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Abstract The energy from a source was rearranged
through reflection or refraction by a freeform optical
element in order to get the desired uniform illumination.
The numerical results of first-order partial differential
equation sets had been investigated to obtain the
freeform optical element, and the equations could be
used to get the characteristics of the light source and the
desired illumination. For example, a light emitting diode
(LED) with a Lambertian light emitting surface of
I mm x 1 mm was applied as the light source. Two
kinds of freeform reflectors and one freeform lens were
designed for different illuminations, and the simulated
uniformity was near to 90%. Considering the size of these
freeform optical elements, the illumination system can be
very compact and efficient if the freeform optical element
is applied in the illumination system of projectors with
LED as source.

Keywords freeform optical element, uniform illumi-
nation, partial differential equation sets, numerical
solutions

1 Introduction

Freeform optical elements are always used to get the
desired illumination. Approximately, there are two ways
to design them. One is by trial and error method, which
always takes a lot of time [1, 2]. The other is to construct
the freeform optical element by solving a set of differential
equations [3-8]. In most cases, only the circle illumination
is considered. The freeform reflector educed from the first-
order partial differential equation sets proposed in this
paper could create a uniform rectangular illumination by
a single reflection. If this kind of freeform optical element
is applied in projectors for illuminating, the system can
be simplified and the efficiency can be high without
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multiplying the reflectance and transmittance on optical
sets such as light tunnel or fly eye lens [9].

2 Partial differential equations

In order to design the freeform optical element, three
equations are proposed. Figure 1 indicates the vectors
which would appear in these equations. Assuming that the
center of source S is located at the origin of an orthogonal
coordinate system and T is the target plane for the
illumination, points on T can be expressed as #(x, y, z).
The freeform optical element P is located in a spherical
coordinates system, which shares the same origin with the
orthogonal system mentioned before. So points on P can be
expressed as (0, ¢, p(6, ¢)), and the normal vector at the
point p of the reflector is V. I is the vector of the light from
source to point p, while O is the vector from point p to ¢
after reflection or refraction by P.

Here, N stands for the slope of the reflector, while 1
and O have connection with points p and ¢ respectively,
so these three vectors can be expressed as

N=(Ni,N,j,N.k), (1)
I = (LiljLk), (2)
0= (t—p)/lt —pl (3)

These three vectors are all unit vectors, and connect
with each other by the reflective or refractive law, which
means the position of point ¢ can be expressed by the
coordinates of point p and the slope of the freeform
surface as
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Fig. 1

where ny and ng are the refractive index of the incidence
and emergent medium respectively. N,, N, and N.
including the first-order partial difference on the direc-
tions of 0 and ¢ of p(0, ) [10] stand for the slope on point
p of the freeform surface.

Also, the process of reflection should observe energy
conservation, which means the output of the source
should be equal to the flux inside the target plane.
Assuming the viewing angle of the source is ¢, then as the
following equation shows:

[“ao[ oy sinoao = [Ewas,  ©

where E(f) means the luminance at point ¢, I(I(p)) is the
intensity at the direction of I(p), 4 is the illuminated area.
Equation (6) indicates the relationship between 0, ¢ and
x, y, z. Its exact form depends on the topological
mapping from the source to the target plane. When plane
T is known, which means x, y, z are known, by
substituting Eq. (6) into Egs. (4) and (5), the first-order
partial differential equation sets on the direction of 6 and
¢ of p(0, p) can be educed. However, it is difficult to get
the analytic results, so the numerical methods are
employed by applying a pure surface-emitting light
emitting diode (LED) as the source [11].

3 Freeform reflector

When the freeform surface is a reflective one, the index in
Egs. (4) and (5) follows the relationship n;= —ng. To
simplify the calculation, assume that the light-emitting
surface of LED is on the x-y plane with its center located
at the origin. The LED has a Lambertian luminous surface
of 1 mm x 1 mm and a viewing angle of 120°. The target
plane T is 4:3 rectangular with a diagonal length of 0.5". It
is perpendicular to the z axis, and the coordinate of its
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(b)

Vectors in reflection and refraction. (a) Reflection; (b) refraction

center is (15, 0, 0), in order to avoid the probability that
the reflected light might be blocked by the source [12]. The
vertex of the freeform reflector is 10 mm above the LED,
just as Fig. 2 shows.

freeform reflector P

target plane T

1
LED” |0

Fig. 2 LED reflective illumination system

As the emitting area of the LED is small enough
compared with the size of the freeform reflector, the
source can be treated as a point source, which means

I = (sin ¢ cos 0i, sin ¢ sin 0, cos k), (7)
P = (69¢sp(03¢)) = p(9,(p) xT. (8)

When a uniform illumination is desired, £(¢) in Eq. (6)
becomes a constant E. Considering the characteristics of
LED, then

I(I(p)) =1 x cosgp. 9)
Using the topological mapping as Fig. 3 shows, and

substituting Eq. (9) into Eq. (6), Eq. (6) can be changed
into

p =05 x arccos(l _8xEx (=15 x Y),(IO)

I xmn

where X and Y are the coordinates of the corner of the
rectangle, and both of them are positive. Once ¢ has been
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Fig. 3 Topological mapping from source to target plane

confirmed, 0 in the first quadrant can be expressed as
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where x" and y’ are the coordinates on the target plane,
and the values of 0 in other quadrants can be easily
calculated in the same way. Since the target plane is fixed,
the values of x, y and z on the target plane are known.

After replacing the corresponding items in Eqgs. (4), (5)
by Egs. (10) and (11), the unknown of the equation sets
are p(0,p) and the first-order derivates of p(0,p). Using
the numerical methods [11], by discretizing the equations
with the grids depicted in Fig. 3, the values of p(0,¢) can
be calculated. The numerical results stand for the contour
of the freeform reflector.

Figure 4 shows the freeform reflector in solid form. Its
projective length on x axis is about 23 mm, and about
21 mm on y axis.

Fig. 4 Sketch map of the freeform reflector

Figure 5 shows the simulated results. Figure 5(a)
shows the rectangular illumination on the target plane,
which is 4:3 rectangular with a diagonal length of about
0.5". Figure 5(b) shows the energy distributing across the
center of the rectangle, and the vertical axis stands for the
normalized illumination while the horizontal axis stands

for the spatial distribution of the illumination on its
center line.

From Fig. 5(b), it is seen that the uniformity is quite
well, near to 90%. The energy inside the desired rectangle
is about 95% of the output of the source if there’s no
energy loss when reflecting.
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Fig. 5 Results of the illumination simulation
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4 Freeform lens

The calculation of refractive surface and the reflective one
are much alike. Still assume that the light-emitting surface
of the LED is on the x-y plane with its center located at the
origin. The LED has a Lambertian luminous surface of
I mm x 1 mm and an emitting angle of 180°. The target
plane T is a circle with a radius of 5 mm and it is
perpendicular to the z axis, and the coordinate of its center
is (20, 0, 0). The vertex of the freeform reflector is 10 mm
above the LED, just as Fig. 6 shows.

target plane

axisymmetric
freeform lens

LED

Fig. 6 LED refractive illumination system

Since the illumination is a circle, the lens can be
axisymmetric. Then py equals to 0, which means the
partial differential equations become ordinary differ-
ential ones, and Eq. (10) is changed into

(12)

2 x E 2
p = 0.5 x arccos(l — u)

1

Here, r is the radius of the illumination circle. By
substituting Eq. (12) into Egs. (4) and (5), ordinary
differential equation sets can be educed. The solution of
the equation sets stands for the feature of the generatrix
of the freeform lens. By revolving this generatirx round z
axis, the axisymmetirc lens can be derived.

Figure 7 shows the axisymmetric freeform lens in solid
form. Its projective length on the x axis is about 4.6 mm
with the height of 10 mm.

Figure 8 shows the simulated results. Figure 8(a)
shows the circle illumination on the target plane with a
radius of about 0.5 mm. Figure 8(b) shows the energy
distributing across the center, and the vertical axis stands
for the normalized illumination while the horizontal axis
stands for the spatial distribution of the illumination on
its center line. Obviously, the results are also quite good.

5 Conclusions

The first-order partial differential equation sets proposed
in this paper can be applied to construct the freeform
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Fig. 7 Sketch map of the freeform lens
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Fig. 8 Results of the illumination simulation

optical element for the desired uniform illumination, the
given characteristics of the source and desired illumina-
tion. It only takes less than two minutes to get the answer
and the uniformity is quite good. Supposing that the target
plane is a digital micro-mirror device (DMD) in a digital
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light processor (DLP) projector, the illumination system
could be quite compact and have high efficiency with the
single freeform optical element illuminating DMD.

References

1. Jacobson B A, Gengelbach R D. Lens for uniform LED
illumination: an example of automated optimization using
Monte Carlo ray-tracing of an LED source. Proceedings of
SPIE, 2002, 4446: 121-128

2. Doyle S, Corcoran D, Connell J. Automated mirror design for
an extended light source. Proceedings of SPIE, 1999, 3781: 94—
102

3. Winston R, Ries H. Nonimaging reflectors as functionals of
the desired irradiance. Proceedings of SPIE, 1993, 2016: 2-11

4. Ries H, Winston R. Tailored edge-ray reflectors for
illumination. Journal of the Optical Society of America A,
1994, 11(4): 1260-1264

10.

11.

12.

177

Ries H, Rabl A. Edge-ray principle of nonimaging optics.
Journal of the Optical Society of America A, 1994, 11(10):
2627-2632

Jenkins D, Winston R. Tailored reflectors for illumination.
Applied Optics, 1996, 35(10): 1669-1672

Ries H, Muschaweck J. Tailored freeform optical surfaces.
Journal of the Optical Society of America A, 2002, 19(3): 590-595
Zhao F. Practical reflector design and calculation for general
illumination. Proceedings of SPIE, 2005, 5942: 59420J.1-
59420J.9

Kuang L J, Zhai J H, Ruan Y, et al. Characteristics of fly eye
lens in uniform illumination system. Optics & Optoelectronic
Technology, 2005, 3(6): 29-31 (in Chinese)

Chen W H. Introduction of Differential Geometry. Beijing:
Peking University Press, 1990, 101 (in Chinese)

SuY C, Wu Q G. Numerical Solutions of Partial Differential
Equations. Beijing: China Meteorological Press, 1989, 2-16
(in Chinese)

Lee W Y, Lee Y C, Sokolov K, et al. LED projection
displays. Proceedings of SPIE, 2004, 5529: 1-7




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


