
RESEARCH ARTICLE

Proposal for modeling of tapered quantum-dot
semiconductor optical amplifiers

Ehsan MOHADESRAD, Kambiz ABEDI (✉)

Department of Electrical Engineering, Faculty of Electrical and Computer Engineering, Shahid Beheshti University, Tehran 1983963113, Iran

© Higher Education Press and Springer-Verlag Berlin Heidelberg 2012

Abstract To compensate for the loss of carrier density
along the active region of quantum-dot semiconductor
optical amplifiers (QD-SOAs), tapered structure of the
waveguide is introduced. In this paper, a method for
theoretically modeling of such devices is proposed, and
according to that model different shapes of tapered
waveguides are studied. This study is pivoted around the
optical gain and cross-gain modulation (XGM) of the QD-
SOA under investigation to show how altering the shape of
the waveguide affects the main characteristics of the
device. For doing so, the rate equation model has been
employed and solved through finite difference method and
MATLAB ODE. Through this, as long as monotonically
increasing profiles for the width of the waveguide are used,
the shape of the waveguide has a negligible effect on the
gain which mainly depends on the width ratio of the
waveguide output to its input. However, this carrier
compensation has adverse effect on the XGM, where its
efficiency rely on how the pump signal can effectively
reduce carrier density and upset the gain.

Keywords tapered waveguide, cross-gain modulation
(XGM), quantum-dot (QD), semiconductor optical ampli-
fier (SOA)

1 Introduction

Quantum-dot semiconductor optical amplifiers (QD-
SOAs) in comparison with bulk and quantum-well SOAs
(QW-SOAs) have shown improvements in their output
power, threshold current, temperature stability, noise
characteristics and presented interesting nonlinear proper-
ties. These and other merits of QD-SOAs bring about good
opportunities in utilizing them as building blocks of

all-optical systems [1–4]. However, in QD-SOAs as well
as SOAs because of the carrier density reduction in the
direction of signal propagation along the waveguide, gain
is regionally different and diminishing. In other words, as a
result of increasing stimulated emission due to the optical
signal amplification along the active region, optical gain of
the QD-SOA is nonlinearly decreasing [5–7].
Theoretically to compensate carrier density in the far

side of the QD-SOA, a nonlinear profile of injected current
can be applied where this profile dictates a nonuniform
increasing current [8]. Practically nonuniform current
injection could be realized through multielectrode QD-
SOAs [9]. In such devices, different currents will be
conducted via two or more electrodes into the waveguide
in a manner, in which higher currents will reach to farther
regions of the QD-SOA where the carrier density is more
compromised [10]. To avoid complicated driving circuits,
especially for more than two electrodes and other
difficulties which arise with implementing several electro-
des, tapered waveguide approach can be employed. In this
method, increasing width of the waveguide provides more
QDs for our optical signal as the signal travels through the
QD-SOA and so optical gain compensating along the
active region can be achieved.
To this end, we first introduce our QD-SOA model and

its rate equations, then a method for modeling tapered
waveguide structure for QD-SOAs is proposed. In the end,
we proceed with examining gain and cross-gain modula-
tion (XGM) of the device in this new structure.

2 Physical structure and theory of typical
QD-SOA

The device under investigation is an InAs/GaAs QD-SOA
and as it depicted in Fig. 1, seven stacked layers of self-
assembled InAs QDs on a GaAs substrate formed the
active region of this QD-SOA. The density of QDs in every
one of these layers is 5.0� 1010 cm–2 and each have a 5 nm
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thick InGaAs capping layer. For strain relaxation between
adjoining layers, a 33 nm thick GaAs isolating layer is
implemented [8].
Figure 2 shows the energy band diagram of this QD-

SOA, where its conduction and valence bands (CB and
VB) have three and eight non-degenerate energy levels
respectively. Also each band has an energy level usually
called wetting layer (WL), which act as a reservoir for the
other levels within the band (excited states (ESs) and
ground state (GS)).
We employed rate equation model to describe changes in

occupation probabilities as the optical signal travels
through active region and being amplified due to the
stimulated emission. Moreover, these equations take into
account injection current from outside replenishing carrier
reservoirs, and the terms have been referred to WL and
subsequently ESs.
In this model of rate equations, which is known as

“electron-hole model”, the dynamics of the electron and
hole were dealt with separately [11]. The specific version
of the rate equations that has been used in this study is
described as follows.
The electrons rate equation in the conduction band’s GS

is [12]:

∂f n0
∂t

¼ ðRnc
1,0 –R

ne
0,1Þ –Rsp

0 –Rst
0 , (1)

and for the i th ES of CB, the rate equation is given by

∂f ni
∂t

¼ ðRnc
iþ1,i –R

ne
i,iþ1Þ – ðRnc

i,i – 1 –R
ne
i – 1,iÞ –Rsp

i –Rst
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where fi is the occupation probability in i th state. Rnc
iþ1,i ¼

Rnc
iþ1,iðz,tÞ and Rne

i,iþ1 ¼ Rne
i,iþ1ðz,tÞ represent electron capture

rate from ðiþ 1Þ th state to i th state and electron escape
rate from the i th state to ðiþ 1Þ th state, respectively.
Spontaneous emission rate and stimulated emission rate of
the i th state are taken into account by Rsp

i and Rst
i , which

are given by [12]

Rsp
i ¼ f ni f

p
i

τiR
ðanii þ cpiif

p
i þ cniif

n
i Þ, (3)

Rst
i ¼ υggi

NQ
ðf pi þ f ni – 1ÞS, (4)

in which τiR is the spontaneous radiative lifetime in i th
state, anii is the phonon-assisted coefficient and NQ is the
density of QDs per unit volume. S and g, which are the
photon density and the gain dispersion, will be defined
later.
cnii and cpii are introduced as Auger-assisted coefficients

[7,12] to take into account the effect of doping, which can
lead to a notable increase in non-radiative recombination
processes, such as Auger recombination (especially when
injected current is increasing) [13].
The rate equation for CB’s WL is given by [12]

Fig. 1 Schematic diagram of QD-SOA
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where q is the electron charge, Va is the volume of the WL,
and NWL is the maximum carrier density at the WL. I is the
injected current and Dn is the electron diffusion coefficient
[9]. In this paper, each QD is studied as an independent
entity from other QDs, and as a result of this assumption,
the carrier diffusion between QDs is ignored.
Since there are eight states in the VB and the equations

for the first three hole states are exactly the same as
electron states in the CB, therefore the rate equation for
other five hole states are given as [12]

∂f pk
∂t

¼ ðRpc
kþ1,k –R

pe
k,kþ1Þ – ðRpc

k,k – 1 –R
pe
k – 1,kÞ, (6)

where kðk³3Þ, denotes the hole energy state number.
Rpc
kþ1,k ¼ Rpc

kþ1,kðz,tÞ and Rpe
k,kþ1 ¼ Rpe

k,kþ1ðz,tÞ represent
holes capture rate from ðk þ 1Þ th state to the k th state
and holes escape rate from the k th state to ðk þ 1Þ th state,
respectively.
The carrier rate equation for valance band’s WL is not so

different from CB’s WL and is given by [12]

∂wp

∂t
¼ I

qVaNWL
– ðRnc

wp,7 –R
ne
7,wpÞ –Rsp

wp þ Dp
∂2wp

∂z2
, (7)

where Dp is the valance band’s WL diffusion coefficient
[9].
The rate equation of the photon density of the optical

signal propagating through active region is [12]

∂S
∂z

¼ gQDS – αS, (8)

where α, which is assumed to be wavelength indepen-
dence, is denoting the waveguide loss. S is the propagating
photon density and gQD is the modal gain, where both of
them are functions of time and position, gQD is given by
[12,14]

gQD ¼
XH
j¼0

gj f nj þ f pj – 1
� �

, (9)

where the upper limit of the series, H , is the number of
transitions which is the same as the number of CB states
and gj is the gain dispersion for the j th transition given by
[12]

gj ¼ gmax
j

ὼmax
j

ὼ
exp

– ð ὼ – ὼmax
j Þ2

2�2
j

 !
, (10)

where gmax
j is the maximum gain coefficient for the j th

transition, �j is the inhomogeneous line broadening, ὼ is

the photon energy of the input signal, and ὼmax
j is the

Fig. 2 Energy band diagram of one layer of QDs schematically depicting energy gaps between CB and VB states [8]
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energy where the gain for the j th transition is maximum.
Physical parameters of the QD-SOA under investigation

regarding to the following simulations are presented in
Table 1 [8].

Note that these rate equations are time differential
equations, so in order to study carrier density variations in
QD-SOA along the direction of propagating signal, we
assumed that the device under investigation are assembled

of many extremely short serialized QD-SOAs which in
every one of them local carrier density and photon density
variations is negligible (Fig. 3). We have utilized Matlab
ODE to solve this set of rate equations for one slice of the
QD-SOA and calculated the photon density and the carrier
density for all time frames in regard to that slice, and then
by employing FDM, we have used those results to generate
required boundary conditions for the next slice, and so on
to the end of the QD-SOA.

3 Tapered waveguide structure and
modeling

The problem with conventional straight waveguide
structures, Fig. 4(a), is that the carrier density, which is the
main factor in optical amplification, reduces as the light
intensity increases along the active region. This reduction
in carrier density actively contributes in pressing gain
saturation boundary, which greatly limits the application of
the QD-SOA [2]. Increasing the width of active region to
provide more carriers in order to avoid gain saturation can
also results in multiple transverse mode propagation [6].
To overcome this problem and yet provide the carriers
needed, Ref. [15] has proposed employing the method in
which the width of the waveguide gradually increases as
light travels from the input to the output of the amplifier.
This tapered structure, which is depicted in Fig. 4(b),
allows most of the optical power still remains in
fundamental mode and delivers a gain with high saturation
power as well.
In this section, first our model of tapered structure is

introduced to promote the solution, with which we have
modified the equations to accept increasing width of the
waveguide. Then, various types of tapered structure to find
the optimum model for our goal are studied.

Table 1 Physical parameters of QD-SOA under investigation [8]

symbol value symbol value

L 3 mm τ0R 0.2 ns

W 4 µm τ1R 0.2 ns

Lw 0.2 µm τwR 0.2 ns

H 2 τn1,0 8 ps

ὼmax
0 0.962 eV τn2,1 2 ps

ὼmax
1 1.042 eV τn3,2 0.8 ps

ὼmax
2 1.122 eV τn0,1 80 ps

gmax
0 14 cm–1 τn1,2 20 ps

gmax
1 20 cm–1 τn2,3 8 ps

gmax
2 ~ 0 cm–1 τpkþ1,k 0.5 ps

α 4 cm–1 τpk,kþ1 0.74 ps

�j 30 meV an,pji 1

q 1.602 � 10–19 C an,pii 1

υg 8.45 � 109 cm$s–1 cpii 0.2

NQ 2.5 � 1017 cm–3 cnn1,0 27

NWL 5.4 � 1017 cm–3 cnp1,0 175

Dn 879 cm2$s–1 cnn2,1 7

DP 13.7 cm2$s–1 cnp1,0 35

Fig. 3 Schematic of QD-SOA, comprised of extremely short sections
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To introduce a practical model, two conditions for the
tapered structures were assumed, where these conditions in
every type of them were considered to be true [6]. These
two conditions are uniformity and instantaneity in the
propagation of optical power and intensity in the plane of
the cross-section of the waveguide as signal travels
through amplifier and experiences widening of the
waveguide. This allows us to suppose that lateral optical
intensity is no longer a function of lateral position,

therefore optical intensity has a constant value across the
waveguide in a specific time frame.
To simplify our understanding of the tapered structure,

Fig. 5(a) is illustrated. As you can see, with increase in the
width of the waveguide, the optical intensity reduces; this
reduction in optical intensity is reverse proportional to the
width. But if we want to model the tapered structure as
already well-known conventional QD-SOA with straight
cavity, we may presume, as depicted in Fig. 5(b) that
instead of widening of the waveguide, the QDs density
increases along the waveguide and this increase is
proportional to the width. So in our tapered structure
modeling, we can assume that the QD-SOA has a
conventional straight cavity but we should impose extra
reduction on the optical intensity as signal travels through
waveguide, and this infliction must be reverse proportional
to the width; or we can simply assume that the QD density
is increasing in proportion to the width. As you can see in
Eq. (11), which describes the stimulated emission rate,
these two approaches (photon density reduction and QD
density increment) have exactly the same effect on the
stimulated emission.

Rst
i ¼ υggi

NQ
ðf pi þ f ni – 1ÞS: (11)

According to the premise established, Eq. (11) can be
modified to Eq. (12), where W ðzÞ is the width of the
waveguide at z.

Rst
i ¼ υggi

NQ
ðf pi þ f ni – 1ÞS � Win

W ðzÞ
� �

: (12)

If extra reduction on the photon density is imposed as the
width increases, in the end of procedure when photon-
density at the output of the QD-SOA is measured, we may

Fig. 4 (a) Conventional straight waveguide structure; (b) tapered
waveguide structure

Fig. 5 (a) Exaggerated tapered structure; (b) tapered structure modeled as conventional QD-SOA with increasing QD density
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face with smaller photon density than conventional
structure, but because of the increase in the output facet
area due to the tapered structure, we will have much more
photons [6]. If we imagine that we have a coupling
structure at the end of the device with the output width of
the QD-SOA’s input, we may multiply the photon-density
by QD-SOA’s Wout=Win. This notion is depicted in Fig. 6.

4 Gain and XGM results for tapered
structure

For this study, we employed a train of “1” optical pulses,
where the pulses were considered to be Gaussian with the
pulse width of 0.4 ps. To be sure that optical pulses will
lead the QD-SOA to gain saturation, the pulses’ energy is
assumed to be 200 fj, equivalent to the signal with average
power of 100 mW at 500 Gbits/s. Normalized constant
injected current which is also defined in Ref. [8], was
assumed to be 4.
The types of tapered structures have been studied in

order to find optimum types are presented in Table 2.
Optical gain and XGM have been considered to be the
targets of the study. To hold to the conditions stated before
(uniformity and instantaneity), the ratio of output width to
input width has been limited to the maximum of 20:1.
Figure 7 shows the effect of increasing the width ratio of

an exponential tapered structure on the modal gain. This
gain obtained at the end of the device which was expected
to be depleted of carriers and as you can see, the
compensation through widening the waveguide has a
satisfactory effect on the gain. As the width ratio increases,
the gain line approaches its maximum level and also the

changes in the gain are growing smaller with each
increment, in a way that the width ratio above 10 has a
small effect, so maybe it is a fair choice. Output signals
photon densities during simulation period for different
width ratios are illustrated in Fig. 8.

Fig. 6 Schematic diagram of QD-SOA with coupling device to back to initial width

Table 2 Shapes of tapered wave-guide

shapes equation parameters

square root JðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
azþ b2

p
a,b

quadratic JðzÞ ¼ az2 þ b a,b

linear JðzÞ ¼ azþ b a,b

exponential JðzÞ ¼ bexp azð Þ a,b

Fig. 7 Tapered QD-SOA modal gain for different width ratios at
the end of device

Fig. 8 Tapered QD-SOA output signals photon densities for
different width ratios at the end of device
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The results for different shapes of tapered structure are
demonstrated in Fig. 9 and show that the types have been
used according to Table 2 where all are continuously
increasing functions, and all reach the same width at the
end, follow almost same pattern of gain, and as the width
ratio increases, these patterns become more indistinguish-
able. As been discussed earlier, these results can be
multiplied by the width ratio, provided a coupling device
that has been used to back to the initial width.
To study the XGM response of tapered QD-SOA, we

employed the probe signal of 0.1 mW light power, at
1193 nm, and the pump signal of 10 mW average light
power, at 1289 nm. The pump signal amplitude is 10 mW

(half of the peak-to-peak power). The XGM results for
tapered structure are depicted in Fig. 10. These results
make evident if we donot want to lose the XGM efficiency
dramatically and also secure a decent gain for our tapered
QD-SOA, we may limit our width ratio to 2. This drop in
the XGM efficiency can be explained with a reservoir
analogy. Increasing the width of the waveguide is similar
to increasing gradually the volume of a reservoir. By doing
so, it is beginning to get harder to emptying and
replenishing this reservoir, so the pump signal cannot
accomplish its goal to affect the gain of the QD-SOA by
draining it of the carriers. So the probe signal leaves the
QD-SOA less affected.

5 Conclusions

In this paper, a model for tapered waveguide structure of
QD-SOA was proposed. Through this method, several
shapes of waveguides along different width ratios has been
studied. We demonstrated that as long as width of the
waveguide has a monotonically increasing profile, the
shape of the waveguide has a small effect on the gain. It
has been shown that increasing width ratio of the
waveguide could definitely enhance the gain; however
with each step up in width ratio, this enhancement became
lesser. In the case of the XGM, we observed that for too
widened tapered structure, the XGM efficiency dropped
significantly which was related to the pump signal
incapable of altering the gain substantially. One may
conclude that we can preserve the XGM along with a
decent gain should we limit the width ratio to 2.

Fig. 9 Tapered QD-SOA modal gain for different shapes of
waveguide with width ratio of 2 and 10 at the end of device

Fig. 10 XGM efficiency (a) and normalized XGM efficiency (b)
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