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Abstract Using the classical three-dimensional (3D)
ensembles, we have investigated nonsequential double
ionization (NSDI) of N2 by phase-stabilized few-cycle
pulses. We find that the correlated electron momentum
distributions in the direction parallel to the laser field
strongly depend on the carrier-envelope phase (CEP) of
few-cycle pulses, and this phase dependence is not affected
by the alignment of the molecular axis relative to the laser
field. Back analysis reveals that the ionization rate of the
first electron and the recollision energy play a main role in
the electron momentum distributions. Our results suggest
that the few-cycle pulses with stabilized phase can serve as
a powerful tool to investigate the recollision dynamics in
NSDI of molecules.

Keywords nonsequential double ionization (NSDI),
alignment, few-cycle, carrier-envelope phase (CEP)

1 Introduction

Nonsequential double ionization (NSDI) has been a hot
topic in the strong field atomic and molecular physics
because it reveals a highly correlated electron behavior.
This behavior has provided profound insights into the
physical mechanism of NSDI [1–8]. Nowadays, the widely
accepted picture for NSDI is the quasiclassical recollision
model [9], in which the first electron is tunneled through
the suppressed potential barrier around the peak of the
electric field. Then it is driven by the oscillating field and
returns to the parent ion as the electric field reverses its
direction, recolliding with the ion inelastically and leading
to the second electron released directly in an (e, 2e) process
or excited plus subsequential field ionization [10].

Recent advance in femtosecond laser technology has
opened the door for studying laser-matter interaction on the
time scale of a few optical cycles [11]. For such few-cycle
pulses, the electric field EðtÞ ¼ E0ðtÞcosðωt þ φÞ depends
on the phase of the carrier wave with respect to the pulse
envelope E0ðtÞ and the so-called carrier-envelope phase
(CEP) φ. Recent experiments have shown that the high
harmonic generation [12] and the left-right symmetry of
the electron yields from above-threshold ionization [13]
depend on the CEP of few-cycle pulses. For NSDI of
atoms, experimental and theoretical studies have reported
that the doubly charged ion momentum spectra are also
significantly influenced by the CEP of few-cycle pulses
[14–16]. For molecular targets, it has been reported that the
NSDI yield of D2 molecules also depends on the CEP of
few-cycle pulses [17].
In this paper, with the classical three-dimensional (3D)

ensemble model [18–20], we investigate NSDI of N2

molecules by few-cycle pulses. We find that the correlated
electron momentum distributions depend strongly on the
CEP of the few-cycle pulses, and this phase dependence of
the momentum distribution is not affected by the alignment
of the molecular axis relative to the laser field. Back
analysis reveals that the ionization rate of the first electron
and its returning energy influence the correlated electron
momentum distributions. Our results suggest that the few-
cycle pulses with stabilized phase can serve as a powerful
tool to investigate the recollision dynamics in NSDI of
molecules.

2 Model

The 3D classical ensemble model has been successful in
understanding of NSDI before, and it has been described
detailedly in Refs. [18–20]. In this classical model, the
evolution of the electron pairs is determined by the
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Newton’s motion equations (atomic units are used
throughout this paper until stated otherwise) as

d2ri
dt2

¼ –rðV i
ne þ VeeÞ –EðtÞ, (1)

where the index i denotes the two different electrons.

V i
ne ¼ –
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are the ion-electron and electron-electron interactions,
respectively. EðtÞ is the electric field, which can be written
as
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NT
π

� �

cos ω t –
NT

2

� �

þ φ

� �

z⌢ :

z
⌢

is the polarization vector. E0, T , ω, and φ are the
amplitude, period, frequency, and CEP of the laser field,
respectively. The intensity of the laser field is
2:0� 1014 W=cm2, and the wavelength is 800 nm. The
pulse contains four optical cycles, i.e., N = 4.
In our calculation, the two nuclei are fixed at ð0, sin�,

cos�Þ and ð0, – sin�, – cos�Þ, respectively, where � is the
angle between the molecular axis and the z axis. Thus, the
internuclear vector is R ¼ ð0, 2sin�, 2cos�Þ. The initial
energy of the ensemble is set to be the sum of the first and
second ionization potentials of N2, i.e., – 1.7 a.u. To obtain
the initial value, the ensemble is populated starting from a
classically allowed position for the energy of – 1.7 a.u. The
available kinetic energy is distributed between the two
electrons randomly in momentum space. Each electron is

given radial velocity only, with sign randomly selected.
Then the electrons are allowed to evolve a sufficiently long
time (100 a.u.) in the absence of the laser field to obtain
stable position and momentum distributions. To avoid
autoionization, the screening parameter a is set to be 1.00.
Similar to Ref. [18], b is set to be 0.05. Figures 1(a) and
1(b) show the position distributions of the initial ensemble
along the x and z axes, respectively, when the molecular
axis is parallel to the z axis. Once the initial state is
obtained, the laser field is turned on, and all the trajectories
are evolved in the combined Coulomb and laser field.
Double ionization (DI) is determined if both electrons
achieve positive energies when the laser field is turned off.

3 Results and discussion

Figure 2 shows the correlated electron momentum
distributions in the direction parallel to the laser field as
a function of the CEP. For Figs. 2(a) and 2(b), the
molecular axis is parallel to the laser polarization (i.e., θ =
0°), while for Figs. 2(c) and 2(d), it is perpendicular to the
laser polarization (i.e., θ = 90°). It is clearly seen that most
of the electrons are distributed in the first and third
quadrants, which implies that (e, 2e) pathway dominates
the DI events in the few-cycle pulses. The correlated
patterns in the first and third quadrants are obviously
asymmetric with respect to the diagonal K1 = – K2 (K1 and
K2 donate the momenta of the two electrons). When the
molecular axis is parallel to the laser field and for φ= 0°,
the yield from the third quadrant is higher than that from
the first quadrant, while for φ= 90°, the yield from the first
quadrant is much higher. When the molecular axis is
perpendicular to the laser field, the total DI yield is much
lower than that from the parallel molecules, which is
consistent with previous studies [20,21]. However, the
asymmetry of the correlated patterns is similar to that of the

Fig. 1 Log plot of position distributions of initial ensemble when molecular axis is parallel to z axis (ensemble size is 5�105). (a) Along
x axis; (b) along z axis
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parallel molecules. It implies that the phase dependence of
the correlated electron momentum distribution is not
obviously affected by the molecular alignment.
To understand the detailed dynamics of molecular NSDI

by the few-cycle pulses, we take advantage of back
analysis. We defined that an electron is ionized if its energy
is greater than zero. The recollision time is defined to be
the instant of the closest approach of the two electrons after
the first departure of one electron from the core, and the DI
time is defined to be the instant when both electrons
achieve positive energies, where the energy contains the
kinetic energy, ion-electron interaction and half electron-
electron repulsion. Figure 3 shows the counts of the DI
trajectories from Figs. 2(a) and 2(b) versus the ionization
time of the first electron, the recollision time and the DI
time. For φ = 0°, the first electrons are ionized around P1

and P2 (as indicated in Fig. 2(a)). The count of the
trajectories where the first ionization occurs around P1 is
larger than that around P2, even though the electric field at
P2 is stronger than that at P1. This is due to the fact that a
great part of the electrons ionized around P2 cannot be
driven back to the parent ion with sufficient energy to
release the second electrons. For φ= 90°, because of the
weak electric field at P1, the ionization probability of the

first electron around P1 is much lower than that around P2.
The electron ionized around an extremum of the electric

field is driven back to the parent ion about 2/3 optical cycle
later. As shown in Figs. 3(c) and 3(d), the electrons ionized
around P1 and P2 return to the parent ions at t1 and t2,
respectively. Assuming the electric field to be a plane wave
E0cosðωt þ φÞ, the electron’s final momentum is deter-
mined by υ0 þ E0sinðωti þ φÞ=ω, where ti is the ionization
time, and υ0 is the velocity at ti. Because the electron gives
up a sizable part of its energy in recollision, υ0 is often
negligible comparing with E0sinðωti þ φÞ=ω. Thus, the
direction of the electron’s final momentum is determined
by the latter of the terms. As will be addressed below, for
the intensity we used, most of the second electrons are
immediately ionized after recollision. Thus, the trajectories
where the first ionization occurs around P1 contribute to
the yield in the third quadrant, and those where the first
ionization occurs around P2 contribute to the yield in the
first quadrant.
From Fig. 2(b), we can find that the region of the

momentum distribution in the first quadrant is wider than
that in the third quadrant. It is well known that in the (e, 2e)
process, the correlated electron momentum is distributed in
a circle centered at –A(ti) with radius

ffiffiffiffiffiffiffiffiffiffiffi

2Eexc
p

[10], where

Fig. 2 Correlated electron momentum distribution. (a) φ= 0°, molecular axis is parallel to laser field, ensemble sizes are 0.5�106, and
about 2500 DI trajectories are obtained; (b) φ= 90°, molecular axis is parallel to laser field, ensemble sizes are 0.5�106, and about 2500 DI
trajectories are obtained; (c) φ= 0°, molecular axis is perpendicular to laser field, ensemble sizes are 1.5�106, and about 1000 DI
trajectories are obtained; (d) φ= 90°, molecular axis is perpendicular to laser field, ensemble sizes are 1.5�106, and about 1000 DI
trajectories are obtained
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AðtiÞ ¼ –!
ti

–1EðtÞdt

is the vector potential, and Eexc is the excess energy of
the recolliding electron. In Figs. 4(a) and 4(b), we show the
time delay between recollision and DI for the trajectories
from Figs. 2(a) and 2(b), respectively. The solid curves
indicate the trajectories from the first quadrants, and the
dashed curves indicate those from the third quadrants. It
clearly shows that most of the DI occurs within 1/5 cycle of
recollision, which implies that (e, 2e) process dominates
the DI trajectories. In Figs. 5(a) and 5(b), we display the
recollision energy of the returning electrons from Figs. 2(a)
and 2(b), respectively. For φ = 0°, the recollision energies
of trajectories from the first and the third quadrants are
similar, while for φ = 90°, the recollision energies of the
trajectories from the first quadrant are much higher than
those from the third quadrant, and thus, the excess energies
are larger. As a consequence, the momentum distribution

region for the trajectories in the first quadrant is wider than
that in the third quadrant.

4 Conclusion

In conclusion, we have investigated the correlated electron
momentum distribution of molecular NSDI in the intense
few-cycle pulses with a classical ensemble model. The
correlated electron momentum distributions strongly
depend on the CEP of the few-cycle pulses, and this
CEP dependence is not influenced by the alignment of the
molecular axis relative to the laser polarization direction.
Back analysis reveals that the ionization rate and the
recollision energies of the first electrons affect the
momentum distributions. Our results suggest that the
subcycle dynamics of molecular NSDI can be controlled
by varying the CEP of the few-cycle pulses.

Fig. 3 (a) Count of DI trajectories versus ionization time of the first electron, CEP is 0°; (b) count of DI trajectories versus ionization
time of the first electron, CEP is 90°; (c) count of DI trajectories versus recollision time, CEP is 0°; (d) count of DI trajectories versus
recollision time, CEP is 90°; (e) count of DI trajectories versus DI time, CEP is 0°; (f) count of DI trajectories versus DI time, CEP is 90°
(arrows in (a) and (b) indicate the peaks of electric field)
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