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Abstract Let X be a Banach space with dim X =2 and B(X’) be the Banach
algebra of all bounded linear operators on X, VA, BEB(X). Define a quasi-
product by AoB=A+ B — AB, and (B(&X),0) is a semigroup. In this paper,
we mainly discuss the quasi-product automorphisms on B(X). It is proved that
a bijective map ¢ on B(X) is a quasi-product automorphism if and only if ¢ is
a ring automorphism.
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0 Introduction

In recent years, much attention has been paid to the characterization of maps
preserving certain properties on operator algebras, which aims to find characteristics
that serve as isomorphism invariants for operator algebras. In particular, based
on non-associative algebraic operations on operator algebras like the Lie product
and Jordan product, many scholars have studied algebraic isomorphisms and
preservers related to these operations, such as Lie isomorphisms, Lie derivations,
Jordan isomorphisms, and Jordan derivations [7—10]. On one hand, it is noted
that concepts like the Lie product and Jordan product are new non-associative
operations derived from the addition and multiplication of the ring. On the
other hand, one can define an associative binary operation on a ring based on
addition and multiplication--the quasi-product operation. Let R be a ring.
Va,bER, and define aob=a+b—ab (or aob=a+ b+ ab). The operation o is
called the quasi-product on R. It is seen that (R, o) is a semigroup whose identity
element is the zero element 0 of R. Let [a,b] = ab — ba be the Lie product of a,b.
Then there is [a,b] = boa — aob, namely the Lie product [a,b] of a,b is the Lie
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product of b, a in the sense of the quasi-product. Therefore, the quasi-product is
closely related to the Lie product. Meanwhile, it is known that the quasi-product
plays a very important role in studying the structure of ring or algebra, such as
the Jacobson radical [1, 4, 5] and algebraic Lie quasi-nilpotency [2, 6]. Operator
algebras are a class of algebras with topological properties. The quasi-product
semigroups on operator algebras form an important class of operator semigroups
[3]. Furthermore, as semigroups, the characterization of their algebraic isomor-
phisms is a fundamental problem. What is the relationship between such
isomorphisms and ring isomorphisms? This paper aims to characterize the quasi-
product semigroup isomorphisms on a class of operator algebras, namely, the
Banach algebra consisting of all bounded linear operators on Banach space.

The following shows some concepts and notations. Let X be a complex
Banach space, dim X denotes the dimension of X', and X’ refers to the dual
space of X. B(X') and F(X) represent the Banach algebra of all bounded linear
operators on X and the set of all finite-rank operators, respectively. M, is the
space of all n x n complex matrices. If dim X=n is a Banach space with finite
dimensions, then B(X) will be algebraically isomorphic to M, . In this case, set
B(X) = M,. Let AEB(H). If A?= A, then A is called an idempotent operator.
If there exists a positive integer n such that A"= 0, then A is called a nilpotent
operator. For two idempotent operators P and @, if PQ) = QP = P, then there
is P<Q.If PQ=QP =0, then Pand () are said to be orthogonal, denoted by
Pl@. VrxeX, feEX'. r®f denotes the rank-one operator defined by
r® f(z) = f(2)x, V2z€X. It is seen that 2 ® f is an idempotent operator if and
only if f(x) =1, and a nilpotent operator if and only if f(z) =0. I;(X) denotes
the set of all rank-one idempotent operators in B(X). Furthermore, let S CX be
a subset of X, [S] be the closed subspace generated by S, and M and N be
closed subspaces of X. If MNN =0 and M + N is a closed subspace, then
M @& N = M + N is called the Banach direct sum of M and N. When no confusion
arises, I usually denotes the identity operator on the Banach space.

1 Main results

Let dim X =2, B(X) be the Banach algebra of all bounded linear operators on
X, and o be the quasi-product on B(&X'), namely Ao B=A+ B — AB, VA, BE
B(X), (B(X),0) is a semigroup. Let ¢ be a map on B(X). If p(AoB)=
©(A)op(B), VA, BEB(X), then ¢ is called a quasi-homomorphism. If ¢ is
bijective and a quasi-homomorphism, then ¢ is called a quasi-isomorphism.

Proposition 1.1 Let ¢ be a quasi-isomorphism on B(X'). Then p(I) =1 and
(1) ¢ preserves idempotent operators and rank-one idempotent operators in both
directions;

(2) ¢ preserves the order and orthogonality of idempotent operators in both
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directions;
(3) ¢ preserves rank-one operators in both directions.

Proof VAEB(X), since [ = Aol =10 A, there is

o(I)=p(Aol)=p(A)op(l) =p(A)+ o) — p(A)p(I)
=l o A)=p(I)op(A)=p(A) + () — e(I)p(A),

then ¢(A) = o(A)p(I) = p(I)p(A). Since ¢ 1is surjective, it follows that
p(I) = 1.

(1) Let PEB(X) be an idempotent operator. Then Po P =P, so ¢(P)=
@(P o P) = o(P)+ ¢(P) — ¢(P)*, namely ¢(P) is idempotent. Hence ¢
preserves idempotent operators in both directions.

(2) It is first proved that ¢ preserves the order and orthogonality of idempotent
operators in both directions. Let P, QEB(X). If P< (@, then PoQ =Qo P =
P+ Q — PQ = Q. Therefore,

P(P)op(Q) = ¢(Q) o p(P)
= 9(P) + ¢(Q) — p(P)p(Q)
= 9(Q) + o(P) — p(Q)p(P)
= ¢(Q),

namely ©(P) = ¢(Q)p(P) = ¢(P)p(Q). As a result, ¢(P)<¢(Q), and ¢
preserves the order of idempotent operators. Since ¢! has the same property, ¢

preserves the order of idempotent operators in both directions. If P 1 @, it is
seen that o(P)p(Q) = ¢(Q)p(P). Let E = p(P)p(Q) = ¢(Q)p(P). If E#0, let
F =p~Y(F). Then E<p(P) and E < ¢(Q). As ¢ preserves order, F <P, F <(Q,
then F' = 0, which is contradictory. Therefore, ¢ preserves the orthogonality of
operators. By the property of ¢!, ¢ preserves the orthogonality of operators in
both directions.

Finally, It requires to prove that ¢ preserves rank-one idempotent operators
in both directions. Let P be a rank-one idempotent operator on B(H) and
Q) = ¢(P). If rank @) > 1, then there exists a rank-one idempotent operator
Q1€ B(H) such that Q1< Q. Then ¢ !'(Q;) <¢p '(Q) =P is an idempotent
operator, and ¢! (Q;) = P, namely Q,= Q, which is contradictory. Hence Q is
a rank-one operator. By the property of ¢~!, ¢ preserves rank-one idempotent
operators in both directions.

(3) Let A=2x® f be a rank-one operator and ||z| = 1. If A is nilpotent, namely
f(z) =0, take g€X’ such that ¢g(x)=1. Then B=2®g and A+ B are
rank-one idempotent operators. It is seen that A+ B = (A + B) o A, and there
is @A+B)=pA+B)op(A)=¢p(A+B)+¢(A) —p(A+ B)p(A), namely
©(A) = p(A+ B)p(A) is a rank-one operator. If f(z) # 0, then A = aP, where
a is a constant and P is a rank-one idempotent operator. Then from P = Ao P,
it can be seen that ¢(A) = ¢(A)p(P) is a rank-one operator. Therefore, ¢
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1

preserves rank-one operators. Similarly, ¢ ™" also preserves rank-one operators.

Lemma 1.1 Let dimX =3 and ¢ be a quasi-isomorphism on B(X). If
o(P)=PVPEIL(X), then p(A) = A, VAEB(X).

Proof Since ¢ is a semigroup isomorphism of (B(H), o) and 0 is the semigroup
identity, there is ¢(0) = 0. By Proposition 1.1, it is known that ¢(P) = P for
any idempotent operator P. The following shows the proof step by step.

(1) For any rank-one operator A, there is p(A) = A.

First, it is supposed that A is a rank-one nilpotent operator, namely A = z®g,
where g€ X" such that g(x) = 0. Take any y € X such that g(y) = 1, and choose
a subspace M such that ker g= [x] & M. Then there is X'= [z] & [y] & M. Take
fEX’ such that f(z)=1and ker f =[y] & M. Let P =2® f, P, =y® g, and
P = P+P,. Then P, P,, and P are idempotent operators, and P o A = Ao
P = P. Therefore, Pop(A)=¢(A)o P =P. In particular, p(A) = Pp(A) =
©(A)P. On the other hand, PioA =P, PyoA =P,+A is a rank-one idempotent,
so Piop(A) =P;, Pyop(A) =P,+A, namely ¢(A) =Pip(A), p(A)—Pyp(A) = A.
As a result, p(A) = A.

Next, it is assumed that A = AP, A€(C, where P is a rank-one idempotent
operator and A\ # 0. Since APo P = Po AP = P, there is p(AP) = p(AP)P =
Pp(AP). Therefore, there exists a constant hp(A\)EC such that p(AP) =
hp(A\)P. Let P=xz® f and A # 1. Take N =x®g as a rank-one idempotent
operator, where x, f, g are as above. Then A\Po N = A(x@ (f+%g>> =\,
where Q=1 ® ( f+%g) is a rank-one idempotent operator. Therefore,
fP(N)Po N = fo(N)Q, and fp(A\) =fo(A) = A. Hence, p(AP) = A\P.

(2) For any finite-rank operator A€EB(X), ¢(A) = A.

VAEF(X), it is known that there exist closed subspaces M, N,dim M < oo,
such that XY= M @& N, and under this decomposition, A =B ® 0. It is noted
that dim M < oo, so there exists a basis ey, ey, ..., e, of M such that B can be
written as an n Xn upper triangular matrix B =(b;;) with b;;= 0,Vj <i. Let
B; = (tx), where t; ="by, ty=0,Vk #i, i=1,2,...,n. Then B =B, 0B, j0
---0B;. Let A; = B;®0, i =1,2,...,n. Then each A; is a rank-one operator and
A=A,0A, 10---0A,. Therefore,

p(A)=p(A,0A, 10---0A)
= ¢ (An) 0@ (Ap_1) o0 (A)
= A,0A, 1004,
= A.
(3) If dim X'= oo, then for any operator AEB(X), ¢(A) = A.

Let A€B(X). Then for any finite-rank idempotent PEB(X), there is
Ao(I —P)=AP+ (I — P)=APo (I — P). Therefore,



Quasi-automorphisms on B(.) 37

p(Ao (I =P))=p(APo (I =P)),
p(A)o(I = P)=p(AP)o (I - P),
©(A)P = p(AP)P = AP.

Hence p(A) = A.

The following shows notations and the main theorem of this paper. If
dim XY= n < oo, there is B(X) = M,,. Let 7 be a ring automorphism on C. For
any A = (a;;) €M, let A, = (7 (ai;))-

Theorem 1.1 Let X be a compler Banach space with dim X =2 and ¢ be a
quasi-isomorphism on B(X).

(1) If dim X = oo, then there exists a bounded invertible linear or conjugate
linear operator 7" on X', such that

0 (A)=TAT ' VAEB(X).

(2) If 2< dimX < oo, then there exists an invertible matrix 7€ M,, and a ring
automorphism 7 on C, such that

0(A) =TA T YAEM,,.

Proof (1) By Proposition 1.1, ¢ preserves rank-one idempotent operators and
their orthogonality in both directions. By [11, Theorem 2.4], there exists a
bounded invertible linear or conjugate linear operator 7" on A, such that
©(P)=TPT~!, VPEI(X), or a bounded invertible linear or conjugate linear
operator T : X'—X, such that ¢(P)=TP'T™ ! VYPEI(X), where P’ denotes
the adjoint operator of P. In the second case X is reflexive. In fact, the
second case cannot occur. Otherwise, there will exist P, Q€ [,(X) such that
Po@ +# Qo P. Then

p(P)op(Q) = p(P)+¢(Q) — ¢(P)e(Q)

=TPT'4+TQ'T'-TP'Q'T™!

=T(QoP)T™!

£T(PoQT!

=p(PoQ),
contradicting that ¢ is a quasi-isomorphism. Hence only the first case occurs.
Define ¥(A) =T 'o(A)T, VAEB(X). Then ¢ is a quasi-isomorphism on B(X)
satisfying (P) = P, VPE€I,(X). By Lemma 1.2, )(A) = A, VAEB(X). There-
fore, p(A) = T(A)T~'= TAT!, YAEB(X).
(2) If n=3, by [11, Theorem 2.3], there exists an invertible matrix 7€ M,, and
a ring automorphism 7 on C such that ¢(P)=TPFPT ' VPEL (M,), or
o(P)=TPIT-'VYPEI (M,), where PT denotes the transpose of P. Similarly,

it can be shown that the second case does not occur. According to (1), it is
known that (2) holds.
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When n =2, let E;;(i,j=1,2) be the standard basis of M,, namely
E;; = (ew), where e;; =1, e=0, V(k,l) # (i,7). By Proposition 1.1, ¢ (E};) and
¢ (Fa2) are two orthogonal rank-one idempotent matrices. Hence, there exists an
invertible matrix Sl such that (2 (EH) = SlEHSl_l, (2 (EQQ) = SlEggsl_l. Define
p(A) = S;tp(A)S;, VAEM,. Then ¢ is a quasi-isomorphism on M, and

It is first proved that there exists an invertible matrix S; and a ring
automorphism 7 on C such that VAEC, ¢ (\E;;) = 7(\)S2E;; S5, i, j =1, 2.
Since AEj;; o Ej; = Ejjo\E;(i,j =1,2) and ¢ preserves rank-one operators, it is
known that there exist bijections 7;; on C such that VAEC, ¢ (AE;) =
TM()\)E“, 1= 1,2 On the other hand, since EHO)\Elz = EH, it is shown that
¢ (AE12) = E11¢ (AE12). So there exist ai;, a;2 € C such that

¢<AE12>=¢({8 QDZ {aél a(ﬂ'

E22 + )\Elg = E22 e} )\Elg, then

ooy ) -ravsina=[5 %]

By Proposition 1.1, ¢ preserves rank-one operators, so a;; =0, ¢ (AE2) =
a12F15. As a result, there exists a bijection 75 on C such that VAEC,
¢ (AE12) = 112(A) Epo. Similarly, there exists a bijection 75; on C such that
VAEC, ¢ ()\E21> = 7'21()\)E21.

Va,y € C, and according to xEppoyEy = (r + y)E2, there is ¢ (xEp3) o
¢ (yE12) = ¢ ((z + y)E12), namely 1ia(z)E1a 0 T12(y) Ei2 = Ti2(7 + y) B2, s0 T12(7)
+712(y) = T2(x + y). From yFEao(xr — xy)Ey = xFEj50yEs and (z — xy)Ep0
yE1 = yE1 o xEg, it is known 7i2(zy) = Teo(y)Ti2(2) and m2(xy) = 111 (y)112(2),
so Ti1(z) = To2(x). Denote 7 = 7973 = Toy. Since Tio(zy) = T11(y)T12(2), set z =1
gives  Tio(y) = 7(y)Ti2(1).  Similarly, 7o1(y) =7(y)m21(1), and there is
T21(1)712(1) = 1. Let

B B —5(32 T . b11 b12
A= 2Fy 0 xFy — { 0 and ¢(A) = {521 522} :
Since
1 £ 0
AOEH:{O ﬂ,AoEgz:{x J»
there is
1 2]\ b big _ 1 i
¢< 00 ) — gb(A) ok = {bzl 522} ° By = {O b22} ’
—22 0]\ _ b bio _{bun O
QS ( - J) = gb(A) O E22 - |:b21 b22} © E22 - {bﬂ J .
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On the other hand, since
1 z|\ 0 z| [1 0]\ [7(1) m2(x)
¢(0 o)_¢<ooooo}>_{o 0

o([7 ) =e ([ 32 oo 1)

there is byy= 7 (—2?), byy = To1(), b1z = T12(x), bye= 0, namely

o )

2

—a? x|\ _ [7(=2?) Tia(2)
¢( z 0 > | ma(x) 0 '
As
O(A) = ¢ (1) 0 ¢ (1) = {—7217 iffggz(w) (o)
there is 7 (—22) = — 791 (2)712(2) = —7(2)*721 (1) 712(1), namely 751 (1)712(1) = 1.

The following proves that 7 is a ring automorphism. Since 72(1) # 0, when
r=y=1, according to Tp(ry)=m1(y)T12(z), there is7T(l)=1. As
T(xy)m12(1) = 12(2y) = 7(2)7(y)T12(1), there is 7(z)7(y) = 7(2y), Vz,y<C.
Moreover,

(7(x) + 7(y))m2(1) = 7(2)712(1) + 7(y)712(1)
= T12(2)+712(y)
= 12(z + )
=7(x 4+ y)r12(1),Va,y EC

and there is 7(z +y) = 7(z) + 7(y), Yz, yEC. Therefore, 7 is a ring automor-
phism. Let

There is ¢ (A\E;;) = T()\)SQEUSQ i, =1,2.
Next, define 1)(A) = S, $(A)Ss, YVAE M,. Then ¢ is a quasi-isomorphism and
Y (AE;) =1\ Eij,i,] = 1, 2. Let

am o] gy = o]

Q21 Q22 ba1 Do

Since

AOEH = {1 a12:| A E22 = |:CL11 O}

0 929 921 1|’

there is
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1 a bi1 bio 1 bro
v ({0 a22D {bm bm} ° b= {0 522} ’

a0 . bii bio . bii O
v (Lm 1D B {bm b22} °bm = {521 J '

On the other hand, since

([ )= (5 2o [0 w]olt §) =[5 rlee
([ D=e ([ el del D= &)

there is bll =T (an), b21 =T (agl) s b12 =T (alg) y 1922 =T (agz), namely w(A) =
AT,\V/AEMQ. Let T'=5,S5. Then QD(A) = TATT717VAEM2,

Note If ¢ is a quasi-isomorphism on C, namely ¢(zoy) = p(z)o¢(y),
Vz,y€C, is ¢ necessarily a ring automorphism on C?
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