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ABSTRACT    In  a  convolution  material  removal  process,  taking  grinding  free-form  surfaces  as  an  example,  the
workpiece’s complex shape may lead to dynamic tool–workpiece contact state, and the curved tool path results in an
uneven  dwell  time  distribution.  These  factors  contribute  to  non-uniform  material  removal  (NMR),  causing  over-
grinding or  under-grinding in  localized areas.  This  work aims to  model  NMR accurately  and propose  a  method to
enhance  material  removal  uniformity.  First,  a  dynamic  tool–workpiece  contact  model  integrating  the  workpiece’s
complex  shape,  contact  force,  and  the  mechanical  properties  of  the  tool  and  the  workpiece  is  proposed  by
introducing the measured workpiece point cloud. Second, path geodesic curvature is employed to calculate the dwell
time  distribution.  Third,  a  material  removal  model  that  combines  the  dynamic  tool–workpiece  contact  and  the
uneven  dwell  time  distribution  is  introduced.  Then,  the  tool  influence  function  is  optimized  by  adjusting  the  tool
orientation to improve material removal uniformity. Finally, the proposed material removal model and optimization
method  are  validated  through  experiments,  with  results  showing  a  remarkable  improvement  in  material  removal
uniformity using this approach.
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 1    Introduction

Flexible  free-form surfaces  refer  to  free-form surfaces
made  of  flexible  materials,  which  play  a  key  role  in
the  formation  of  aircraft  skins  [1,2].  Traditionally,
these  surfaces  are  machined  by  manual  grinding,
which is inefficient and makes it difficult to meet the
high  precision  requirements  [3,4].  With  the
development  of  industrial  robots,  fully  automated
grinding  is  expected  to  improve  the  efficiency  and
accuracy  of  free-form  surfaces,  which  have  received
much attention [5,6]. The material removal in robotic
grinding  is  a  convolution  process.  In  these  cases,
surface  evolution  can  be  understood  as  the
convolution of a tool influence function (TIF) and the
dwell time at each path point [7]. The TIF represents
the material removed per unit time, influenced by the

contact state,  and the dwell  time is reciprocal of the
feed rate [8].

In our previous work [9], we focused on the flexible
planar workpiece and proposed a dual flexible contact
material  removal  model  to  address  the  issue  of
inaccurate material removal prediction caused by the
flexibility of the workpiece. However, when a grinding
tool moves along a curved path on a free-form surface
with  constant  contact  force,  unexpected  grinding  on
the workpiece surface, such as over-grinding or under-
grinding in localized areas, was observed. This issue is
referred to as a non-uniform material removal (NMR)
problem,  which  can  be  attributed  to  two  main
factors:  (1)  dynamic  pressure  distribution  in  the
contact  region,  resulting  from  the  workpiece’s
complex geometric shape, and (2) uneven distribution
of  dwell  time.  Although the dwell  time at  each path
point  is  usually  considered  a  scalar  [10,11],  the
authors believe that the tool size must be considered
because  it  results  in  varying  dwell  times  for  each
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microelement  of  the  tool  surface  within  the  contact
region.  For  example,  when  the  tool  path  is  curved,
the  workpiece  surface  along  the  positive  direction  of
the  geodesic  curvature  vector  experiences  a  longer
grinding time than the negative direction.  Therefore,
to  improve  the  uniformity  of  material  removal,  a
NMR  model  considering  the  free-form  surface  shape
and the curved tool path is necessary.

Accurately  modeling  the  tool–workpiece  contact  is
crucial  to  establishing  the  material  removal  model
[12],  which includes the contact geometry, force,  and
pressure  distribution  [13].  The  Hertz  model  is  a
widely used contact theory [14,15] that assumes that
two  contacting  elastic  bodies  form  a  localized
elliptical  contact  region  with  symmetric  pressure
distribution  [16].  In  cases  such  as  irregular  contact
regions  in  disk  grinding  or  large  tool  deformations,
Hertz  contact  theory  assumptions  are  violated,
making it ineffective. Wang et al. [17] discovered that
in robotic disk grinding, the contact region is enclosed
by  two  circular  arcs  instead  of  forming  a  complete
ellipse.  Therefore,  the  differential  geometric  methods
are used to model the contact geometry and pressure
distribution.  In  ball-end grinding,  Kim and Kim [18]
found  that  the  tool–workpiece  contact  pressure
conforms  to  a  Gaussian  distribution.  Recently,  finite
element  techniques  have  also  been  adopted  to
calculate contact geometry and pressure. Wang et al.
[19]  proposed  a  physical  simulator  aiming  to  explore
the  impact  of  varying  contact  wheel  hardness  and
contact  forces  on  material  removal  in  belt  grinding.
Zhang  et al.  [20]  proposed  a  novel  model  combining
support vector regression with finite element analysis
data  to  enhance  the  accuracy  of  contact  pressure
distribution  estimation.  In  robotic  compliant  disk
grinding  for  free-form  surfaces,  Hertz  contact  theory
is  no longer applicable because the assumption of  an
elliptical  contact  shape  is  violated.  The  differential
geometry method hardly captures the varying contact
geometry  when  grinding  complex  free-form  surfaces,
which may affect the accuracy of the contact pressure
distribution  model.  The  finite  element  method
demands  large  computational  resources.  Therefore,
developing an efficient and accurate contact geometry
model  that  dynamically  adjusts  to  the  curved
toolpath  poses  a  considerable  challenge.  After
studying  the  contact  model,  many  researchers  have
investigated  the  material  removal  mechanisms  for
quantifying the material removal depth. These studies
are  mainly  classified  into  three  categories:  analytical
methods [21,22], empirical wear equations [23,24], and
data-driven  methods  [25,26].  In  this  work,  we  model
material  removal  on  the  basis  of  the  empirical  wear
equation  because  it  greatly  simplifies  the  material
removal model compared with the other two methods,
making it more suitable for subsequent optimization.

In  terms  of  dwell  time,  a  scalar  is  sufficient  to
predict  the  material  removal  map  [17].  The  tool’s
influence  on the  workpiece  surface  correlates  directly
with the geodesic curvature. Workpiece points located
in  the  positive  direction  of  the  geodesic  curvature
vector  will  be  influenced  by  more  path  points,
whereas  those  in  the  opposite  direction  will  be
affected  by  fewer.  However,  predicting  the  complete
material removal map takes substantial time, which is
not  always  necessary.  Sometimes,  modeling  the
material  removal  profile  (hereinafter  referred  to  as
“profile”)  at  a  single  path  point  is  more  important
[27].  In  this  case,  proposing  the  dwell  time  of  a
distribution  to  compute  the  profile  at  a  single  path
point would save much time.

The material removal model can be used to predict
the machined surface of the workpiece, facilitating the
evaluation  of  NMR.  Furthermore,  addressing  the
NMR issue  is  crucial.  Typically,  researchers  improve
the uniformity of material removal by optimizing the
tool  path.  Some  scholars  are  devoted  to  generating
equidistant  tool  paths  that  covers  the  entire
workpiece  [28,29].  Notably,  these  works  do  not
consider the grinding mechanism, which may result in
the  NMR  problem.  Some  scholars  have  improved
material  removal  uniformity  by  optimizing  the
spacing of  tool  paths.  Zhang et al.  [30]  proposed the
physically  uniform  coverage.  The  contact  model  is
utilized  to  compute  the  variation  in  grinding  width.
Then,  they  adjusted  the  spacing  between  paths,
guaranteeing  that  the  grinding  ribbons  overlap
uniformly along neighboring grinding paths. Similarly,
Wen  et al.  [31]  estimated  the  contact  shape  with  a
given  normal  force  by  differential  geometry.  Then,
they  optimized  the  tool  path  to  achieve  minimal
overlap considering variations in contact shape as the
tool moves on the surface. The above work improves
the  uniformity  of  material  removal  between  multiple
paths.  Additionally,  material  removal  uniformity
within  individual  paths  is  also  crucial,  and  the  most
effective way to improve it is by optimizing the TIF.
The  TIF  is  influenced  by  key  factors  including  tool
orientation,  contact  force,  and  tool  rotation  speed,
with tool orientation primarily determining the shape
of  the  TIF.  In  many  works,  the  tool  orientation  is
determined  by  the  normal  of  the  workpiece  surface,
which  is  not  conducive  to  ensuring  uniform material
removal  [32].  Thus,  Gao  et al.  [33]  concentrated  on
enhancing the pressure distribution uniformity in the
contact  region  by  optimizing  the  tool  orientation,
contributing  to  the  workpiece’s  surface  quality  and
the  grinding  tool’s  longevity.  Their  model  is
insufficient to describe the workpiece shape’s effect on
dynamic tool–workpiece contact accurately.

Based on the analysis above, the shape of the free-
form  surface  can  lead  to  dynamic  tool–workpiece
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contact,  changing  contact  pressure  distribution.  In
addition,  the geodesic  curvature of  the path leads to
an  uneven  distribution  of  dwell  time.  Both
phenomena  lead  to  NMR  within  an  individual  tool
path,  and  a  few  studies  have  fully  elucidated  this
mechanism.  Therefore,  this  work  focuses  on  the
following two aspects:
● NMR model. An accurate material removal model

reveals  the  mechanism  for  NMR  and  guides  the
subsequent optimization.
● TIF  optimization.  Optimizing  the  TIF  by

adjusting  the  tool  orientation  to  compensate  for  the
NMR  caused  by  dynamic  contact  geometry  and
uneven dwell time distribution.

This  paper  is  organized  as  follows:  The  precise
model of the material removal is presented in Section
2.  Section  3  deduced  the  objective  function  and
optimization  methods.  The  proposed  models  and
optimization methods are validated in Section 4. The
conclusions are given in Section 5.

 

2    Modeling

Accurate modeling of the NMR process helps quantify
the  material  removal  uniformity.  In  this  section,  we
model  the  two  main  factors  affecting  the  material
removal  uniformity:  the  dynamic  contact  state  and
the  uneven  dwell  time  distribution.  Then,  the
material  removal  map,  which  describes  the  complete
workpiece  surface  after  machining,  and  the  material
removal profile at a single path point is derived.

 2.1    Dynamic tool–workpiece contact model
considering workpiece complex surface shape

1) Modeling of contact geometry

wi =
[
xi, yi, zi, 1

]⊤
i = 1, . . . , nw

W =
[
w1,w2, . . . ,

wnw

]

qk =
[
xk, yk, zk

]⊤
k = 1, . . . , nq

qk

Workpiece  shape  is  commonly  represented  by  a
point cloud. The coordinates of an individual point on
the  workpiece  are , .
These  points  constitute  the  matrix 

. The tool–workpiece contact geometry is related
to the tool pose on the workpiece surface; thus, a tool
path is  needed to  determine the  initial  tool  position.
The  tool  path  consists  of  a  series  of  ordered  points:

, .  Three  reasonable
assumptions  are  made  here  to  model  the  contact
geometry at path point . (1) The contact geometry
is only related to the normal force, and the influence
of  tangential  force  on  contact  geometry  is  ignored.
(2)  The  deformation  is  elastic,  with  no  plastic
deformation occurring. (3) The material properties of
the  tool  and  the  workpiece  are  considered  isotropic.
On  the  basis  of  these  assumptions,  the  tool  and
workpiece  are  modeled  as  a  series  of  springs  aligned

z {Bk}

z

{Bk}

along  the -axis  of .  This  spring-based  model
effectively  represents  the  relationship  between  axial
deformation  and  contact  pressure,  providing  a
simplified  yet  accurate  depiction  of  the  contact
behavior.  At  this  point,  the  tool–workpiece  contact
geometry  can  be  interpreted  as  the -coordinate  of
the workpiece point cloud in the frame :
 

uk,i =
∣∣Bkzi

∣∣ , i ∈ Ik, (1)

| · | uk,i

wi

qk
Bkzi z

Bk Ik
i

where  represents the absolute value operation, 
is the contact depth at workpiece point  when the
tool moves to path point ,  is the -coordinate
of  the  workpiece  point  cloud  in  the  frame ,  is
the  set  of  index  of  all  activated  workpiece  surface
points  (defined  as  points  within  the  contact  region).
Given  that  the  tool  is  a  cylinder,  the  activated
workpiece  points  can  be  identified  as  those  lying
inside the tool:
 

Ik=
{
i ∈ {1, . . . , nw}

∣∣∣(Bkxi−r
)2
+
(
Bkyi

)2⩽r2,Bkzi⩾0
}
,

(2)

rwhere  denotes the tool radius.
W

{C} {C}
{Bk}

{Bk}
BkW = Bk

Ak
TAk

CT
CW .

{Ak}
qk

z

nk ∈ R3 x

nk τk = qk − qk−1

nk

The  workpiece  point  cloud  is  fixed  in  world
frame .  The  tool  moves  within  frame ,  with
the  frame  representing  the  tool’s  pose.  When
modeling the contact geometry, the coordinates of the
workpiece  point  cloud  in  frame  must  be
calculated:  As  illustrated  in
Fig. 1,  frame  is  established  to  represent  the
initial  tool  position  at  the  path  point .  In  this
frame,  the -axis  aligns  with  the  surface  normal
direction . The -axis lies in the plane formed
by  and  the  vector .  It  is  perpen-
dicular  to  and  indicates  the  direction  of  tool
 

 
{C}

{Ak} {Bk}
ω

hk

qk
Ak

C T
Bk

Ak
T {C}

{Ak} {Ak} {Bk}

Fig. 1    Tool–workpiece  contact  diagram.  is
the world frame;  is the origin tool frame; 
is the tool frame after optimization;  is the rotation
speed  (rad/s)  of  the  spindle;  is  the  maximum
contact depth;  is the current tool path point; 
and  are the transformation matrix from  to

 and from  to , respectively.
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y

Ak

CT ∈ SE(3) {C}
{Ak}

motion. The -axis is  then determined in accordance
with  the  other  two  axes.  Hence,  the  transformation
matrix  from the world frame  to the
tool frame  is denoted as
 

Ak

C T =

 nk × τk × nk

∥nk × τk × nk∥2
nk × τk

∥nk × τk∥2
nk

∥nk∥2
qk

0 0 0 1

 ,

(3)

∥ · ∥2 {Bk}

z {Ak}

Bk

Ak
R

F

z

{A}
{B} hk

Bk

Ak
T {Ak} {Bk}

where  means  the  Euclidean  norm.  Frame 
is  the  tool  frame  when  grinding.  The  tool  axis  is
usually  obtained  by  tilting  the -axis  of  frame 
to  improve  the  removal  of  chips  and  prevent  zero
linear velocity in the tool center area. The associated
rotation  matrix  is  denoted  as .  Additionally,
grinding  is  a  force-controlled  process.  When  the  tool
grinds the workpiece with a given normal force , it
undergoes  elastic  deformation  [34,35].  The  maximum
contact  depth  in  the  current  contact  region,  i.e., -
direction displacement between frame  and frame

, is  denoted as .  Therefore,  the transformation
matrix  from  to  is
 

Bk

Ak
T =

[
Bk

Ak
R

[
0, 0,−hk

]⊤
0 1

]
. (4)

2) Pressure distribution with a given contact force
The  nonlinear  dual  flexible  contact  force  model

proposed in our previous work [9] is used to describe
the  relationship  between  contact  depth  and  contact
pressure:
 

pk,i = uα
k,iÊ, (5)

pk,i Ê

α

Fk

where  signifies  the  contact  pressure,  denotes
the  equivalent  contact  coefficient,  and  represents
the nonlinear power index. The force at each point is
the  product  of  the  pressure  and  the  area,  and  then
the normal contact force  on the tool is the sum of
the forces at all points within the contact region:
 

Fk =
∑
i∈Ik

pk,isk,i, (6)

sk,i wiwhere  indicates the area associated with point .

sk,i
l

{Bk} sk,i = l2cosϑk,i/cosθi,
θi = arccos ([0, 0, 1]ni)

wi

z {C}
ϑk,i = arccos

[ 1
2 tr

(
Bk

Ak
TAk

CT
)
− 1

]
z {C}

{Bk}
Fcmdk

The  workpiece  point  cloud  does  not  contain  area
. In our case, the point cloud is processed through

voxel  grid  downsampling  with  a  voxel  size  of .
Following  this,  in  frame , 
where  indicates  the  angle
between  the  normal  vector  of  workpiece  point 
and  the -axis  of  the  world  frame ,  and

 represents  the  angle
between  the -axis  of  the  world  frame  and  tool
frame .  The  maximum  contact  depth  with  a
given  contact  force  is  obtained  by  solving  the
following optimization problem:

 

h∗
k = arg min

hk

∥Fcmdk
− Fk(hk)∥2. (7)

h∗
k

In  this  work,  Eq.  (7)  is  solved  using  the  bisection
method.  Then,  by  substituting  into  Eqs.  (4)  and
(5),  the  contact  geometry  and  contact  pressure  are
derived.

 2.2    Material removal model based on tool path
geodesic curvature

1) Modeling of material removal map
qkWithin  the  contact  region  at  path  point ,  we

assume  that  material  removal  is  proportional  to  the
contact  pressure  and  sliding  velocity,  ignoring  the
effects  of  friction  and  temperature  on  material
removal.  Therefore,  the  material  removal  depth  can
be determined using the Preston equation [36]:
 

dk,i = Kpk,ivk,itk, (8)

K dk,i
pk,i tk

fk tk = ∥qk − qk−1∥2/fk
vk,i

ω vk,i = 2πω
[(

Bkxi − r
)2
+

(
Bkyi

)2]1/2
( · )k,i

i
k

where  is  the  wear  coefficient;  is  the  material
removal  depth;  is  the contact  pressure;  is  the
dwell  time  scalar  determined  by  path  point  spacing
and  planned  feed  rate , ;  and

 is  the  sliding  velocity  determined by the  spindle
speed ,  given  by .
The  subscripts  of  denote  the  contribution  to
workpiece  point  when  the  tool  moves  to  the  path
point .

BkMk

Material  removal  in  robotic  disk  grinding  can  be
considered  a  convolution  process.  The  tool  grinds  a
workpiece  surface  point  at  many  different  path
points.  The  material  removal  matrix  is
proposed  to  represent  the  material  removed  at  each
path point:
 

BkMk =
[
mk,1,mk,2, . . . ,mk,n

]
,

mk,i =

{[
0, 0, 0, 1

]⊤
, i /∈ Ik,[

0, 0, dk,i, 1
]⊤
, i ∈ Ik.

(9)

{Bk}
{C}

Given  that  these  material  removal  matrices  are
calculated  in  frame ,  they  must  be  transformed
to the world frame .  Then,  the material  removal
map,  i.e.,  the  finished  workpiece,  is  obtained  by
subtracting  all  material  removal  matrices  from  the
initial workpiece point cloud:
 

CWfinished = CW −
m∑

k=1

CMk. (10)

∑m
k=1

CMk

The  colormap can  be  represented  by  the  sum of  the
material removal matrices .

2)  Material  removal  profile  based  on  tool  path
geodesic curvature

The  material  removal  map  provides  a  comprehen-
sive  visualization  of  the  entire  finished  workpiece  on
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γk(y)the  point  cloud.  Additionally,  the  profile  at
each path point is important because it helps evaluate
the local uniformity of material removal.

γk(y)

γk(y)

twk,i

Typically,  as  shown  in Fig. 2,  a  profile  requires
calculating  many  material  removal  matrices  which
contribute to .  Then, the material removal map
is  drawn  on  the  basis  of  numerical  convolution,  and
the  is obtained by interpolation. The computa-
tion  of  multiple  material  removal  matrices  requires
considerable  time.  To  this  end,  a  weight  factor 
based  on  geodesic  curvature  is  proposed  to  improve
computational efficiency. The use of multiple removal
matrices  is  replaced by the weighted sum of  a single
matrix to generate the material removal map.

Tqk

qk Tqk

rk

As shown in Fig. 3,  is the tangent plane of the
workpiece at point . The motion of the tool in 
can be interpreted as a rotation around the center of
geodesic curvature . The dwell time of each point is
related to its distance from the center of the geodesic
curvature circle. Therefore, the weighting factor is
 

twk,i
= tk

ρk
∥Akwi − rk∥2

, (11)

Akwi wi

{Ak} ρk
ρk rk

κg

where  is the coordinate of workpiece point  in
frame ,  and  is  the geodesic curvature radius.

 and  are  determined  by  the  geodesic  curvature
vector :
 

ρk =
1

∥κgk∥2
, rk =

ρkκgk

∥κgk∥2
=

κgk

∥κgk∥22
. (12)

qk
κqk κgk

Given  that  the  curvature  of  the  path  point  is
, the geodesic curvature vector  is denoted as

 

κgk = κqkn
⊤
k nk − nk. (13)

After obtaining the weighting factors, the weighted
material removal depth is
 

dwk,i
= dk,itwk,i

. (14)

dwk,i

x y {Bk}
dwk,x,y

l γk(y)

dwk,x,y
x

To obtain the profile,  is  re-interpolated along
the -axis  and -axis  in  the  frame ,  denoted as

.  This  step  is  realized  in  MATLAB® by  inter-
polation, with a spacing of .  Then, the profile 
is obtained by summing  along the -axis:
 

γk(y) = l
2r∑
x=0

dwk,x,y
. (15)

 

3    TIF optimization

An  optimal  TIF  can  improve  material  removal
uniformity by changing the pressure distribution, and
an optimized pressure distribution can compensate for
NMR  resulting  from  the  dynamic  tool–workpiece
contact  state  and  uneven  dwell  time.  Once  the
workpiece  and  tool  are  determined,  the  tool
orientation is the primary factor determining the TIF;
therefore, it is selected as the optimization variable.

 3.1    Tool orientation description

{Bk}
ϕk =

[
ϕk,1, ϕk,2, 0

]⊤∈
R3 ϕk

( · )∧
so(3)

The  tool  orientation  in  can  be  conveniently
represented by a rotation vector 

.  Here,  the  third  term  of  is  0  because  the
rotation  of  the  tool  around  itself  does  not  affect  the
pressure  distribution.  A  linear  skew-symmetric
operator,  denoted  as ,  is  the  mapping  from  the
vector space to Lie algebras , namely,

 

 
Fig. 2    Modeling of profile. (a) Existing methods. (b) Proposed method based on geodesic curvature.
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ϕ∧
k =

 0 0 ϕk,2

0 0 −ϕk,1

−ϕk,2 ϕk,1 0

 . (16)

Rk ∈ SO(3) ϕ∧
k

Rk = exp(ϕ∧
k )

ϕ∧
k = log(Rk)

Each matrix  and its Lie algebra  have
exponential  and  logarithm  mapping: ,

.

 3.2    Analytical expression of NMR problem

The  modeling  work  in  Section  3  is  suitable  for
calculating  the  global  material  removal  map  but  is

(
Akxk,i − r

)2
+

(
Akyk,i

)2 ⩽ r2

{Ak}

n x y xlev
j

ylev
j j = 1, . . . , n Wk = [wk,1,wk,2,

. . . ,wk,n2 ] ∈ R3×n2

wk,i = [xk,i, yk,i, zk,i]
⊤ i = 1, . . . , n2

inefficient for optimizing tool orientation. As shown in
Fig. 4,  all  the  points  in  the  possible  contact  region,
i.e. ,  are selected in frame

 to  reduce  computation  time.  In  addition,  these
randomly distributed points are rasterized to improve
computational  efficiency.  The  rasterized  points  have
 levels for the  and  coordinates, denoted as 

and , . The sub-region 
 is formed by these rasterized points

, .
qk WkAt path point , the corresponding sub-region 

is adopted to deduce an objective function to evaluate
the  removal  uniformity  problem.  This  objective
function  describes  the  sum  of  the  differences  in  the
weighted material removal depths on both sides of the
tool path:
 

f(ϕk) = ∥(dk(ϕk)Λ)⊙ e∥2, (17)

⊙ dk

dwk

dk e ei
y {Bk}

ei =
1

σ
√
2π

exp
[ (r−yi)

2

2σ2

]
Λ ∈ Rn2×n

where  is the Hadamard product,  is the weighted
material  removal  (given  that  all  subsequent  material
removal  depths  are  weighted,  is  abbreviated  as

).  is the weight, and its element  is determined
by  the -coordinate  in  frame  of  the  point

.  is  an  operator
used  to  calculate  the  difference  in  material  removal
depth:
 

λi,j =


1, if yk,i = ylev

j ,
−1, if yk,i = −ylev

j ,
0, otherwise.

(18)

 

 
Tqk

qk κgk

rk ρk

Fig. 3    Weight  of  dwell  time.  is  the  tangent
plane  at  point  of  the  workpiece;  is  the
geodesic  curvature;  and  are  the  center  and
radius  of  the  geodesic  curvature  circle,  respectively.
The weight of the dwell time is dimensionless.

 

 
Fig. 4    Generation of sub-regions.
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WkIn  sub-region ,  according  to  Section  2,  the
weighted material removal can be derived as
 

dk(ϕk) = uk(ϕk)
α ⊙ bk,

bk = vk ⊙ twk
KÊ.

(19)

( · )α zHere,  is  the  element-wise  power.  The -
coordinate  of  the  workpiece  point  cloud  when  in
contact is given as
 

zk(ϕk) =
[
0 0 1

](
Rk(ϕk)Wk

)
. (20)

dkAn  analytical  expression  of  helps  improve
optimization  efficiency.  Given  that  the  speed  of
analytical  differentiation  is  much  faster  than
numerical  differentiation,  an  approximation  of  the
modified sigmoid function is employed in place of the
Boolean evaluation in Eq. (2):
 

uk(ϕk) =
zk(ϕk)

1 + exp
[
−2βzk(ϕk)

] , (21)

β

β

β

where  is  a  tunable  parameter  used  to  adjust  the
curvature of the function. A larger value of  reduces
the  approximation  error.  In  our  work,  we  set  =
1000.

 3.3    Optimization algorithm

t

To avoid sharp fluctuation of the axis orientation, we
defined a dynamic penalty function at iteration :
 

gts(ϕ
t
k) =

∥∥∥ ln
[
exp (ϕt∧

k )
⊤
RL

] ∥∥∥
2
, (22)

RL=R
t−1
k−1 exp

[ 1
2 ln

(
Rt−1⊤

k−1 R
t−1
k+1

)]
Rt−1

k−1 Rt−1
k+1 t− 1∥∥ln(R⊤

1 R2)
∥∥
2

R1

R2 SO(3)

where  represents the
interpolation  at  the  midpoint  between  the  rotation
matrices  and  at  iteration  [37].

 is the angular distance between  and
 in  [38].

ub1, lb1, ub2, lb2
ϕ1 ϕ2

ub1, lb1, ub2 lb2

During  grinding,  excessive  tilt  angles  result  in
excessive  radial  force  on  the  spindle,  whereas  a  too
small  tilt  angle  causes  unintentional  interference
between  the  tool  and  the  workpiece.  Hence,

 represent the upper bounds and lower
bounds  of  and ,  respectively.  In  this  work,

,  and  are  set  to −3°,  3°,  2°,  and 20°,
respectively.  These  values  were  determined  on  the
basis  of  the  mechanical  limits  of  the  grinding
equipment  and  the  geometric  characteristics  of  our
workpiece.

On  the  basis  of  the  analysis  above,  the  objective
function is denoted as
 

arg min
ϕk

nq−1∑
k=2

(f(ϕk) + µgs(ϕk)), (23)

 

s.t.
{
lb1 ⩽ ϕk,1 ⩽ ub1,
lb2 ⩽ ϕk,2 ⩽ ub2,

(24)

µ

µ

µ

µ = 10

where  is  the  weight  of  the  smoothness  penalty.  A
small  means achieving material removal uniformity
to a greater extent, but it may result in fluctuations
in tool orientation. Conversely, a large  means more
smoothness but less uniformity. In our work, a value
of  was  found  to  achieve  a  remarkable
improvement  in  path  smoothness  while  maintaining
acceptable material removal uniformity.

M

M
SO(3)

ψ ∈ R3

so(3) ψk

Rt+1
k = exp

(
ψ∧

k

)
Rt

k.

h0

The iterative optimization process on a manifold 
involves  addressing  perturbations  within  a  vector
space  and  then  projecting  them  to  the  manifold 
until  convergence.  In ,  the  perturbation  is
defined as the vector space  of  its  Lie algebra

 [39].  In  this  case,  the  perturbation  is
obtained  by  the  negative  gradient  direction.
According  to  the  Baker-Campbell-Hausdorff  formula,
the update step is denoted as  One
iteration  is  completed  by  updating  all  rotation
matrices  of  path points,  except  for  the  first  and last
points,  then iteration is  continued until  convergence.
The  tool–workpiece  contact  is  coupled  with  the  tool
rotation.  The  contact  depth  must  be  calculated
before  each  differentiation  to  update  the  tool–work-
piece  contact  under  force  control.  The  pseudocode
and  flowchart  of  the  algorithm  are  provided  in
Algorithm 1 (Table 1) and Fig. 5, respectively.

 3.4    Computational cost analysis

nq

f(ϕk) gs(ϕk)

Kmax

The input size of our algorithm is the number of path
points . For each path point, the objective function

 and  smoothness  penalty  are  computed.
Traversing  all  path  points  constitutes  one  iteration,
and the algorithm runs for a total of  iterations.
  

Table 1    Pseudocode of Algorithm 1
Algorithm 1 Framework of TIF optimization

Kmax
ϵ

Input: maximum number of iterations  and the
convergence threshold .

RkOutput: optimized .

1 ϕ0
k R0

k = exp(ϕ0∧
k )Initialize , .

2 t = 1 KmaxFor  to 

3 k = 2 nq − 1　For  to 

4 f(ϕt
k) gs(ϕ

t
k) ψk Rt

k　　Evaluate , , and  using .

5
∑nq−1

k=2
(f(ϕk) + µs(ϕk)) ⩽ ϵ　If , then

6 　　Break

7 　Else

8 k = 2 k = nq − 1　　For  to 
9 Rt+1

k = exp(ψ∧
k )Rt

k　　　Update every orientation by .
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O(nq ·Kmax)

Kmax = 50

nq = 500, 1000, 1500, 2000

ratio =
nq ·Kmax

spend time

The time complexity of the algorithm is .
We  set  the  number  of  iterations  to  and
conducted  several  tests  with  input  sizes  of

 to demonstrate the algorithm
complexity.  Tests  were  performed  on  a  workstation
with an Intel® CoreTM i7-13700F CPU and NVIDIA®

GeForce  RTXTM 4060  Ti  GPU.  The  runtime  results
are  summarized  in Table 2,  where  we  define  the
computational efficiency metric: . The
ratio  remains  nearly  constant  during  the  tests,
indicating  that  the  efficiency  of  the  algorithm  does
not degrade as the input size increases. Additionally,
the  loss  function  consistently  converged  to  a  similar
range in all trials, demonstrating robustness to input
scale.
 
 

Table 2    Computational cost test
Test number nq Spend time/s Loss Ratio

1 500 265 0.196 26.5

2 1000 535 0.204 26.8

3 1500 791 0.211 26.4

4 2000 1072 0.209 26.8

 

4    Verification and analysis

Grinding  experiments  are  conducted  to  validate  the
proposed  model’s  accuracy  and  the  optimization
methods’ effectiveness.  In Fig. 6,  an  industrial  robot
with  a  flexible  force-controlled  device  is  used  for
grinding.  The  workpieces  are  measured  using  a  line
laser  3D  measurement  equipment  with  an  error
margin of less than 10 μm. The material removal map
is  obtained  by  calculating  the  distance  between  two
point clouds.

 

 
Fig. 6    Grinding experiments setup. (a) Measure-
ment equipment. (b) Grinding equipment.

 

The workpiece  is  a  5  mm-thick  ethylene  propylene
diene  monomer  adhered  to  an  aluminum  alloy  free-
form surface. Its Young’s modulus is 0.186 MPa, and
Poisson’s  ratio  is  0.2.  The  sandpaper  is  75  mm  in
diameter  and  180# in  grit  size,  and  the  abrasive  is
made  of  aluminum  oxide.  The  new  sandpaper  is
adopted  to  grind  an  aluminum  workpiece  for  1  min
before  regular  use  to  prevent  the  sandpaper’s  wear
from affecting the grinding result; hence, it can reach
a  stable  wear  stage.  In  all  experiments,  the  spindle
speed  is  1000  r/min,  the  contact  force  is  10  N,  and
the feed rate is 10 mm/s.

 4.1    Verification of the dynamic tool–workpiece
contact model

Grinding  experiments  on  a  free-form  surface  are
conducted  to  verify  the  suggested  model  of  dynamic
contact. The varying shape of the workpiece when the
tool  moves  along  the  path  leads  to  the  dynamic
contact  geometry,  which  in  turn  alters  the  distribu-
tion  of  contact  pressure.  A  straight  tool  path  is
chosen  to  avoid  the  influence  of  uneven  dwell  time
distribution on material removal. In the experiments,
the  generation  of  each  path  point  follows  the  same
procedure,  where  the  position  is  determined  by  the
workpiece  point,  and  the  tool  axis  is  obtained  by
tilting  the  normal  vector  of  the  workpiece  point  to
a  certain  angle.  In  addition,  the  dwell  time,  contact
force, and spindle speed of each contact point remain
consistent.  In  other  words,  all  factors  except  for  the
surface shape of the workpiece are consistent.

The  experiments  are  divided  into  two  parts.  The
first  part,  shown  in Figs. 7(a)–7(c),  is  grinding  with
discrete path points. It aims to verify the accuracy of
our  model  in  predicting  the  tool–workpiece  contact

 

 
Fig. 5    Flowchart of TIF optimization.
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y = 0

state  at  each  path  point.  It  shows  that  grinding  at
different  path  points  using  identical  parameters
results  in  varying  material  removal  depths  and
regions. The second part, shown in Figs. 7(d)–7(f), is
grinding  with  continuous  paths,  which  is  used  to
validate  the  proposed  material  removal  model.  The
modeling  material  removal  map  also  agrees  with  the
experiments  and  reflects  the  varying  contact
geometry  and material  removal  depth when grinding
free-form  surfaces.  The  material  removal  map  is
symmetric  about  the  plane  because  the
workpiece and the tool path are also symmetric. This
demonstrates that the influence of complex workpiece
geometry  on  material  removal  follows  an  underlying
law, which our model has accurately captured.

 4.2    Verification of the material removal profile
model

The  uneven  dwell  time  distribution  is  validated  by
grinding  experiments  with  different  geodesic
curvatures. A plane workpiece is chosen to avoid the
effects of dynamic tool–workpiece contact on material
removal.

Figures 8(a)  and 8(b)  show  the  modeled  and
experimental material removal map, respectively. The
geodesic  curvature  of  the  paths  is  0.02,  0.01,  0.003,
and 0 mm−1 (from left to right, respectively). Figure
8(c)  illustrates  the  results  of  the  existing  (based  on
numerical  convolution)  and  proposed  (based  on

geodesic  curvature)  models  for  the  profile.  The
material removal uniformity increases as the geodesic
curvature  decreases.  The  RMSE  values  between  the
proposed  method  and  the  existing  method  with
experimental  results  are  0.0915  and  0.0950  mm,
respectively.  Both  models  can  clearly  predict  the
profile well. As the path curvature decreases, the red
dashed line  (indicating  the  position of  the  maximum
material  removal  profile)  and  the  black  solid  line
(representing the location of the tool path) get closer,
indicating that the uniformity of  material  removal  is
improving.

To illustrate the efficiency advantage, we calculated
the  elapsed  time  for  the  two  methods  of  profile
calculation.  The existing method based on numerical
convolution  requires  drawing  a  complete  material
removal  map and  then  obtaining  the  profile  through
interpolation.  The  time  consumed  by  this  method  is
related to the number of path points. In our example,
with  a  tool  diameter  of  75  mm  and  a  path  point
spacing of 0.5 mm, calculating a contour requires the
computation  of  150  material  removal  matrices  and
the  corresponding  material  removal  map,  taking  a
total  of  3.339  s.  The  proposed  method  only  requires
calculating  the  material  removal  matrix  for  a  single
path  point,  then  using  the  geodesic  curvature  of  the
current  path  point  to  calculate  the  weight,  and
summing  to  obtain  the  material  removal  profile.  It
takes 0.042 s, reducing the time by 98.7%.

 

 
Fig. 7    Verification  of  the  dynamic  tool–workpiece  contact  model.  The  red  line  represents  the  tool  path.
Subfigures  (a)–(c)  represent  the  workpiece  ground  with  the  discrete  points.  Subfigures  (d)–(f)  represent  the
workpiece ground with the linear path.
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 4.3    Verification of TIF optimization

To  validate  the  effectiveness  of  the  proposed  tool
orientation  optimization  method,  a  spiral  tool  path
with  changing  curvature  was  planned  on  the
workpiece mentioned in Section 4.1.  This experiment
simultaneously  considers  the  effects  of  dynamic
tool–workpiece  contact  and  uneven  dwell  time
distribution on material  removal,  showing generality.
Then,  the  tool  orientation  is  optimized  using  the
method  described  in  Section  3,  and  machining
experiments are conducted using the tool paths before
and after optimization.

ϕ1 ϕ2

Figure 9(a)  depicts  the  optimized  tool  tilt  angle.
The  initial  values  of  and  are  0°  and  10°,
respectively. After optimization, the tilt angle dynami-
cally  adapts  during  the  grinding  process  to  maintain
uniform  material  removal. Figure 9(b)  displays  the
objective  function  value.  Before  optimization,  the
objective function exhibited drastic variations, with a
maximum value of 1.2. By contrast, with the optimi-
zation  method  proposed  in  this  study,  the  objective
function  is  controlled  under  0.25,  and  it  reveals  a
notable decrease (from 0.39 to 0.14, 64% on average).
Within  the  0–500  interval,  a  slight  decrease  in  the
objective function is observed at certain path points,
attributed  to  the  trade-off  between  global  and  local

optima. Despite this localized deviation, the proposed
method achieves a substantial improvement in overall
material removal uniformity.
  

 
Fig. 9    Results  of  optimization.  (a)  Tilt  angle.
(b) Objective function value.

 

Figure 10 shows the grinding results. The proposed
model can accurately predict material removal in free-
form  surface  disk  polishing.  Moreover,  many  areas
with NMR in Fig. 10(b) have been notably improved
in Fig. 10(e). The proposed tool orientation optimiza-
tion  method  remarkably  enhanced  the  uniformity  of
material removal.

f

To demonstrate the advantages of our method more
specifically,  we  provide  the  profiles  of  six  positions
on  the  path.  As  shown  in Fig. 11,  the  blue  curves
represent  the  profiles  of  material  removal  before
optimization.  These  curves  reveal  the  inconsistent
removal  depth on either  side of  each path point and
considerable  variations  in  the  removal  profiles  across
different path points. After optimization, each profile
(orange  curves)  displays  a  consistent  shape,  peaking
in  the  center  and  tapering  on  both  sides,  thereby
remarkably  improving  the  uniformity  of  material
removal.  The  figure  also  displays  the  value  of  the
objective  function ,  demonstrating  a  considerable
reduction after optimization.

 

5    Conclusions

The paper presents a precise modeling of NMR due to
the  complex  workpiece  shape  and  the  curved  tool
path during robotic disk grinding of free-form surfaces
and proposes a tool orientation optimization method,
greatly  improving  the  material  removal  uniformity.
The main contributions are as follows:
● A  dynamic  tool–workpiece  contact  model

integrating  the  workpiece’s  complex  shape,  contact
force,  and  the  mechanical  properties  of  the  tool  and
the  workpiece  is  proposed  by  introducing  the
measured  workpiece  point  cloud.  It  can  accurately
predict  the  dynamic  contact  geometry  and  contact

 

 
Fig. 8    Verification  of  the  material  removal
profile model. The geodesic curvature of the paths is
0.02,  0.01,  0.003,  and  0  mm−1 (from  left  to  right,
respectively).  (a)  Modeled  material  removal  map.
(b) Experimental material removal map. (c) Material
removal profile on the plane . The red vertical dashed
line  indicates  the  position  of  the  maximum material
removal  profile,  while  the  black  vertical  solid  line
represents the location of the tool path.
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pressure  distribution  during  free-form  surface
grinding.
● A  material  removal  profile  model  based  on

geodesic  curvature  is  introduced.  Compared  with

traditional methods reliant on numerical convolution,
the  proposed  model  can  considerably  reduce
computational  time without compromising prediction
accuracy.

 

 
Fig. 10    Verification of  tool  orientation optimization.  Subfigures  (a)–(c)  represent the workpiece ground with
the unoptimized path. Subfigures (d)–(f) represent the workpiece ground with the optimized TIF.

 

 

f
Fig. 11    (a)–(f)  Comparison  of  profiles  in  six  positions.  The  values  on  the  graph  represent  the  objective
function  values. Subfigures represent the profiles at six different path points.
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● An  analytical  metric  for  evaluating  NMR  is
introduced.  The  TIF  is  optimized  by  adjusting  the
tool  orientation  to  improve  the  material  removal
uniformity by minimizing this metric.

This  work  focuses  on  optimizing  the  uniformity  of
material  removal  within  individual  paths.  The width
of  the  grinding  path  is  not  consistent,  which  poses
a  challenge  to  path  planning.  In  the  future,  we  will
address this issue by optimizing the spacing between
paths  to  achieve  deterministic  grinding  of  free-form
surfaces.

 

Nomenclature

Abbreviations

NMR Non-uniform material removal

TIF Tool influence function

List of symbols

{Ak} Origin tool frame
{Bk} Tool frame when machining
{C} World frame
dk,i Material removal depth
dwk,i Weighted material removal depth
dwk,x,y Re-interpolated material removal depth

e Weight  used  to  adjust  the  emphasis  on  different

regions of the profile

Ê Equivalent  contact  coefficient  of  the  contact  force

model
Fcmdk qkGiven contact force at 
Fk Modeled normal contact force
hk Maximum contact depth
i Index of workpiece point
Ik iSet  of  index  of  all  activated  workpiece  surface

points
k Index of tool path point
K Wear coefficient of the Preston equation

lb1 lb2, ϕ1 ϕ2Lower bounds of  and , respectively
Mk Material removal matrix
nk Surface normal direction
pk,i Contact pressure
qk Tool path point
r Tool radius
rk Center of the geodesic curvature circle
RL Interpolation  at  the  midpoint  between  two  rotation

matrices

Bk

Ak
R {Ak} {Bk}Rotation matrix from  to 

sk,i wiArea associated with point 
tk Dwell time
twk,i Weighted dwell time
Tqk Tangent plane of the workpiece
Bk

Ak
T {Ak} {Bk}Transformation matrix from  to 

uk,i wi

qk

Contact  depth  at  workpiece  point  when  the  tool

moves to path point 

ub1 ub2, ϕ1 ϕ2Upper bounds of  and , respectively
vk,i Sliding velocity
wi Workpiece point
W Matrix constituted by workpiece points

xlev
j , ylev

j x yLevels of  and  when rasterized workpiece points,

respectively
α Nonlinear power index of the contact force model
β Tunable  parameter  used  to  adjust  the  curvature  of

the modified sigmoid function
κgk Geodesic curvature of the tool path
κqk Curvature of the tool path
Λ Operator used to calculate the difference in material

removal depth
ϕk Rotation vector of the tool
τk Feed direction
γk(y) Material removal profile
µ Weight of the smoothness penalty term
ω Rotation speed (rad/s)
ρk Radius of the geodesic curvature circle
θi

wi z {C}

Angle between the normal vector of workpiece point

 and the -axis of the world frame 

ϑk,i z {C}

{Bk}

Angle between the -axis of the world frame  and

tool frame 

List of operations

⊤ Transpose
⊙ Hadamard product
∧ Skew-symmetric operator
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