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0 Introduction

Let R,S be two rings, rNg, sMgbe two bimodules, and (-, ) :N®sM — R and
[,:]: M ®r N — S be two bimodule homomorphisms satisfying the conditions
of

(n,m)n' = nlm,n'], [m,njm' =m(n,m'), YVm,m'€ M, ¥n,n'EN,

then the system (R, S, M, N, (-,-),[,]) is called a Morita context. Let

r=( 9 -6 )

With respect to matrix addition, 7" is an Abel group. Define multiplication by
ron\(r o\ _ [(rr+nm) rn+ns
m s)\m' ) \mr'+sm’" [m,n]+ss)’

and then 7' becomes an associative ring, called a Morita context ring. The

images of the two bimodule homomorphisms (N, M) = NM and [M,N]=MN
refer to the ideals of R,S, respectively, called the trace ideals of this Morita

TER,SES,HEN,TREM}.
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AV
context. If A, B,V,W, are subsets of R,S, N, M, respectively, then (W B)

R N

refers to the subset @ v a€AbEBvEV,WEW ; of . When
w b M S

A
there is 1 in R, S and N, M are unital modules, if I = (W B) is an ideal of T,

then A, B are ideals of R, S, respectively, and V, W, are sub-bimodules of N, M
respectively.

Generally, let Ry, Rs,..., R, be n rings (n=2), and M;; be R;-R;- bimodules
such that M;; = R;,i,j =1,2,...,n. For any ,j,k =1,2,...,n,1 # j, k # j, there
exist [7;-R;- bimodule homomorphisms

Gikj: Mip@p, My — M;;.
For i = j,k = j, there are canonical isomorphisms

iij i Bi®@pr,Mi; — M,

wijj s Mij@r; Rj — Mij.

Define ab = pij(a ®b), satisfying the associative law (ab)c = a(bc) for all
a€ M, b€ My;,cEMj and all 4,j,k,l. Let T' be the set of all n x n matrices
{(aij) |a;; € M;;,¥Y1 <i,j<n}. With respect to the addition and multiplication of
matrices, T becomes an associative ring, called a n x n Morita context ring.

For the n x n Morita context ring, let

R:Rh

N = (M127 M137 sy Mln) )

M21
M= Msl |
Mnl
R2 M23 e M2n
Mz Rs ... Ms,
S=1 1 i o
M, M, ... R,

Then S itself is a (n — 1) x (n — 1) Morita context ring. On the row and column
multiplication of matrices, N is an R-S-bimodule and M indicates an S-R-
bimodule. According to the multiplication that ¢;;; defines on T, there are
bimodule homomorphisms N ®g M — R and M ®g N — S, satisfying the asso-
ciative law. Thus, T = (f\%) Next, it focuses on the discussion of 2x2 Morita
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context rings.

Various matrix rings play important roles in ring theory. Morita context rings
generalize the concept of matrix rings over a given ring. As a main tool in the
theory of module category equivalence, it has been widely used in algebraic
branches. Every ring A with a non-trivial idempotent element e is isomorphic to
the Morita context ring determined by the Morita context Morita context
(ede, (1—e)A(l —e), (1 —e)Ae, eA(1 —e)). The following shows examples of
Morita contexts.

(1) Let R be a ring, gpM be a left R-module, and M* = Hom(M,R), E =
EndgM, then (R, E, M*, M) forms a Morita context.

(2) Let G be a finite group acting on R, RY = {z€ER | 29 = 1,VgEG} be the
stable ring, and R+ G = {dec 749 | TgER} be the skew group ring. Among
them, the multiplication is rg - sh = rs?  gh,Vg, hEG,r, s€ R. Define the multi-
plication as

-1
T-r = deG rgrd Tz = deG (7’7“9)9 , Vo = deG reg, VrER,

then R becomes (RY R%)- bimodule as well as (RxG,RxG)- bimodule.
(RY R+* G, R, R) forms a Morita context.

(3) Let H be a finite-dimensional Hopf algebra, and there exists a S-fixed integral
[,,0#tE€ [,,\€ H* such that th = \(h)t, Vh€ H. For afh€ AfH,bE A, define

(ath) -b = a(h-b),b- (ath) = Sh* - (ab),

where S is the composition inverse of the antipode S. Then (A AfH,
apgAam, amAagn ), with respect to the maps [-,-]: A® nA — AfH, [a,b] = atb
and (-,-): A®anA — A (a,b) =t - (ab), form a Morita context.

(4) Let (I', M) be a weak Nobusawa I'-ring. T'M represents I' ®; M, and MT is

M ®y I'. Then
rm T
M MT

is a Morita context ring. Conversely, for any Morita pair (Q, R, g7, oSr), there
is Morita context I'- ring (S,T).

There are many studies on Morita context rings. For example, Amitsur [1]
discussed the relationship between the properties of T' and those of R, S, N, M.
Poole and Stewart [14] gave the canonical quotient ring of Morita context rings.
Chen et al. [4] characterized the ideal lattice of Morita context rings. In particu-
lar, Jaegermann [11] explored the properties of the strong radical and hereditary
radical of rings via Morita context. Nicholson and Watters [13] studied normal
radicals and normal classes based on Morita context. In this paper, we promote
the research in [11] and [13], and provide specific constructions of radicals for
Morita context rings.

It is assumed that there is 1 for all rings discussed in this paper, and all
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modules are unital modules. Let I be an ideal of ring A. [ is called a prime ideal
of A if for any two ideals B,C of A, and BC C I implies that BC' C [ or C' C I.
A ring whose zero ideal is a prime ideal is called a prime ring. The intersection
of all prime ideals of A, denoted by P(A), is called the prime radical of A. T
indicates a completely prime ideal of A. If for any two elements a,b of A, abE [l
implies that a €1 or bEI. According to [17], the intersection of all completely
prime ideals of A, denoted by P,(A), is called the generalized nilradical of A.
The Jacobson radical J(A) of ring A is the intersection of all maximal left ideals
of A. The simple radical S(A) of A is defined as the intersection of all maximal
ideals of A. The Brown-McCoy radical g(A) of A is the intersection of all maximal
ideals I, of A such that A/, is a simple ring. For other concepts of radicals not
explained in this paper, refer to [17].

1 Generalized nilradical, strongly prime radical, and Brown-McCoy radical

Handelman and Lawrence [9] defined the concept of strongly prime rings. A
finite subset F' of A is called a right insulator of A. If for any r€A, Fr =0
implies r = 0. A ring A is called right strongly prime if every nonzero ideal of A
contains a right insulator. The right strongly prime radical of A, denoted by
sr(A), is defined as the intersection of all ideals of A such that A/I is right
strongly prime, then such an ideal [ is called a right strongly prime ideal of A.
The left strongly prime radical (denoted by s;(A)) and left strongly prime ideals
of A are defined similarly.

Proposition 1.1 [If the trace ideals NM and MN of the Morita context
(R,S,M,N,(-,-),[,-]) are both nilpotent, then

(1) assume
AU
=(v )

R N
T~ )

then there must be U =N,V =M, and AD NM,B O MN are prime ideals of
R, S, respectively;

(2) let I be a completely prime ideal of T. Then there must be U = N,V = M,
and AD NM,B D MN are completely prime ideals of R, S, respectively;

(3) let I be a right strongly prime ideal of T. Then there must be U = N,V = M,
and A D NM,B DO MN are right strongly prime ideals of R, S, respectively.

is the prime ideal of

AU
Proof (1) Let I = < ) be a prime ideal of T'. Take J = (

NM N
V B - 1t

M MN
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is verified that J is an ideal of 7', and there are
s (NM)* + (NM)>  (NM)’N + (NM)N
= \(MN*M + (MN)M  (MN)’+ (MN)*> )’
< (NM)® + (NM)* + (NM)? (NM)*N + (NM)*N + (NM)2N>
(MN)*M + (MNY*M + (MN)Y*M ~ (MN)° + (MN)*+ (MN)* )’
< (NM) + (NM)® + -+ (NM)* (NM)’N + (NM)°N + - + (NM)3N>
(MN)’M + (MNYM +---+ (MN*M  (MN)" + (MN)° -+ (MN)* )~

J5

N

J?

N

J2n71C (NM)zn_1++(NM)n (NM)Qn_2N++(NM)n—1N eN
(MN)27L—2M+,..+(MN>W—1M (MN)Z"_1—|—+(MN)" , .

Since NM and MN are nilpotent, there exists mE N such that (NM)™ =0,

0 N
(MN)™ =0. It implies J*" ' C <M1 Ol), where M; C M,N; C N. Then

(J2=1*™ =0, so J is a nilpotent ideal of T. Therefore J C I, and hence
A N

I= (Ml Bl>’ where A, D NM.B, D MN. From ITCI and TICI, it
follows that A; < A, B; < B.

It is assumed that Ay <R,A3<R, and Ay O NM,A3 D MN such that

As N As N

AyAs C Ay, Then I = (]\42 B1> and I3 = (1\43 Bl> are ideals of T', and there
is

AsAs +NM N A N\
1213£< M MN+B>Q<M B ) =1

Since [ is prime, it follows that I, C I or I3 C I, hence Ay C A; or A3z C A;.
Therefore A; is a prime ideal of R. Similarly, B; is a prime ideal of S.

(2) Let I be any completely prime ideal of 7. Then I is a prime ideal of T'. By
A N
(1), I = (M B)’ where A D NM,B DO MN are prime ideals of R,S, respec-
tively.
For ay,a0 €A, b1, EB, if a1ao €A, B1B; € B, then for any viv, € N, wiws €
M, there is

a; Up az U2\ (G102 + V1Wo U3 c A N — 7
w1 bl Wo bg N W3 w1V + bQ M B o

a; v as v
Since [ is completely prime, it follows that 'Y ET or > el
w1 b1 Wao b2

hence a; €A, 01EB or as €A, by € B, which shows that A, B are completely
prime ideals of R, S, respectively.
(3) Let I; be any right strongly prime ideal of T, so I; is a prime ideal of T. By

A N
(1), 11=<]Wl B1>’ where A; D NM,B; 2 MN are prime ideals of R,S,



46 Yao WANG, Yanli REN

respectively. The following shows that A;, By are also right strongly prime
ideals.
R/A; is a prime ring. Take any nonzero ideal A;/A; of R/A;. Then

Ay N Ay N
D) — 2 D) 1
A2 = A17[2 (M Bl) = (M Bl) .

Since T'/I; is right strongly prime and 0 # I/ <T/I1,1s/I; = As/A; contain

finite insulators
o AQ/Al 0 Ag/Al 0
F= < 0 0> = ( 0 O> ’

a 0
0 0

(4 9 -

then there must be @ = 0. Equivalently, if (Ag/A;)a@ =0, then @ = 0. It shows
that Ag/A; C Ay/A; is a finite insulator for As/A;, so R/A; is right strongly
prime, and A; is a right strongly prime ideal. Similarly, B; is a right strongly

where Ag/A; is a finite set, such that for any ( ) €T/, = Ay/AL & By/Bu,

if

prime ideal.

Proposition 1.2 (1) Let A,, Bz be prime ideals of R, S, respectively. Then
Ae N\ . (R N
=i 5) = (o o)
are prime ideals of T';

(2) Let A,, Bg be completely prime ideals of R, S, respectively. Then I,,Jz are
completely prime ideals of T

(3) Let A,, Bs be right strongly prime ideals of R, S, respectively. Then I,, Js are
right strongly prime ideals of T'.

W1 B1 W2 BQ
1JC1,. Then A1Ay + ViW, C A,. Hence A1 Ay C A, . Since A;, A, are ideals of
R, it follows that A; C A, or Ay C A,. Thus, I C I, or J C I,. As a result, I,
is a prime ideal of 7T'. Similarly, Jg is a prime ideal of T'.
(2) The proof is similar to (1).

Ay N A N o
(3) By (1), la=\{,; p):/s= are prime ideals of T. Take any

M By
. Al/Aa O .
nonzero ideal 11/I, = 0 0 of T/I, = A/A,. Then Ay 2 Ay, Ai/A, is a

nonzero ideal of A/A,. Since A, is a right strongly prime ideal of A, there
exists a finite subset Ag/A, C A;/A, such that for any a€A,/A,, if

A W Ay Vs
Proof (1) Let I = ( ' 1> = ( ’ 2) be two ideals of T such that
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a 0
00

(4 6 (-

Aog/As)a 0
There must be @ = 0. Therefore, <( 0/0 )@ 0) =0 is a finite insulator for

(Ag/A,)@ = 0, there must be @ = 0. For any < ) ET/1, = AA,, if

Li/1,, and I, is a right strongly prime ideal of 7. Similarly, Jz is a right
strongly prime ideal of T'.

Theorem 1.1 If the trace ideals NM and MN of the Morita context
(R,S,M,N,(-,-),[,]) are both nilpotent, then
(1) the generalized nilradical of T is

) = ("7 )

(2) the right strongly prime radical of T is

Proof (1) Let @ = (ng\(j%) PQJE[S>>' Since T/Q = R/P2(R) & S/P2(S), T/Q is

a P,- semisimple ring, then Q O P(T).
On the other hand, by Proposition 1.1 (2), there is

Py(T) = () Pa (P, runs over all completely prime ideals of T

> ﬂ <J§/;z é\l) (Au2NM,B,2OMN are completely prime ideals of A, B)

(i )38 )

so PB(T) = Q.
(2) The proof is similar to (1).

Proposition 1.3 It is assumed that the trace ideals of the Morita context
(R,S,M,N,(-,-),]) satisfy NM C J(R), MN C J(S). Then

(Y o

18 a maximal left ideal of T if and only if

(AN (RN
“\m s) T\ B

where A1 D NM, By O MN are maximal left ideals of R, S, respectively.
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M S M B
where A1 D NM, B; O M N are maximal ideals of R, .S, respectively.

Ay N R N
(2) I'is a maximal ideal of T if and only if [ = ( ; ) or I = < ),

A Y

Proof (1) Necessity: Let [ = (X B,

) be a maximal left ideal of

R N
T = (M S)' Then there is

RA,+ NX CA,RY + NB, CY,MA, + SX C X,MY + SB, C By,

which implies that A;, By are left ideals of R, S, respectively. Consider two
cases:

(i) If A; # R, then since R has an identity, there exists a maximal left ideal
Ay D A; of R. According to the assumption

NM C J(R) =() Ja (Jo runs over all maximal left ideals of R)
A Y

. . . Ay N
there is NM C A,, and there is a left ideal 2 X B

M S > of T'. According

to the maximality of I, there must be
Ay =AY =N, X=M, B, =5,

Ay N

namely [ = Mos)

(ii) If A; = R, then according to MA; +SX C X, there is MR C X. Since

there is 1 for Rand M C X, then X = M. Moreover, it is known from
R

MN C J(S) th N 2 Y is a left ideal of T'. A i h
C J(S) that v B )\ 2\ B is a left ideal of T'. According to the
maximality of I, there is Y = N and I = M B1>' Let By be a maximal left

ideal of S and By D By. Then By D J(S)D MN. It is verified that

R N
J = (M BQ) 2 I is a left ideal of T'. By the maximality of I, there is By = B;.

The sufficiency is straightforward.
(2) The proof is similar to (1).

Theorem 1.2 [t is assumed that the trace ideals of the Morita context
(R,S,M,N,(-,-),[]) satisfy NM C J(R), MN C J(S). Then
(1) the simple radical of T is

(2) the Brown-McCoy radical of T is
_(9(”) N
o) = ( g(S)> ’
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Proof It can be obtained from the definitions of the simple radical and the
Brown-McCoy radical and Proposition 1.3.

Corollary 1.1 If the trace ideals NM and MN of the Morita context
(R,S,M,N,(-,),[,+]) are both nilpotent, then

(1) T is a semiprime ring if and only if R,S are semiprime rings and
N=0,M=0;

(2) if T is a prime ring, then R, S are prime rings and N = 0, M = 0.

Proof (1) T is a semiprime ring if and only if P(7") = 0. By Theorem 1.1 (1),
it holds if and only if N =0,M =0 and R, S are semiprime rings.
(2) If T is a prime ring, then the zero ideal of T is prime. By Proposition 1.1
(1), it follows that N =0, M =0 and R, S are prime rings.

The converse of Corollary 1.1 (2) is not true. For example,

=0 8- ()

R 0
are both ideals of 7' = (

0 S) and IJ =0, but I, J are nonzero. Thus, the zero

ideal is not prime in 7.
A ring R is called a left quasi-pseudo ring [15] if every maximal left ideal of R
is an ideal of R.

Corollary 1.2  Suppose the trace ideals of the Morita context (R,S, M, N,
(«,), [ °]) satisfy NM C J(R), MN C J(S). Then T is a left quasi-pseudo ring if
and only if R, S are left quasi-pseudo rings.

Proof 1t is assumed that R,S are left quasi-pseudo rings. According to
Proposition 1.3 (1), every maximal left ideal of T is an ideal of T', so T is a
left quasi-pseudo ring. Conversely, it is supposed that T is a left quasi-pseudo
ring. Then for any maximal left ideals A of R and B of S, R+ NM,S+ MN
are left ideals of R, S respectively. Based on the maximality of A, B, there is

o A N
NM C A, MN C B. Then by Proposition 1.3 (1), [I= (M S) and
R

J=(5n imal left | = (BN Aoal
=\ p) are maxima left ideals o =\ s , hence they are ideals

of T', and A, B are ideals of R, S respectively. R, S are left quasi-pseudo rings.

A ring R is called periodic [8], if for every element x of R, there exist two
distinct positive integers m,n such that ™ = z". A ring R is called N-nil [16], if
for any x€ R, there exist positive integers n,k depending on z such that
(nz)" = 0. A ring R is called a p-ring [16] if for any a € R, there exists a polynomial
f(z) = kpz"™ + kp_q2™ ' + -+ - + kyz with zero constant term such that f(a) = 0.
Periodicity, N -nil property and the p-ring property are both radical properties.
The periodic radical P.(R) of ring R is the sum of all periodic ideals of R. The
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N -nil radical Kx(R) of ring R is the sum of all N -nil ideals of R. The p-radical
pf(R) of ring R is the sum of all p-ideals of R.

Theorem 1.3 [t is assumed that the trace ideals of the Morita context
(R,S,M,N,(-,-),[,]) satisfy NM =0, MN = 0. Then
(1) the nil radical of T is

- (40 )

(2) the p -radical of T 1is

(4) the periodic radical of T is

ra =" )

Proof (1) According to [16, Theorem 2.1], T is a nil ring if and only if R, S

K(R N
are nil rings. Thus, as the largest nil ideal of 7', K(T') = ( 154 ) K(S))'
(2)—(3) can be obtained from [16, Theorems 2.4-2.5].

(4) The proof is similar to (1).

2 Generalized Prime Radical, Singular Radical, and Behrens Radical

A ring R is called a 2-prime ring [3], if the prime radical P(R) of R equals the
set Nil(R) of all nilpotent elements of R, namely P(R) = Nil(R). In [3], Birkenmeier
et al. systematically studied 2-prime rings and proved that one of its sub-classes
% = R every prime ideal of R is completely prime } forms an Amitsur-Kurosh
root, called the generalized prime radical. The generalized prime radical B.(R)
of a ring R is the sum of all ideals I such that [ €R2.

Theorem 2.1 [t is assumed that the trace ideals of the Morita context

(R,S,M,N,(-,-),[-,:]) satisfy NM =0, MN =0. Then the generalized prime

radical of T is
B(R) N
mc(T) = < M gpc<5)> :
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Proof Let ‘B = <m§\(/[ ) ‘,]3]2[5))' Since T/PB = R/PB.(R) & S/P.(S) and T /P

is *B.— semisimple, then ‘B O PB.(T'). On the other hand, by Proposition 1.1 (1),

for the ideal P1—< ) of T, every prime ideal of *J3; has the form

A N . .
I= Moo where A; is a prime ideal of B.(R). However, the ring

BAR)ER?, so A, is a completely prime ideal and I is a completely prime
ideal of ;. It proves that B; is a R?’— ring and B, CP.(T). Similarly,

PBo = (]8[ f’pf\(/vs)) is also a R*-—ring, so PoCP.(T) and (P; +Pao) CSP.(T),

namely ‘BCP.(T). Therefore, Pe(T) = (‘B};&R) ‘,]312[5))'

In [6], Ferrero and Puczylowski introduced an important radical, namely the
(right) singular radical ¢ = {R|R cannot be homomorphically mapped onto a
nonzero semiprime non-singular ring}. It is the upper radical determined by the
class of semiprime non-singular rings, and ¢ O P. A radical R is called an N -
radical [5] if R contains all nilpotent rings and is a left hereditary and strong
radical. The prime radical P, the locally nilpotent radical L, the Jacobson radical
J, and the singular radical ¢ are all N -radicals.

Lemma 2.1 [5, Theorem 1] Let R be an N -radical and R be the sum of two
subrings Ry, Rs. If Ry is nilpotent and Ry €ER, then RER.

Theorem 2.2 Let R be any N -radical. It is supposed that the trace ideals of
the Morita context (R, S, M, N, (-,),[-,-]) satisfy NM C R(R), MN C R(S). Then

the R -radical of the Morita context ring T = (]@Jg) is

n) = (N7 ws)

Proof Let

8 (8 (s -

| = + (" =Ty + Ty,
ne D) (0 )

where

0 0 0 R(S)

0 N R(R 0
Since 13 = (0 0) is a nilpotent ring and T4 = ( (0 ) §R(S)> = R(R) ® R(S)

is a R-radical ring, according to Lemma 2.1, 7} is a R-radical ring and

0 0
Ty, = (M O) is nilpotent. Based on Lemma 2.1, 7" =T, + T, is a R -radical

ring. However, 7" is an ideal of T, so 7" C R(7T). On the other hand,
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T/T"= R/R(R)® S/R(S) is RN- semisimple, so T CR(T"). Therefore,
_(RRr) N
w0 = (5 wis)

Corollary 2.1 [t is supposed that the trace ideals of the Morita context
(Ra Sa M: Na ('7 ')7 ['7 ]) satisfy NM C @(R% MN C QD(S) Then
(1) the singular radiccal of T is

AT = (QDJ(\? soj(\g)> |

(2) T is a semiprime singular ring < R and S are semiprime singular rings.

Proof (1) can be obtained from Theorem 2.2.
(2) According to [9, Theorem 1.14],
T is semiprime singular < T is @ -semisimple < ¢(T) = 0

< p(R)=0,0(5)=0,N=0,M=0
< R, S are semiprime singular rings and N =0, M = 0.

The proof is complete.

Corollary 2.2 (1) It is supposed that the trace ideals of the Morita context
(R,S,M,N,(-,-),[]) satisfy NM C P(R), MN C P(S). Then the prime radical
of T is

P = pis)

(2) It is assumed that the trace ideals NM and MN of the Morita context
(R,S,M,N,(-,-),[,]) are nilpotent. Then T is a 2-prime ring if and only if R, S
are 2-prime rings.

(3) It is assumed that the trace ideals of the Morita context (R,S, M, N,
(+,), [+ ]) satisty NM C L(R), MN C L(S). Then the locally nilpotent radical of

T is
w0 = 1s)

Proof (1) and (3) can be obtained from Theorem 2.2.
(2) According to [3, Proposition 2.1], T is a 2-prime ring if and only if
P(T) = P,(T). By (1) and Theorem 1.1, it holds if and only if P(R)= P(R)
and P(S) = P»(S), namely if and only if R, S are 2-prime rings.

A ring R is called a Jacobson ring if every prime ideal of R is an intersection
of maximal left ideals of R. Equivalently, J(R) = P(R).

Corollary 2.3 It is supposed that the trace ideals of the Morita context



Radicals of Morita context rings 53

(R,S,M,N,(-,-),[,]) satisfy NM C J(R), MN C J(S). Then
(1) the Jacbson radical of T is

= )

(2) T is a Jacobson ring if and only if R, S are Jacobson rings.

Beidar et al. [2] introduced an Amitsur-Kurosh root ., called the Behrens radi-
cal, and proved that a ring R was a Behrens radical ring if and only if every left
ideal of R was a Brown-McCoy radical ring (see [2, Proposition 3.1]). Moreover,

J <P <g.

Theorem 2.3 [t is assumed that the trace ideals of the Morita context
(R,S,M,N,(-,-),[]) satisfy NM C J(R), MN C J(S). Then the Behrens radical

of T is
= (" wls):

Proof Let To= (%3(43) ‘B]\(fs)) Since T'/To = R/PB(R) & S/PBe(S) is Pe—

semisimple, then B.(7) O Ty. For the ideal Ty of T, any ideal of T, has the

(I N
form L_<M1 J

By Theorem 1.2 (2), L is a Brown-McCoy radical ring < I,/ are Brown-

), where I,J are left ideals of P.(R),B.(S) respectively.

McCoy radical rings. It shows that every left ideal of 7 is a Brown-McCoy
radical ring. Therefore, according to [2, Proposition 3.1], Tj is a Behrens radical
ring and ToCB.(T).

A ring R is called strongly regular, if for every a of R, there exists t € R such
that a = a*t. The class of strongly regular rings is a radical class. The strongly
regular radical G(R) of R is the only largest strongly regular ideal of R [7].

Theorem 2.4 For any Morita context (R, S, M, N, (-,-),[,"]), there is

o = (0 o))

A (04 vOt

W B) is a (G-ideal of T if

Proof According to [18, Theorem 1.3], To = (
and only if

G (Aa> = Aa7G(Ba) = Ba; Vo = O; Wy =0.

Therefore
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G(T) =>_ T, (T, runs over all G-ideals of T

= Z (%a 39 ) (A, B, tun over all G-ideals of R and S respectively)

The proof is completed.

Corollary 2.4 It is assumed that the trace ideals of the Morita context
(R,S,M,N,(-,-),[,]) satisfy NM =0, MN = 0. Then T is R -semisimple if and
only if R, S are R-semisimple and N =0,M =0, where R represents all the
radicals mentioned above.

A ring R is called an Nl-ring [10] if its nil radical K(R) = Nil(R). A ring R is
called a J-ring [12] if J(R) = Nil(R).

Corollary 2.5 It is supposed that the trace ideals of the Morita context
(R,S,M,N,(-,-),[,]) satisfy NM =0, MN = 0. Then

(1) T is an NI-ring if and only if R, S are Nl-rings.

(2) T is a J-ring if and only if R, S are J -rings.

Proof 1Tt firstly requires to proof

Nil(T) = (N %R) NZ,JZ\E S)> .

. Nil(R) N . .
It is known that C' = M Nil(S) is a subset of nilpotent elements of T,
so C' C Nil(T). From (Z];,)" =0, there are a" =0, " =0 and (Z Z) €C. As a

result, C' O Nil(T).

(1) T is an Nl-ring < K(T) = Nil(T)<K(R) = Nil(R), K(S) = Nil(S) & R, S
are NIl-rings.

(2) The proof is similar to (1).

Example 2.1 (1) Let R, S be two rings, and rNg be a bimodule. The upper
R R R N

triangular matrix ring (O R) and the zero product extension ring (0 S)

are Morita context rings with trace ideals equal to 0;

(2) let V' be an n-dimensional vector space over the field K,

R=AV)=KaANV)eANV)® - -dA"

be the exterior algebra of V, and m = A (V) ® A*(V) @ --- @ A"(V). Then m is
an ideal of R, and m"™ =0, J(R) = m. The trace ideals Rm and mR of the
Morita context (R, m, R, R) are nilpotent;

(3) let A,y, be the set of = -by- y matrices over the ring A. Then the Morita
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context ring

<Rnxn J(R>mm)

Ran mXxXm
satisfies J(R),, ., Bmxn C J (Rnxn) and RyxnJ(R), . € J (Rimxm) -
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