
 

Radicals of Morita context rings
Yao WANG1, Yanli REN2

1  School of Mathematics and Statistics, Nanjing University of Information Science and
Technology, Nanjing 210044, China

2  School of Mathematics and Information Technology, Nanjing Xiaozhuang University,
Nanjing 211171, China

 Higher Education Press 2026

T =
Ä
RN
MS

ä
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 0   Introduction

R,S RNS, SMR (·, ·) :N⊗SM → R

[·, ·] : M ⊗R N → S

Let  be two rings,  be two bimodules, and  and

 be  two  bimodule  homomorphisms  satisfying  the  conditions

of

(n,m)n′ = n[m,n′], [m,n]m′ = m (n,m′) , ∀m,m′∈M, ∀n, n′∈N,

R, S,M,N, (·, ·), [·, ·]then the system ( ) is called a Morita context. Let

T =

Ç
R N
M S

å
=

®Ç
r n
m s

å∣∣∣∣∣ r∈R, s∈S, n∈N,m∈M

´
.

TWith respect to matrix addition,  is an Abel group. Define multiplication byÇ
r n
m s

åÇ
r′ n′

m′ s′

å
=

Ç
rr′ + (n,m′) rn′ + ns′

mr′ + sm′ [m,n′] + ss′

å
,

T

(N,M) = NM [M,N ] = MN

R,S

and  then  becomes  an  associative  ring,  called  a  Morita  context  ring.  The

images of the two bimodule homomorphisms  and 

refer  to  the  ideals  of ,  respectively,  called  the  trace  ideals  of  this  Morita 
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A,B, V,W, R, S,N,M

Ç
A V
W B

å®Ç
a v
w b

å∣∣∣∣∣ a∈A, b∈B, v∈V,w∈W

´ Ç
R N
M S

å
R,S N,M I =

Ç
A V
W B

å
T

A,B R, S, V,W, N,M

context.  If  are  subsets  of ,  respectively,  then 

refers  to  the  subset  of .  When

there is 1 in  and  are unital modules, if  is an ideal of ,

then  are ideals of  respectively, and  are sub-bimodules of 

respectively.

R1, R2, . . ., Rn n n≥ 2 Mij Ri-Rj-
Mii = Ri, i, j = 1, 2, . . ., n i, j, k = 1,2, . . ., n, i ̸= j, k ̸= j

Ri-Rj-

Generally, let  be  rings ( ), and  be  bimodules

such that . For any , there

exist  bimodule homomorphisms

φikj : Mik⊗Rk
Mkj → Mij.

i = j, k = jFor , there are canonical isomorphisms

φiij : Ri⊗Ri
Mij → Mij,

φijj : Mij⊗Rj
Rj → Mij.

ab = φikj(a⊗ b) (ab)c = a(bc)

a∈Mik, b∈Mkj, c∈Mjl i, j, k, l T n× n

{(aij) |aij∈Mij, ∀1≤ i, j≤n}
T n× n

Define ,  satisfying  the  associative  law  for  all

 and  all .  Let  be  the  set  of  all  matrices

. With respect to the addition and multiplication of

matrices,  becomes an associative ring, called a  Morita context ring.

n× nFor the  Morita context ring, let

R = R1,

N = (M12,M13, . . .,M1n) ,

M =

à
M21

M31
...

Mn1

í
,

S =



R2 M23 . . . M2n

M32 R3 . . . M3n
...

...
. . .

...
Mn2 Mn3 . . . Rn

 .

S (n− 1)× (n− 1)

N R-S- M S-R-
φikj T

N ⊗S M → R M ⊗R N → S

T ∼=
Ä
RN
MS

ä
Then  itself is a  Morita context ring. On the row and column

multiplication  of  matrices,  is  an  bimodule  and  indicates  an 

bimodule.  According  to  the  multiplication  that  defines  on ,  there  are

bimodule homomorphisms  and , satisfying the asso-

ciative law. Thus, .  Next,  it  focuses on the discussion of  2×2 Morita
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context rings.

A e

(eAe, (1− e)A(1− e), (1− e)Ae, eA(1− e))

Various matrix rings play important roles in ring theory. Morita context rings

generalize the concept of matrix rings over a given ring. As a main tool in the

theory  of  module  category  equivalence,  it  has  been  widely  used  in  algebraic

branches. Every ring  with a non-trivial idempotent element  is isomorphic to

the  Morita  context  ring  determined  by  the  Morita  context  Morita  context

.  The  following  shows  examples  of

Morita contexts.

R RM R M∗ = Hom(M,R), E =

EndRM (R,E,M∗,M)

(1)  Let  be  a  ring,  be  a  left  -module,  and 

, then  forms a Morita context.

G R RG = {x∈R | xg = x,∀g∈G}
R ∗G =

{∑
g∈G

rgg | rg∈R
}

rg · sh = rsg
−1
gh, ∀g, h∈G, r, s∈R

(2)  Let  be  a  finite  group acting  on ,  be  the

stable  ring,  and  be  the  skew group ring.  Among

them, the multiplication is . Define the multi-

plication as

x · r =
∑

g∈G
rgr

g−1

, r · x =
∑

g∈G
(rrg)

g , ∀x =
∑

g∈G
rgg, ∀r∈R,

R RG, RG R ∗G,R ∗G
RG, R ∗G,R,R

then  becomes  ( )- bimodule  as  well  as  ( )- bimodule.

( ) forms a Morita context.

H∫
l , 0 ̸= t∈

∫
l , λ∈H∗ th = λ(h)t ∀h∈H a♯h∈A♯H, b∈A

(3) Let  be a finite-dimensional Hopf algebra, and there exists a S-fixed integral

 such that , . For , define

(a♯h) · b = a(h · b), b · (a♯h) = Shλ · (ab),

S S AH , A♯H,

A♯HAAH , AHAA♯H ·, · A⊗AHA → A♯H [a, b] = atb

(·, ·) : A⊗A♯HA → AH , (a, b) = t · (ab)

where  is  the  composition  inverse  of  the  antipode .  Then  (

),  with  respect  to  the  maps  [  ]: , 

and , form a Morita context.

(Γ,M) Γ ΓM Γ⊗Z M MΓ

M⊗Z Γ

(4) Let  be a weak Nobusawa  -ring.  represents , and  is

. Then Ç
ΓM Γ
M MΓ

å
Q,R, RTQ,QSR

Γ S, T

is a Morita context ring. Conversely, for any Morita pair ( ), there

is Morita context  - ring ( ).

T R, S,N,M

There  are  many  studies  on  Morita  context  rings.  For  example,  Amitsur  [1]

discussed the relationship between the properties of  and those of .

Poole and Stewart [14] gave the canonical quotient ring of Morita context rings.

Chen et al. [4] characterized the ideal lattice of Morita context rings. In particu-

lar, Jaegermann [11] explored the properties of the strong radical and hereditary

radical of rings via Morita context. Nicholson and Watters [13] studied normal

radicals and normal classes based on Morita context. In this paper, we promote

the  research  in  [11]  and  [13],  and  provide  specific  constructions  of  radicals  for

Morita context rings.

It  is  assumed  that  there  is  1  for  all  rings  discussed  in  this  paper,  and  all
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I A I

A B,C A BC ⊆ I BC ⊆ I C ⊆ I

A P (A) A I

A a, b A ab∈I

a∈I b∈I

A P2(A) A

J(A) A

S(A) A

A g(A) A

Iα A/Iα

modules are unital modules. Let  be an ideal of ring .  is called a prime ideal

of  if for any two ideals  of , and  implies that  or .

A ring whose zero ideal is a prime ideal is called a prime ring. The intersection

of  all  prime ideals  of ,  denoted by ,  is  called the prime radical  of . 

indicates a completely prime ideal of . If for any two elements  of , 

implies that  or .  According to [17],  the intersection of all  completely

prime ideals  of ,  denoted by ,  is  called  the  generalized nilradical  of .

The Jacobson radical  of ring  is the intersection of all maximal left ideals

of A. The simple radical  of  is defined as the intersection of all maximal

ideals of . The Brown-McCoy radical  of  is the intersection of all maximal

ideals  of A such that  is a simple ring. For other concepts of radicals not

explained in this paper, refer to [17].

 1   Generalized nilradical, strongly prime radical, and Brown-McCoy radical

F A A r∈A Fr = 0

r = 0 A A

A
sr(A) A A/I

I A
sl(A)

A

Handelman  and  Lawrence  [9]  defined  the  concept  of  strongly  prime  rings.  A

finite  subset  of  is  called  a  right  insulator  of .  If  for  any , 

implies . A ring  is called right strongly prime if every nonzero ideal of 

contains  a  right  insulator.  The  right  strongly  prime  radical  of ,  denoted  by

,  is  defined  as  the  intersection  of  all  ideals  of  such  that  is  right

strongly prime, then such an ideal  is called a right strongly prime ideal of .

The left strongly prime radical (denoted by ) and left strongly prime ideals

of  are defined similarly.

NM MN
R,S,M,N, (·, ·), [·, ·]

Proposition  1.1　 If  the  trace  ideals  and  of  the  Morita  context

( ) are both nilpotent, then

(1) assume

I =

Ç
A U
V B

å
is the prime ideal of

T =

Ç
R N
M S

å
,

U = N, V = M A ⊇ NM,B ⊇ MN

R,S,

then there  must  be , and  are prime ideals of

 respectively;

I T U = N, V = M

A ⊇ NM,B ⊇ MN R,S,

(2) let  be a completely prime ideal of . Then there must be ,

and  are completely prime ideals of  respectively;

I T U = N, V = M

A ⊇ NM,B ⊇ MN R,S,

(3) let  be a right strongly prime ideal of . Then there must be ,

and  are right strongly prime ideals of  respectively.

I =

Ç
A U
V B

å
T J =

Ç
NM N
M MN

å
Proof　(1) Let  be a prime ideal of . Take . It
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J Tis verified that  is an ideal of , and there are

J3 ⊆
(

(NM)3 + (NM)2 (NM)2N + (NM)N

(MN)2M + (MN)M (MN)3 + (MN)2

)
,

J5 ⊆
(

(NM)5 + (NM)4 + (NM)3 (NM)4N + (NM)3N + (NM)2N

(MN)4M + (MN)3M + (MN)2M (MN)5 + (MN)4 + (MN)3

)
,

J7 ⊆
(

(NM)7 + (NM)6 + · · ·+ (NM)4 (NM)6N + (NM)5N + · · ·+ (NM)3N

(MN)6M + (MN)5M + · · ·+ (MN)3M (MN)7 + (MN)6 + · · ·+ (MN)4

)
,

...

J2n−1 ⊆
(

(NM)2n−1 + · · ·+ (NM)n (NM)2n−2N + · · ·+ (NM)n−1N

(MN)2n−2M + · · ·+ (MN)n−1M (MN)2n−1 + · · ·+ (MN)n

)
, n∈N.

NM MN m∈N (NM)m = 0,

(MN)m = 0 J2m−1 ⊆
Ç

0 N1

M1 0

å
M1 ⊆ M,N1 ⊆ N

(J2m−1)
2m

= 0 J T J ⊆ I

I =

Ç
A1 N
M B1

å
A1 ⊇ NM,B1 ⊇ MN IT ⊆ I TI ⊆ I

A1 � A,B1 �B

Since  and  are  nilpotent,  there  exists  such  that 

.  It  implies ,  where .  Then

,  so  is  a  nilpotent  ideal  of .  Therefore ,  and  hence

,  where .  From  and ,  it

follows that .

A2 ◁ R,A3 ◁ R A2 ⊇ NM,A3 ⊇ MN

A2A3 ⊆ A1 I2 =

Ç
A2 N
M B1

å
I3 =

Ç
A3 N
M B1

å
T

It  is  assumed  that ,  and  such  that

. Then  and  are ideals of , and there

is

I2I3 ⊆
Ç
A2A3 +NM N

M MN +B

å
⊆
Ç
A1 N
M B1

å
= I.

I I2 ⊆ I I3 ⊆ I A2 ⊆ A1 A3 ⊆ A1

A1 R B1 S

Since  is  prime,  it  follows  that  or ,  hence  or .

Therefore  is a prime ideal of . Similarly,  is a prime ideal of .

I T I T

I =

Ç
A N
M B

å
A ⊇ NM,B ⊇ MN R,S,

(2) Let  be any completely prime ideal of . Then  is a prime ideal of . By

(1), ,  where  are  prime  ideals  of  respec-

tively.

a1, a2∈A, b1, b2∈B a1a2∈A,B1B2∈B v1v2∈N,w1w2∈

M

For ,  if ,  then  for  any 

, there isÇ
a1 v1
w1 b1

åÇ
a2 v2
w2 b2

å
=

Ç
a1a2 + v1w2 v3

w3 w1v2 + b2

å
∈

Ç
A N
M B

å
= I.

I

Ç
a1 v1
w1 b1

å
∈I

Ç
a2 v2
w2 b2

å
∈I

a1∈A, b1∈B a2∈A, b2∈B A,B

R, S,

Since  is  completely  prime,  it  follows  that  or ,

hence  or ,  which  shows  that  are  completely

prime ideals of  respectively.

I1 T I1 T

I1 =

Ç
A1 N
M B1

å
A1 ⊇ NM,B1 ⊇ MN R,S,

(3) Let  be any right strongly prime ideal of , so  is a prime ideal of . By

(1), ,  where  are  prime  ideals  of 
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A1, B1respectively.  The  following  shows  that  are  also  right  strongly  prime

ideals.

R/A1 A2/A1 R/A1  is a prime ring. Take any nonzero ideal  of . Then

A2 ⫌ A1, I2 =

Ç
A2 N
M B1

å
⫌
Ç
A1 N
M B1

å
.

T/I1 0 ̸= I2/I1 ◁ T/I1, I2/I1 ∼= A2/A1Since  is  right  strongly  prime  and  contain

finite insulators

F =

Ç
A0/A1 0

0 0

å
⊆
Ç
A2/A1 0

0 0

å
,

A0/A1

Ç
a 0
0 0

å
∈T/I1 ∼= A0/A1 ⊕B0/B1where  is a finite set, such that for any ,

if Ç
A0/A1 0

0 0

åÇ
a 0
0 0

å
= 0,

a = 0 (A0/A1) a = 0 a = 0

A0/A1 ⊆ A2/A1 A2/A1 R/A1

A1 B1

then there must be .  Equivalently, if ,  then .  It shows

that  is  a  finite  insulator  for ,  so  is  right  strongly

prime, and  is a right strongly prime ideal. Similarly,  is a right strongly

prime ideal.

Aα, Bβ R,S,Proposition 1.2　(1) Let  be prime ideals of  respectively. Then

Iα =

Ç
Aα N
M S

å
, Jβ =

Ç
R N
M Bβ

å
Tare prime ideals of ;

Aα, Bβ R,S, Iα, Jβ

T

(2) Let  be completely  prime ideals  of  respectively. Then  are

completely prime ideals of ;

Aα, Bβ R,S, Iα, Jβ

T

(3) Let  be right strongly prime ideals of  respectively. Then  are

right strongly prime ideals of .

I =

Ç
A1 V1

W1 B1

å
, J =

Ç
A2 V2

W2 B2

å
T

IJ ⊆ Iα A1A2 + V1W2 ⊆ Aα A1A2 ⊆ Aα A1, A2

R A1 ⊆ Aα A2 ⊆ Aα I ⊆ Iα J ⊆ Iα Iα
T Jβ T

Proof　 (1)  Let  be  two  ideals  of  such  that

. Then . Hence . Since  are ideals of

, it follows that  or . Thus,  or . As a result, 

is a prime ideal of . Similarly,  is a prime ideal of .

(2) The proof is similar to (1).

Iα =

Ç
Aα N
M B

å
, Jβ =

Ç
A N
M Bβ

å
T

I1/Iα =

Ç
A1/Aα 0

0 0

å
T/Iα ∼= A/Aα A1 ⫌ Aα, A1/Aα

A/Aα Aα A

A0/Aα ⊆ A1/Aα a∈A0/Aα

(3)  By  (1),  are  prime  ideals  of .  Take  any

nonzero ideal  of . Then  is a

nonzero  ideal  of .  Since  is  a  right  strongly  prime  ideal  of ,  there

exists  a  finite  subset  such  that  for  any ,  if
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(A0/Aα) a = 0 a = 0

Ç
a 0
0 0

å
∈T/Iα ∼= A/Aα, there must be . For any , ifÇ

A0/Aα 0
0 0

åÇ
a 0
0 0

å
=

Ç
(A0/Aα) a 0

0 0

å
= 0.

a = 0

Ç
(A0/Aα) a 0

0 0

å
= 0

I1/Iα Iα T Jβ
T

There must be . Therefore,  is a finite insulator for

,  and  is  a  right  strongly  prime  ideal  of .  Similarly,  is  a  right

strongly prime ideal of .

NM MN

R,S,M,N, (·, ·), [·, ·]
Theorem  1.1　 If  the  trace  ideals  and  of  the  Morita  context

( ) are both nilpotent, then

T(1) the generalized nilradical of  is

P2(T ) =

Ç
P2(R) N
M P2(S)

å
;

T(2) the right strongly prime radical of  is

sr(T ) =

Ç
sr(R) N
M sr(S)

å
.

Q =

Ç
P2(R) N
M P2(S)

å
T/Q ∼= R/P2(R)⊕ S/P2(S) T/Q

P2− Q ⊇ P2(T )

Proof　(1) Let . Since ,  is

a  semisimple ring, then .

On the other hand, by Proposition 1.1 (2), there is

P2(T ) =
∩
α

Pα (Pα runs over all completely prime ideals of T )

⊇
∩
α

Ç
Aα N
M Bα

å
(Aα⊇NM,Bα⊇MN are completely prime ideals of A,B)

=

Ç∩
α Aα N
M

∩
α Bα

å
⊇
Ç
P2(R) N
M P2(S)

å
= Q,

P2(T ) = Qso .

(2) The proof is similar to (1).

R,S,M,N, (·, ·), [·, ·] NM ⊆ J(R),MN ⊆ J(S)

Proposition  1.3　 It  is  assumed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy . Then

I =

Ç
A U
V B

å
(1)

Tis a maximal left ideal of  if and only if

I =

Ç
A1 N
M S

å
or I =

Ç
R N
M B1

å
,

A1 ⊇ NM,B1 ⊇ MN R,S,where  are maximal left ideals of  respectively.
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I T I =

Ç
A1 N
M S

å
I =

Ç
R N
M B1

å
A1 ⊇ NM,B1 ⊇ MN R,S,

(2)  is  a  maximal  ideal  of  if  and  only  if  or ,

where  are maximal ideals of  respectively.

I =

Ç
A1 Y
X B1

å
T =

Ç
R N
M S

åProof　 (1)  Necessity:  Let  be  a  maximal  left  ideal  of

. Then there is

RA1 +NX ⊆ A1, RY +NB1 ⊆ Y,MA1 + SX ⊆ X,MY + SB1 ⊆ B1,

A1, B1 R,S,which  implies  that  are  left  ideals  of  respectively.  Consider  two

cases:

A1 ̸= R R

A2 ⊇ A1 R

(i)  If ,  then  since  has  an  identity,  there  exists  a  maximal  left  ideal

 of . According to the assumption

NM ⊆ J(R) =
∩
α

Jα (Jα runs over all maximal left ideals of R)

NM ⊆ A2

Ç
A2 N
M S

å
⊇
Ç
A1 Y
X B1

å
T

I

there is , and there is a left ideal  of . According

to the maximality of , there must be

A2 = A1, Y = N,X = M,B1 = S,

I =

Ç
A2 N
M S

å
namely .

A1 = R MA1 + SX ⊆ X MR ⊆ X

R M ⊆ X X = M

MN ⊆ J(S)

Ç
R N
M B1

åÇ
⊇
Ç
R Y
M B1

åå
T

I Y = N I =

Ç
R N
M B1

å
B2

S B2 ⊇ B1 B2 ⊇ J(S) ⊇ MN

J =

Ç
R N
M B2

å
⊇ I T I B2 = B1

(ii)  If ,  then  according  to ,  there  is .  Since

there  is  1  for  and ,  then .  Moreover,  it  is  known  from

 that  is a left ideal of . According to the

maximality of , there is  and . Let  be a maximal left

ideal  of  and .  Then .  It  is  verified  that

 is a left ideal of . By the maximality of , there is .

The sufficiency is straightforward.

(2) The proof is similar to (1).

R,S,M,N, (·, ·), [·, ·] NM ⊆ J(R),MN ⊆ J(S)

Theorem  1.2　 It  is  assumed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy . Then

T(1) the simple radical of  is

S(T ) =

Ç
S(R) N
M S(S)

å
;

T(2) the Brown-McCoy radical of  is

g(T ) =

Ç
g(R) N
M g(S)

å
.
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Proof　It can be obtained from the definitions of the simple radical and the

Brown-McCoy radical and Proposition 1.3.

NM MN

R,S,M,N, (·, ·), [·, ·]
Corollary  1.1　 If  the  trace  ideals  and  of  the  Morita  context

( ) are both nilpotent, then

T R, S

N = 0,M = 0

(1)  is  a  semiprime  ring  if  and  only  if  are  semiprime  rings  and

;

T R, S N = 0,M = 0(2) if  is a prime ring, then  are prime rings and .

T P (T ) = 0

N = 0,M = 0 R,S

Proof　(1)  is a semiprime ring if and only if . By Theorem 1.1 (1),

it holds if and only if  and  are semiprime rings.

T T

N = 0,M = 0 R,S

(2) If  is a prime ring, then the zero ideal of  is prime. By Proposition 1.1

(1), it follows that  and  are prime rings.

The converse of Corollary 1.1 (2) is not true. For example,

I =

Ç
0 0
0 S

å
, J =

Ç
R 0
0 0

å
T =

Ç
R 0
0 S

å
IJ = 0 I, J

T

are both ideals of  and , but  are nonzero. Thus, the zero

ideal is not prime in .

R R

R

A ring  is called a left quasi-pseudo ring [15] if every maximal left ideal of 

is an ideal of .

R,S,M,N,

(·, ·), [·, ·] NM ⊆ J(R),MN ⊆ J(S) T

R, S

Corollary  1.2　 Suppose  the  trace  ideals  of  the  Morita  context (

) satisfy . Then  is a left quasi-pseudo ring if

and only if  are left quasi-pseudo rings.

R,S

T T T

T

A R B S R +NM,S +MN

R,S A,B

NM ⊆ A,MN ⊆ B I =

Ç
A N
M S

å
J =

Ç
R N
M B

å
T =

Ç
R N
M S

å
T A,B R, S R, S

Proof　 It  is  assumed  that  are  left  quasi-pseudo  rings.  According  to

Proposition 1.3 (1), every maximal left ideal of  is an ideal of , so  is a

left quasi-pseudo ring. Conversely, it is supposed that  is a left quasi-pseudo

ring. Then for any maximal left ideals  of  and  of , 

are left ideals of  respectively. Based on the maximality of , there is

.  Then  by  Proposition  1.3  (1),  and

 are maximal left ideals of ,  hence they are ideals

of , and  are ideals of  respectively.  are left quasi-pseudo rings.

R x R

m,n xm = xn R

x∈R n, k x

(nx)k = 0 R p a∈R

f(x) = knx
n + kn−1x

n−1 + · · ·+ k1x f(a) = 0

N p

Pr(R) R R

A ring  is  called  periodic  [8],  if  for  every  element  of ,  there  exist  two

distinct positive integers  such that . A ring  is called N-nil [16], if

for  any ,  there  exist  positive  integers  depending  on  such  that

. A ring  is called a  -ring [16] if for any , there exists a polynomial

 with zero constant term such that .

Periodicity,  -nil property and the  -ring property are both radical properties.

The periodic radical  of ring  is the sum of all periodic ideals of . The
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N KN(R) R N R p

pf (R) R p R

 -nil radical  of ring  is the sum of all  -nil ideals of . The  -radical

 of ring  is the sum of all  -ideals of .

R,S,M,N, (·, ·), [·, ·] NM = 0,MN = 0

Theorem  1.3　 It  is  assumed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy . Then

T(1) the nil radical of  is

K(T ) =

Ç
K(R) N
M K(S)

å
;

p T(2) the  -radical of  is

pf (T ) =

Ç
pf (R) N
M pf (S)

å
;

N T(3) the  -nil radical of  is

KN(T ) =

Ç
KN(R) N
M KN(S)

å
;

T(4) the periodic radical of  is

Pr(T ) =

Ç
Pr(R) N
M Pr(S)

å
.

T R, S

T K(T ) =

Ç
K(R) N
M K(S)

åProof　(1) According to [16, Theorem 2.1],  is a nil ring if and only if 

are nil rings. Thus, as the largest nil ideal of , .

(2)‒(3) can be obtained from [16, Theorems 2.4‒2.5].

(4) The proof is similar to (1).

 2   Generalized Prime Radical, Singular Radical, and Behrens Radical

R 2 P (R) R

Nil(R) R P (R) = Nil(R)

ℜ2 = R R }
Pc(R)

R I I∈ℜ2

A ring  is called a  -prime ring [3], if the prime radical  of  equals the

set  of all nilpotent elements of , namely . In [3], Birkenmeier

et al. systematically studied 2-prime rings and proved that one of its sub-classes

 every prime ideal of  is completely prime  forms an Amitsur-Kurosh

root, called the generalized prime radical. The generalized prime radical 

of a ring  is the sum of all ideals  such that .

R,S,M,N, (·, ·), [·, ·] NM = 0,MN = 0

T

Theorem  2.1　 It  is  assumed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy . Then  the  generalized  prime

radical of  is

Pc(T ) =

Ç
Pc(R) N
M Pc(S)

å
.
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P =

Ç
Pc(R) N
M Pc(S)

å
T/P ∼= R/Pc(R)⊕ S/Pc(S) T/P

Pc− P ⊇ Pc(T )

P1=

Ç
Pc(R) N
M 0

å
T P1

I =

Ç
A1 N
M 0

å
A1 Pc(R)

Pc(R)∈R2 A1 I

P1 P1 R2− P1⊆Pc(T )

P2 =

Ç
0 N
M Pc(S)

å
R2− P2⊆Pc(T ) (P1 +P2)⊆Pc(T )

P⊆Pc(T ) Pc(T ) =

Ç
Pc(R) N
M Pc(S)

å

Proof　Let .  Since  and 

is  semisimple, then . On the other hand, by Proposition 1.1 (1),

for  the  ideal  of ,  every  prime  ideal  of  has  the  form

,  where  is  a  prime  ideal  of .  However,  the  ring

,  so  is  a  completely  prime  ideal  and  is  a  completely  prime

ideal  of .  It  proves  that  is  a  ring  and .  Similarly,

 is  also  a  ring,  so  and ,

namely . Therefore, .

φ = {R|R

φ ⊇ P R N

R

P L

J φ N

In [6], Ferrero and Puczyłowski introduced an important radical, namely the

(right)  singular  radical  cannot  be  homomorphically  mapped  onto  a

nonzero semiprime non-singular ring}. It is the upper radical determined by the

class of semiprime non-singular rings, and . A radical  is called an  -

radical  [5]  if  contains  all  nilpotent  rings  and is  a  left  hereditary and strong

radical. The prime radical , the locally nilpotent radical , the Jacobson radical

, and the singular radical  are all  -radicals.

ℜ N R

R1, R2 R1 R2∈ℜ R∈ℜ
Lemma 2.1　[5, Theorem 1] Let  be an  -radical and  be the sum of two

subrings . If  is nilpotent and , then .

ℜ N

R,S,M,N, (·, ·), [·, ·] NM ⊆ ℜ(R),MN ⊆ ℜ(S)
ℜ T =

Ä
RN
MS

äTheorem 2.2　Let  be any  -radical. It is supposed that the trace ideals of

the Morita context ( ) satisfy . Then

the  -radical of the Morita context ring  is

ℜ(T ) =
Ç
ℜ(R) N
M ℜ(S)

å
.

Proof　Let

T ′ =

ñÇ
0 N
0 0

å
+

Ç
ℜ(R) 0
0 ℜ(S)

åô
+

Ç
0 0
M 0

å
= T1 + T2,

where

T1 =

Ç
0 N
0 0

å
+

Ç
ℜ(R) 0
0 ℜ(S)

å
= T3 + T4.

T3 =

Ç
0 N
0 0

å
T4 =

Ç
ℜ(R) 0
0 ℜ(S)

å
∼= ℜ(R)⊕ℜ(S)

ℜ T1 ℜ

T2 =

Ç
0 0
M 0

å
T ′ = T1 + T2 ℜ

T ′ T T ′ ⊆ ℜ(T )

Since  is a nilpotent ring and 

is  a  -radical  ring,  according  to  Lemma  2.1,  is  a  -radical  ring  and

 is  nilpotent.  Based  on  Lemma  2.1,  is  a  -radical

ring.  However,  is  an  ideal  of ,  so .  On  the  other  hand,
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T/T ′ ∼= R/ℜ(R)⊕ S/ℜ(S) ℜ- T ⊆ ℜ (T ′)

ℜ(T ) =
Ç
ℜ(R) N
M ℜ(S)

å  is  semisimple,  so .  Therefore,

.

R,S,M,N, (·, ·), [·, ·] NM ⊆ φ(R),MN ⊆ φ(S)

Corollary  2.1　 It  is  supposed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy . Then

T(1) the singular radiccal of  is

φ(T ) =

Ç
φ(R) N
M φ(S)

å
;

T ⇔ R and S(2)  is a semiprime singular ring  are semiprime singular rings.

Proof　(1) can be obtained from Theorem 2.2.

(2) According to [9, Theorem 1.14],

T ⇔ T φ ⇔ φ(T ) = 0  is semiprime singular  is  -semisimple 

⇔ φ(R) = 0, φ(S) = 0, N = 0,M = 0

⇔ R,S are semiprime singular rings and N = 0,M = 0.

The proof is complete.

R,S,M,N, (·, ·), [·, ·] NM ⊆ P (R),MN ⊆ P (S)

T

Corollary 2.2　(1) It is supposed that the trace ideals of the Morita context

( ) satisfy . Then the prime radical

of  is

P (T ) =

Ç
P (R) N
M P (S)

å
.

NM MN

R,S,M,N, (·, ·), [·, ·] T R, S

(2)  It  is  assumed  that  the  trace  ideals  and  of  the  Morita  context

( ) are nilpotent. Then  is a 2-prime ring if and only if 

are 2-prime rings.

R,S,M,N,

(·, ·), [·, ·] NM ⊆ L(R),MN ⊆ L(S)

T

(3)  It  is  assumed  that  the  trace  ideals  of  the  Morita  context  (

) satisfy . Then the locally nilpotent radical of

 is

L(T ) =

Ç
L(R) N
M L(S)

å
.

Proof　(1) and (3) can be obtained from Theorem 2.2.

T

P (T ) = P2(T ) P (R) = P2(R)

P (S) = P2(S) R,S

(2)  According  to  [3,  Proposition  2.1],  is  a  2-prime  ring  if  and  only  if

.  By  (1)  and  Theorem 1.1,  it  holds  if  and  only  if 

and , namely if and only if  are 2-prime rings.

R R

R J(R) = P (R)

A ring  is called a Jacobson ring if every prime ideal of  is an intersection

of maximal left ideals of . Equivalently, .

Corollary  2.3　 It  is  supposed  that  the  trace  ideals  of  the  Morita  context
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R,S,M,N, (·, ·), [·, ·] NM ⊆ J(R),MN ⊆ J(S)( ) satisfy . Then

T(1) the Jacbson radical of  is

J(T ) =

Ç
J(R) N
M J(S)

å
;

T R, S(2)  is a Jacobson ring if and only if  are Jacobson rings.

Pe

R

R

J < Pe < g

Beidar et al. [2] introduced an Amitsur-Kurosh root , called the Behrens radi-

cal, and proved that a ring  was a Behrens radical ring if and only if every left

ideal of  was a Brown-McCoy radical ring (see [2, Proposition 3.1]). Moreover,

.

R,S,M,N, (·, ·), [·, ·] NM ⊆ J(R),MN ⊆ J(S)

T

Theorem  2.3　 It  is  assumed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy . Then the Behrens radical

of  is

Pe(T ) =

Ç
Pe(R) N
M Pe(S)

å
.

T0=

Ç
Pe(R) N
M Pe(S)

å
T/T0

∼= R/Pe(R)⊕ S/Pe(S) Pe−

Pe(T ) ⊇ T0 T0 T T0

L =

Ç
I N1

M1 J

å
I, J Pe(R),Pe(S)

L ⇔ I, J

T0

T0

T0⊆Pe(T )

Proof　 Let .  Since  is 

semisimple,  then .  For the ideal  of ,  any ideal  of  has the

form ,  where  are  left  ideals  of  respectively.

By  Theorem  1.2  (2),  is  a  Brown-McCoy  radical  ring   are  Brown-

McCoy radical  rings.  It  shows that every left  ideal  of  is  a Brown-McCoy

radical ring. Therefore, according to [2, Proposition 3.1],  is a Behrens radical

ring and .

R a R t∈R

a = a2t

G(R) R R

A ring  is called strongly regular, if for every  of , there exists  such

that . The class of strongly regular rings is a radical class. The strongly

regular radical  of  is the only largest strongly regular ideal of  [7].

R,S,M,N, (·, ·), [·, ·]Theorem 2.4　For any Morita context ( ), there is

G(T ) =

Ç
G(R) 0
0 G(S)

å
.

Tα =

Ç
Aα Vα

Wα Bα

å
G TProof　According to [18, Theorem 1.3],  is a  -ideal of  if

and only if

G (Aα) = Aα, G (Bα) = Bα, Vα = 0,Wα = 0.

Therefore
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G(T ) =
∑
α

Tα (Tα runs over all G-ideals of T )

=
∑
α

Ç
Aα 0
0 Bα

å
(Aα, Bα run over all G-ideals of R and S respectively)

=

Ç
G(R) 0
0 G(S)

å
.

The proof is completed.

R,S,M,N, (·, ·), [·, ·] NM = 0,MN = 0 T R

R, S R N = 0,M = 0 R

Corollary  2.4　 It  is  assumed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy  . Then  is  -semisimple if and

only  if  are  -semisimple  and  ,  where  represents  all  the

radicals mentioned above.

R K(R) = Nil(R) R

J J(R) = Nil(R)

A ring  is called an NI-ring [10] if its nil radical . A ring  is

called a  -ring [12] if .

R,S,M,N, (·, ·), [·, ·] NM = 0,MN = 0

Corollary  2.5　 It  is  supposed  that  the  trace  ideals  of  the  Morita  context

( ) satisfy . Then

T R, S(1)  is an NI-ring if and only if  are NI-rings.

T R, S J(2)  is a J-ring if and only if  are  -rings.

Proof　It firstly requires to proof

Nil(T ) =

Ç
Nil(R) N
M Nil(S)

å
.

C =

Ç
Nil(R) N
M Nil(S)

å
T

C ⊆ Nil(T )
Ä
av
wb

än
= 0 an = 0 bn = 0

Ç
a v
w b

å
∈C

C ⊇ Nil(T )

It is known that  is a subset of nilpotent elements of ,

so . From , there are ,  and . As a

result, .

T ⇔ K(T ) = Nil(T )⇔K(R) = Nil(R), K(S) = Nil(S) ⇔ R,S(1)  is  an  NI-ring 

are NI-rings.

(2) The proof is similar to (1).

R,S RNSÇ
R R
0 R

å Ç
R N
0 S

åExample 2.1　(1) Let  be two rings, and  be a bimodule. The upper

triangular matrix ring  and the zero product extension ring 

are Morita context rings with trace ideals equal to 0;

V n K(2) let  be an  -dimensional vector space over the field ,

R = Λ(V ) = K ⊕ Λ1(V )⊕ Λ2(V )⊕ · · · ⊕ Λn

V m = Λ1(V )⊕ Λ2(V )⊕ · · · ⊕ Λn(V ) m

R mn+1 = 0 J(R) = m Rm mR

(R,m,R,R)

be the exterior algebra of , and . Then  is

an ideal  of ,  and , .  The trace ideals  and  of  the

Morita context  are nilpotent;

Ax×y x y A(3) let  be the set of  -by-  matrices over the ring . Then the Morita
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context ring Ç
Rn×n J(R)n×m

Rm×n Rm×m

å
J(R)n×mRm×n ⊆ J (Rn×n) Rm×nJ(R)n×m ⊆ J (Rm×m)satisfies  and  ．
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