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Abstract In this paper, we discuss a class of higher order nonlinear nonlocal
singularly perturbed boundary value problems with two parameters. Under suitable
conditions, we use the fixed-point theorem to study the existence of a generalized
solution. Moreover, with the help of the singular perturbation method, we gain
the uniformly valid asymptotic representation of the solution.
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0 Introduction

Nonlinear singularly perturbed problems have received considerable attention in
academia [1, 2]. Many approximation methods, including the boundary layer
method, the averaging method, the method of matched asymptotic expansions,
and the method of multiple scales, have been improved. Recently, many schol-
ars, such as Samusenko [9], Skrynnikov [11], Tian and Zhu [12], Martinez and
Wolanski [5], and Kellogg and Kopteva [4], have done plenty of work. Mo et al.
[3,6—8, 10] have studied a class of nonlinear problems using the singular perturbation
method. This paper aims to study a class of singularly perturbed problems for
elliptic equations with two parameters by the boundary layer method.
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A class of boundary value problems for nonlinear nonlocal elliptic equations

with two parameters is

" Ly [u(2)] + p? Loylu(@)] + Lofu(x)] = f(x, Tu(x)),

T = (‘rlvaJ"wxn) €QC Rn? (1)
15
Tl ()=o), 2€00, 1=1.2, m—1, @)

where ¢, are small parameters with 0<i777 <1, Q is a bounded convex

domain, 0f) is an infinitely smooth boundary of (2, and

Lyu= Y (-)Drao(z)D°, 1<l<n,

v],|of <1

8 n
Dj=——, D*=Dy'D3*-- Dy, |af = > ay,
Ox; j=1

Tu = /Q K(x)u(x)dz.

Among them, 1 <k <m,z%= (2{*,25%,...,2%"), and a”?,b"’ are real-valued
functions of C*(Q)). K, f, and g, are sufficiently smooth real-valued functions in
their respective variable ranges, L,(1 <[<m) are uniformly elliptic operators on
Q, and % is the outward normal derivative on 0f).

Considering the boundary value problems (1)—(2), we discuss the generalized
boundary value problem in a functional space with two parameters:

7 B, u] + 12 Balyhy ] + Baly, ] = (b, £ (@, Tw), )
<w,g:§> =, q),z€001=1,2,...m—1,YYEC (), (4)
where
Blod= 3 (DD u=(b: Laful) s = Lkim

C5°(€2) denotes the compact subsets of C*(Q2) in 2, Bj[v,u] is the bilinear
operator associated with Lo;[u],Ls;[u] refers to the operator defined by bounded
functions a;? on €, and the bounded norms of v and u on the Sobolev space are

1
2
Ioll; = <Z /. rmwmfdx) G = Lkm, VOECE(9),

laf<j

where (u,v) is the inner product on Hj(Q).
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1 Existence of the generalized solution

We first discuss the solution of problems (3)—(4). Assume:
[Hy] There exist constants Cj;(j = 1,k,m;i = 1,2) independent of v and u,
such that

2 i .
|Bj [v, | < Cllvll; - Null, 1B v, v]] < Chllvll}, Yo,u€ Hy, j =1, k,m;
[Ho] For 1< |v|,|o|<j,j =1,k ,m, the coefficients a}” are bounded on 2, and

there exist c¢; satisfying

ab” () —al” ()| <¢;(lx—yl), [v| = lo| =4, 5 =1,1,m, Yo,y €Q,

and when |z —y|— 0, ¢;(|z —y|) = 0.
[H3] There exist positive constants d;,d2, such that

51\?(:¢,TU) <0y, VeEQVuEH], 0 <e < 1.
u

[Hy] There exists a generalized solution wgy € HJ'(Q): (¢, u) = (¥, go) , €L,
Vi € C°(Q) of the boundary value problem B[, u] = (¢, f(x, Tu)).
The following shows the way to prove the theorem.

Theorem 1 Under the assumptions [Hi|—[Ha4|, there is a solution u(x)€
H* () for the generalized boundary value problems (3)—(4).

Proof Considering an arbitrary function wug(z)EH;'(?), we discuss the
following generalized boundary value problem:

82mBmW7U] + quBk[w7u] + Bl W;u] = W, f (.CE, TUO)) )

ou
<¢,W> :<¢’gl)7 anQa l:07 ]-7 SRS m_]‘7 V¢ECSO(Q)

According to the Lax-Milgram theorem [2] and assumptions [H;|-[Hy], for the
operator of bounded functions on the Hilbert space H{*({2), there is

Flv] =" Byu[v, ul+4* Bylv, ul+Bi[v, ),

where Fv] = (v, f (x,Tuo(x))), and there exists a generalized solution u,(z)€E
H"(Q) satisfying

52mBm W, ul] + ILLQkBk W, ul} + Bl [¢7 ul] = (wa f (‘1.7 TuO)) )

[
(w,aaszl>=<¢,gl>, r€0Q, 1=1,2 .., m—1 WECT(Q).

Considering iterative method and the following equation
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gszm W? uz] + MQkBk W, ul] + Bl W, uz] = (¢> f (l', Tuifl)) )

8lui 00
(1/}’8711) =0, z€00, I=1,2, ..., m—1, YWEC(N),
we can obtain the solution w;(xz)EH['(Q) as well as a sequence of functions
{uj(z)€H;(Q),7=0,1,...}. Therefore, there exists a generalized solution
u(z) € H;'(2) of the boundary value problems (3)—(4), such that

lim (6,u5) = ($,0), VHECT (9).

Jj—00

Theorem 1 is proved.

2 Outer solution

The reduced problems of (3)—(4) is considered as following:

By W»U} = (wv f(x,Tu)), (5)

(¥, u) = (¢, 90 (), €02, VPECFT (). (6)

According to assumption [Hy|, there is a solution wgo(z) € H;'(2) for problems
(5)—(6). Let the outer solution w(z,e,u) of the generalized boundary value
problems (3)—(4) be

o

w(z,e,p) = Z wy; () &' (7)
i,j=0
Substitute (7) into equations (3)—(4), expand ¢, 1, combine the coefficients of
powers €'y, and let the coefficients of like power &'y (i,7 =1,2,...,i+ j #0)
be zero. Considering the solution wpy of problems (5)—(6), there are

By [, wij] — (¥, fu (z, Twoo) Twij)
= — By [, W(i2m)(j—2m)| — B [ Wi—2my—2m| + (¥, hij) (8)

Here and hereafter, terms with negative subscripts are identically zero, and
h;; refers to functions successively known in terms of w,s(r<i,s<jr+s#
i+ 7). The solution w;;(z) can be obtained successively, and the outer solution
(7) is obtained, which may not satisfy the boundary condition (4) for

[=1,2,...,m—1. As a result, the correction terms of boundary layer need to
be built near 9.
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3 Correction terms of boundary layer

According to [6], a local coordinate system (p,¢) is built at each point of a
neighborhood of 0€2. In the neighborhood 0 < p < pg of 9€), we discuss the generalized
nonlinear nonlocal boundary value problem with two parameters:

%" By [0, 4] + p?* By [0, u] + By [, u] = (¥, f (p, §, Tw)), (10)
o B
w7ﬁ :(w7gl)7anQal:07177m_17vw6080<0<p<p0)7 (11)
D
where
El [wau] = Z (DuwyalMTDU)u = (1/J,Z[U]),
L<|pl ol <1
Lom= Y (VD' @e@)yp + Y Db,
1<yl |lol<m 1<ly|<sm
Lyu= > (-)p@(x)D°+ Y D,
1<|vl|,|lo|<k 1<|v|<k
and
D,-2D -2 i 19 a-1

D" =D{"Dy D), a=Y qj
=1

o 9) = (Naw), @7 = 3 a5 >0 ar = S alh gl -0

Expressions for @?,a” b, ,b, are omitted, C®(0<p<py) is the compact
subset of C* (0<p<py), and B,[v,u| denotes the bilinear operator defined on
the Sobolev space H’ (0 < p < py) for bounded functions v and u.

Now construct the first boundary layer correction term V;. Introduce the
stretched variable [2]

P
§=~ (12)
1
and
un~ > wy () e + Vi, (13)
i.j=0
where
Vi D v (& 9) o', 0<a:i<<1. (14)
i.j=0

Substitute (12)—(14) into equations (10)—(11), expand o, y, and combine the
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coefficients of power o'u?(i,5 = 0,1,2,...). Set the coefficients of like power oy’
to zero. For o'y and Yy EC (0 < pé < po), there are

(5n¢752n5n1)100> + (51¢751151U100> = (¥, fu (0,0, Tvi00) Tv100) , (15)

al
(w, 55?0) =W.9), £€=0, (16)
<5n¢>ﬁzn5nv1zj) + <51¢;51151U1ij) = (Wﬁzj) + az‘j, (17)
(%) =00, (18)

where [ =0,1,...,k—1,i,7=0,1,...,i4+j #0, éij and h;; are successively
known terms, and

~ 9 =~ 8
Dy=—,Dj=—, =12 .. .n—1,
g 00,
D*=DDg---D2 a=Y aj
j=1

According to (15)—(18), there is vy;;(i,7 =0,1,...). From (14), we obtain the
correction term V; of the first boundary layer in the neighborhood of 02, and
there is

UV1ij :O<exp <—]€Z]Z)), Z,] :0,1,..., nggpo, 0< n << 1, (19)

where k;;(i1,7 =0,1,...) are positive constants.
Then construct correction term V5 of the second boundary layer. Introduce
the stretched variable [2]

P eM\ m+k
:@:<> 20
7 s (20)
and
u~ Y wye' + Ve, (21)
i,j=0
where
Vy = Z i (1, B) Cd, 0< ¢ < 1. (22)
ij=0

Substitute (20)—(22) into equations (10)—(11), expand (, 1, and combine coef-
ficients of power (‘1 (i,7 =0,1,2,...). Set the coefficients of like power ('y7 to
zero. For ('p/ and Yy €ECYF (0<(n<py), there are
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(ﬁnd}@znﬁnl}%o) + (ﬁﬂbﬁnblvmo) = (¢, fu (0,0, Tva00) Tv200) , (23)

o
(w, a;‘”) =0, 7=0, (24)
(ﬁn%aznﬁnvmj) + (D1¢,51115102ij) = (W }ALZ]) + éija (25)
3% 07
<¢7 a;lj> = 07 n= Oa (26>

~

where [ =0,1,...,k—1,i,7=0,1,...,i+j #0, éij and h;; are successively

known terms, and

.9 4 0
Dy=—,Dj=— ,j=12...,n—1,
on’ 7 d¢;
Da =D{Dg2---De" a =" a;.
j=1

According to (23)—(26), there is vq;;(¢,5 =0, 1,...). Then from (22), we obtain
the correction term V5 of the second boundary layer in the neighborhood of 02,
and there is

V2i5 = @) (exp <_k”§>) ,i,j = 0, 17 .. .,O<p<po,0 < C < 1, (27)
where k;;(i,j =0,1,...) are positive constants.

Note From (22) and (27), as well as ~— 0, the thickness of the thin layer
for the correction term V5, on the second boundary layer is smaller than that
of the correction term V; on the first boundary layer.

As a result, we obtain the asymptotic solution of the boundary value problems
(3)—(4) with two parameters:

u~ ZZ:O wij () €' 4+ (p) Z:':o <U1ij (&, 9)a' 1! + vaus(n, ¢)Ci/ﬁj> , (28)

where ¢(p) € C*[0, c0] and it satisfies

1
]-7 ngg*ﬂo
s(p) = 5 3
0, p= 370

4 Conclusion

Define the remainder Z, such that
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u=w+V,+Vy+7, (29)

where

w=)  gwyen, Vi=3 . v (§e) &, Va=3 s (n,¢)n'n,

and w,V,V, respectively refer to the outer solution w of the generalized
boundary value problems (3)—(4), the M th order asymptotic representations of
the correction term 1/ on the first boundary layer, and the M th order asymptotic
representations of the correction term V5, on the second boundary layer.

A priori estimate for Z is as follows:

%" By [0 2]+ 117" Byt 2]+ B[4 2]
=" By, [, u— (W4 V1 4+ Va)| + 0By [¢,u— (0 + Vi + V3)]
+ By [, u— @+ Vi + Vo) +f (2. T (@+ Vi + Vo +7%)), VY ECT(Q).
According to z€ H{'(£2), there are
¥ B[z, Z)+ 1> B[z, 2+ B1[Z, 2]
= (2, =" Lo [0+ V1 + Vo] = Loy [0+ Vi + V| — Ly [W+ V1 + V)
+ (T (@+Vi+Ve+32))—f (2,7 (@+ Vi +V3)).
Thus, there exists a positive constant C' independent of ¢ and pu, such that
eIz, + w* IZIE+HIZIT < Co {e*" B[z, 2 +4* Bz, 2]+ Bi [z, 2]} -
And
e zlI7, + w* IzlE+IZlT= O (A1) ,0 < A = max(e, 1, ¢) < 1.

Hence, there is the following theorem:

Theorem 2 Under assumptions [Hy|—[Hy], for sufficiently small ¢ and p, the
generalized solution of the boundary value problems (3)—(4) satisfies the relations

|u— (@ +Vi+ V)| = 0 (A1),
[u— @+ Vi + Vo) =0 (W) 0< A< 1.

References

1. Barbu, L. and Morosanu, G., Singularly Perturbed Boundary-Value Problems,
Internat. Ser. Numer. Math., Vol. 156, Basel: Birkh&user, 2007

2. de Jager, E.M. and Jiang, F.R., The Theory of Singular Perturbations, Amster-
dam: North-Holland, 1996

3. Han, X.L., Shi, L.F. and Mo, J.Q., Small perturbed solution for a class of sea-air
oscillator model, Acta Phys. Sin., 2014, 63(6): 060205 (in Chinese)

4. Kellogg, R.B. and Kopteva, N., A singularly perturbed semilinear reaction-diffusion



Generalized solution of nonlinear nonlocal singularly perturbed problems 31

10.

11.

12.

problem in a polygonal domain, J. Differential Equations, 2010, 248(1): 184—208
Martinez, S. and Wolanski, N., A singular perturbation problem for a quasi-linear
operator satisfying the natural growth condition of Lieberman, SIAM J. Math.
Anal., 2009, 41(1): 318—-359

Mo, J.Q., Singular perturbation for a class of nonlinear reaction diffusion systems,
Sci. China Ser. A, 1989, 32(11): 1306-1315

Mo, J.Q., Approximate solution of homotopic mapping to solitary wave for generalized
nonlinear KdV system, Chin. Phys. Lett., 2009, 26(1): 010204

Mo, J.Q. and Lin, W.T., Generalized variation iteration solution of an atmosphere-
ocean oscillator model for global climate, J. Syst. Sci. Complex., 2011, 24(2):
271-276

Samusenko, P.F., Asymptotic integration of degenerate singularly perturbed
systems of parabolic partial differential equations, J. Math. Sci. (N. Y.), 2013,
189(5): 834-847

Shi, L.F., Chen, X.F., Han, X.L., Xu, Y.H. and Mo, J.Q., Asymptotic expressions
of path curve for a class of Fermi gases in nonlinear disturbed mechanism, Acta
Phys. Sin., 2014, 63(6): 060204, 6 pages (in Chinese)

Skrynnikov, Y., Solving initial value problem by matching asymptotic expansions,
STAM J. Appl. Math., 2012, 72(1): 405-416

Tian, C.R. and Zhu, P., Existence and asymptotic behavior of solutions for quasilinear
parabolic systems, Acta Appl. Math., 2012, 121(1): 157-173



	0 Introduction
	1 Existence of the generalized solution
	2 Outer solution
	3 Correction terms of boundary layer
	4 Conclusion
	References

