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Abstract Based on spin-flip model (SFM), the impacts
of mismatched intrinsic parameter on leader-laggard chaos
synchronization between two mutually coupled vertical-
cavity surface-emitting lasers (VCSELs) have been
investigated numerically. Results show that, for two
VCSELs with identical intrinsic parameter, the switching
point of leader-laggard caused by continually varying
frequency detuning or injection rate detuning is located at
zero frequency detuning or zero injection rate detuning,
which indicates that the VCSEL with higher frequency or
subject to lower injection level plays a leader role.
However, for two VCSELs with mismatched intrinsic
parameter, the switched point of leader-laggard will
deviate from zero frequency detuning or zero injection
rate. Therefore, compared with the results obtained under
matched intrinsic parameter, the opposite results have been
observed in the range between zero detuning and switching
point. Additionally, the offsets of switching point induced
by different intrinsic parameters are different, and the
influence of line-width enhancement factor is found to be
the most significant.

Keywords vertical-cavity surface-emitting laser, mutual
coupling, mismatched intrinsic parameter, leader-laggard
chaos synchronization

1 Introduction

Vertical-cavity surface-emitting lasers (VCSELs) have
been considered as key devices for optical communica-
tions, optical interconnection and optical signal processing
because of their prominent advantages over traditional

edge-emitting lasers, such as low threshold current, single-
longitudinal mode, large modulation bandwidth, low cost
and wafer-scale integration capability for large arrays
configuration [1–6]. Nowadays, mutually coupled
VCSELs have attracted considerable interests due to their
important application in bidirectional chaos secure com-
munication fields. Since the first demonstration of chaos
synchronization between mutually coupled VCSELs [3],
nonlinear dynamics, polarization properties and chaos
synchronization of mutually coupled scheme have been
studied extensively [4–10]. Relevant reports have shown
that the chaos synchronization characteristics between two
mutually coupled semiconductor lasers (SLs) behave in an
unstable way due to stochastic noise, and stochastic leader-
laggard synchronization is usually observed in a time
dependent manner [11–14]. In order to realize stable chaos
synchronization in mutually coupled VCSELs, a method
that operation parameters of two VCSELs are asymme-
trical has been proposed. For instance, through adjusting
frequency detuning between two mutually coupled
VCSELs, stable chaos synchronization can be realized
[4,15–18]. Additionally, through adopting asymmetrical
injection level, stable chaos synchronization can also be
obtained and the VCSEL subject to weaker injection rate
plays a leader role [4]. However, to our knowledge, all the
works mentioned above are focused on the influence of
external parameters mismatch on the leader-laggard
synchronization between two mutually coupled VCSEL.
In practice, there always exist mismatched intrinsic
parameters between two VCSELs. Therefore, it is essential
to investigate the influences of mismatched intrinsic
parameters on the leader-laggard relationship between
two mutually coupled VCSEL under asymmetrical exter-
nal operation parameters. In this paper, based on the spin-
flip model (SFM), the impacts of mismatched intrinsic
parameter on leader-laggard chaos synchronization

Received March 10, 2011; accepted April 26, 2011

E-mail: gqxia@swu.edu.cn

Front. Optoelectron. China 2011, 4(3): 298–307
DOI 10.1007/s12200-011-0139-8



induced by frequency detuning or injection rate detuning in
mutually coupled VCSELs have been investigated
numerically, and part results are different from that
obtained under the case of two VCSLEs with identical
intrinsic parameter.

2 System model

The schematic diagram of two mutually coupled VCSELs
system is shown in Fig. 1. The output of VCSEL1 passes
through microscopic lens (ML1), and then injects into
VCSEL2 after passing through a beam splitter (BS1),
an optical isolator (ISO1) and a neutral density filter
(NDF1). The output of VCSEL2 experiences a similar
process to form mutually delay-coupled structure. The
NDF is used to control injected strength. In order to
independently control the injection strength of each
VCSEL, two separated light paths have been designed in
this system. The ISO is used to ensure unidirectional
transmission of light.

3 Theory

Based on SFM [1], after considering the effect of external
injected field, rate equations for the mutually coupled
VCSELs can be described as [6,8]
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where subscripts 1 and 2 stand for VCSEL1 and VCSEL2,
respectively, and superscripts x and y stand for x and y
linear polarization (LP) modes, respectively. E is the
slowly varied complex amplitude of the field, N is the total
carrier inversion between conduction and valence bands, n
accounts for the difference between carrier inversions for
spin-up and spin-down radiation channels, k is the decay
rate of field, α is line-width enhancement factor, ge is the
decay rate of total carrier population, gs is spin-flip rate, ga

and gp are linear anisotropies representing dichroism and
birefringence, respectively, μ is normalized injection
current (μ takes the value 1 at threshold), τ is the
propagation delay time between the VCSEL1 and
VCSEL2, η12 (η21) is the injection rate of VCSEL1
(VCSEL2) to VCSEL2 (VCSEL1). In the symmetric
reference frame, averaged angle frequency ω0 and
detuning Δω are defined as follows:

ω0 ¼
ω1 þ ω2

2
, (5)

Δω ¼ ω2 –ω1

2
, (6)

where ω is free-running optical frequency, and the last
terms in Eqs. (1) and (2) represent the spontaneous
emission noises which are modeled by Langevin sources
[2]:
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Fig. 1 Schematic diagram of two mutually coupled VCSELs (M: mirror)
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where �1 and �2 indicate independent Gaussian white noise
with zero mean and unitary variance, and βsp is
spontaneous-emission rate.

4 Results and discussion

To specifically describe synchronization quality between
the two lasers, the quality of chaos synchronization and its
time shift can be quantified by calculating shifted
correlation coefficient C(Δt):

CðΔtÞ ¼ h½I1ðtÞ – hI1i�½I2ðt þ ΔtÞ – hI2i�i
fh½I1ðtÞ – hI1i�2ih½I2ðtÞ – hI2i�2ig1=2

, (9)

where Δt is the time shift between two VCSELs output, the
brackets h i denote temporal average, I = |E|2 is the output
intensity of the laser. A large value of C indicates that good
synchronization has been achieved. For perfect chaotic
synchronization, C equals to 1.
The rate equations (1)–(4) can be used to solve

numerically with the fourth-order Runge-Kutta algorithm.
During the calculations, typical parameters are used as
follows [2]: k = 300 ns–1, α = 3, ga = 0.1 ns–1, gp = 10 ns–1,
ge = 1 ns–1, gs = 50 ns–1, ω1 = 2.2176 � 1015 rad/s (the
corresponding central wavelength is 850 nm), μ = 2.5, τ =
3 ns, βsp = 10–6 ns–1, and η21 fixed at a moderate strength of
30 GHz.
The chaotic time series of each LP of the two VCSELs

are given in Figs. 2(a) and 2(b) under the condition of
symmetric coupling. Figures 2(c1) and 2(c2) give cross-
correlation coefficients corresponding to Figs. 2(a1), 2(b1)
and Figs. 2(a2), 2(b2) as a function of time shift. In
Figs. 2(c1) and 2(c2), there are two main peaks,
respectively, which corresponds to the cross-correlation
values shifted by the one-way coupling delay time of Δt =
+ τ (called C+) and Δt = – τ (called C – ) [16]. If C – is
smaller than C+, the chaotic time series of VCSEL1
anticipate that of VCSEL2 by τ. On the contrary, if C – is
larger than C+, the chaotic time series of VCSEL1 lag
behind that of VCSEL2 by τ.

4.1 Effects of frequency detuning or asymmetrical injection
level on leader-laggard relationship of two mutually coupled
VCSELs with identical intrinsic parameter

The cross-correlation coefficients C+ and C – between the
two VCSELs are numerically calculated as a function of
the frequency detuning under Δη = η21 – η12 = 0 GHz in
Fig. 3 and the asymmetrical injections under Δν = 0 GHz in
Fig. 4. An exchange of the leader-laggard role depends on
the sign of the frequency detuning or asymmetrical

injection rate, and the switching point of leader-laggard
synchronization is exactly at Δν = 0 GHz or Δη = 0 GHz for
both x and y LP modes. Therefore, the VCSEL oscillated at
higher frequency or subject to weaker injection plays a
leader role, which is coincided with the results of Refs.
[4,18].

4.2 Effects of mismatched intrinsic parameters on leader-
laggard synchronization induced by frequency detuning
between two VCSELs

The external parameters such as oscillated frequency and
injection strength can be controlled easily, but intrinsic
parameters are difficult to be accurately controlled. There-
fore, it is essential to investigate the influence of the
mismatched parameters on the leader-laggard relation-
ship. For convenience, we fix intrinsic parameters of
VCSEL1, and only change the intrinsic parameters of
VCSEL2. The relative mismatched intrinsic parameters are
defined as

Δk ¼ k2 – k1ð Þ=k1, Δα ¼ α2 – α1ð Þ=α1,
Δga ¼ ga2 –ga1ð Þ=ga1, Δge ¼ ge2 –ge1ð Þ=ge1,

Δgs ¼ gs2 –gs1ð Þ=gs1:

(10)

Figure 5 shows the dependence of C+ and C – on the Δν
when each relative mismatched intrinsic parameter is set at
10%. For the case of Δν = 0 GHz, the leader-laggard
relationship is induced only by the mismatched intrinsic
parameter. In this case, the VCSEL with smaller k or ge

plays a leader role, while the VCSEL with smaller α, ga or
gs plays a laggard role. Therefore, after considering the
influences of mismatched intrinsic parameters, the location
of switching point Δνsw is not at Δν = 0 GHz but shifted to
negative or positive frequency detuning for different
mismatched intrinsic parameter. The location of switching
point Δνsw shifted to the left (as shown in Figs. 5(a) and
5(d)). That is to say, for Δν is varied from Δνsw to 0 GHz,
the VCSEL with lower-frequency will takes the leader
role because the influences of mismatched intrinsic
parameter plays a dominant role, which is opposite to
the result obtained under two VCSELs with matched
intrinsic parameter. On the contrary, if the switching point
shifted from zero to positive frequency detuning (as shown
in Figs. 5(b), 5(c) and 5(e)), for Δν is varied in the range
from zero to Δνsw, the opposite result can also be obtained
after taking the mismatched α, ge or gs into account. Figure
6 further shows variation of C+ and C – of each LP mode
with different internal mismatched parameters (Figs. 6(a)
k, 6(b) α, 6(c) ga, 6(d) ge, and 6(e) gs) on condition of Δν =
1 GHz. From this diagram, it can be observed that the
curve C+ and C – can also appear the cross point.
Fortunately, for Δν = 1 GHz, if the mismatched intrinsic
parameter is not larger than 10%, the conclusion that
the higher-frequency VCSEL takes a leader role is always
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true. Additionally, it should be pointed out that the
mismatched intrinsic parameters may not be only one at
most of the time, so the influence of intrinsic parameter
mismatch on leader-laggard relationship could be even
more complex.

4.3 Effects of mismatched intrinsic parameters on leader-
laggard relationship induced by asymmetrical injection
strength between two mutually coupled VCSELs

Similar to Fig. 5, Fig. 7 gives the dependence of C+ and

Fig. 2 (a) Time series of x LP, y LP of VCSEL1; (b) time series of x LP, y LP of VCSEL2; (c) corresponding cross-correlation coefficient
of x LP, y LP between VCSEL1 and VCSEL2
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C – on Δη for each of relative mismatched parameters is set
at 10%. As seen in Figs. 7(a) and 7(d), the location of
switching point Δηsw slightly shifted to positive value, that
is to say, at the range of 0<Δη<Δηsw, the VCSEL subject
to stronger injection level takes the leader role under Δk =
10% or Δge = 10%. Therefore, combining Fig. 4 and Figs.
7(a) and 7(d), it can be seen that the opposite result has
been obtained for 0<Δη<Δηsw after considering the
mismatched k or ge. For mismatched α, ga and gs, the
switching point Δηsw takes negative value (see Figs. 7(b),
7(c) and 7(e)). So, at the range of Δηsw<Δη< 0, the
VCSEL subject to stronger injection level takes the leader

role at this case. Figure 8 shows the dependence of C+ and
C – on the relative mismatched parameters (Figs. 8(a) k,
8(b) α, 8(c) ga, 8(d) ge, and 8(e) gs) for Δη fixed at 1.5
GHz. From this diagram, it can be observed that the curve
C+ and C – can also appear the cross point, but the cross
point only appeared when relative mismatch is beyond
10%. It can be predicted that, with the increase of injection
level detuning, the separated degree of the two curves C+

and C – will enlarge obviously, then the influences of
mismatched intrinsic parameters on the relations of
anticipating and laggard synchronization will become
weak.

Fig. 3 Dependence of C+ and C – on frequency detuning (Δν = ν2 – ν1). (a) x LP; (b) y LP

Fig. 4 Dependence of C+ and C – on injection detuning (Δη = η21 – η12). (a) x LP; (b) y LP
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Fig. 5 C+ (circle) and C – (square) as a function of frequency detuning for a fixed mismatched (a) k, (b) α, (c) ga, (d) ge, and (e) gs of
10%. Left column is for x LP, and right column is for y LP
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5 Conclusion

Based on the framework of SFM, the influences of
mismatched intrinsic parameter on leader-laggard syn-
chronization induced by frequency detuning or asymme-
trical injection between two VCSELs are investigated
numerically. The results show that, for the case of
frequency detuning, the switching point appeared at zero
detuning when the intrinsic parameters of two VCSELs are
identical. Therefore, the VCSEL oscillated at higher
frequency takes the leader role. However, after taking the
mismatched intrinsic parameter into account, the switching
point will deviate from zero frequency detuning. There-
fore, between the switch point and the zero frequency
detuning, the result that VCSEL is leader is opposite to that

obtained under identical intrinsic parameters between two
VCSELs. For the case of asymmetrical injection, the
transition point appeared at zero detuning of injection
strength when internal parameters of two VCSELs are
identical, and the VCSEL subject to lower-injection plays a
leader role. However, the switching point slightly shifted to
positive value for mismatched k or ge, while the switching
point slightly shifted to negative value for mismatched α,
ga or gs. In general, after considering the influences of
mismatched intrinsic parameter, the switching point of
leader-laggard synchronization will deviate from the zero
frequency detuning or symmetric injection level as
observed experimentally in Ref. [16]. Additionally, all of
the results for x LP mode are as the same as those for y LP
mode.

Fig. 6 C+ (circle) and C – (square) as a function of mismatched (a) k, (b) α, (c) ga, (d) ge, and (e) gs for a fixed frequency detuning of
Δν = 1 GHz. Left column is for x LP, and right column is for y LP
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Fig. 7 C+ (circle) and C – (square) as a function of the detuning of injection strength for a fixed mismatched (a) k, (b) α, (c) ga, (d) ge, and
(e) gs of 10%. Left column is for x LP, and right column is for y LP
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