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Abstract Competition mechanism in multiple four-wave
mixing (MFWM) processes is demonstrated theoretically.
Provided considering only two waves injected into a
highly nonlinear fiber (HNLF), there are three modes
displaying comprehensive dynamic behaviors, such as
fixed points, periodic motion, and chaotic motion.
Especially, Mode C of MFWM is emphasized by analyzing
its phase-space trajectory to demonstrate nonlinear wave-
wave interactions. The study shows that, when the phase-
space trajectory approaches or gets through a saddle point,
a dramatic power depletion for the injected wave can be
realized, with the representative point moving chaotically,
but when phase-space trajectories are distributed around a
center point, the power for the injected wave is retained
almost invariable, with the representative point moving
periodically. Finally, the evolvement of satellite wave over
an optical fiber is investigated by comparing it with the
interference pattern in Young’s double-slit experiment.

Keywords highly nonlinear fiber (HNLF), periodic
motion, representative point, Young’s double-slit experi-
ment

1 Introduction

Four-wave mixing (FWM), the most pervasive and
persuasive modern technology in optical communication,
marked by rapid change and growth, is moving into a new
era, an era of extraordinary sophistication and versatility. It
enjoys the obvious advantage of generating new frequen-
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cies, giving rise to a potential breakthrough in the
applicative regime, such as broadcast all-optical wave-
length conversion [1,2], fiber optical parametric amplifica-
tion (FOPA) [3,4], all-optical switching [5,6], and 2R
regeneration [7,8].

With the rapid development of multiple four-wave
mixing (MFWM) theory, it has attracted increasing
attention from experimentalists and theorists alike. Liu et
al. have developed MFWM in theory and experiment when
pump waves have equal frequency spacing, and have
found the self-stability effect in optical fibers under the
undepleted approximation [9,10]. Moreover, Cappellini
and Trillo have investigated the degenerate FWM effect in
a strong-interaction regime [11], with the aid of Hamilton
system and phase-space trajectory. Similar investigations
can be found in Refs. [12—14]. In fact, when taking account
of two waves injected into a piece of highly nonlinear fiber
(HNLF) and the occurrence of the high conversion
efficiency, there are three sub-FWM processes, corre-
sponding to three modes, existing in HNLF, as seen in
Fig. 1. Moreover, the above three modes will interact and
compete with each other, leading to energy switching from
one wave to another in the largest extent.

An important phenomenon in MFWM is the power-
depletion effect, which can find many applications in
optical communications system, such as all-optical switch-
ing and notch filter. In Ref. [15], we theoretically
demonstrated a novel notch filter using the dramatic
power-depletion effect in HNLF, which can filter out the
undesired wave through switching its energy to other
waves. In experiment, Marhic et al. realized 92% pump
depletion in a continuous-wave FOPA [16], with a
200 mW pump at 1560 nm in an 11 km dispersion-shifted
fiber. In our paper, we put forward the competition-
mechanism conception in MFWM processes, and we
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Fig. 1 Schematic diagram for the decomposition of MFWM

investigate Mode C of MFWM in detail by yielding the
phase-space equation and the fixed points analytically from
the coupled-wave equations to analyze the stability of the
system. Furthermore, we discuss the stability of the
conserved system (referred to the MFWM system) by
deriving the equilibrium points from the potential well
equation analytically. At last, the evolvement of satellite
wave over an optical fiber is compared with Young’s
double-slit experiment [17,18], and the analytical expres-
sions, describing periodic and amplitude characteristics of
satellite wave, are yielded, which can explain the physical
implication of the dynamical process.

2 Competition mechanisms in MFWM
processes

Figure 1 illustrates three modes in HNLF, which indicates
that MFWM processes can be decomposed into three sub-
FWM processes, namely Mode A, Mode B and Mode C,
whose angular frequency relations satisfy 2w, = w, + s,
205 = w1 + w4, ®1 + W2 = @3 + w4, respectively. One can
easily obtain the following conclusion based on Ref. [9]:
when the center wavelength in terms of the injected
wavelength is just located at around the zero-dispersion
wavelength, Mode A will play a dominate role in MFWM
processes when P;>>P,, and Mode B will occupy the
absolute advantage when P,>>P;. Last but not least,
Mode A and Mode B will be in dynamical balance when P;
= P, (P~ P,), and then Mode C will dominate in the
whole process. When neglecting the walk-off, absorption,
and dispersion effects in HNLF, the coupled-wave
equations can be robustly expressed as

d4 .
S P + 2028 + AP+ AP,

+ 2iyA| A, Asexp (IAB2)

+Hiy A AZexp (—iAByz)

+2iy Ay A3 A exp (IAB52), (1)
EZ = iy[| 4o + 2(|41 > + |45]* + |44])] 42
+ 2iyA>A, Agexp (iAB52)
+iyA3Afexp (—ing;z)
+ 2iyA A3 Asexp (iAB;z), )
dd; .
5 = s+ 2040 + P + AP
+ 2iy Ay A, Ayexp (—iAB;2)
+ivAyAfexp (—iABy2), 3)
dd, .
= (A + 2041 + A + 45y
+ 2iyA3A4, Ayexp (—iAB;z)
+ iyA| Adexp (—iAByz). 4)
Here, 4;(j=1, 2, 3, 4) is the complex amplitude for each

wave, and Ap; is the linear phase mismatch profile, which
can be analytically derived by expanding the propagation
constant in Taylor series [19]. Qualitative and semiquanti-
tative method here is adopted to analyze the energy
switching among the waves. Under the circumstances of
slowly-varied amplitude approximation and undepleted
approximation, we can integrate the first FWM term of
Eq. (1) with the result of

2
p} FWM U 2iy Ay A,Ayexp(iAB,z)dz

L 2
~ 2i’YA1A2A3J‘OCXp(iAﬂIZ)dZ

= 16Y*L*P, P,P;sinc’ ( 2l ) (5)
where P} "M represents the amount of power-varying for
wave | induced by the first FWM term in Eq. (1), and the
subscript “1” represents wave 1 while the superscript “1-
FWM?” denotes the first FWM term, P; (j = 1, 2, 3, 4)
denotes the power of each wave. Similarly, one can yield

all the involved FWM terms for P’;FWM (i=1,2,3,4and;
=1, 2, 3), which are listed in Table 1. Notably, in all the
FWM terms, there is a common factor, namely sinc
function, featuring oscillation and damping characteristics,
which conforms to the experimental results demonstrated
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Table 1 Contribution of all the FWM terms to the injected and sideband waves

1-FWM

2-FWM 3-FWM

1 16v2L2P, P, Pssinc? (AB L/2)
4y2L?P}Pysinc (AB L/2)
4y’ L2 P2 Pysinc® (A L/2)

B W

4y L2 P P3sinc? (AB,L/2)
167212 P, PP sinc (AB,L/2)

4y* 12 P3P sinc?(AB,L/2)

16v2L2P, Py P,sinc? (AB3L/2)
162 L2 P, Py Pysinc® (AB3L/2)
16v2L2P, P, Pysinc® (AB3L/2)
16y2L? P, P, Pssinc? (AB3L/2)

by Hart et al. [20].

Remarkably, Mode A and Mode B have been exten-
sively investigated in the previous literatures [3,10,13] for
the degenerate FWM case, but Mode C, corresponding to
the non-degenerate FWM, is seldom mentioned before.
Differing from the non-degenerate FWM process in a
FOPA model, in which three different waves are
prerequisite to excite the system, only two different
waves are needed for Mode C in our system. Under the
conditions of P; & P, and Af;>> 0, Af>> 0, Af; — 0
[9], Egs. (1)—(4) are modified to

d4 .
Y il + 208 + P+ AP,

+ 2iyA>A3Asexp (IABsz2), (6)
d4 .
2 — iy [J o ]* + 2014, P + |45 + |44))4,

+ 2y A Ay Agexp (iABsz), ™)
d4 .
Y5 _ 1 + 20 + 1428 + 4P

+ 2iyAy A, Ayexp (—iABsz) ®)
d4 .
S Al + 2008 + 1A + 42

+ 2iyA3 A, Ayexp (—iABsz). )

3 Spatial instability

This section focuses on the characteristics of the solutions
for Egs. (6)—(9), and a deeper insight into the spatial
instability for nonlinear eigenmodes of interaction is
investigated extensively. In fact, as a consequence of the
existence of spatially unstable eigensolutions, small
variations in certain input conditions lead to quite different
spatial evolutions and therefore to dramatically different
output power redistributions among the waves. By
inserting 4; = {exp(ig)), G =1,2,3,4), = y-z,n = &
and k3 = Afs/y into Egs. (6}(9), one can easily obtain

& SIS
ol & —£18384
— =2 infs, 10
or | & geg |
& SIS
with the Manley-Rowe relations [9]
X &g +4
n|=18+4 | (1)
. &-6

where the constant x;, x, and x5 are determined by the
initial wave amplitude &; (f = 1, 2, 3, 4). The relative phase
difference 65 [9] is determined by

do,

e tEre-6-4

+ ctan%%ln (£16:6584). (12)

The system governed by Egs. (6)—(9), besides the
conserving total power (see Eq. (11)), admits of the
following additional invariant, namely Hamiltonian,

H(n,0) **4\/ (o — 1) (x3 + n)ncosbs; —k3n
1
+ 5[(x1 —77)2 + (362—;7)2 + (x5 + ;7)2 + ;72]_
(13)
Hence, Hamilton system equations explicitly read as
_on _oH
or  obs
= 4/ (x; =) (x2— 1) (x3 + n)ysin b3, (14)
_06; _ oH
STer o
sty M TR0 x%0) 4 (00 n)(2n +x5)

Ve =n) =) (s +n)n

+ 13— (dn—x; —x; + X3). (15)

Equations (6)—(9) reduce to a simplified form, namely
one-dimensional Hamilton system, as shown in Egs. (14)
and (15). The advantage of this simplification, concerning
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on the topology of the phase-space orbit, gives us an
insight into the properties of energy exchange among
waves, which controls the stability characteristic of a
nonlinear system. Furthermore, the property of equilibrium
points (also called singular points or fixed points) can be
readily investigated by exploiting the well-developed
theory for Hamilton system.

3.1 Phase-space analysis for equal-amplitude sidebands

In this case, the injected wave power is regulated by Mode
C, and the condition of P; = P, should be strictly satisfied,
which gives rise to the generation of equal-power
sidebands. To simplify the calculation, supposing x; = x,
=1 and x3 = 0, Egs. (14) and (15) are transformed into

OH

n= 8_93 = 4(1—n)nsinbs,

(16)

X
4y| ——=+1
| E==)
4x—8x* 47
VX2 +y?
From Egs. (18) and (19), one can also explicitly yield a

valuable equation describing the phase-space character-
istics,

2
€ =x(1- ¥ )
2
n (K3 +2)4\/)€2 +y ’ (21)

where C is a constant, dependent seriously on the boundary
condition of the system, and Eq. (21) depicts the
characteristic of phase-space portraits. The topology of
phase-space orbits is significantly affected by the char-
acteristic of singular point, which makes a significant
influence to the stabilization of the system. From Egs. (18)
and (19), one can easily obtain singular points for the
following four different types:

1) (x, ¥) = ((rs + 6)/12, 0). Remarkably, the liner-phase-
mismatch profile should satisfy the condition of x3> —6.
Furthermore, one can get the eigenvalue equation: A% = (k3
+ 6)(x3—6)/3. If x5 lies in the interval of (-6, 6), the
singular point will turn out to be a center point; otherwise,
if 3 is in the range of (6, +00), the singular point will be a
saddle point, and they are both controlled by the
characteristic of eigenvalue [10].

2) (x, y) = ((x3—2)/4, 0). Based on the similar principal,
the eigenvalue equation can be yielded with A2 = (k3 + 2)
(x3—2), under the condition of x3 <2. Notably, the
singular point will be a center point as long as
—2 < K3 < 2; otherwise, the singular point will be turned

—16x +2 + 13 4y<

417

OH
on
=(2cosb; + 1)(2—-4n) + 3.

%= (17)

To best unveil the stability characteristic of Hamilton
system, one can transform Egs. (16) and (17) into the form
under the rectangular coordinate,

= y(4\/x* +3* +4x-2-K3),

P =4(1-x)\/x2 4+ =84 + 2 +r3)x,  (19)

where

(18)

X = ncosbs, y = nsinbs.
Moreover, the Jacobi matrix is available from Egs. (18)
and (19):

4(x* +207)
N

1—

B G S

Vx?+y?

into a saddle point if k3 < —2.
3) (x, ¥) = (0, 0). This specially fixed point resides in the

liner-phase-mismatch condition of x3&(—o00, —6)U

(2, +00), characterized by the eigenvalue equation A* =
— (k3 + 2)%, and it will be definitely the center point.

4) (xy) = ((K3 —2)/4, £ /12-12 + 4xy /4). Interest-

ing is that the condition for the existence of this type
singular pointis —2 < k3 < 6, and the fixed point will be
nothing but a saddle point. This conclusion is drawn by
analyzing the characteristics of the eigenvalue equation of
/\2 = — (K3 + 2)(K3 — 6)

Consider the anomalous-dispersion regime first. Figures
2(a) and 2(b) display phase-space portraits with k3 = —7
and x3; = —3, describing FWM dynamics, and one can
clearly see that phase-space portraits contain only one
center point, around which the representative point of the
field moves on stable periodic trajectories in the physical
limits regime, and thus the sideband wave varies in a stable
mode. The fact that, x5 with a relatively large value leads to
a small periodic exchange of energy between the injected
and sideband waves, is demonstrated in our case. More-
over, out of the physical limits regime, the unstable saddle
point, which would be present when two eigensolutions
exchange their stability, does not assume the physical

+ 4x—2—x;3
(20)

significance.
Figure 2(c) shows a completely different scenario when
K3 1s increased up to x3 = —1. In fact, when x3 = -2

(referred to Fig. 3(a)), the exchange of stability between
eigensolutions is a standard characteristic exhibiting the
transcritical bifurcation, in which the original stable mode
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Fig. 2 Phase-space portraits with abnormal dispersion (see (a), (b) and (c)) and normal dispersion (see (d), (e) and (f)) regimes. (a) k3 =
—7; (b) k3 = =3; (c) k3 = —1; (d) k3 = 10; (e) k3 = 5; (f) k3 = 1. Physical limits require that —1 < 5cosf; < | and —1 < zsinf; < 1

vanishes, accompanied with the emergence of two newly
central points (stable mode) and two newly saddle points
(unstable mode). Moreover, if the representative point
moves around the saddle point, the energy can be

significantly coupled from the injected to sideband wave.
As for two saddle points in Fig. 2(c), it is clearly found that
they simultaneously have both the stable and unstable

characteristics.

On the one hand, the arrow on the
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trajectory points to the equilibrium point marked with
yellow color, featuring the stability characteristic; on the
other hand, the arrow, deviating from the above equili-
brium point, points to another equilibrium point, exhibiting
the unstable characteristic for the first equilibrium point.
The trajectory that connects two saddle points is named
“heteroclinic orbit” and the corresponding equilibrium
point is called “heteroclinic point.” As seen in Fig. 2(c), the
spatial instability of sidebands entails that power exchange
from the injected to sideband waves is greatly enhanced.
Remarkably, the spatial period of the conversion diverges
to infinity on the loop heteroclinic separatrix that stems
from the saddle points at (—3/4, + N4i /4).

Going on increasing the value of x3 up to the normal-
dispersion regime, it is found that the topology of phase-
space orbits retains invariable, until x5 is increased up to x;3
= 6 (see Fig. 3(a)). As shown in Fig. 2(e), phase-space
trajectories are also divided into four separated regions,
which is similar with Fig. 2(c). Differently, the saddle
points are displaced from the left to right half-plane.
Interestingly, as alluded earlier, when k3 = 6, the topology
of phase-space orbits is dramatically changed and
comprises one stable center point (in the physical limits
regime) and one unstable saddle point (out of the physical
limits regime), and this characteristic is illustrated in
Fig. 2(d) with x5 = 10. In fact, transcritical bifurcation takes
place under the condition of x3 = 6.

As illustrated in Fig. 3(a), distribution of singular point I
and II implies that cosf; is proportional to x3, and the
center and saddle points are marked with circle and
asterisk, respectively. Remarkably, the critical point 1 (6,
1) and point 2 (-2, —1) simultaneously have both the
stable and unstable characteristics, and the singular point

IV, expressed as (x,y):((x3 —2)/4, +£/12—K3 + 4x3/4),

87 + (6a—4)p—2a
(n+a)n

T=1 -1 -4+ a)(2n+a)

C

[(n + o))

The relation of x and y can be explicitly yielded from
Egs. (22) and (23):

C=x(1-1/2+?), |1+ _xzaﬂz—xz;y

i (53 +2-0)/** +)7

4 2

where C, x and y have been defined in Eq. (21).

Remarkably, Eq. (25) can be degenerated into Eq. (21) if

o= 0. Similarly, the stable points for Egs. (22) and (23) can
be classified as the following two aspects:

(25)

sinf;
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varies with x5 in a nonlinear manner, and it travels along
with two different routes, marked with different colors in
Fig. 3(b). Remarkably, the projection of 3D plot at x-y
plane is just a perfect circle, which implies that the
representative point moves on a circle orbit. Finally, the
equilibrium point (0, 0) will survive under the condition of
KE(—00, —6)U(2, +00), and one can safely obtain the
conclusion that if the representative point moves on a circle
orbit around the point (0, 0), energy exchange between the
injected and sideband waves is small.

3.2 Phase-space analysis for approximate-equal-amplitude
sidebands

An assumption of x; =1 and x, ~ | withx3 =a =~ 0 is
made in this section, referred to the case for approximate-
equal-amplitude sidebands. Strictly speaking, Mode C
survives under the boundary condition of x; =x, = 1 and x3
=0, but for x, & 1, Mode C also plays a dominate role in
MFWM processes. One can easily get the following
equations from Egs. (14) and (15) with

i =4(1=n)\/n(o+ n)sinbs, 22)
6, =2cosb;
oa+n n
: [—2 n(a+n) + (l—ﬂ)(\/TJF \/mﬂ
+ry+2-4n—a.
(23)

Equations (22) and (23) can be adopted to analyze a
conserved Hamilton system describing Mode C. For the
sake of simplicity, we can analyze the Hamilton system
under the polar coordinate with the Jocabi matrix given by

4 (1-n), /n;acos%
2 Ay, 24
0sth—4 8 :(?Z+40)6;777 2asin03
1) (g, 65) = <1,cos’1[(zc3727a)/(4\/1 +a)]> or

(1,2nfcos’l [(6s—2—a)/(4VT T a a)]). The fixed
point, given by (x,y) = ((K3*2*0€)/(4\/1 +a),
+ \/1 — (k5 —2—a)?/16(1 + a)) under the rectangle

coordinate, will exist wunder the condition of
k3 €24+ a-4v1+a, 2+ a+ 41+ a). Furthermore,
one can easily obtain the eigenvalue with

Jiz = %/16(1 + @)~ (2~ a)’, which implies that
the fixed point will be definitely an unstable saddle point.
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Fig. 3 Illustration of distribution of singular points with different
values of «3. (a) Plot for singular point I (x, y) = ((x3 + 6)/12, 0),
singular point II (x, y) = ((x3 —2)/4, 0) and singular point III (x, y) =

(0, 0); (b) plot for singular point IV (xy) = ((x372)/4,

/1215 + 4x3 /4)

2) (n, 685) = (no, m) or (y9, 2m). 1o is the root of the
following equation:

nt+an’ + byt +en+d =0, (26)
where
a = (9a + x;—6)/6,
b =[270% + 10(x3— 6)a + 12— 43— K3]/48,
c=[-& + 23— 10) &® + (1243 —13)/48],
d=a*12.
The eigenvalue equation for this case is
1 a*(1-n)
P = 8(1—) {277—1—014— (WViFaT i)' +——"|.
n Vi 2(n + o)
27)

By substituting the root 7o of Eq. (26) into Eq. (27), the
eigenvalue A can be thus obtained, and we can further
judge the type of a singular point that if 0 < 79 < 1, it will
be a center point; otherwise, it will turn to be a saddle
point. Under the rectangle coordinate, the corresponsive
fixed points are (x, y) = (£ 7o, 0), which implies that the
fixed points appear at x-axis and are located symmetrically
in terms of y-axis.

Figure 4 depicts distribution of singular points when
taking account of @ = 0.01. As mentioned before,
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firstly, the point (x,y) = <(K3—2—(l)/(4\/1 +a),
i\/l —(ri3—2-0a)*/16(1 + a)) satisfies the relation of

x> + y* = 1, which represents that it moves on a circle
trajectory, as shown in Fig. 4(a). It is worthy noting that
when x5 = 3.5, two saddle points P; (0.3725, 0.928) and P,
(0.3725, —0.928) can be obtained, corresponding to
yellow points in Fig. 5(b). Secondly, singular points (x,
) = (£#o, 0) are illustrated in Fig. 4(b), and interesting is
that x3 varies with # in a linear manner, but in different
directions. Moreover, two critical points, provided with
both the stable and unstable characteristics, are identified
to (1, 6.03) and (1, —2.01).

Figure 5 illustrates phase-space portraits with x3 = —3,
k3 = 3.5 and x3 = 7, respectively. From what has been
discussed above, we know that k3 = —2.01 and x3 = 6.03

are two critical linear-phase-mismatch values that drama-
tically change the topology structure of phase-space
trajectories, and that further influence energy exchange
among the waves. As shown in Figs. 5 (a) and 5(c), the
saddle point shifts from the left to right half-plane for
phase-space orbits, with respect to the center point, during
which the number of saddle point is also increased up to
two, as seen in Fig. 5(b).
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Fig. 4 Illustration of distribution of singular points with different
values of x3. (a) Plot for singular point (x,y) = ((k3—2—a)

J@VTTa), % /1 (6 -2-0)*/[16(1 + )] ); (b) plot for sin-
gular point (x, y) = (£, 0)




Liang ZHAO et al. Competition mechanism of multiple four-wave mixing in highly nonlinear fiber 421

1.5 e

(Qsaddle point

20 15 -10 05 0 05 1.0
ncost;

) 05 0.1 0.7 13 16

o =

'Osaddlc point
-1.5 -10 -05 0 0.5 1.0 1.5 2.0

ncost;
(c)

Fig. 5 Illustration for phase-space portraits with (a) k3 = —3; (b)
x3 =3.5 and (c) k3 = 7. Physical limits require that —1 < ncosf; <
land -1 < gsind; < 1

Figure 6(a) illustrates sideband power as a function of /”
when x5 varies from —5 to 5. As long as 3 increases
approximately from —2.5 to 0.5, intense interaction
between the injected and sideband wave takes place, and

the sideband wave can obtain high energy from the
injected wave. In addition, projection of Fig. 6(a) at 5-x3
plane is also displayed in the inset of Fig. 6(b), and the red
curve in Fig. 6(b) indicates fractional power loss (FPL) for
the injected wave as a function of x3, which can be also
regarded as the envelope of the inset. Here, FPL is defined
as 77/1 x 100%, reflecting power attenuation of the injected
wave. It is expected that FPL will exceed 50% when #;
ranges from —2.4 to 0.4, implying the occurance of a
dramatic energy exchange between the injected and
sideband waves. Furthermore, a FPL of about 100% can
be attained if k3 & —0.4, and then almost all the injected
wave power is delivered to the sideband wave.

To further unveil the relation between phase-space orbit
and power exchange among the waves, we explicitly
mimic and compare phase-space orbits, 7 vs. I curve and
costs vs. I curve, under the condition of k3 = —1 and x5 =
4, corresponding to unstable and stable modes, as shown in
Fig. 7. Especially, Fig. 7(a) illustrates unstable phase-space
orbits, on which the representative point moves in a larger
range than that shown in Fig. 7(d). # vs. I" curve in
Fig. 7(b) indicates that the sideband wave can obtain
approximate 80% injected-wave power, which is much
larger than that shown in Fig. 7(e) and the sideband wave
power in Fig. 7(b) varies with I periodically with its period
almost four times larger than that shown in Fig. 7(e). On

100

80

60+

40

fractional power loss/%

20

K3

(b)

Fig. 6 (a) Sideband power as a function of /" with different
values of «3; (b) fractional power loss as a function of «3
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costly

0]

Fig. 7 Illustration of phase-space trajectories representing (a) an unstable saddle point with x5 = —1 and (d) a stable center point with k3 =4. 5
vs. I with (b) k3 = —1 and (e) x3 = 4. coss vs. I" with (¢) k3 = —1 and (f) k3 =4

another perspective, a large period for # vs. I” curve is
benefit to energy accumulation when the sideband wave
propagating along an optical fiber, and the amount of
period is significantly dependent on cosf; vs. I curve,
which in facet reflects the varying rate of power for the
sideband wave. The varying rate for cosés vs. I” curve in
Fig. 7(c) is much slower than that in Fig. 7(f), and this
characteristic can be adopted to explain the phenomena in
Figs. 7(b) and 7(e).

3.3 Analysis for Hamilton system

Through using simultaneous Egs. (14) and (15), and taking
account of the initial conditions of x; =x, =1 and x3 =0,
one can obtain

in=0-\/f(n), (28)
with
) =n"+ (k5 -6) /317’ +{[12 + 4H — (k3 + 2)*)]
J12307 + [(1=H) (i +2) /6]n—(H—1)*/12

and ® = =£2+/3. Equation (28) can be well explained as an
evolution equation for the velocity of an ideal point
moving in a potential well ¥(y) with a totally conserved
energy FE, which may be integrated to yield the solution in
an implicit form,

r 1 J'n(l" =L 1 d
B NGO
1 f ML 29)
el BE T
with the potential well explicitly reading as
ey f(n)  (H-1)
VW*—‘haﬁmf—‘f3‘+—zz—} G0

and the totally conserved energy

2
E=tiperve =Y

2 24

is uniquely characterized by the initial settings for A4 and
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k3. I can be explicitly yielded from Eq. (29) with the form
of periodic Jacobi elliptic and hyperbolic function [10].
The form of the solution for /" presumably depends on the
root of the fourth-order polynomial f{#).

Potential well is a key parameter that can estimate the
capability of power exchange among waves in a conserved
Hamilton system, and it also influences the characteristic
of a singular point and the topology of phase-space orbits.
Figure 8(a) illustrates potential well energy V(y) vs.
normalized power # with H = 1 and different values of
K3, and all the concave points, namely stable equilibrium
points, are assembled to form curve 1 in Fig. 8(a). What’s
more, stable eigensolutions are available from curve 1,
which are increased with the decrement of x3. Conversely,
all the salient points in Fig. 8(a), assembled to form curve
2, corresponds to unstable equilibrium points, and they are
decreased with the decrement of 3. Figure 8(b) further
illustrates potential well energy V() vs. normalized power
n with 3 = 1 and different values of H. Notably, different
values of H denote different initial conditions for injected
waves, and stable equilibrium points with # = 0.5 will be
turned into unstable equilibrium points if A increases from
< 2.5to > 2.5 (see curve 2), where H = 2.5 is the critical
point marked with five-pointed star in Fig. 8(b). Curve 1 in
Fig. 8(b) is the aggregation of salient points, which does
not assume physical significance. Simulation for potential
well energy as a function of 7 and x3 with H = 1 has been
implemented, as shown in Fig. 8(c), which intuitively
illustrates the evolution of stable (green line) and unstable
(black and red lines) equilibrium evolves with the
increment of #3.

To obtain the extreme points, one should find the roots
from the following third-order polynomial equation

ov(n) 1] 5 2 1244H (x5 +2)
—=—-—=|4 -6 7
o 5|4+ (e = 6)” + g 1
1-H 2
| ( )(K3 + )] — 0’ (32)
6
and the roots can be analytically obtained as follows:
n=y—e/3, (j =1.2,3), (33)
with
y1 = VT +vD+/T-D,
Yo = my \3/T—|—\/5—|—m2 \3/ T*\/B, (34)
V3 =my VT +D+m \/T-+/D.
Here,

e = (k3—6)/4, D= (q/2)* + (p/3),

=112 4 4H— (13 + 2124, g = (13 + 2)(1 — H)24,
T=—q2,p=f-¢e/3, q=2&27—¢fl3+g,

mi = (*1 + \/?_al)/Z,

my = (—1-v/30)/2.

0.20;
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Fig. 8 (a) Potential well energy F/() vs. normalized power 5
with H= 1 and different values of x3; (b) potential well energy V(7)
vs. normalized power n# with x; = 1 and different values of
Hamiltonian parameter H; (c) 3D plot for potential well energy
V(n) as function of normalized power 7 and linear phase mismatch
x3 when H = 1. Physical limits require that 0 < < 1

The complex root implies that there is no extreme point in
potential well curve. Therefore, we can discuss the
property of the roots in Eq. (34) from the following three
aspects:
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1) If D> 0, there is only one real root (y;) and two
conjugated complex roots (1, and y;), and thus there is
only one equilibrium point in ¥(#) vs. 5 curve.

2) If D < 0, the roots obtained are all real number, and
hence there are three equilibrium points in V() vs. 5 curve.

3) If D=0 and p = g = 0, the three roots are identified
with 7, 23 = —e/3, corresponding to only one equilibrium
point in ¥(#) vs. 5 curve; if D=0 and (¢/2)* = — (p/3)’ #0,
the roots are 5, =2v/T—e/3, and N3 = —V/T—e/3,
corresponding to two equilibrium points in V(y) vs. g
curve.

From what has been discussed above, the equilibrium
point in potential well curve can be robustly governed by
x3 and H, which would further influence energy exchange
between the injected and sideband waves.

4 Characteristic of satellite

Satellite wave is one of the sideband waves with angular
frequency w4, which is adjacent to the injected wave with
angular frequency w, and is phase conjugated to the
injected wave with angular frequency w1, as seen in Fig. 1.
Figure 9(a) displays the well known Young’s double-slit
experiment based on two coherent waves interfering with
each other, in which the two waves experience different
optical paths and thus form alternatively light (green line)
and dark (black line) fringes. A similar phenomenon also
takes place when satellite wave travels over an optical
fiber, originated from the MFWM effect, as shown in
Fig. 9(b), and the sameness and difference of the two
phenomena are demonstrated in detail in Table 2.

Supposing |4;|> |A2[>> |43[>|44], |41(2)] ~ |4,(0)] and
|[4>(z)] =~ |45(0)|, the satellite-wave amplitude can be
explicitly derived from Egs. (1)—(4),

3
2y*P2P,
(3yP,—ABy)

y {exp[ i(3yP, + AB —ABs)z] -
3vPy + ABy —ApBs

exp[(37P1—|—37P27Aﬁ1) ]- }
3vPy + 3vP, - Ay

Ay(z) =

exp[i(3yP —ABy)z] - 1
P,\/P . 35
TP/ P X 3yP,—AB (33)

The solution indicated in Eq. (35) is improved a lot
compared to the result reported in Ref. [9], whose authors
do not consider the impact of idler wave on satellite wave.
Since satellite wave is a second-order FWM product, the
impact of idler wave on satellite wave cannot be ignored.
The big bracket in Eq. (35) indicates that pump, signal and
idler waves together contribute to the amplitude of satellite
wave. The satellite-wave power can be yielded from

Fig. 9
(b) evolvement of satellite wave over an optical fiber

wave 1

(a)

wave 2

IRAR satcllite

Eq. (35),

with

= |44

4m? az
~ Tsn ( ) +
a

8mn .
+ ——sin
ac

-inE 1n<CZ
ST 2 ) M7

CZS’YPI

(3)

4m?
b2

()
o

_Aﬂz.

(
a(5) () n 5o

2

[

c)z

C

a—c)z

]

bz) 4m?

|

(a—b)
2

optical path difference

v
F N Y [}
| 1

1

|
\ TR r}

f WAL
Wor/

(a) Comparison of Young's double-slit experiment and

]

8mn

bc

3
2

m = 2y*P\P,/(3YP,—AB),n = yP,\/Py,

a=3yP; + AB,—Aps,

b = 3’YP1 +3'}’P2*Aﬁ1,

(36)

€0



Liang ZHAO et al. Competition mechanism of multiple four-wave mixing in highly nonlinear fiber 425

Table 2 Comparison of Young’s double-slit experiment and evolvement of satellite wave over an optical fiber

Young’s double-slit experiment

evolvement of satellite wave

sameness alternatively bright and dark fringes

need of two injected waves

related to phase difference of two injected waves

polarization dependence of two injected waves

difference need of two coherent waves

injected waves with a uniform wavelength

free of coherent characteristic for the two waves

injected waves with different wavelengths

distribution of fringes depending on the injected wavelength and  distribution of fringes depending on the injected wavelengths and
dimensional structure of the experimental installation

no new component generation

non-essential of optical fiber

powers
new component generation

need of optical fiber

Note that A + AB, + A3 =0, and it leads to the result of @ = ¢. Thus, Eq. (36) can be further simplified with

4 2
P, zg(m 1) sin’ (ﬁ) +

2

a 2

-sin(az) sin b cos
2 2

The extreme points yielded from Eq. (38) are

m+n . 21+ m . [b(

Py~ 4{ p sm[( 5 n]—l—g {
+ 2
2

Jysin
(a—b)z

2

4 m—+ nsin 2al B ﬂsm 2bl 2
a b a-— b
21 +

4m? 2(E)_8m(m+n)

2 ab
} (38)
“;bz=zm,
a—b
]} 2Z:(21+1)n, leZ (39)

IS}

e [2((2; +bl)) ] T

To make clear the physical implication of Eq. (39), we
define Ap = Ak X z= (k; — kr)z = (a — b)z/2, where Ak
represents the difference of different net phase mismatch
profiles, and A¢ denotes accumulation of phase-mismatch
difference along an optical fiber, which determines the
intense of satellite wave. In this case, an assumption that
Ak retains invariable and z varies at will is made. At first,
when z =4ln/(a — b), P4 =~ 4{[(m + n)/a]sin[2aln/(a — b)]
— (m/b)sin[2bin/(a — b)]}?, and it is remarkable that 2alm/
(a — b) —2bln/(a — b) = 2Im, which shows that the two
terms [(m + n)/a]sin[2aln/(a — b)] and (m/b)sin[2bln/(a —
b)] are in-phase. Hence, the whole process is identified to a
interfered-destructive case, giving rise to a dark fringe
emerging at the point of z = 4/z/(a — b). Secondly, when z
=221+ DHn/(a — b), P4 = 4{[(m + n)/a]sin[a2] + 1)n/(a
— b)] + (m/b)sin[b(2] + 1)n/(a — b)]}>. We note that a(2/
+ Dn/(a — b)—b 2] + D)n/(a — b) = (2] + 1)m, so the two
terms [(m + n)/alsin[a(2] + 1) n/(a — b)] and (m/b)sin[b(2/
+ D)m/(a — b)] are out of phase. This issue, however, also
equals to a interfered-destructive case, because of the “+”
sign located between the two terms. When z = (2/ 4+ 1)n/(a
— b), Py ~ 4(m + n)*/a*sin’[a(2] + Dn/QRa — 2b)] + 4m?/
b*sin’[b(2] + 1)n/(2a — 2b)], which can be further

n[z

2 e )

simplified as: P, ~ 2(m + n)*/a* + 2m*/b* and it is
identified to a interfered-constructive term.

Furthermore, Eq. (38) can be transformed into another

form, that is

P, ~ Mcos 27:' + Ncos 27['
4 7, ° T, °

2
+Rcos< T -z>+Q, (40)
Tafb
with
_2(m+n) (m m+n N_Z_m m+n m
N a b a )7 b a b))’
R 2m(m+n)’
ab
0-2 m+n m 2 2 (m—l—n)’
a b ab
2n 2n 2n
Ta=—>Tb:7,Ta7b:ﬁ- 1)

Mathematically, Egs. (40) and (41) point out that the

expression for the power of satellite wave can be
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approximately regarded as a complex of three cosine
functions, and the irregular period T for satellite power vs.
fiber length curve is controlled by |7,|, |T}| and |T,, _ 4],
respectively. Note that, 7,, 7, and 7,, _ , are related to a
and b, which means that one can adjust the injected
wavelength detune to change the irregular period T.
Further investigation shows that the irregular period can
be yielded through the manipulation of 7 = [|T,], |7},
|T,  »|], while the middle bracket denotes the operation of
searching the least common multiple in an array.

Figure 10(a) shows the evolvement of satellite wave
over an optical fiber, under the condition of A4; = 1555 nm,
Ay = 1545 nm, Py = 20 mW, P,o = 10 mW. The red dash
line and green dots represent the numerical simulation and
the analytical solution, respectively, and they are in high
agreement. It can be clearly seen that satellite power varies
with fiber length in a sine-like trajectory, in line with the
analysis for Egs. (38) and (39). By changing the boundary

4
4 X10 o
=== pumerical result
@ analytical solution |
5 A - A & % A
- ' Y e a9 i L
sl ft ¢ 4 i it L 44
E°[ 1 i1 d i i} i ¢
= 4 i g X i g 4 i i
2 [tk g3 §—% % —i {4
=) S 5 N ¢ ! [ HE ? 3
= H 9 H H H i i : H ' i i
g3rv 11141 e e |
= ] ] : | ! ¥ 1 9 H ]
L H H 9 H | H A H H H
-SIU L B W SR R N -
LTINS RY LY
11§ [ LI Vg \ o 49
i q: P9 i 4! L 3
¢ 4 i ﬂ’ g (¥
0d— o8 Lbd N L d |
0 50 100 150 200 250 300 350 400 450 500
fiber length/m
(a)
x10*
4 T === pumerical result

@ : = dika-b)

B - 2mia by
= 3 ' [ ] ] . '..:=[2;’ Vil fr}
=T IY 1INV YT IN T AN T/
B IR Iy Y Y0 Y
Y L N N U G .
g [TV v Y hYir iy
MY BB EIRNAY
i+ttt

0 T e e M
0 100 200 300 400 500 600 700 800 900 1000
fiber length/m
(b)

Fig. 10 Simulations for satellite power as a function of fiber
length. (a) The red dash line represents the numerical result while
the green dots denote the analytical solution. The related
parameters are A; = 1555 nm, A, = 1545 nm, Py = 20 mW, P,
=10 mW and L = 500 m; (b) The green and red dots correspond to
interfered-destructive points satisfying the condition of z = 4/n/(a
—b) and z = (4] + 2)n/(a—b) respectively, the blue dots correspond
to interfered-constructive points satisfying the condition of z = (2/
+ Dn/(a — b). The related parameters are 4, = 1555 nm, 4, = 1548
nm, Pig = 10mW, P =5mW and L = 1000 m
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condition with A; = 1555 nm, A, = 1548 nm, P;, = 10 mW,
Py = 5mW and L = 1000 m, Fig. 10(b) again displays
satellite power as a function of fiber length, and the
interfered-constructive dots marked with blue color meet
the condition of z= (2/ + 1)n/(a— b). Moreover, interfered-
destructive points marked with green and red dots satisfy
the condition of z =4/n/(a — b) and z=2(2/ + )n/(a — b),
respectively. Also, the numerical simulation is in line with
the analytical solution in this case. In fact, there have been
some common points between the property of satellite
wave evolvement and the coherent-superimposed princi-
pal. First, Eq. (38) for satellite power is similar with the
expression for the intensity of interference pattern [17,18].
Second, for the coherent-superimposed principal, con-
structive and destructive points depend critically on the
optical-path difference (identified with the phase differ-
ence) of two injected waves when they reach some point in
space. Similarly, when the satellite wave travels to a
specific location in an optical fiber, difference of different
sets of phase-mismatch profiles in MFWM processes
determines whether the fringe is bright or dark, corre-
sponding to the constructive or destructive point.

Figure 11 illustrates satellite power as a function of fiber
length with different injected wavelengths to check how
the injected wavelength influences the periodic character-
istic, as described by T = [|T,], |Tyl, |T,_p]]. When A; =
1555nm and A, = 1548 nm, one can easily obtain 7, =
—176.9358 m, T, = —88.4493 m, T,, ,=176.8615m, and
thus 7 ~ 176.8615m, which matches well with the
numerical simulation shown in Fig. 11(a). Moreover, Figs.
11(b), 11(c) and 11(d) further demonstrate that, the period
changes dramatically when setting different injected
wavelengths, which implies that the values of 7,, T, and
T, , significantly rely on the injected wavelength. This
characteristic is very useful in the applicative regime,
especially for the optical switch and the logic gate [21],
that we can obtain the satellite power to a largest extent by
prudently selecting the injected wavelength provided the
fiber length is fixed.

5 Conclusions

The nonlinear interaction between four optical fields
involves a single non-degenerate (Mode C) and two
degenerate FWM (Modes A and B) processes in the third-
order nonlinear mixings, and we emphasize Mode C by
simplifying the coupled-wave equations into the eigen-
equations, as well as analyzing the phase-space trajectory.
The existence of unstable eigensolutions has important
consequences for evolution of each wave and the power
exchange. Our solutions permit one to predict high-
efficiency wavelength conversion for initially mismatched
waves, and approximate 100% injected-wave power could
be presumably coupled into the sideband wave, as long as
we properly set the boundary condition. Furthermore,
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Fig. 11 Satellite power as function of fiber length with different injected wavelengths: (a) A; = 1555 nm, 4, = 1548 nm; (b) 4, = 1560 nm,
Ay = 1548 nm; (c) A; = 1550 nm, A, = 1545 nm; (d) A; = 1550 nm, A, = 1540 nm. The other parameters are Py = 10 mW, P,y = 5 mW

under the condition of equalized and approximately-
equalized injected powers, we have investigated phase-
space orbits intensively by analyzing the type of singular
point to judge the amount of power exchange. Finally, we
demonstrate the characteristic of satellite wave by yielding
the solution for its power analytically from the coupled-
wave equations under certain approximations, and com-
pare the evolvement of satellite wave with the interference
pattern in Young’s double-slit experiment. The above
investigations can be found potential applications in 2R
regeneration [7,8], optical switching [5], multi-channel all

optical wavelength conversion [2], and UWB generation
and transmission [22].
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