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Abstract Laser sources which have high power, short
time duration and are broadly tunable are needed for the
application of ultra-fast lasers. Femtosecond optical
parametric amplification (OPA) is one of the most
important techniques to produce broadly tunable and
several femtosecond laser pulses. To obtain an extremely
short pulse, the femtosecond OPA should adequately
support a large spectral bandwidth. Ultra-broadband
type-I phase matching OPA based on BBO was
theoretically investigated. The achromatic phase match-
ing (APM) technology was introduced to femtosecond
OPA, and a broadband phase matching condition was
given when the signal beams were angularly dispersed.
The methods were presented to choose the optimized
non-collinear angle and angular dispersion. Effects of
non-collinear angle and rate of angular dispersion to the
parametric bandwidth were also discussed. The results
indicate that a proper non-collinear angle of the non-
collinear optical parametric amplifier (NOPA) and
getting signal beams dispersed at the right rate in near-
infrared conditions can increase the parametric band-
width dramatically.

Keywords nonlinear optics, broadband femtosecond
optical parametric amplification (OPA), angular disper-
sion, group velocity matching

1 Introduction

Femtosecond optical parametric amplification (OPA) is
one of the important techniques for producing tunable
ultra-short laser pulses due to its advantages of high gain
in single pass and broad gain bandwidth. At present, the
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shortest pulse width from OPA is 4 fs [1], which was
obtained from BBO-I phase matching OPA pumped by a
light of 400 nm. To obtain shorter laser pulses from
amplifiers, the OPA should support broader bandwidth.
However, the bandwidth of OPA is limited by the phase
matching condition. It was found that the gain band-
width could increase by a non-collinear technique [2—9],
and the broadband phase matching condition can be
satisfied when the group velocities of the seed and the idle
are matched [4,5]. However, in BBO type-1 OPA pumped
by light of 400 nm, group velocities matching (GVM)
cannot be achieved when the seed wavelength is above
800 nm, so sub-10 fs pulses can only be obtained when
the signal is visible.

In the 1990s, Martinez and Szabo proposed a
technique of achromatic phase matching (APM) for the
double-frequency process. In this APM scheme, broad-
band second-harmonic can be obtained by the introduc-
tion of spatial angular dispersion to make the different
spectral components propagate at their phase matching
angles [10,11]. In 2003 and 2004, sub-10fs ultraviolet
(UV) pulses were obtained in an APM double-frequency
process by using gratings and prisms to produce angular
dispersion in the seed beams [12], and the APM technique
was also used to improve bandwidth by a sum frequency
mixing process to produce UV pulses [13].

In this paper, APM technology was introduced to
improve the bandwidth of OPA. The NOPA of BBO
type-I phase matching pumped by the blue light of
400 nm was theoretically investigated. A simple expres-
sion for broadband phase matching with angular disper-
sion of signal beams was given through a theoretical
analysis of three pulses’ phase mismatching. The methods
were presented to choose the optimized non-collinear
angle and angular dispersion for visible and near-infrared
OPA. The effects of the non-collinear angle and angular
dispersion of signal pulse on the parametric bandwidth
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were also discussed. The results indicate that a suitable
signal-pump angle and angular dispersion in a near-
infrared signal pulse can increase the parametric band-
width dramatically. The techniques and the analysis
results provide a theoretical guidance for obtaining
ultra-broadband parametric amplifiers.

2 Theoretical analyses
2.1 Broadband phase matching condition

In an OPA, three waves should satisfy the energy
conservation law and the momentum conservation law as

wp = s+ wj, (1)

Ky =ky+ ki, )

where the subscripts p, s and i denote pump, seed/signal
and idle, respectively. w refers to angular frequency and &
is wave vector. The momentum conservation law is well
known as a phase matching condition. Although this
condition is not necessary, the phase mismatching will
reduce the efficiency of OPA.

To determine the dependence of phase mismatch on
angular frequency, the phase mismatch

Ak =k, —ks—k; (3)
can be expanded into a Taylor series as

10*Ak

oMk, 1Ak
T3 dw?

Ak=Aky+ —A
0w

Aw )+ -, (4)
where Aky=0, standing for ideal phase matching, is
satisfied in the central frequency of the signal. If the first
order

oAk

dwg

0, (5)

the phase mismatch is determined by the second and
higher order terms. Equation (5) is called the broadband
phase matching condition of OPA.

In the non-collinear scheme, the relationship of three
wave vectors is shown in Fig. 1. The vectorial phase
mismatch Ak can be decomposed into the parallel and
perpendicular components as

Ak ;)= kp—kscosoa—kicos f, (6)

Ak | =kgsino—k; sin f. (7)

Assuming that Ak, =0, Egs. (6) and (7) can be
rewritten as

Ak =k, — kg cos o— ki cos J, (8)
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Wave-vector geometry of type-I NOPA based on

ks sin o= k; sin f3. 9)

If seed beams are angularly dispersed, the differential
of Eqgs. (6) and (7) can be derived as

0Nk ok Oa
/] _ OKs . .
dws Oy s Owg St
ok; ap .
+—cosﬂ—kiﬁﬁ sin f3, (10)
0wy 0w,
0Nk, Ok . O
0. o sin o + ki 6_(»5005 o
ok; . aop
—awssmﬁ—klawscosﬁ. (11)

Multiplying Eq. (10) by cosff and Eq. (11) by sinf and
adding the results, the following equation can be
obtained:

0Ak
—// CcOS B + % Sin ﬁ
0wy 0w

=— Oks cos (a+p)— Oki —Hcsﬁ

— 12
6605 (3(,1)5 aws ( )

sin (o + f).

Assuming that the broadband phase matching con-

0Ak
dition Eq. (5) is fulfilled, T// = % =0. Equation
(12) can be rewritten as ) ’
—gisscos(oc—kﬁ)—(;%is+ksaa—:):sin(a+ﬁ)=0. (13)
If the pump is monochromatic, Jdw;=—Jdws and

(3ki . akl 5&)1

Ows  O0wj; 0wy

Ok
ﬁwi '

Equation (13) can be expressed as

0 I 1
ks—dsin(oc+ﬁ)+ — — —cos(a+f)=0,
0w, Vi Vs

(14)
where vs and v; are the group velocities of the signal and the
idle respectively. Equation (14) is the broadband phase
matching condition when angular dispersion is introduced
to the signal beams. If the angular dispersion vanishes,
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Eq. (14) can be simplified as

vs =; cos (o4 f3). (15)

Equation (15) shows that broadband phase matching
can be achieved with a suitable signal-idler angle so that
the signal group velocity is equal to the projection of the
idler group velocity onto the signal wave vector [4,5].
Unfortunately, in some cases such as type-I phase
matching OPA in BBO crystal pumped by a blue light
of 400 nm, Eq. (15) cannot be satisfied by just changing
the angle when the signal wavelength is above 800 nm.
However, the introduction of angular dispersion in the
signal can fulfill the broadband phase matching con-
dition, as shown in Eq. (14).

2.2 Phase matching curves and broadband phase
matching

In the BBO-I phase matching OPA, the pump is
extraordinary light, while the seed and idle are ordinary
(e—0+0). In the scheme of NOPA, according to Fig. 1,
the following equation can be obtained:

I} =k 4k — 2k kg cos . (16)
Equation (16) can be written as
2 22
;?_lzz_g_i_%_ HpHg COS O (17)
/Ll j.p /LS ipis

Together with Egs. (1), (16) and (17), the solution of non-
collinear angle o can be expressed as

2 2 2
nyooni on 2npns
= — P A 1
o arccos{ (/1123 + 2 i?)/('%& . (18)

1 cos2  sin’6
where — =

nk o n2(kp)  nZ(ip)
angle. n, and n, are the main axis refractive index, which
can be given by the Sellmeier equation depending on the
wavelength.

Figure 2 illustrates the dependence of non-collinear
angle o on the signal wavelength in BBO type-I OPA
pumped at 400 nm, with each curve representing a
fixed phase matching angle. Figure 2 shows that when
the phase-matching angle is at 0.55 rad, the phase
matching curve is nearly a flat line from 550 to 700 nm,
i.e., the non-collinear angle is approximately a constant
with a value of 0.065 rad (3.7°). Choosing 0.55 and
0.065 rad as the phase matching angle and the non-
collinear angle respectively, broadband phase matching
and parametric gain can be achieved in the visible
region. Moreover, the phase-matching curves above
800 nm have nearly direct lines of constant slope, the

, and 0 is the phase matching

value of which is the angular dispersion. Thus, broad-
band phase matching in the near-infrared region can be
achieved by introducing suitable angular dispersion in
the signal beams.
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Fig. 2 Phase matching curves

To determine the angular dispersion of signal beams,
Eq. (16) can be derived as

0 (ki Oks
ok \Tan, T

ok
+kp 8)p cosoc)/(kp/’cS sina). (19)

aki _ 6k1 6wi 6(»5

With the 6—)»5 = a—wla—wsa—ﬂs’

Oks  0Oks 0ws  Odw; ok
9% D 07, Do =—1 and Fr Eq. (19) can
be rewritten as

aid of Eq. (1),

ki k. ky, cos o
do. 2meny + T (20)
0/ ii kpks sin o

From Eq. (20) the proper angular dispersion of signal
beams can be obtained.

3 Theoretical calculation of phase
mismatch and parametric bandwidth

In the process of OPA, one criterion for the maximum
allowable phase mismatching is given by [14] as

|Ak|l.=m, (21)
where /. is length of the nonlinear crystal. The conversion
efficiency drops to approximately 0.4 when the phase
mismatch is at the max value. Parametric bandwidth is
defined as a signal spectral range in which normal phase
mismatch Akl,/m changes between —1 and +l.
Parametric bandwidth, unlike gain bandwidth, is deter-
mined by phase mismatch and independent of the
intensity of pump.
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3.1 In the visible spectrum region

In BBO type-I phase matching OPA pumped by
monochromatic light at 400 nm, if the seed wavelength
is below 800 nm, broadband phase matching can be
achieved by choosing the proper non-collinear angle o,
which can be derived from Egs. (2) and (15) as

. i
o= arcsin |-—
kp

Figures 3 and 4 show the dependences of the signal-
pump angle and the phase matching angle on the central
wavelength of the seed below 800 nm. From Figs. 3 and
4, it is shown that if the seed wavelength is given,
broadband phase matching can be obtained by choosing
a proper signal-pump angle and a corresponding phase
matching angle in the visible spectrum region. The solid
line in Fig. 5 shows the dependence of parametric
bandwidth on the central wavelength when the group
velocities of the signal and idle are matched. In some
references, the amount of Ak was calculated by expand-
ing it into a Taylor series to second order [6,14]. In this
paper, the amount of Ak is derived directly from Eq. (3).
Figure 5 shows that parametric bandwidth larger than
160 nm can be obtained when the signal is tuned from
560 to 657 nm. As shown in Fig. 3, the corresponding
signal-pump angle changes between 0.0641 rad (3.67°)
and 0.0672 rad (3.85°), and the parametric bandwidth
drops dramatically below the tuning range.

To explain this phenomenon, Fig. 6 illustrates the
phase mismatch curves at 560 and 550 nm respectively.
With reference to Fig. 6, the spectrum is divided into two
parts at the signal wavelength of 550 nm (< 560 nm) in
light of the phase mismatch tolerance criterion of
Eq. (21), and the parametric bandwidth drops abruptly.
In this case, if the signal-pump angle is slightly adjusted
from 0.0625 rad (3.58°) to 0.065 rad (3.7°), the divided
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Fig. 4 Dependence of phase matching angle on the signal
wavelength when the velocities between signal and idle are
matched
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Fig. 5 Parametric bandwidth as a function of signal central
wavelength in the visible spectrum
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Fig. 6 Phase-mismatching curves at the central wavelength
of 550 and 560 nm, respectively (group velocities of the signal
and the idle are matched at the central wavelength)

spectrum becomes continuous and parametric bandwidth
can be improved from 81.9 to 213.5 nm as shown in
Fig. 7. The situation is similar when the signal wave-
length is above 657 nm.

Fig. 3 Dependence of signal-pump angle on the signal
wavelength when the velocities between signal and idle are
matched
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Fig. 7 Phase-mismatching curves with different signal-
pump angles (central signal wavelength is 550 nm)

The parametric bandwidth with a fixed signal-pump
angle was also studied. The dotted line in Fig. 5 refers to
the parametric bandwidth at a fixed non-collinear angle
of 0.065 rad, where the length of the crystal is 1 mm.
Figure 5 illustrates that at that angle, when the signal
central wavelength is tuned from 531 to 726 nm,
parametric bandwidths larger than 200 nm are available.
From Fig. 2 it is shown that the tuning range just
corresponds to the horizontal region of the phase
matching curve at 0.55 rad. Based on experiments,
0.065 and 0.55 rad are thus the optimum choices for
the non-collinear angle and phase matching angle.

3.2 In the near-infrared spectrum region

In the near-infrared spectrum region above 800 nm, the
broadband phase matching condition of Eq. (5) can be
achieved by introducing angular dispersion in the signal
beams as shown in Eq. (14). Figure 2 shows that for the
seed wavelength above 800 nm, the phase matching
curves are nearly direct lines with constant slope. In this
situation, broadband phase matching can be achieved
when signal beams are angularly dispersed properly, and
the signal-pump angle « and the rate of dispersion can be
solved according to Egs. (18) and (20). Figure 8
illustrates the dependence of rate of angular dispersion
on the central wavelength of the signal. These curves
are nearly horizontal in the near-infrared range
above 800 nm, i.e., the rate of angular dispersion is
approximately constant over a large range of the signal
wavelength. When the signal is tuned to near-infrared,
the rate of angular dispersion can be calculated from Eq.
(20) to achieve broadband phase matching.

Figure 9 shows a comparison of the phase mismatch
curve of angularly dispersed beams with collimate beams,
when the central wavelength is 1000 nm and the phase
matching angle is 0.64 rad. The solid line denotes the
curve of phase mismatch for dispersed signal beams, and
the rate of dispersion is 1.9182 x 10~* rad/nm. There is
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Fig. 8 Angular dispersion functions at central signal
wavelength

no dispersion on the dotted line. As shown in Fig. 9,
parametric bandwidth increases from 11 to 618 nm
because of the dispersion of the signal beam, so signal
beams with proper angular dispersion can improve the
bandwidth dramatically.

B
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1200 1400 1600

/Jnm

600 800 1000 1800

Fig. 9 Comparison of phase mismatch and parametric
bandwidth whether seed beams are angularly dispersed or not

Figures 10(a) and 10(b) illustrate the curves of phase
mismatch at different signal central wavelengths when
the signal-pump angle « and the rate of angular
dispersion are given by Egs. (18) and (20), and phase
matching angles are 0.64 and 0.69 rad respectively.
According to Fig. 10, the curves of phase mismatch can
be divided into four types in the region limited by the
maximum phase mismatch tolerance of Eq. (21). Type-I
has only one extreme value point (maximum or
minimum) along the curve, such as the curves at central
wavelength of 800 and 1400 nm in Fig. 10(a). Type-II
curve has two extreme value points, such as the curve at
wavelength of 1000 nm in Fig. 10(a). The parametric
bandwidth of type-II is broader than that of type-I.
Type-III curve has three extreme value points, including
that at a wavelength of 1100 nm in Fig. 10(b). The
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Fig. 10 Phase mismatching curves at different central wave-
lengths when the seed beams are angularly dispersed. (a) Phase
matching angle is 0.64 rad; (b) phase matching angle is 0.69 rad

parametric bandwidth of this type is the largest. Type-IV
is the monotonic curve without any extreme value point.
The phase mismatch curve for collimate seed beams, such
as the dotted line in Fig. 9, is the type-IV curve, and the
bandwidth of this type is the narrowest. Figure 10(a)
shows curves of phase mismatch at different signal
central wavelengths of 800, 1000 and 1400 nm, with the
phase matching angle at 0.64 rad. The calculations show
that when the signal is tuned near 800 or 1500 nm, the
phase mismatch curves are Type-I, as shown by the
dotted-dash line and the solid line in Fig. 10(a). Tuning
over the range of 920 to 1280 nm yields phase mismatch
curves of type-II, such as the dashed line in Fig. 10(a) at
the central wavelength of 1000 nm. For the phase match
angle of 0.64 rad, parametric bandwidth in the middle of
the near-infrared region is broader than that of the two
sides. Similar results with Fig. 10(a) can be obtained
when the phase matching angles are from 0.51 to
0.68 rad. Figure 10(b) shows the curves of phase
mismatch at signal central wavelengths of 800, 900,
1100 and 1300 nm respectively, with the phase matching
angle at 0.69 rad. When the signal is tuned over the range
of 800 to 820 nm and of 1083 to 1132 nm, the phase
mismatch curves are Type-III, as shown by the dotted
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line and the solid line in Fig. 10(b). For the range of 820
to 1083 nm the curves are type-II, such as the dashed line
in Fig. 10(b), and in the range larger than 1132 nm the
phase mismatch curves are type-I, as shown by the
dotted-dashed line in Fig. 10(b). So for the phase match
angle of 0.69 rad, parametric bandwidth in the short
wavelength region of the near-infrared region is broader
than that in the long wavelength region.

To compare the properties of parametric bandwidth
for different phase matching angles, the dependence of
parametric bandwidth on the central signal wavelength at
phase matching angles 0.51, 0.60, 0.64 and 0.69 rad
(Fig. 11) was investigated. It can be seen that in the
middle part of the near-infrared region the parametric
bandwidths are dramatically improved by the angularly
dispersed seed beams. The bandwidths larger than 525,
595 and 560 nm can be achieved over the range of 877 to
1280 nm, 987 to 1360 nm and 920 to 1280 nm, respec-
tively, and the corresponding phase matching angles are
0.51, 0.60 and 0.64 rad. However, in the spectrum region
near 800 nm, the bandwidth obviously decreases. At the
wavelength of 800 nm, the bandwidths are about 140,
180 and 230 nm, respectively. In the long wavelength
region, the parametric bandwidth of 500, 510 and 455 nm
can be obtained for phase matching angels of 0.51, 0.60
and 0.64 rad, which are slightly lower than that in the
middle part of the near-infrared. It was also found that
parametric bandwidth did not diminish near 800 nm at
the phase matching angle of 0.69 rad, but started to
decrease to 400 nm at central wavelength larger than
1130 nm. Considering both of the parametric bandwidths
and large tuning range, 0.51 rad is the optimum phase
matching angle. Parametric bandwidth larger than
500 nm is continuously available over the range from
877 to 1500 nm.
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Fig. 11 Parametric bandwidth as a function of signal central

wavelength in near-infrared spectral range with different phase
matching angles, when the seed beams are angularly dispersed
(ratio of dispersion are determined by Eq. (20); crystal length is
1 mm)
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Taking the convenience of the experiments into
account, the parametric bandwidth of OPA with a fixed
rate of angular dispersion was also investigated over the
whole tuning range. Firstly, a series of ratios of angular
dispersion were calculated in the tuning range according
to Eq. (20), with the median value chosen as the fixed
rate. Tuning from 800 to 1500 nm, 1.893 x 107%,
1.762 x 107* 1.885 x 107* and 2.073 x 107* rad/nm are
selected as the ratios of angular dispersion for phase
matching angles of 0.51, 0.60, 0.64 and 0.69 rad,
respectively. The dependence of parametric bandwidth
on the central signal wavelength is shown in Fig. 12. On
the solid line, where the phase matching angle is 0.51 rad,
the parametric bandwidth decreases to the range of 360
to 500 nm when the seed beams are tuned over the range
of 828 to 958 nm; it decreases to the range of 230 to
300 nm near the central signal wavelength of 1500 nm.
On the dotted-dashed line, where the phase matching
angle is 0.69 rad, the bandwidth goes down to 480 nm
over the range of 1030 to 1240 nm, and it also decreases
dramatically over the range of 1360 to 1500 nm.
Comparing Fig. 11 with Fig. 12, it can be seen that the
parametric bandwidth in Fig. 12 is approximately equal
to or wider than that in Fig. 11 except for the regions
mentioned above. The calculation shows that decreases
of bandwidth in these regions are due to division of the
spectrum. This situation can be improved by choosing a
different angular dispersion in a different section or
changing the amount of angular dispersion slightly. In
addition, at the phase matching angle of 0.60 rad, the
bandwidth is larger than 780 nm over the range from 850
to 1500 nm as shown by the dashed line in Fig. 12. With
the phase matching angle of 0.64 rad and corresponding
rate of angular dispersion of 1.885 x 107* rad/nm,
parametric bandwidth larger than 768 nm can be
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I
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|
I
1
K N
2006 1 N9 =0.60 rad

1 L L 1 L

1000 1100 1200 1300 1400
AJnm

L
800 900 1500

Fig. 12 Parametric bandwidth as a function of signal
central wavelength in the near-infrared spectral range (the
constant ratio of angular dispersion of seed beams are
1.893 x 1074, 1.762 x 107*, 1.885 x 10™* and
2.073 x 10~* rad/nm, corresponding to different phase match-
ing angles of 0.51, 0.60, 0.64 and 0.69 rad; crystal length is
1 mm)

obtained in the range 800 to 1500 nm (the dotted line
in Fig. 12), which is the optimum choice.

4 Conclusions

In this paper, BBO type-I phase matching femtosecond
NOPA pumped by blue light of 400 nm was studied, and
effects of the signal-pump angle and angular dispersion
of signal beams on the phase mismatch and parametric
bandwidth were theoretically calculated. In the visible
range, the curves of signal-pump angle and phase
matching angle as functions of the signal wavelength
were given, when the group velocities of the signal and
the idle were matched. It was also found that the
parametric bandwidth and the tunable range can be
promoted by adjusting the signal-pump angle, which
makes group velocities between the signals and the idle
mismatched slightly. The parametric bandwidth larger
than 200 nm can be achieved at the tunable range from
531 to 726 nm, when the signal-pump angle is 0.065 rad
and the phase matching angle is 0.55 rad. In the near-
infrared, the results show that parametric bandwidth can
be generally improved by introducing angular dispersion
to the signal beams. The methods of determining phase
matching angle, the non-collinear angle and rate of
dispersion are given. Phase mismatch curves and
parametric bandwidth were theoretically calculated on
the conditions of satisfying broadband phase matching
(Eq. (20)) and choosing fixed rate of angular dispersion.
When the optimized parameters, the phase matching
angle of 0.64 rad and the rate of angular dispersion of
1.885 x 107* rad/nm in the signal beams are selected,
parametric bandwidth larger than 768 nm can be
available at the tunable range from 800 to 1500 nm.
These techniques presented to achieve broadband phase
matching in this paper are quite universal and can be
applied to different phase matching types, different
nonlinear crystals and pump wavelength in principle.
The optimized parameters can provide theoretical
guidance for experiments to obtain broadband OPA.
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