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ABSTRACT Multiscale structures require excellent multiphysical properties to withstand the loads in various complex
engineering fields. In this study, a concurrent isogeometric topology optimization method is proposed to design
multiscale structures with high thermal conductivity and low mechanical compliance. First, the mathematical description
model of multi-objective topology optimization for multiscale structures is constructed, and a single-objective concurrent
isogeometric topology optimization formulation for mechanical and thermal compliance is proposed. Then, by
combining the isogeometric analysis method, the material interpolation model and decoupled sensitivity analysis scheme
of the objective function are established on macro and micro scales. The solid isotropic material with penalization
method is employed to update iteratively the macro and microstructure topologies simultaneously. Finally, the feasibility
and advantages of the proposed approach are illustrated by several 2D and 3D numerical examples with different volume
fractions, while the effects of volume fraction and different boundary conditions on the final configuration and multi-
objective performance of the multiscale structure are explored. Results show that the isogeometric concurrent design of
multiscale structures through multi-objective optimization can produce better multi-objective performance compared

with a single-scale one.
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1 Introduction

Multiscale structures have different extraordinary physi-
cal properties, such as ultralightness and ultrastiffness
[1,2], high ionic conductivity [3], heat-transfer capability
[4], and thermal insulation property [5], which make
multiscale structures exhibited in a wide variety of
complex engineering applications, including mechanical
engineering, aerospace, optoelectronics, and biomedical
engineering [6]. Multi-objective optimization allows the
design of multiscale structure with several different
properties, including improved thermal and mechanical
properties [7,8]. As a research hotspot in the field of
structural optimization, topology optimization is a
numerical iterative procedure to find the optimal material
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distribution by following the specified objective functions
and constraints in a predefined design domain, which has
the advantage of more remarkable material savings and
improved structural performance. Currently, the main
methods for topology optimization are homogenization
method [9], variable density method [10,11], evolutionary
structural optimization [12], level set method [13], and
moving morphable components [14]. In addition,
topology optimization methods based on finite difference
method, finite volume method, and finite element method
(FEM) can hardly guarantee the smoothness of the
discrete model on the curved boundary [15,16]. Integ-
rating the isogeometric analysis (IGA) method [17],
which uses nonuniform rational B-splines (NURBS) as
basis functions, with topology optimization is expected to
solve the above problems.

In recent years, concurrent topology optimization for
multiscale structures has been investigated by numerous
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scholars. Kato et al. [18] assumed that the topology of the
macrostructure is invariant, while the topology of
material microstructure is unique with respect to the
macrostructure; moreover, they optimized the topology of
material microstructure to reflect the mechanical behavior
of the macrostructure. In contrast to other independent
designs of macrostructures or material microstructures, a
two-scale topology optimization algorithm, where the
design of the macrostructure also changes with the
evolution of the material microstructure, is proposed
[19,20]. These concurrent topology optimization methods
for one material microstructure are simple to formulate
and computationally efficient but have relatively limited
design freedom. Another concurrent topology optimi-
zation approach that considers multiple material micro-
structures [21,22] effectively expands the design space
but is computationally expensive due to the large number
of different microstructures that must be optimized
simultaneously, thus posing a serious challenge of micro-
structural connectivity. To address the above issues,
Coelho etal. [23] developed a computational procedure
for two-scale topology optimization problems using para-
llel computing techniques, and the procedure demonstr-
ated the relevance of parallel computing in solving such
problems. The problem of high computational cost can
also be solved by some alternative design formulations
[24], such as conformal mapping [25], preparameterized
micro unit cells [26], and the projection method [27].
Numerous studies have been conducted to address
connectivity in multiscale topology optimization [28-30],
which can be broadly classified into three subtypes:
morphology deformation, strong control, and weak
adjustment [24]. Most of the above concurrent topology
optimization studies are based on the mechanical
properties to obtain the final designs of macro and
microstructure, but the concurrent topology optimization
can also be extended to the design of thermal materials
[31], electromagnetic materials [32], and so on.

In many aerospace applications, thermal stress from
high local temperatures may trigger unexpected failure
mechanisms [33]. Furthermore, with the advancement in
integrated circuits downscaling of micro and nanoele-
ctronics, the demand is increased for reducing the size
and the weight of the heat passive components and
sustaining appropriated structural stiffness [34]. The shell
in limited space must perform the structural role of
supporting the electric part from external loads and the
role of a heat sink to release heat generated by the electric
device into the open air simultaneously [35]. In above
design tasks where the devices have to dissipate heat and
withstand an external load, design for minimum com-
pliance does not adequately guarantee structural integrity,
and thus, structural thermal performance must be
considered. Therefore, multi-objective topology optimi-
zation for multiscale structures has a wide range of
application scenarios. Yan et al. [36] obtained a stiff but
lightweight structure consisting of thermal insulating

materials by simultaneously optimizing the topology of
the macrostructure and its material microstructure driven
by the multi-objective functions, macrostructure stiffness,
and material thermal conductivity. The structures with
excellent multi-objective properties of mechanical and
heat have also been obtained in fieclds, such as multi-
materials and metamaterials [37,38]. For other multi-
objective properties, Al Ali and Shimoda [39] used
concurrent multiscale multiphysics topology optimization
to design lightweight porous composite structures that
have resilience toward mechanical and hygral and thermal
loads. Bao et al. [40] proposed a two-stage optimization
design method to obtain mechanical metamaterials with
customized low-frequency bandgap and negative
Poisson’s ratio. In most cases, the selection of weighting
coefficients among different objectives becomes critical
because performance conflicts often occur among
multiple objectives, and further improvement of one part
of the objective leads to considerable weakening of
another part of the objective. Zheng et al. [5] defined a
novel multi-objective optimization function in which the
weighting coefficients can be adaptively adjusted to
obtain topological designs of hierarchical materials with
multiple properties in terms of thermal insulation and
mechanics. These results prove the excellent performance
of multiscale structures and fully demonstrate the
necessity of topology optimization under multi-objective.
However, all of the above finite element mesh-based
topology optimization methods rely on discrete mesh
models, where the continuity of the shape function is
usually of low order and obtaining high-quality meshes is
difficult [41], leading to final results prone to numerical
instability and checkerboarding when filtering techniques
are not used [16,42].

IGA has been applied in the field of topology
optimization with its advantages of high accuracy and
continuity, and it has been employed in topology
optimization to replace the FEM, in what is termed as
isogeometric topology optimization (ITO) [43]. Seo et al.
[44] first proposed the use of ITO for structural response
analysis and sensitivity calculation in topology optim-
ization by treating topologically complex spline surfaces
using trimmed surface analysis. Wang and Benson [45]
proposed a geometrically constrained isogeometric level-
set based TO, which provides higher accuracy and
efficiency than previous methods underpinned on FEM
because of the properties of IGA. In addition, the
framework of ITO can likewise address multimaterial,
multi-objective, and multiscale issues. Gao et al. [41]
introduced a NURBS-based multimaterial interpolation
model and developed a multimaterial ITO method. Zhang
et al. [16] proposed a multi-objective topology optimi-
zation model of thermal-mechanical coupling anisotropic
structures based on the IGA method, which was verified
to be correct and superior to the finite element model. Gai
et al. [46] applied IGA-based topology optimization to
the material optimization design with extreme shear
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modulus and negative Poisson’s ratio.

In this study, a new concurrent topology optimization
of multiscale structures is proposed using isogeometric
mesh as the basis for multi-objective performance consi-
dering structural flexibility minimization and thermal
flexibility minimization. The energy-based homogeni-
zation method [47,48] is used to calculate multiple
effective properties of material microstructures and solid
isotropic material with penalization (SIMP) method is
used as a material interpolation scheme to optimize the
macrostructure and material microstructure simultan-
eously. Compared with previous work, this study
introduces IGA into concurrent topology optimization of
multiscale structures and combines it with multi-objective
optimization to determine the model, formulation, and
flow of multi-objective concurrent ITO problems. The
results show that the proposed method remarkably
improves the thermal conductivity and stiffness of
multiscale structure.

The rest of this paper is organized as follows: Section 2
introduces the underlying theory of concurrent ITO
methods, mainly the theory of ITO and homogenization
theory. Section 3 develops a multi-objective concurrent
ITO model, showing the details of its formulation and
sensitivity analysis and the algorithmic flow. Section 4
demonstrates several 2D and 3D numerical examples.
Finally, Section 5 presents the concluding remarks.

2 Theoretical basis

Concurrent ITO introduces IGA into the concurrent
topology optimization framework so that the macro and
micro design domains are discretized into two
independent IGA grids, based on which the topologies of
the macro and micro structures are optimized respectiv-
ely. Therefore, ITO theory and homogenization theory for
concurrent topology optimization are summarized in this
section as basic theories. Detailed discussion on ITO and
homogenization can be found in Refs. [17,47,49,50].

2.1 TIsogeometric topology optimization

ITO is based on NURBS, which are the most common
representation of curves and surfaces in computer-aided
design and computer graphics. Given a knot vector
E={é.6.....Emgn ), Where g is the degree of the spline
curve and m is the number of basis functions (also the
number of control points). The B-spline basis functions
used in the construction of NURBS can be defined
recursively via the Cox-de Boor recursion formula:

_[ 1 ifE<E<En,
Bio(&) = { 0 otherwise, O
f_fi §i+q+] _'f
Biq = Bi,q—l —Bi+1,q—1 >
' (f) §i+q _fi (é‘:) " é‘:i+q+1 _§i+1 (é‘:)

where the convention 0/0 = 0 is adpoted. By introducing

weights ,; to the B-spline basis functions, the NURBS
basis function is obtained as

Biq i
Ny (&) = D&

Z B (§)w; |

Through the tensor product property, Eq. (2) can be
further extended to two-dimensional or high-dimensional
NURBS basis functions.

The numerical computation of a given physical field in
ITO is computed at the control points so that the variable
X (e.g., coordinate, force, or displacement) at the position
of & can be obtained from the control point values:

X =) N©X,

2

3)

where N; is the basis function for the jth control point,
and X; is the value corresponding to the control point.
When using IGA, replacing the design variable from the
element density to the control point density is
advantageous [50]. The element density pf is expressed
as the density p{ at the center of the element, which can
be calculated by the following equation:

o5 =05 =D N py,

J€Se

“4)

where S, denotes the set of control points affecting the ith
element, Nj; is the basis function of the jth control point
corresponding to the center of the ith element, and p;
denotes the density of the jth control point. The
sensitivity of the objective function ¢ to p, at any control
point can be expressed as a 1st-order derivative of the
density of the elements that the objective function affects

at that control point:
oc Z dc dp;,
Apr ops, Opi”

heS.

)

where S, represents the set of elements affected by the
kth control point. pf, then represents the density of the sth
element in S,.

According to Eq. (4), the lst-order derivative of the
density of any element with respect to the density of the
control point of the influencing element is

9p;
Opij

On the basis of the above equation, the dp5, /dp, in Eq.
(5) can be obtained. Given that ITO is based on control
points, NURBS filters are preferred over the conventional
distance-based filters in this study. In Eq. (5), the NURBS
basis functions are used as weighting functions, i.e., the
sensitivity values are calculated by the spatial average of
the neighboring NURBS basis functions, where the influe-
nce region is a rectangular region, as shown in Fig. 1(b).
The filtering region can be adjusted by increasing/decrea-

=N, (6)
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sing the NURBS degree of the filter, and the specific
details about NURBS filtering can be found in Ref. [50].
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Fig. 1 Illustration of control points and elements controlling

and influencing each other. (a) Element i controlled by a set of
control points. (b) Control point & and the set of elements
affected by it.

2.2 Homogenization theory

The equivalent properties of microstructures in the linear
elastic range can be assessed by homogenization
methods. As shown in Fig. 2, the microstructures are
periodically arranged in the macro design domain and can
be considered as homogenized materials in the macro
scale. The displacement field at the macrostructure can be
expressed in terms of asymptotic expansion theory:

Macrostructure

Microstructure

ut (x) = o (x,3) + () + Cus (o) +o0-, (7)
where ¢ =x/y(0<{<<1) is the scale factor, i.e., the
aspect ratio between the macro and micro scale. When
only the 1st-order terms of the asymptotic expansion in
Eq. (7) are considered, the homogenized elastic tensor
E™™ can be obtained by integrating over the periodic unit
cells (PUC), according to the Einstein summation
convention, given by

1
hom __ 0(mn) *(mn)
Eijmn - |Q |Lz Eiqu(qu _gm )de’ (8)
ml 2
where E}" is the homogenized elastic tensor in index

notation ijmn; |Q,| is the area (2D) or volume (3D) of the
periodic cells; E;;,, is the locally varying elastic tensor,
which is equal to the elasticity matrix of the base material
in the solid region and is approximated as a zero matrix in
the blank region. In the 2D case, &)™ are the prescribed
unit strain fields corresponding to three (mn = 11,22,12)
linearly independent unit test strain fields, i.e., unit strain
in horizontal direction &, unit strain in vertical direction
&, and unit shear strain &;. Figure 3(a) illustrates the
components of the strain field vectors correspond to pg =
11,22,12. Two unit test temperature gradients g, and g,
are imposed on the PUC with respect to thermal
conductivity problem, as shown in Fig. 3(b). For the 3D
case in Section 4.3, the unit test strain contains six (mn =
11,22,33,12,23,13) linearly independent unit strain

Fig. 2 Homogenization for multiscale structures.
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Fig. 3 Two kinds of test fields imposed on the boundaries of isogeometric PUC. (a) Three unit test strain fields. (b) Two unit test

temperature gradients.
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fields corresponding to (1,0,0,0,0,0)", (0,1,0,0,0,0)",
(0,0,1,0,0,0)", (0,0,0,1,0,0)", (0,0,0,0,1,0)", and
(0,0,0,0,0,1)", while three unit test temperature gradi-
ents are imposed on the PUC in the case of the thermal
conductivity problem. The periodic characteristic strain
»m) s obtained by solving the following equilibrium

equation [51]:

*(mn) O(mn)
f El!Pq yZi dQ f EUI’LI pq

where v; is perlodlc adm1551ble dlsplacement field in the
micro scale.

Efficient existing algorithms wused in topology
optimization are supported by rewriting Eq. (8) as an
equivalent form of elemental mutual energies [47,51].

hom _ 0(ij) *(ij) O(mn) __
Efm = Q. |j Kipg Sk/ ~ &y )(gpq

The homogenized elastic tensor in Eq. (10) can be
approximated if the PUC is divided into »n isogeometric
elements:

hom — 0(1]) *(1/) (u()(mn) _
B mmz: :

where w™ and u:"? are control point unknown
displacements of eth element, and k., is the element
stiffness matrix. In the energy-based isogeometric
homogenization method (EBIGHM), the unit test strains
are directly imposed to the boundaries of PUC, inducing

&) corresponding to the superimposed strain fields [47]

(82,(”) S,tf”)) in Eq. (10); thus, Eq. (11) can be written in
the following equivalent form:

h —
11(7)711]:1 - |Q | Z Qumn

Z A(i /) A(mn)
b
N

where u*®@ denotes the element’s control point

. . . A(l ) e
displacement solution corresponding to &, and O,
denotes element mutual energy. Under the assumption of
periodicity [47], the difference between the displacements
on a pair of opposite parallel boundaries of PUC shown in

Fig. 4(a) can be expressed as

“dQ,,  (9)

&) dQ,,. (10)

(mn)
u:mn)’

(11)

(12)

u =g )=, a3
where y* and y%~ represent the coordinates of the two
opposite boundaries “k+” and “k—” of the PUC,
respectively; the subscript j represents the coordinate
direction.

For any given parallel hexagonal PUC, Ay’;. is constant
(note that in Fig.4(a), we have Ay} =)% Ayi= yz,
Ay; 0, and Ay;=0). Thus, with a specified &,
of =& ij becomes a constant.

k _ ok
w; =U;

2+

Y 0o
Q (@) o e ° ° ;
yzl_" J & l" 9 o e ° ° %)
2 1o 0 ﬂ i
2 — - ° °
u] y’: [ ©
W

(a) (b) (©)

Fig. 4 Periodic boundary condition of PUC and its mesh in 2D
case. (a) PUC; (b) bilinear finite elements; (c) biquadratic
isogeometric elements.

This form of boundary condition converts the unit test
strain into prescribed displacement applied to the PUC
boundary. After dividing the PUC into a finite element
mesh (Fig. 4(b)) or isogeometric mesh (Fig. 4(c)), the
boundary condition can be applied directly to the mesh
model by constraining the corresponding pairs of nodal or
control point displacements. The boundary control points
of the parallel hexagonal isogeometric model are located
exactly on the boundary, which is the same as the
boundary nodes for finite element model. Thus, even
though the basis functions in IGA are not interpolating
functions [52], the boundary conditions can still be
enforced directly as in the finite element method, without
leading to major errors. The study [46] shows that the
elasticity matrices obtained from isogeometric homog-
enization are almost identical compared with finite
element homogenization. For the PUC shown in Fig. 4(c),
the equilibrium equations for IGA are simplified due to
the periodic boundary conditions and the specified
boundary displacements.

K>, Ky+K,, U,
Sym K33+K34+K43+K44 U3

o

K, +K,

where the global displacement vector is divided into four
parts: U, is the prescribed displacements of the four
corner control points (blue control points in Fig. 4(c)); U,
is the unknown displacements corresponding to the
interior control points (red control points); U, and U,
denote the displacements of the control points on the two
pairs of parallel boundaries (corresponding to the green
and yellow control points, respectively), which should
satisfy U, = U, +W. W is the prescribed value computed
in accordance with Eq. (13). The details of the periodic
boundary conditions for the 3D case can be found in Ref.
[53].

In the 2D case, the homogenized elastic tensor can be
expanded as

K, =
- 14
[ K; +K, }W’ a4
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hom hom hom

El]ll Ell22 EI1I2

hom __ hom hom hom
E - E2211 E2222 E2212 (15)

hom hom hom

E1211 E1222 E1212

The homogenized thermal conductivity tensor can be
given similarly as Eq. (8):

hom __
ijmn

A o Al g, )

where g denotes the unit test temperature gradients; in
contrast to the unit test strain fields, the 2D case has two
(mn =11,22) unit test temperature gradients (Fig. 3(b)).
g™ denotes the periodic characteristic ~gradient.
Furthermore, in EBIGHM, the PUC is divided into »n
elements, and the unit test temperature gradients are
applied directly on the boundary of the basic cell, Eq.

(16) is then rewritten as

hom _

h  A(mn)
= tA“f) kt t
t/mn |Q | Z e 4

where % is the control point temperature, and k" is the
element thermal conductivity matrix.

In the 2D case, the homogenized thermal conductivity
tensor A™™ can be expanded as

Ahom

1111
Ahom
2211

(17

(18)

Ahom — [ A]?(lnznz ]

hom
A2222

3 Multi-objective concurrent isogeometric
topology optimization

In this section, a multi-objective concurrent ITO model is
developed. As shown in Fig. 5., macro and micro
topologies are considered in the concurrent isogeometric
topology design of multiscale structures through multi-
objective optimization to combine structural performance
and thermal conductivity.

3.1 Multi-objective optimization

The multi-objective optimization model is formulated in

accordance with the weighting factor w using the linear
weighted sum method to obtain the target multiscale
structures with minimum mechanical compliance (or
maximum mechanical stiffness) and minimum thermal
compliance (or maximum thermal conductivity):

Find: py; = [08Ons -+ - s Lo -+ »
Por = [PmsPrs 2P
Min: C(py,P0,,) = WCheen + (1 = W) Ciear-
ot {K(pM’pm)UM =F
\K"(oy.0,)Tv =P
pMdQM

(19)

VI\,[,0<,0;\“4‘"<pM 1,

f PodQ, <V, , 0<pi <pl <1,
Qp

where K and K" are the stiffness matrix and thermal
conductivity matrix of the global performance design
domain. F and Uy, are the macrostructure control point
force load and control point displacement, respectively,
while P and T, are the macrostructure control point
thermal load and control point temperature, respectively.
The macrostructure Qy; is discretized into N isogeometric
elements, while the microstructure €, is discretized into
n isogeometric elements. The design variables (i.e.,
control point densities) at the macro and microscale are
denoted by the p,, and p,,, respectively; Vy and V,, are
the prescribed structural volumes of the p,, and p,,
respectively, i.e., the maximal volume fractions of macro
and microstructure. pi" and p™® are the minimum values
of macro and micro variables, respectively, to avoid
numerical singularity in the optimization. C denotes the
multi-objective performance of multiscale structure. Cyeq
and Cy, are the single-objective performance of
mechanical and heat, i.e., mechanical compliance and
thermal compliance, respectively.
Chieer €an be expressed as

CMech (pM’pm) = U:/[K(pM’pm) UM

=L(p§4)Z=;UZKg(p§,)Ue, o0

where ¢(p;) donates the material interpolation function

i - L > N Macro optimization

| —— — o (o >

| Adiabatic boundaries 4 S aor; Updated by macro

! control point density p,,

: T=0 P T <1

| v Macrostructure Microstructure ~ Concjfrrent /\
i y STOIN-~ Micro optimization

(o o o\
o

ofo
—

Multiscale structures with
multiple physical properties

Macro and microstructure of
isogeometric elements mesh

Updated by micro
control point density p,,
Final concurrent design of
multiscale structures

Fig. 5 Concurrent isogeometric topology optimization for multiscale structures.
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of macrostructure; p;, is the isogeometric element
densities of macrostructure, which can be derived by
interpolating the control point densities p,, according to
Eq. (4); U, is the eth macro element displacement vector;
K. (p:) = fge B"E™"BdQ. denotes the macro element
stiffness matrix, and Q. is the macro element; B is the
strain—displacement matrix of macrostructure; pg, is the
isogeometric element densities of microstructure, which
can be derived by interpolating the control point densities
Pn according to Eq. (4).
In the same way, Cy., can be expressed as

CHeal (pM’pm) = TI/IKth (pM’pm) TM

N
=1(pi) ) TeKE ()T

e=1 (21)
where T, is the eth macro element temperature vector,
K! (o) = fQC D'A™DdQ, denotes the macro element
thermal conductivity matrix, and D is the conversion
matrix of the temperature gradient to the control point
temperature on the macrostructure.

3.2 Material interpolation scheme

The elastic tensors of the macro and microstructure are
defined by the material interpolation scheme in the
modified SIMP method:

{EM =P E™" = [A+(p3)" (1= )] E™,
E,=t(p:) Eo = [A+(p) (1- D] E,,

where E,, and E, are the elastic tensors of macro and
microstructure, respectively; E, denotes the constitutive
elastic tensor of the material; ¢(p¢,) denotes the material
interpolation function of microstructure; A = 1E-9 is a
constant to avoid singularities in the stiffness matrix; p is
the penalty parameter. As shown in Fig. 6, the
homogenized elastic tensor E™" is the bridge that

connects the macro and microstructure, and it participates
in the interpolation as the effective elastic tensor of the

22)

E, =1(pli{)Ehom Ay =’(p§4)Ahom

artial
agnification| 'Q,

Macrostructure

Macro element
Macrostructure material interpolation /
Micro element

k, :J.Qu bTEubdQu P W

Microstructure
A, = l(p:l ) A,

E, =1(p:‘)En

k<|)h = o dTAoddQO | i 1A0,

L
Microstructure material interpolation

Fig. 6 Micro and macro coupling for concurrent topology
optimization.

macro elements in Eq. (22), which in turn is calculated on
the basis of the topology of the microstructure as follows:

1
E*m = o L E, (" —&)dQ,

(p5,)

— m E ()_ * Q
0, Jo BoE €A%
L) N (o ai\T g

— m u i kul(mn),
[oN Z( ) ko

(23)
where £°—&" denotes the superimposed strain field, the
detailed realization of which has been specifically given
in Section 2.2; k,= fau b"E,bdQ, denotes the micro
element stiffness matrix, and Q, is the micro element. b
is the strain—displacement matrix of microstructure.

Similarly, the thermal conductivity tensors of the macro
and microstructure are defined by the material
interpolation scheme in the modified SIMP method:

AM — L(p;)Ahom7

Am = L(p?n)AO’
where Ay and A, are the thermal conductivity tensor of
macro and microstructure, respectively; A, denotes the
intrinsic thermal conductivity tensor of the material. The
homogenized thermal conductivity tensor A™™ is
calculated on the basis of the topology of the
microstructure as follows:

1 0 *
o LK‘]Am(g - g)dQ,

n
0§
— () th L A(mn)
(te ) k() te 4
e=1

24

hom

Q)

(25)
where g°—g" denotes the superimposed temperature
gradient, kz)h = fgd d"A,ddQ, denotes the micro element
thermal conductivity matrix, and d is the conversion

matrix of the temperature gradient to the control point
temperature on the microstructure.

3.3 Concurrent isogeometric topology optimization

The concurrent ITO formulation can be solved by many
well-established gradient-based algorithms, and thus, the
sensitivity information associated with the objective
function must be obtained to perform the computation
iteratively [48]. For the objective function shown in Eq.
(19), the 1st-order derivative of the objective function is
expressed as follows because the weighting factor w is
constant with respect to the objective function:

c (pM’pm) = WCMech + (1 - W) CHeat- (26)

The mechanical compliance sensitivity Cveen in Eq.
(26) has two parts: the first one is about the sensitivity of
the macro design variable p,;, which is used to update the
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macro design domain:

O0Ceen _ Z OCieen 0Py,
Py N

where Sy denotes the set of elements affected by the
control points corresponding to p,,, p§; denotes the ith
element density in Sy, K,(p¢) is related to the micro
element density but not to the macro element density;
thus, the 1st-order derivative of mechanical compliance
with respect to the element density is

27

€Sy

ICoes - N
G =P (=8 Y UK. () U,
Mi e=1

Substituting Eq. (28) into Eq. (27) yields

9Cec

i€Sm

(28)

N
_ ops,;
e \»-1 T e Mi
p(pt,) " (1-A) E] UeKe(pm)Ue} oo,

(29)
The second part deals with the sensitivity of the micro
design variable p, :

N
c oK. (p;,)
—t(pw) § UITU
e=1 m

. N N TaEh()m
=i Y. U LB 5, B0 U
e=1 ¢ m

a(jMech _
opn

(30)

The l1st-order derivatives of the homogenized elastic
tensor E™™ with respect to the micro design variables can
likewise be transformed into Ist-order derivatives with
respect to the micro element density:

aEhnm 8Ehom ap:ni
op, & op,: 9p,
p(p:) " (1-4) A(,) Ao | 9P
£\ m/ A = i k (mn) ml’
Z TN Z “|ap,
(€2))

where S, denotes the set of elements affected by the
control points corresponding to p, , and pS, denotes the
ith element density in S,,,.

Similarly, the sensitivity for thermal compliance with
respect to py is

ocC eat e \P— S 9 ei
i —Z[p(pw)” " —A)ZTIKS‘(pmm} D
M e=1

i€Sy

(32)
Sensitivity for thermal compliance with respect to p,, is

AC ke - L OAR™
— = —1(pS T D ——DdQ.|T.
a pm L (pM) ; e J;)C a pm

The Ist-order derivative of the homogenized thermal
conductivity tensor A™™ with respect to p,_ is

(33)

6Ahom p(pe )p_l(l—A) n i T ape_
_— S m/ -~ 7 t ,(U) k‘h t‘?(”m) mi .

., Z Q] Z( ) e 2o
(34)

The sensitivity for the material volume with respect to
the design variables is

(9VM Z 6VM ale _ api,[l
dpy 0Py 0y A Opy
(33)
oV, Z A apm, Z opS,;
ap., 2 0P 0p, 0P
Py P
6pM al)m

can be obtained in accordance with Eq. (6). The heuristic
updating scheme for the design variables can be
formulated as follows:

p;j:—l) (q)(s))p;jl)
— _8C(pM’pm) . 1 p(r)
0pm VM M
max |y, Ay ——
Opm
(s+1) OAPRO) (36)
Py = (@)l
— _8C (pM’pm) . 1 p(s)
ap,, m@V "’
max |, A
9P,

where s is the current iteration number. @ and ®% are
the updating factors for the two-scale design variables p};
and p® at the sth iteration, respectively. u = 1E-9 is a
constant to avoid a denominator of 0. A} and A% are the
Lagrange multipliers of the macro and micro design
variables, respectively, which can be computed by the
bisectioning method. The updating schemes for macro
and micro design variable are the optimality criterion
method, where macro and micro updating factors @} and
@Y contain macro and micro design variables, thus
depending on p{’ and p¥. In other words, the micro
design variable can influence the optimization of the
macro topology, and the macro design variable also
influence the updating of the micro topology, coupling in
each iteration of the concurrent topology optimization of
the multiscale structures to improve the associated
performance [48].

In summary, the two-scale optimization problem in Eq.
(19) can be separated into two, which is exclusively
associated with macro and micro design variables,
respectively. With the micro design variables fixed, the
sensitivity of the macro design variable is obtained and
macro design variable is updated accordingly. In the same
optimization step, the microscopic optimization problem
is solved similarly so that both scale design variables are
updated. The decoupling multiscale analysis scheme can
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maintain the important hierarchical and mechanical
relationships between the different scales, and the
computational cost is substantially less than those relying
on the coupling scheme [54]. The solution efficiency of
the decoupling method can still be further improved. The
study [55] skillfully transforms the sensitivity of the
objective function to the micro design variables into the
Ist-order derivative with respect to the equivalent
elasticity matrix, thus effectively improving the
computational efficiency. The efficient decoupled method
is used instead in subsequent studies to improve the
computational efficiency of the sensitivity. The flowchart
of the algorithm for multi-objective concurrent ITO for
multiscale structures is shown in Fig. 7.

4 Multi-objective concurrent isogeometric
topology optimization

Three numerical examples are presented in this section to

demonstrate the feasibility and advantages of the multi-
objective concurrent ITO method for multiscale
structures. Example 1 verifies the effectiveness of the
proposed method and the advantages of concurrent multi-
scale optimization by optimizing a cantilever beam. The
classical Michell-type structure was optimized via
Example 2 to show further the utility of the methodology
proposed in this study, and the effects of volume fraction
and different boundary conditions on the results are
discussed. Example 3 extends the multi-objective concu-
rrent ITO method to three dimensions. In all examples,
the sizes of the material microstructure in all normal
directions are defined as 0.1. The Young’s modulus Ej
and thermal conductivity Ag of the solid micro elements
are 2E7 and 1, respectively, in Examples 1 and 2, while in
Example 3, they are 1E4 and 1, respectively, and the
Young’s modulus and thermal conductivity of the hollow
micro elements are both 1E—9. The Poisson’s ratio is 0.3,
and the penalization parameter p is defined as 3. The

Input the optimization
parameters, initialize and prepare
isogeometric analysis

Calculate the homogenized elastic tensor E™™"
and the homogenized thermal conductivity |«
tensor A"™™ according to Egs. (23) and (25)

Substitute E"™ and A™™ into
corresponding elements for IGA to
compute Uy and Ty, respectively

v

Calculate the sensitivity of mechanical
compliance and thermal compliance to
macro design variables according to
Egs. (29) and (32), respectively

Obtain sensitivity of the objective
function on macro scale using the linear
weighted-sum method

\/ Multi-objective model \/

Calculate the Ist-order derivatives of

E™™ and A™™ with respect to the micro

design variables according to Eqs. (31)
and (34), respectively

Calculate the sensitivity of mechanical

compliance and thermal compliance to

micro design variables according to Eqgs.
(30) and (33), respectively

Obtain sensitivity of the objective
function on micro scale using the linear
weighted-sum method

Concurrent isogeometric
topology optimization

Synchronized updating of macro
and micro design variables
through the OC method

Output optimized macro and
microstructure

Fig. 7 Flowchart of multi-objective concurrent isogeometric topology optimization.



10

basis degree of IGA for all examples in this section is
equal to 2, and the NURBS degree of the filter is also set
to 2. It will not be considered convergent until the
maximum change is less than 0.02 in any density of
macro and micro control points between two consecutive
iterations. The following arithmetic examples are derived
by running them in MATLAB R2022a.

4.1 Example 1

In this example, a multi-objective concurrent ITO of
mechanical and thermal conductivity is performed for a
cantilever beam, and Fig. 8 shows the boundary condi-
tions and initial design at two scales. The left edge of the
beam is fixed, and the force F = 4000 is loaded on the
lowermost right edge and directed downward (Fig. 8(a)).
Figure 8(b) describes the thermal boundary conditions,
where a heat sink point is located at the middle of the left
edge, where the temperature is set to zero, and the
remaining boundaries of the cantilever beam are set to be
adiabatic (i.e., zero heat transfer). The distributed heat P
= 0.0005 is applied to the entire design domain. The
initial design of the macrostructure consists of the same
density of elements uniformly distributed to avoid local
minimum designs, while the initial design of the
microstructure was filled with some voids to avoid a
uniform distribution of the sensitive field due to the initial
imposed periodic boundary conditions [48,51,56]. In this
example, the macroscopic initial structure is uniformly
distributed with a volume fraction of 30% of the macro
design domain, delineated by a grid of 150 x 75
isogeometric quadratic elements, and the final optimized
volume is also 30% of the design domain. Figure 8(c)
shows the microstructure with a circular hole in the center
of the design domain with a radius of one-fourth of the
size of the microstructure, allowing the material to be
unevenly distributed. A 50 x 50 quadratic isogeometric
element is used to discretize the microstructure, and the
final optimized volume is 50% of the microscopic design
domain.

Front. Mech. Eng. 2025, 20(1): 4

different weighting factors w are defined as 0, 0.2, 0.4,
0.6, 0.8, and 1. Case 1 shows the results obtained by a
multi-objective concurrent ITO approach, including
topology of the macrostructure, the topology of material
microstructure, and the value of the single-objective
function, where the iterations are less than 300 for six
weighting factors. The results obtained by a multi-
objective  isogeometric  macrostructure  topology
optimization for a given microstructure are presented in
Case 2, where the microstructure and its equivalent
properties are detailed in Table 2, and the volume
fractions are consistent with Case 1. The single-scale
optimization results in [57] are used as the standard
structure.

The optimized topologies of the macro and
microstructure change considerably with the weighting
factor w, demonstrated in Case 1. When w is equal to 0 or
1, the proposed multi-objective optimization method
degenerates into a single-objective optimization method
for thermal conductivity and structure accordingly, so that
only the corresponding objective function value is
computed, and the value of the other objective function
gradually tends to infinity, which is denoted by None. As
the value of w increases, the tree-like branching structure
that favors heat dissipation in the macro scale gradually
tends to shrink and fade, evolving in the direction of
increasing structural strength. Correspondingly, the micro
scale is influenced by the macro boundary conditions, and
when w is equal to 0, the material is mainly distributed in
the corners of the design domain, which will be favorable
for uniformly dispersing the energy [31]. When w equals
1, the stress distribution induced by macroscopic
boundary conditions eventually leads to an asymmetrical
arrangement of materials in the microstructure,
characterized by horizontal, vertical, and approximately
45° to —45° orientations. With variations in the w value,
the microstructure concurrently adjusts to accommodate
the evolution of the macrostructure. The objective values
in Table 1 show that the multi-objective optimized
structure exhibits less mechanical compliance and less

Table 1 presents the optimization results for the thermal conductivity compared with the thermal
cantilever beam. For presentation and comparison, six conductivity and mechanical single-objective
L=10 , i :
- > a2 Adiabatic boundaries
N =]
o SR P =0.0005
Ao=1 =
v=03
¥~ Fixation F=4000 y

(a)

(b)

(©)

Fig. 8 Boundary conditions and initial designs at two scales. (a) Mechanical boundary conditions for the macrostructure, (b) thermal

boundary conditions for the macrostructure, and (c) the microstructure.
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Table 1 Optimized results of the cantilever beam

11

w Case 1 Case 2
0 I,Ii i V ,ig
l — | - L[
Cytear = None; Gy = 400 2028 Cyter = None; Cyy, = 558.839
0.2 ," ! ;
» I : | lll
Cyteen = 925.2747; Cyyene = 552. 5652 Cytean = 945.5811; Cyy,, = 678.5234
o @\ ' N
Cyeen = 728.1247; Cyyep = 625.2446 Cyean = 755.0111; Cpye = 742.4754
Cheen = 613.6433; Cyy, = 736.3228 Cyteen = 638.0526; Cyy,, = 825.5818
0.8 /II ! /
Cheen = 538.8550; Ciyere = 909. 9460 Cyeen = 560.8754; Cyy, = 1002.1484
Cyteen = 392.1081; Cy,e = None Cyieen = 429.1129; Cyy, = None

Table 2 Microstructure and its effective properties in Case 2

Microstructure Volume fraction

Homogenized elastic tensor

Homogenized thermal conductivity tensor

5.1511
1.5774
0

0.5 10° x

1.5774 0 03117 0
S1511 0 0 0.3117
0 1.4863 '

optimization, respectively. Therefore, in contrast to the
existing multiscale topology optimization method [58,59]
limited to single physical field problems, the outcomes by
this method exhibits better multi-objective performance.
The more detailed optimization of macro and
microstructures with different weighting factors in Case 1
and their equivalent properties are shown in Appendix
(Table A1), illustrating how two conflicting objectives
compete through material redistribution in the design
domain of two scales when the weight factor changes.
The Pareto curve obtained by varying the weighting
factor from 0 to 1 in a span of 0.1 is shown in Fig. 9. As
the weighting factor increases, mechanical compliance
decreases, while thermal compliance increases, indicating

a strong shift between the two objective functions. Given
that the two objectives are different physical quantities,
the convexity of all functions within the multi-objective
criteria might not exist when objective functions have
different ranges and orders of magnitude [34,60]. In this
case, the weighted sum of the multi-objective functions
must be modified, and reasonable weighting factors, such
as normative weighted sum [61], the combination of
power and normalization forms [62], and adaptive
adjustment of weight coefficients [5], must be set. Two
conflicting objectives in this study form an approximate
convex curve in the allowed design space, and a strong
Pareto front is produced in Fig. 9. This result indicates
that the weighted sum form of the multi-objective
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function in Eq. (19) is appropriate for two objectives with
different physical quantities in this study. To ensure the
convexity of multi-objective function when extending the
multi-objective in this study to other domains, the follow-
up work will further improve the existing weighted sum
form, and the corresponding research will be reported
elsewhere. Figure 10 shows the iteration of the objective
function and volume fraction at two scales, indicating that
the concurrent ITO method can eventually converge.
Some sharp jumps in the convergence process are
attributed to the use of Heaviside projection filters to
ensure an approximately black and white design.

The optimized structures in Case 1 have similar
structural features as the standard structures in [57],
demonstrating the effectiveness of the present method.
Given that both have similar boundary conditions, the
macrostructures have similar topology. However, the
optimized microstructure affects the macro topology to
some extent, resulting in subtle differences in the

X 1010

167

Thermal compliance
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topology of the macrostructures between Case 1 and the
standard structure. Moreover, the mechanical compliance
and thermal compliance of the structure in Case 1 is less
than that in Case 2. Therefore, the proposed multi-
objective concurrent ITO has a greater advantage over the
results obtained by multi-objective isogeometric
macrostructure topology optimization with a given
microstructure under the same conditions, considering
mechanical and thermal compliance.

4.2 Example 2

In this section, the effect of macro and micro volume
fractions on the structural performance is discussed on the
basis of the optimization results of Michell-type structure
obtained from the multi-objective concurrent ITO
approach. Figure 11 shows the boundary conditions and
the initial design for two scales. The lower left corner of
the beam is fixed, while the lower right corner is

1.5
Mechanical compliance

1.0

2.0

x10°
2.5

Fig. 9 Pareto front of Case 1.

2500 T T T 1 1.0
— Structural compliance
—— Thermal compliance
— Multi-objective 0.8
2000 - —— Macro volume fraction
4 1
1000
0.2
500 . . . - . -0
0 50 100 150 200 250 300
Iteration

Fig. 10

Macro volume fraction

1.0

—— Micro volume fraction

0.9

g

y n § Q |

E

&

()

Eo7 1

5 00 Q Q ﬁ |
05 A A A i
0.4

150 200 250
Iteration

50 100

Iterative history of Case 1 for w=0.6.
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e L=10 g
E,=2x 107 i
30:_‘113 P=0.0005 H
S
“/ r=0 Y
Adiabatic boundariesl £=3000
@ (b)

Fig. 11 Initial design and boundary conditions for two scales
in Example 2. (a) Boundary conditions for the macrostructure
and (b) the microstructure.

supported by rollers. The force £ = 3000 is loaded in the
center of the lower edge. A heat sink also exists in the
middle of the lower edge, where the temperature is set to
zero and the rest of the boundary of the Michell-type
beam is set to be adiabatic (i.e., zero heat transfer). The
distributed heat P = 0.0005 is applied to the entire design
domain. The macro initial structure is divided by a grid of
125 x 50 isogeometric quadratic elements. The micros-
tructure is discretized by setting a circular hole in the

center of the design domain with a radius of one-third of
the size of the microstructure, slightly different from that
in example 1, and 50 x 50 quadratic isogeometric elem-
ents are used to discretize the microstructure. Four
different combinations of macro and micro volume
fractions are defined, where the macro volume fractions
are 0.3, 0.4, 0.5, and 0.6. The total volume fraction
remains constant at 0.12, and the micro volume fractions
are equal to 0.4, 0.3, 0.24, and 0.2, respectively.

Table 3 shows the macro and micro concurrent design
of Michell-type structures and the corresponding two-
objective function values for the four cases. With the
same weighting factor, as the macro volume fraction
increases, the micro material gradually transfers to the
macrostructure. The basic configurations of the macro
and microstructure remain unchanged, but the mechanical
compliance and thermal compliance of the optimized
structures gradually increase. To investigate the real
performance of the single-scale structure with V,, = 1, a
set of single-scale Michell-type structures is further
added, as shown in Fig. 12. The results show that when
w = 0, the thermal compliance of the single-scale design

Table 3 Optimized results of the Michell-type structure in three volume fraction cases

Case 3
w Vm=023, V=04

Case 4
M=04,Vn=03

Case 5
MmM=0.5, Vi =0.24

Case 6
mM=0.6, Vin =0.2

0
Cucn = None: Gy = 1340889 (o = None: G = 140.7414
0.2 it
e 2_59.7_;27; Crae = 1844521
0.4

Cupean = 175.8754; Cprous = 193.8615 ey = 196.6900; Cppope = 196.1823 ey = 246.0539: €,

Cyrear = None; Cyye,, = 149.4906 Cyen = None; Cyye, = 191.5295

Cuen = 309.3807; Cp = 2174229 Cpyon = 402.5225; Cypopy = 270.8943

=2323721  Cypo = 335.9382; oy = 288.6927

Teat
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increases in comparison with the four cases in Table 3.
With the increase in the macro volume fraction, the
thermal conductivity is first enhanced and then weakened,
i.e., the thermal conductivity of the single-scale structure
is inferior to that of the multiscale design. When w = 1,
the mechanical compliance still maintains a decreasing
trend, indicating that the stiffness performance of the

single-scale structure is superior to that of the multiscale
design, which is consistent with the conclusion in Ref.
[48]. The multi-objective performance of most of the
multiscale designs for w not equal to 0 or 1 outperforms
that of the single-scale designs.

Figure 13 illustrates the Pareto curves for five sets of
volume fractions at different weighting factors, where the

N/

w=0.0 w=0.2 w=0.4
Cyter = None Cyeen = 376.1039 Cheen = 238.1754
Chean =216.1716 Cheen =271.8078 Chrean = 318.2195
{ AL 1L \-/ |
w=0.6 w=0.8 w=1.0
Cyeen = 182.7533 Cyeen = 145.7208 Cyieen = 61.1866
Cheen = 357.2284 Cheen =423.3882 Cyean = None

Fig. 12 Single-scale optimized results of the Michell-type structure when ¥y =0.12 and Vi, = 1.
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single-objective optimization results for w equal to 0 and
1 are removed. The more intuitive depiction of the
observed pattern is shown: as the macro volume fraction
decreases and the micro volume fraction increases, the
mechanical and thermal compliance multi-objective
values first decrease gradually and then increase
inversely. Therefore, for the optimization of the two
objectives, i.e., mechanical compliance and thermal
compliance, the best design for multi-objective
performance is the multiscale optimization in Case 3. In
addition, multiscale structures exhibit better multi-
objective performance than at single scales when
generalized to a wide range of other topological design
problems, such as two scales involving thermal insulation
and stiffness [36] and natural frequency and thermal
conductivity [8]. The iterative history of objective
functions and volume fractions at both scales in Case 3
when w = 0.2 is displayed in Fig. 14.

With Case 3 taken as an example, when the weighting
factor w is equal to 0, the optimized macrostructure
presents the material extending from the middle of the
lower side of the design domain to the ends of the upper
side to form two mutually symmetric root-like structures
as the main heat transfer path. Accordingly, the influence

300 Vu=0.12, V3, =1.00
| Vi =030, Vyy = 040

450 Yy, = 0.40, V3 = 0.30
Vi =0.50, Vyy = 024

400 V=060, V=020

Thermal compliance
(%)
(=3
(=)

100 150 200 250 300 350 400 450 500 550 600
Mechanical compliance

Fig. 13 Pareto front of Example 2.
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Iteration

Fig. 14

Macro volume fraction

of the macro scale on the micro design compels the
microscale materials to concentrate in regions parallel to
the diagonal. The micro material distribution matches
with the macro design structure, enhancing the efficient
heat transfer from various corners of the macro design
domain to the middle of the bottom edge along these two
rooted structures, as illustrated in Fig. 15(a). When the
weighting factor w is equal to 1, the macro and
microstructure similar to that in [48] are obtained. As the
weight factor gradually increases, the mechanical
compliance gradually decreases, while the thermal
conductivity compliance gradually increases, and the
macro and micro topological structures evolve toward
increasing the structural strength. Balancing the decisions
between these two conflicting objectives results in a
series of compromise designs.

To explore further how the layout design of microstru-
cture aligns with the macro scale under different
boundary conditions to enhance target performance
(manifested as thermal performance when w = 0),
structural optimization was conducted for the volume
fractions in Case 3 under three boundary conditions, as
depicted in Fig. 15. When the heat dissipation point is
positioned at the middle of the bottom edge, Fig. 15(a)
reveals that micro materials concentrate in regions
parallel to the two diagonals of the micro design domain,
forming two primary thermal channels. This adaptation is
to facilitate the uniformly distributed heat transfer from
two approximately 45° and —45° rooted structures to the
heat dissipation point in the macroscopic design. When
micro elements are located in the left-rooted structure of
the macroscopic design domain, thermal conduction
primarily occurs through thermal channel 1, and corre-
spondingly, micro elements in the right-rooted structure
primarily rely on thermal channel 2. As the heat sink
point is moved from the middle of the bottom edge to the
left quarter, Fig. 15(b) illustrates that two asymmetric
root-like structures extend from the lower part of the
macroscopic design domain to the upper ends. Compared
with Fig. 15(a), the left-rooted structure contracts, and the

1.0

—— Micro volume fraction
09+t

0.8
0.7
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0.5

Micro volume fraction

0.3 - - . -
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Iteration

0 50 100

Iterative history of Case 3 for w=10.2.
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Fig. 15

Influence of boundary conditions in Case 3 for w = 0. (a) Heat sink point at the middle of the bottom edge, (b) heat sink point at

the left quarter bottom edge, (c) heat sink point at the lowermost left edge.

right-rooted structure expands. To match macrostructure,
the width of the thermal channel 1 in the micro design is
reduced accordingly, the width of the thermal channel 2 is
increased, and the two channels are no longer symmetric.
When the heat sink point is further moved to the far left,
the width and direction of the two thermal channels in the
micro design changed accordingly.

4.3 Example 3

In this example, the multi-objective concurrent ITO
approach is extended to the 3D case, with the macro
boundary conditions illustrated in Fig. 16. Four corners at
the bottom side of the 3D-supported structure are fixed.
The downward force F,=4000 and rightward force
F.=4000 are loaded at the center of the top surface
along the y- and z-directions, respectively. Simultaneo-
usly, a heat sink is positioned at the center of top surface
with a temperature of 0, while the remaining surfaces are
adiabatic. A uniform thermal load of 0.0005 is distributed
over the macro design domain. The macro initial structure
is uniformly distributed with a 30% volume fraction of
the macro design domain, divided into a 15 % 12 x 15 qua-
dratic isogeometric element mesh, as shown in Fig. 17.
The final optimized volume is also 30% of the design
domain. The micro initial structure has a spherical hole in
the center of the design domain with a radius equal to one-
sixth of the microstructure size. Discretization of the
microstructure is achieved using a 15 X 15 x 15 quadratic
isogeometric element mesh. The final optimized volume
constitutes 40% of the microscopic design domain.

Figure 18 shows the final optimized topology of macro
and microstructures for weighting factors of 0, 0.6, and
1.0, respectively. Increasing the number of elements
improves the clarity of the design but also incurs
substantial computational cost. Therefore, a rough
isogeometric mesh is chosen for the optimization

Initial microstructure

Fig. 16 Initial design and boundary conditions for two scales
in Example 3.
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Fig. 17 1GA mesh of macrostructure in Example 3.

analysis, and smoothing was applied to the final results.
The density interpolation is performed for the coarse
macroscopic and microscopic density elements, and then
the isosurface technique is utilized to obtain smoother
results. The final results show that the 3D-supported
structure exhibits a root-like structure when w = 0 and
divides into four main branches. The micro materials
form a bottom-to-top heat transfer channel. When w = 1,
the macrostructure of the 3D-supported structure is
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similar to [48]. The difference is that the material is more
concentrated in two of the supports to resist the force
along the z-direction. At w = 0.6, an intermediate shape
between structural optimization and thermal optimization
is presented. Table 4 illustrates that the optimized
microstructures and their equivalent properties, which are
obtained by applying periodic boundary condition along
three directions. Therefore, multi-objective concurrent
ITO is equally effective for solving 3D optimization
problems.

5 Conclusions

In this study, a multi-objective concurrent ITO method
based on the SIMP method is proposed for the design of
multiscale structures with multiple physical properties,
such as high thermal conductivity and stiffness. The multi-

objective function is defined using a linear weighted sum
method to assign weighting factors to each objective.
Multiple effective properties of the material microstruc-
ture are computed by the energy-based homogenization
method and sensitivity analyses are conducted at the
macro and micro scales by the decoupled method to
update the macro and microstructures simultaneously.
Given the property of the NURBS mesh, traditional
distance-based filters are unnecessary for ITO.

Numerical examples demonstrate that the proposed
multi-objective concurrent ITO method is feasible and
advantageous. By optimizing the structure at both scales
simultaneously, the mechanical and thermal compliance
of the multiscale structure is considerably reduced. The
key transitions between conflicting objective functions
lead to a strong Pareto front, indicating that the weighted
sum form of the multi-objective function is appropriate in
this study. The results at different volume fractions show

(@)

(b) (©

Fig. 18 Concurrent design of the 3D-supported structures. (a) w = 0; (b) w=0.6; (c) w= 1.

Table 4 Microstructures and their equivalent properties in Example 3

Microstructure of concurrent design

Homogenized elastic tensor (107 x)

Homogenized thermal conductivity tensor

0.9339 0.4977 0.7282 0 0 0
0.4977 2.6247 0.4977 0 0 0
0.7282  0.4977 0.9339 0 0 0 0.1393 0 0
0 0.2327 0
0 0 0 0.5345 0 0 0 0 0.1393
0 0 0 0 0.5345 0 ’
0 0 0 0 0 0.5139
1.2016 0.4754 0.5269 0.1515 0 0
0.4754 1.7558 0.4582 0.1938 0 0
0.5269 0.4582 1.0222 0.0045 0 0 %1041393 (? 1081()91 g
0.1515 0.1938 0.0045 0.4769 0 0 .O ’ 0 0.1322
0 0 0 0 0.4412  0.0077 ’
0 0 0 0 0.0077  0.3889
0.7768 0.4235 0.3545 0.2285 0 0
0.4235 1.3937 0.4192 0.3465 0 0
0.3545 0.4192 1.2488 0.0499 0 0 8(1)232 8(1)45‘(2);? 8
0.2285 0.3465 0.0499 0.4208 0 0 ’ 0 ’ 0 01353
0 0 0 0 0.4127 0.1056 ’
0 0 0 0 0.1056  0.2841
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that the transfer of macro materials to micro structures
improves the mechanical and thermal conductivity. When
the micro volume fraction is further increased, the multi-
objective properties of mechanical and thermal
conductivity are instead reduced, indicating that the
multiscale design is superior to single-scale structure. In
addition, the concurrent design not only adds the
additional design freedom but also motivates the
coordination of the micro layout with the macro structure
to improve performance. The successfully realized 3D
case further validates the effectiveness and practicality of
the method.

Although the multi-objective concurrent ITO method
was utilized for thermal conductivity and stiffness
optimization in this study, it could be extended to wide

range of other topological design problems. To ensure the
convexity of multi-objective function, the existing
weighted sum form should be further improved. The
decoupled method is also not efficient enough for
sensitivity analysis in concurrent topology optimization.
In the future, we will improve this method to address the
above issues, and the corresponding research will be
reported elsewhere.

Appendix

Table A1 presents the optimization results with different
weighting factors for the Example 1.

Table A1 Result of Example 1 with different weighting factors w
. Homogenized elastic tensor Homogenized thermal Multi-objective function
w Macrostructure Microstructure (106 %) conductivity tensor
y CMcch CHcat
6.8196 1.3212  -0.0001
0 1.3212  3.7963  —0.0001 _0000201065 _000%06(:)55 3x10° 400.20
—-0.0001 —0.0001  0.1638 Lo ’
; - [ 65472 1.6330  0.0917
0.02 1.6330  2.6561 —0.1152 _000303(?9 _000%05029 3031.82 450.25
| 0.0917 -0.1152 0.7108 L ’
3 6.3496  1.6902  0.2741
0.04 1.6902 29665  —0.1557 _000058 15 | _OO(')%(;III 2238.58 464.49
0.2741 -0.1557  1.3096 ' ’
[ 63692 1.6102  0.2478
0.06 A 1.6102 29119 —-0.2057 _0000601122 _000%3172 2252.27 477.86
| 02478 -0.2057  1.4256 L ’
[ 62727 1.6709  0.0469
0.08 1.6709 29534  -0.3120 90453324 _00442106314 1436.61 506.59
0.0469 -0.3120 1.5418 ’ ’
6.4419 1.7301  -0.0228
0.10 I 1.7301 25936 —0.0153 } _005:52350 _0044:358360 1353.42 514.43
-0.0228 —-0.0153  1.4368 Lo ’
6.3562 1.6983  —0.0993
0.20 ‘ [ 1.6983 2.9947  —0.0550 } [ 822;; _0055952572 925.27 552.57
y -0.0993 -0.0550  1.4770 ’ ’
6.3704 1.7479 0.0183
0.30 [ 1.7479  3.1064 0.0038 ] _00652:;;7 _0055849767 820.93 575.19
0.0183  0.0038  1.5905 Lo ’
6.2085 1.6956  0.0258
0.40 { 1.6956  3.2682  —0.0700 ] —0054696480 _0054590410 728.12 625.24
0.0258 -0.0700  1.5977 Lo ’
: 6.3047 1.6383  —0.0057
0.50 l 1.6383 3.1942  -0.1363 } _00431225 _00431‘;605 657.44 664.54
-0.0057 -0.1363 1.5774 ' ’
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(Continued)

w Macrostructure

Microstructure

Homogenized elastic tensor

Homogenized thermal Multi-objective function

(106 %) conductivity tensor Cheeh Cheat
6.1461  1.5895 0.0283
0.60 1.5895 33083 -0.1153 _00431?(’)724 _0043135754 613.64 736.32
0.0283 -0.1153  1.6058 ’ ’
6.1982 1.5670  -0.0276 |
0.70 1.5670 3.3800 —0.1629 _00324;1334 _0032575394 581.21 801.77
-0.0276  -0.1629  1.5817 ’ '
6.0840 1.5196  -0.0635 |
0.80 1.5196 34822 —-0.1549 _0000729286 _0010221236 538.86 909.95
-0.0635 —0.1549  1.5654 ’ '
6.1392 1.4900 -0.1042
0.90 1.4900 3.3971 -0.1823 _000(?22531 _0010225531 504.78 1131.51
-0.1042 -0.1823 1.5414 ’ '
; 6.1961 1.4854  -0.1176 |
0.92 1.4854 34227  -0.1891 _000523584 _0010226524 483.20 1254.73
-0.1176  -0.1891  1.5382 ’ '
6.2082 1.4693  —-0.1195 |
0.94 1.4693 3.4037 -0.2116 ?00527;3 _0010228853 474.10 1398.73
-0.1195 -0.2116 1.5191 ’ ’
6.1270 1.4822 -0.1094 |
0.96 1.4822 34602 -0.2189 —00009:?028 _0010238%8 463.12 1631.02
-0.1094 -0.2189  1.5446 ’ '
6.1118 1.4711 —-0.1369 ]
0.98 1.4711 33869 -0.2414 —0(.)21133651 _0021237681 450.95 2228.62
-0.1369 -0.2414  1.5362 ’ ’
6.3217 14132 -0.1538 |
1.00 14132 3.1104 -0.2938 _0(')5576105 _00'5‘;77165 392.11 1x1011
—-0.1538 -0.2938  1.4912 ’ ’
b Strain—displacement matrix of the microstructure
Nomenclature o ,
B Strain—displacement matrix of the macrostructure
c Objective function
Abbreviations c Multi-objective performance
ChHeat Single-objective performance of heat
EBIGHM Energy-based isogeometric homogenization method Chveeh Single-objective performance of mechanical
FEM Finite element method d Conversion matrix of the temperature gradient to the
1GA Isogeometric analysis control point temperature on the microstructure
ITO Isogeometric topology optimization D Conversion matrix of the temperature gradient to the
NURBS Nonuniform rational B-splines control point temperature on the macrostructure
SIMP Solid isotropic material with penalization E:,;,mmn Homogenized elastic tensor in index notation ijmn
PUC Periodic unit cells Eijpos Eipg Locally varying elastic tensor in index notation
Variables E\.E, Elastic tensors of macro and microstructure, respectively
E, Constitutive elastic tensor of the material
B, (&), B,,(&) B-spline basis functions corresponding to the i, jth knot ~ ghom Homogenized elastic tensor

in direction of &, respectively

F

Macrostructure control point force load
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Periodic characteristic gradient in index notation
Unit test temperature gradients in index notation

Superimposed temperature gradient
Temperature gradients of two unit tests
Element stiffness matrix of PUC

Element thermal conductivity matrix of PUC

Micro element stiffness matrix

Micro element thermal conductivity matrix

Stiffness matrix of the global performance design
domain

Macro element stiffness matrix

Thermal conductivity matrix of the global performance
design domain

Macro element thermal conductivity matrix

Number of basis functions

Number of isogeometric elements in microstructure
Number of isogeometric elements in macrostructure
Basis function for the jth control point

Basis function of the jth control point corresponding to
the center of the ith element

Penalty factor

Macrostructure control point thermal load

Degree of the spline curve

Element mutual energy in index notation

Set of control points affecting the ith element

Set of elements affected by the kth control point

Set of elements affected by py

Set of elements affected by p,,

Control point temperature of eth element in index
notation

Macro element temperature vector

Macrostructure control point temperature

Displacements on a pair of opposite parallel boundaries
of PUC

Control point displacement solution of eth element in
index notation

Control point test displacement of eth element in index
notation

Control point unknown displacements of eth element in
index notation

Displacement field at the macrostructure depending on ¢
Macro element displacement vector

Macrostructure control point displacement vector
Periodic admissible displacement field in the micro scale
Macro and micro prescribed material volume,

respectively
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Pm
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pm
Pwm

P

Weighting factor

Macroscale Cartesian coordinate

Variable X (e.g., coordinate, force, or displacement) at
the position of &

Value of variable X corresponding to the jth control
point

Microscale Cartesian coordinate

Coordinates of the two opposite boundaries “k+” and
“k—"" of the PUC

Constant to avoid singularities

Superimposed strain fields in index notation

Periodic characteristic strain in index notation
Prescribed unit strain fields in index notation

Unit strain in horizontal direction

Unit strain in vertical direction

Unit shear strain

Superimposed strain field

Aspect ratio between the macro and micro scale

Material interpolation function of macrostructure

Material interpolation function of microstructure

Lagrange multipliers of p{) and p??, respectively

Homogenized thermal conductivity tensor in index
notation

Locally varying thermal conductivity tensor in index

notation
Thermal  conductivity tensor of macro and
microstructure

Intrinsic thermal conductivity tensor of the material
Homogenized thermal conductivity tensor
Constant to avoid a denominator of 0

Knot vector

ith knot

Parametric coordinate

Density of the Ath element in S,

Density at the center of the ith element

Density of the ith element

Density of the jth control point affecting the ith element
Density of control the kth point

Minimum values of macro variables

Minimum values of micro variables

Design variables (i.e., control point densities) at the
macroscale

Design variables (i.e., control point densities) at the
microscale

Isogeometric element densities of macrostructure

Isogeometric element densities of microstructure
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P Element density of element i in Sy
Phi Element density of element i in S,
P;\f[)sp(w’.‘) Macro and micro design variables, respectively

o, oY Updating factors for A\ and AL at the sth iteration,
respectively

Q Micro element

Q. Macro element

Qu Macrostructure

Q. Microstructure

Wi, @ Weights for NURBS

ot Difference between the displacements on a pair of
opposite parallel boundaries of PUC
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