3(d) show that the
intensity patterns of the main lobe first take on pearl shape
near the focus, then become pearl shape with different size.
If a2 0.14, the intensity patterns of main and minor lobes
become optical speckles. Thus, when a is from 0.0005 to
0.14, Airy-like field can be produced in this case. Based on
the optical fields shown in Figs. 3(a)—3(h), when a is
0.002, 0.008, 0.02, and 0.06, respectively, the location of
main lobes in the focal plane is (—0.364, 0), (-0.64, 0),
(-0.844, 0), and (—1.24, 0). Meanwhile, the nondiffraction
lengths of Airy-like field are about 2.44, 114, 214, and 564.
These results show that the increasing of modulation index
can keep main lobes away from the focus and generate

Airy-like field with longer nondiffraction length. Con-
sidering the cubic phase maps in Fig. 1, this implies that
the “eye” part of phase map determines the transverse
acceleration of main lobe, but other parts of phase map
enlarge the nondiffraction length and produce more minor
lobes. Since the modulation index takes a small value, the
phase of incident light at the exit aperture is depended on
the “eye” part. Then, slow phase modulation inclines the
plane wavefront of incident light at certain angle and
induces some coma aberration. Thus, the Airy-like field
takes on transverse acceleration. On the other hand, since
the modulation index takes a relatively large value, the
weight of the “eye” part becomes small. This decreases the
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effective aperture of incident light with titled wavefront
and produces longer nondiffraction length. Meanwhile,
fast phase modulation induces interference effect, and
generates more minor lobes. In application, modulation
index must be selected carefully by the physical parameters
of optical system to obtain appropriate Airy-like field.
For the high NA optical system, the tightly focused field

is usually affected by the polarization state of incident light
[31]. Then, in order to investigate the effect of polarization,
the normalized optical fields obtained by different
polarized light, such as x-axis linear polarization, circular
polarization, radial polarization and azimuthal polariza-
tion, are presented in Fig. 4. Here, based on the change
trend of Airy-like field shown in Fig. 3, we take a = 0.004

Fig. 4 Normalized optical fields obtained by different polarized lights. The three-dimensional optical fields are (a)—(d) for x-axis linear
polarization, circular polarization, azimuthal polarization and radial polarization, respectively. Here, the longitudinal optical fields through
the focus are (a)-1-(d)-1, and the transverse optical fields at z = 0, 1.5 and 22 are (a)-t1—(d)-t3
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as an example, and other simulation parameters remain the
same. It is noted that, when the polarization state of
incident light is spatial uniform, such as linear and circular
polarization, Figs. 4(a)-tl and 4(b)-t]1 show that the main
lobe of Airy-like field has only one intensity peak and keep
clear distance to minor lobes in the focal plane. Along the
acceleration trajectory, the Airy-like field depicted in Figs.
4(a)-1 and 4(b)-1 can hold one main lobe and make the
nondiffication length reach approximately 6A. Further-
more, the Airy-like fields generated by circularly and
linearly polarized light have no difference. This is proved
by Figs. 4(a) and 4(b). However, when the incident light is
azimuthal polarization, Fig. 4(c)-tl shows the main lobe of
Airy-like field has two intensity peaks and also keeps clear
distance to minor lobes in the focal plane. In Fig. 4(c)-l,
there are two obvious transition areas located from z = A to
z = 2, and z = —2A to z = —4 along the acceleration
trajectory, respectively. Based on Figs. 4(c), 4(c)-l1 and
4(c)-t, it is found that the transition areas are induced by the
change of the main lobe from two-peak mode to one-peak
mode, and the change of intensity patterns are discrete. For
the case of radially polarized light shown in Figs. 4(d)-1
and 4(d)-t, the main lobe also has two intensity peaks in the
focal plane and will change into one-peak mode along the
acceleration trajectory. However, main lobe cannot keep
clear distance to the minor lobe. Compared with Fig. 4(c),
it is found that the change of main lobe from two-peak
mode to one-peak mode is more successive. Then, for
further investigating this difference induced by the
azimuthally and radially polarized light, all electric parts
of the Airy-like field at z = 1.54 plane, corresponding to
Figs. 4(c)-t2 and 4(d)-t2, are shown in Fig. 5. Note that the
changes of main lobes are depended on the relative weight
of all-electric parts, the electric parts /. and I, for radially
polarized light are respectively similar to the /, and I, for
azimuthally polarized light, but a strong longitudinal part I,
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is presented for radially polarized light. Thus, transverse
parts of the Airy-like field for spatial nonuniform
polarization also have similar distribution patterns. This
case has been presented for spatial uniform polarization. In
addition, the strong longitudinal part /. can make the Airy-
like field take on different change trend for radially
polarized light. Therefore, under the high NA optical
system, the Airy-like field is affected by spatial nonuni-
form polarization, and the strong longitudinal part /. maybe
is helpful to produce more complex Airy-like field.
During our simulation, it is also found that the Airy-like
field is determined with electric part /. for the x-axis
linearly polarized light. For the circularly polarized light,
electric parts I, and I, of the Airy-like field have the same
distributions, which are similar to the electric part I, for x-
axis linearly polarized light. Justly, this case induces the
Airy-like field generated by the circularly polarized light
similar to the field for the x-axis linearly polarized light.
Based on the relation between linear and circular
polarization, the Airy-like field generated by the y-axis
linearly polarized light will also be similar to the field for
the x-axis linearly polarized light. This phenomenon is
different to the general case without cubic phase modula-
tion, where linear polarization often makes the focused
field to take on different magnifications along the parallel
and perpendicular directions of polarization. So, cubic
phase modulation can make the Airy-like field insensitive
to the spatial uniform polarization under high NA optical
system. However, for the spatial nonuniform polarization
such as radial and azimuthal polarization, there are obvious
differences in the electric parts /., I, and I, of the Airy-like
field. Compared with the electric part I, for the x-axis
linearly polarized light, these transverse electric parts /.
and I, have different intensity patterns, but the longitudinal
electric part 7, has almost similar intensity pattern. Then,
cubic phase modulation mainly affects the transverse parts

(©

(d

(e

Fig. 5 Electric field parts in the transverse plane at z = 1.52 for (a) and (b) azimuthally and (c)—(e) radially polarized light
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of the Airy-like field for the spatial nonuniform polarized
light. On the other hand, the intensity of longitudinal part 7,
is sensitive to the modulation index. Therefore, for the
linearly and circularly polarized light, the Airy-like field
generated by cubic phase modulation is mainly depended
on the modulation index. However, for the spatial
nonuniform polarized light, the Airy-like field is depended
on the modulation index and polarization state. In future,
the radially polarized light with cubic phase modulation
may afford plentiful optical field structures.

4 Conclusion

In this paper, the tightly focused fields of an incident light
with cubic phase modulation have been investigated by
vectorial diffraction theory. The results show that, when
the incident light modulated by cubic phase in the high NA
optical system, the Airy-like field with nondiffraction and
transverse acceleration will be presented. For the circularly
polarized incident light, with the increasing of modulation
index in cubic phase, the nondiffraction length of the main
lobe will enlarge, but the intensity patterns of the main lobe
will transform from uniform to light pearl. Justly due to the
change of intensity patterns, there are two transition areas
presented at the transverse acceleration trajectory, which is
different to the case of Airy beam. In addition, the locations
of'the main lobe in the focal plane will be far away from the
focus. All of these can be attributed to the similar coma
aberration and interference effect induced by cubic phase.
Meanwhile, cubic phase can make the Airy-like field has
different sensitivities to the polarization state of incident
light. The Airy-like field for the linearly polarized light is
the same as the case of circularly polarized light. However,
for the spatial nonuniform polarized light, such as
azimuthal and radial polarization, the intensity patterns
of the main lobe will transform from two-peak mode to
one-peak mode along the acceleration trajectory. This is
due to the different distribution of electric parts /,, /, and .
in the Airy-like field. The Airy-like field produced by our
method may have great potentials in light manipulation,
imaging and surface plasma control.
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