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Abstract In this paper, we experimentally demonstrate
an all-optical continuously tunable fractional-order differ-
entiator using on-chip cascaded electrically tuned micror-
ing resonators (MRRs). By changing the voltage applied
on a MRR, the phase shift at the resonance frequency of the
MRR varies, which can be used to implement tunable
fractional-order differentiator. Hence fractional-order dif-
ferentiator with a larger tunable range can be obtained by
cascading more MRR units on a single chip. In the
experiment, we applied two direct current voltage sources
on two cascaded MRRs respectively, and a tunable order
range of 0.57 to 2 have been demonstrated with Gaussian
pulse injection, which is the largest tuning range to our
knowledge.

Keywords all-optical devices, optical differentiator, opti-
cal signal processing

1 Introduction

Optical differentiation is one of the basic function building
blocks to implement optical signal processors for ultra-fast
computing and signal processing [1]. Optical differentiator
has received significant attentions lately due to its wide
applications in numerous fields such as optical computing,
optical communications, optical metrology, optical digital
processing and analog processing, and optical sensing [2–
7].
Over the last few years, lots of methods have been

proposed to implement all-optical temporal differentiation.
Specially designed fiber Bragg gratings (FBGs) [8], phase-
shifted FBG [3], long period fiber grating [6], interferom-
eters [9], semiconductor optical amplifier (SOA) [10],
silicon-based microring resonator (MRR) [4,11,12], Mach-
Zehnder interferometer (MZI) [13] and directional coupler

[14,15] have been proved to be effective approaches for
integer-order differentiators. Meanwhile, silicon-based
photonic integrated circuit is one of the most promising
candidates due to its intrinsic advantages of compact
footprint, well integration capability and compatibility
with complementary metal-oxide semiconductor (CMOS)
technology.
In addition, fractional-order differentiator is also useful

in optical encryption, which can be considered as a
generalization of integer-order differentiator [16]. A
fractional-order differentiator based on a photonic MZI
was proposed by Cuadrado-Laborde for the first time [16].
Later, more effective schemes and optical devices have
been demonstrated, including asymmetrical phase-shifted
FBG [17] and long period fiber grating [18]. But in these
schemes, the tunability of the differentiation order was not
mentioned. Afterwards, cascaded tilted FBGs were
employed to provide a tunable fractional order from 0.81
to 1.42 [19], and a tunable fractional-order differentiator
with a tuning range of 0.95 – 1.72 has been demonstrated
by optically pumping a tilted FBG [20]. For silicon based
devices, Shahoei et al. for the first time presented a tunable
fractional-order differentiator using a silicon-on-isolator
(SOI) MRR with a multimode interference (MMI) coupler.
The tuning range of fractional order covered from 0.37 to
1.3 [21]. Afterward, we demonstrated tunable fractional-
order differentiators based on electrically tuned MZI [22]
and MRR [23], with tuning ranges of 0.83 – 1.03 and
0.58 – 0.97, respectively. And Jin et al. proposed a novel
photonic fractional-order differentiator based on the
inverse Raman scattering (IRS) in the side-coupled silicon
MRR [24]. By controlling the power of the pump
lightwave, a continuously tunable differentiation order
covering from 0.3 to 1.6 was achieved. As we know, the
tunability of the differentiation order is one of the
important figure-of-merits in fractional-order differentia-
tor. And a large tunable range indicates more widely
applications, such as immunity to cracking of encryption
operation.
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In this paper, we experimentally demonstrate an all-
optical continuously tunable fractional-order differentiator
using on-chip cascaded electrically tuned MRRs. These
MRRs are designed with near-critical coupling condition
to meet the differentiator requirements. By changing the
voltages applied on the MRRs, the phase shifts at the
resonance frequencies of the MRRs will be varied, which
can be used to implement tunable fractional-order
differentiation. In the experiment, a tunable fractional-
order ranging from 0.57 to 2 has been successfully
demonstrated.

2 Device fabrication and operation
principle

An optical temporal differentiator provides the N-th order
time derivative of the complex envelope of an input optical
pulse [16]. The transfer function of an N-th order optical
differentiator can be expressed as

HðωÞ ¼ ½jðω –ωcÞ�N , (1)

where j ¼ ffiffiffiffiffiffiffi

– 1
p

, ω and ωc are the optical angular
frequency and central angular frequency, respectively. It
should be noted that N represents the differentiation order,
which is not necessarily an integer, as a generalization of
integer-order differentiation. An optical filter with a
magnitude response of jðω –ωcÞjN and a phase jump of
Nπ at ωc, can be used to implement optical temporal
differentiator.
Silicon based MRR is a promising scheme with

advantages of compactness, well integration capability
and compatibility with CMOS technology. As we know, an
SOI MRR has a magnitude response of jðω –ωcÞj and a
phase jump of π at the resonance frequency when the MRR
meets in the condition of critical coupling. Thus the MRR
can be used to implement first-order differentiation [12].
Moreover, when we apply direct current (DC) voltage
source on the doped-silicon MRR and change the voltage,
the magnitude and phase responses of the MRR vary
simultaneously, and a tunable fractional-order differentia-
tion can be implemented when the phase jump is not equal
to π [23]. A detailed principle discussion can be referred in
Ref. [23]. Therefore, to achieve a larger tunable order
range, the electrically tuned MRR unit needs to be
cascaded with all the resonance frequencies aligned.
Theoretically, an all-pass filter consisting of cascaded

rings and a single bus waveguide is competent to the
differentiation. However, for the convenience of experi-
ments, we have designed three cascaded add-drop MRRs
as shown in Fig. 1(a). There are two coupling bus
waveguides to share these three rings. Despite of different
design from all-pass filter, the principle of differentiation is
the same. The cascaded MRRs are fabricated on the
commercial SOI wafer. The top silicon thickness of the
SOI wafer is 220 nm and the bottom buried oxide layer is
2 mm thick. To define the waveguide patterns, deep
ultraviolet (DUV) photolithography using a 248 nm
stepper was employed, followed by anisotropic dry etch
of silicon. And boron and phosphorus ion implantations
were performed to form the highly p-type and n-type
doped regions. Also the slab layer was etched outside the
p-i-n junctions to confine the current flow around the ring

Fig. 1 (a) –(c) Microscope images of the cascaded MRRs, zoom-in ring region of MRR2 and zoom-in grating coupler, respectively
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waveguide. Finally, contact holes were etched and
aluminum was deposited to form the metal connection.
Figures 1(a) – 1(c) show the microscope images of the
fabricated cascaded MRRs, the zoom-in ring region and
grating coupler, respectively. All the waveguides widths
are about 500 nm. The radii of the three MRRs are 54.44,
57.03, 59.88 mm, respectively. The trench width changes
linearly from 180 to 340 nm and the etch depth is 70 nm.
The coupling gap between the bus waveguide and bending
waveguide is about 330 nm. And the period of the grating
coupler is 610 nm and the period number is 35.
The measured transmission spectrum at the through port

of the cascaded MRRs is illustrated in Fig. 2. And Fig. 2(b)
shows the zoom-in region of two resonance wavelengths
aligned. One can calculate from Fig. 2(a) that the
corresponding free spectral ranges (FSRs) of the three
MRRs are about 1.6, 1.688 and 1.8 nm, respectively. And
the resonance wavelengths of MRR1 and MRR3 are
overlapped at 1558.55 nm, which can be used to
implement second-order differentiation. To achieve tun-
able fractional-order differentiation, we can apply three DC
voltage sources on the cascaded three MRRs respectively.
As the applied voltage on a single MRR (MRR1)
increases, the loss of the ring waveguide increases, and
the resonance frequency also experiences blue shift due to
carrier dispersion effects, resulting in the magnitude and
phase response changes, as shown in Figs. 3(a) and 3(b).
When the voltage ranges from 0 to 1.0 V, a phase jump
from π to 0:47π has been achieved. Further, when two DC
voltage sources are used to provide different voltages

applied on MRR1 and MRR3, some representative phase
responses are as illustrated in Fig. 3(d) with phase jump of
1:2π, 1:5π,1:7π and 2π, respectively, and the corresponding
magnitude responses are shown in Fig. 3(c). The biased
voltage pairs are set at (0.95 V, 0.95 V), (0.8 V, 0.9 V),
(0 V, 0.9 V), and (0 V, 0 V). In these cases, two resonance
wavelengths of two MRRs are aligned. From Fig. 3 we can
see that, the cascaded MRRs have potential to implement a
tunable fractional-order differentiator with a tuning range
of 0.47 – 2. However, when the MRR is biased with
different voltages, the operation wavelength will be shifted
due to carrier dispersion effects. To make sure that the
operation wavelengths are identical, a possible solution is
to use additional thermal tuning pads to stabilize the shift
of wavelength caused by electrical tuning pads [25]. All
these spectra are measured by an optical spectrum analyzer
(OSA, AQ6370B) with a resolution of 0.02 nm, and phase
responses are measured by a photonic dispersion and loss
analyzer (Agilent, 86038B).

3 Experimental results

Figure 4 shows the schematic diagram for the proposed
tunable fractional-order differentiator. A continuous wave
(CW) is emitted by a tunable laser source (TLS) with a
tuning resolution of 0.01 nm, which enables us to precisely
align to the resonance wavelengths of the cascaded MRRs.
And then the CW light is modulated by a Mach-Zehnder
modulator (MZM) driven with a sinusoidal radio

Fig. 2 (a) Measured transmission spectrum of the cascaded MRRs; (b) is the zoom-in region of two resonance wavelengths aligned
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frequency (RF) clock signal with a fixed frequency of 10
GHz. To obtain a DC free pulse from the MZM, the driving
parameters of the MZM should be carefully adjusted.
Utilizing the nonlinear transmission curve of the MZM, a
return-to-zero (RZ) pulse will be obtained when the DC
bias of MZM is adjusted to below the quadrature point and
the amplitude of RF signal is less than Vπ. In this way, the
pulse duty cycle can be less than 50%. Then the pulse
passes through a phase modulation to induce chirp. The
optical tunable delay line (OTDL) is used to adjust the
alignment of the MZM and phase modulator (PM). Then a
segment of single mode fiber (SMF) is used to compensate
the chirp. It is known that as the SMF length increases, the
full width at half-maximum (FWHM) is decreased to the
minimum, and then is increased subsequently. To get a

shortest pulse, we need to optimize the SMF length so that
the pulse chirp can be totally compensated by the SMF
dispersion [26]. In the experiment, by changing the input
RF power along with the length of the SMF, pulses with
different FWHMs can be obtained.
Subsequently, the generated optical signal is coupled

into the cascaded MRRs using vertical grating coupling
method. For the experimental restraints, only two DC
voltage sources are used to provide different voltages
applied onMRR1 andMRR3 respectively. Then the output
signal at the through port of the cascaded MRRs is
amplified by an erbium doped fiber amplifier (EDFA) to
compensate the loss of the cascaded MRRs and finally
recorded by an ultra-high optical sampling oscilloscope
(OSO) (Alnair Laboratories, Eye-1000C) with 500-GHz

Fig. 3 (a) and (b) are the measured magnitude responses and phase responses with different voltages applied on a single MRR (MRR1),
respectively. The biased voltages are set at 0, 0.8, 0.9, and 1.0 V. (c) and (d) are the measured magnitude responses and phase responses
with different voltages applied on twoMRRs (MRR1 and MRR3), respectively. The biased voltage pairs are set at (0.95 V, 0.95 V), (0.8 V,
0.9 V), (0 V, 0.9 V), and (0 V, 0 V). In these cases, two resonance wavelengths are aligned

Fig. 4 Schematic diagram of the experimental setup
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bandwidth and a temporal resolution of 1 ps. By changing
the voltages applied on the MRRs and aligning the
resonance wavelengths, we can observe different output
waveforms, corresponding to different differentiation
orders.
First, when we just employ MRR1 and apply one DC

voltage source applied on it, we use a Gaussian input with
a FWHM of 30 ps as shown in Fig. 5(a). By changing the
voltage, the measured output waveforms (blue solid lines)
are as shown in Figs. 6(a) – 6(d), corresponding to different
differentiation orders of 0.57, 0.71, 0.84 and 0.97
respectively, and the simulated waveforms for ideal
fractional-order differentiation are for comparison (red
dot lines). Figure 6(e) shows the spectra of the input
Gaussian pulse (blue line) and the output waveform (red
line) in the case of N¼ 0:97. It should be noted that we
choose the resonance wavelength of 1553.27 nm when no
biased voltage applied. To tune the fractional order of
differentiation, the resonance wavelength is inevitably
shifted slightly. Thus the input central wavelength will be

adjusted properly. To accurately evaluate the errors of
differentiation, we need to define a parameter of average
deviation, which is defined as the mean absolute deviation
of measured waveforms from the simulated ones on certain
pulse period. The deviations are about 4.26%, 4.39%,
4.72% and 6.21%, respectively. One can see that the output
waveforms agree well with the ideal simulated ones.
Then, we employ MRR1 and MRR3 and apply two DC

voltage sources applied on them respectively. As we know,
cascading of multi MRRs will lead to the reduce of the
output energy efficiency, and it is an effective way to
improve the energy efficiency by increasing the bandwidth
of the input signal. So we use an input Gaussian pulse with
FWHM of 18 ps, as depicted in Fig. 5(b). By changing the
voltages simultaneously, the measured output waveforms
(blue solid lines) are as shown in Figs. 7(a) – 7(d), and the
simulated waveforms for ideal fractional-order differentia-
tion are for comparison (red dot lines). Figures 7(a) – 7(d)
correspond to the output waveforms with different
differentiation orders of 1.55, 1.78, 1.94 and 2 respectively.

Fig. 5 Output waveforms of SMF with different FWHMs. (a) FWHM is 30 ps; (b) FWHM is 18 ps

Fig. 6 Experimental results for MRR1. (a) –(d) are the output waveforms with different voltages applied on MRR1, corresponding to
differentiation orders of 0.57, 0.71, 0.84 and 0.97 respectively. (e) is the spectra of input Gaussian pulse (blue line) and the output
waveform (red line) when N ¼ 0:97
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Figure 7(e) shows the spectra of input Gaussian pulse (blue
line) and the output waveform (red line) in the case of
N ¼ 2. And the corresponding calculated deviations are
about 6.02%, 3.45%, 1.70% and 1.89%, respectively. One
can see that the output waveforms also agree well with the
ideal simulated ones. Thus, we have a tunable order range
from 0.57 to 2, and all the experimental waveforms agree
well with the simulated ones.

4 Conclusions

We have experimentally demonstrated an all-optical
continuously tunable fractional-order differentiator using
on-chip cascaded electrically tuned MRRs. The change of
the voltage applied on the MRR leads to change of the
waveguide propagation loss, resulting in the change of the
phase shift of the MRR, which can be used to implement
fractional-order differentiation. To achieve a larger tunable
range, two DC voltage sources are applied on two cascaded
MRRs, and a tunable order range from 0.57 to 2 has been
demonstrated with Gaussian pulse injection. All the
differentiation deviations are less than 7%.
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