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Abstract Let Fq@”H) be the (2v +[)-dimensional singular symplectic space
over the finite field F,, K be a fixed maximal totally isotropic subspace in
Fq(2”+l), and (2 be the set of all subspaces of type (1,0,0) not contained in K. In
this paper, we construct a class of association schemes by using all subspaces of
type (2,0,1) that contain a subspace from (2, and compute all intersection
numbers of the constructed schemes.

Keywords Association schemes, singular symplectic space, finite field
MR2010 05E30

0 Introduction

It is assumed that F, is a finite field with ¢ elements, where ¢ is a prime power.
Let ]F((f”“) be the (2v + [)-dimensional row vector space over the finite field F,
and

If all (2v+1)x (2v+1) matrices T over the finite field F, satisfying
TK,T' = K; form a set, with matrix multiplication, there will be the singular
symplectic group of degree 2v + [ over the finite field F,, denoted by Sp,,.; (F,).
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The vector space IFEIQVH) under the right multiplication action of Sp,,.,; (F,) is
called the (2v + [) -dimensional singular symplectic space over the finite field F,.

Let P be an m -dimensional subspace in IF((IZ”“) and F the subspace generated
by e;(1<i<2v+1) in F?*) where ¢;(1<i<2v+1)is the row vector in F2*+)
whose i th component is 1 and the other components are 0. An m -dimensional
subspace P in the (2v +[)-dimensional singular symplectic space refers to a
subspace of type (m,s, k) if the rank of PK;PT is 2s and dim(PNE)=k. In
particular, a subspace of type (v,0,0) is called a maximal totally isotropic
subspace. A subspace of type (m,s,k) exists if and only if 0<k<[ and
2s<sm—k<v+s.

Association schemes can be viewed as edge colorings of complete graphs satisfying
good regularity conditions, which have been widely applied in coding theory,
design theory, graph theory and group theory and further studied in many
chapters of books or books [1-6].

Definition 0.1 [1] Let X be a set of cardinality n and R;(i =0,1,...,d) be
subsets of X x X with the following properties:

(1) Ro = {(z,z) | s€EX};

(2) X x X=RyUR U ---URy,and R,NR; =@, if i # j;

(3) For / €{0,1,...,d}, there exists Rf = Ry, where R} = {(z,y) | (y,7) ER;};
(4) For i,5,k€{0,1,...,d} and any (z,y)E Ry, the number p}; =| {ZEX | (z,z)
€R;, (2,y) ER;} | is a constant independent of the choice of (z,y) in Ry.

Such a configuration x = (X, {R;},<,<,) is called an association scheme on
X with d classes.

Association schemes play an important role in algebraic combinatorics. Wan
et al. [10, 11] computed all parameters of the bipartite scheme. As a generalized
bipartite scheme, Rieck [9] constructed association schemes with the subspaces
of a given dimension in finite classical polar spaces. Wei and Wang (see [15, 16])
gave suborbits under the action of finite classical groups on the set of m -dimensional
totally isotropic subspaces. Guo et al. [7, 8] constructed association schemes
with the maximal totally isotropic subspaces in singular classical spaces. As
generalized Grassmann schemes and bilinear forms schemes, Wang et al. [12, 13]
constructed association schemes on attenuated spaces and singular linear spaces.
Wang et al. [14] constructed a class of association schemes with minimal flats in
classical polar spaces. Gao et al. [5] constructed association schemes with
subspaces of type (m, s,0) in singular symplectic space.

In this paper, let K, be a fixed maximal totally isotropic subspace in the
symplectic space Ff”), K = (KoK;) be a fixed maximal totally isotropic
subspace in the singular symplectic space ]F((f”“), and 2 be the set of all
subspaces of type (1,0,0) in IF((IQ”“) not contained in K. We construct a class of
association schemes with subspaces of type (2,0,1) in F((f””) that contain a
subspace from 2. The following shows the results.
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Theorem 0.1 It is assumed that the characteristic of F, is 2 and [ =2 . Let X
be the set of all subspaces of type (2,0,1) with matriz representation as follows:

2v 1
Uy U2
0 u)’

where (uy,uz) €EQ. Assume t =0 ort = 1. For any two elements in X,

B (R _ (Y Y2
(0 2) e (0 %)
and the relations on X are defined as follows:
(1) (P,Q)E Ry, if z1 =31, dim(zNy) =1—t, and P+ Q is a subspace of type
(2+1t,0,1+1);

(2) (P,Q)ERuy, if v1 =y, dim(zNy) =1 —1t, and P+ Q is a subspace of type
(34102 +1);

(3) (P,Q)E Ry, if v1 +y1 is a subspace of type (2,1), dim((x, +y1) N Ky) =
IL,dim(zNy) =1—1t, and P+ Q is a subspace of type (3 +t,1,1+1t);
(4) (P,Q)E Ry, if 1 +y1 is a subspace of type (2,1), dim ((x1 +y1) N Ky) =
0,dim(x Ny) =1—1t, and P+ Q is a subspace of type (3 +t,1,1+1t);
(5) (P,Q)E Ruy, if v1 +y1 is a subspace of type (2,0), dim((x, +y1) N Ky) =
IL,dim(zNy) =1—t, and P+ Q is a subspace of type (3 +t,0,1+t);
(6) (P,Q)E Ry, if x1+y1 is a subspace of type (2,0), dim ((x1 +y1) N Ky) =
0,dim(x Ny) =1—1t, and P+ Q is a subspace of type (3+1t,0,1+1).

Then a symmetric association scheme can be obtained. The parameters d,v,
and ngpn(r=20, 1, 2, 3, 4, 5, t =0,1) are determined by Lemma 1.1, and the

intersection numbers pg;g( ) are gained from Egs. (6)—(29) in Section 1.

A

1 Proof of Theorem 0.1

In this section, we prove Theorem 0.1 and compute all parameters of the
obtained association schemes.

Let ¢ be a prime power and my, ms be two integers. For simplicity, we use
the Gaussian coefficient:

ol T 1)
q

m ILZ (@ -1
m
It is defined that when m; = ma, {mﬂ =1; when m; <0 or my <my,

q

o, =
1 q
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Proposition 1.1 [13] For 1<m<n and 0<i< min{m,n —m}, let P’ and
Q' be two fixed m -dimensional subspaces in Fg") such that dim (P'N Q") =m — 1.
Then the number of m -dimensional subspaces S’ in IFEI”) satisfying dim (P’ N .S")
=m—s and dim (S'NQ’") =m —u is

. . k
plsu (m’n) o Zera u,BHy=m—u,pt+y<s lec =i+p—s+1 (C] _1>

<losa LBl

where w = 3(s =y = p)(s =7y —p— 1)+ (m—B)(m— B —i)+p(2i —a—7).
Let Fgf”) be the 2v -dimensional vector space over the finite field F,, W be a

n—m—z}
P q

fixed maximal totally isotropic subspace in IFff”), and © be the set of all 1-
dimensional subspaces not contained in .

Proposition 1.2 [14] It is assumed that the characteristic of F, is 2. A partition
of © x O s defined as follows:

(1) Ro ={(P, P) | PEG},
(2) R ={(P,Q)| P,QEO, P+ Q is non-isotropic and dim((P + Q) NW) = 1},
(3) Ry ={(P,Q) | P,QEO, P+ Q is non-isotropic and dim((P + Q) N W) = 0},
(4) Rs ={(P,Q) | P,QEO, P+ Q is totally isotropic and dim((P+Q) N W) =1},
(5) Ry ={(P,Q) | P,QEO, P+ Q is totally isotropic and dim((P+Q)NW) = 0}.
Then x = (9, {Ri}?zo) is a symmetric association scheme with parameters:
2 v—2
b=@-De (ph=(-2e,  [RTTDET
o o Poy=(¢" —2q+1)q
ko=q"(¢" ' =1), ps=¢" "' —1, D= g2
_ -1 oL, = (¢! v—1 33 ’
fo=d b pu (@) Pl2 = Dag = P33 = D33 = 0.

According to Proposition 1.2, the construction in Theorem 0.1 yields a
symmetric association scheme.
In this section, assume

(v v [ eust
K_<I(V) 0 0>7Q—<62y+1>-

Lemma 1.1 The parameters of the association schemes determined by Theorem
0.1 are
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t l - 1
n(O,t) = q t ?
q

—1
nay =¢* (¢ -1) {l " } ;
q

1) qu+l+t72

ney = (¢ —
v - v— [—1
ney = ¢ (g 1—1>{ ; },
q
1/ e [—1
n(4,t):ql+t1(q 1_1>{ t }’
q
1/—1} {l—l}
1 t '
q q

Proof According to the definition of R;j), the number of the class in the

_ vHH-1
N =4

association scheme is

d=11. (1)

Uy Uz . .
Let V = (0 u) be an arbitrary element in X. The number of ways to
choose the subspace u is %. Since the action of Sp,,,; (F,) on the set of

subspaces in the same type is transitive, the number of V' does not depend on
the specific choice of u. Without losing generality and assuinge u = (1 0), V

(W 0 U2
V= (0 1 0 ) !
where wugy is an arbitrary 1 x (I — 1) matrix. According to [12, Lemma 2.2], the
¢t (g"-1)(¢'-1)

has a matrix representation

number of wu; is q”qqu%ll, and the number of V is L . Therefore,
¢ (¢ =1 (¢ - 1)
v = - 1)2 . (2)

Next, we compute ng (0 <i<5, 0<t<1). We only compute n, in detailand
the others can be calculated similarly.
N(2,0) is the number of subspaces P such that (Q, P) € R). Assume

_(r1 0 @z
F= (0 1 0)'
According to Proposition 1.2, the number of z; is (¢ — 1)¢”~!. Then the
number of P is ¢"'(¢ — 1)¢" ' = (¢ — 1)¢""2. So
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N0 = (g — 1)g"*"2 (3)

n(2,1) is the number of subspaces U such that (Q,U) € R(2,1). Assume

_ (Y1 92
V= (0 y) ’
According to Proposition 1.2, the number of y; is (¢ — 1)¢”~!. The number

l
of ways to choose the subspace y is L} — 1. Then the number of P is
q

(¢— Ve (45 —1) ¢ = (¢ = 1) ¢"". So

N1y = (ql—l o 1) qu—l—l—l‘

(4)
According to Egs. (3) and (4), there is

z - 1L' -

Next, we compute the intersection numbers. According to Proposition 1.1,

n(27t) — (q o 1) ql/+l+t—2

there is

00
P = Py (11). ©
Assume

er+ eyq
W = )
€241

then (VV, Q) S R(Q,O) .
pé:g)(g,,o) is the number of subspaces A such that (W, A)E R3¢ and (Q, A) €

R(50y. Assume

2v 1 [—1
A= aq 0 a9
0 1 O

According to Proposition 1.2, the number of a; is (¢! —1)¢”"'. Then the
number of A is ¢ ' (¢ ' —1)¢" ' = (¢ '—= 1) ¢“t2. So

(270) _ v—1 14 l—2
P(3,0)(5,0) = (q - 1) ¢

pé:?)(m) is the number of subspace B such that (W, B)E Ry and (Q,B) €
R(s,1). Assume
2v 1
B=1|b b
0 b
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According to Proposition 1.2, the number of b; is (¢"~' — 1) ¢*~!. The number

— 1. Therefore, the number of B is

of ways to choose the subspace b is {1

¢ (¢ =1) ¢! (Mq N 1) _ @ =)@ et

qg—1
Hence
(2.0) B (qu—l _ 1) (ql—l _ 1) qy+l—1
P i) = q—1 :
Tt is known that P(s.0)s1) = Pls1)s.0) = 0- S0
(qu—l _ 1) qu+l—2’ 1f] =p= O7
p(Zvo) _ 0, ifj 7£ ILL7
3,5)(5.) b _ ol
(3,5)(5,1) (q 1_1)<ql1_1>q+l1 o
ifj=pn=1.
q _ 1 ) j ILL

Assume
H— (61 + €u+1>’
€2u42
then (Q, H) e R(271) .

pgz(l);(m) is the number of subspace C' such that (Q,C)E Ry and (H,C)€E
R(5,1). Assume

2v 1 [ —1
C = C1 0 Cy
0 1 O

According to Proposition 1.2, the number of ¢; is (¢"~' — 1) ¢"~!. Therefore,
the number of C' is (¢" ' —1)¢" ¢ = (¢ 1= 1) ¢"*'2. So

(2,1) _ v—1 v+1—2
DP0)5,1) = (q - 1) ¢
Similar to the calculation of pgg:(l);(571), we obtain
(2,1) v—1 V-2
P(3.1)(5,0) = (" = 1) ¢
(2,1)

P(31)(5,1) is the number of subspace D such that (Q,D)E Ry and (H, D)€
R(s,1). Assume
v |

D=\|d d
0 d
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According to Proposition 1.2, the number of d; is (¢"~' — 1) ¢"~*. The number

— 2. Therefore, the number of D is

of ways to choose the subspace d is L

q
~ - . I <qu—1 _ 1) ql _ 2(] +1 qu+l—2
q q-
And
p(2,1) (¢ ' =1) (ql — 29+ 1) g 2
(3,1)(5,1) q—1
It is seen that
(2,1)
D(3,0)(5,0) = 0
Therefore,
0, ifj=p=0,
(2,1) o (qy_l 1) qu+l—2’ lf ] 7é 22
P56 =
(@' =1) (¢ —2¢+1) "2
, ifj=pu=1.
qg—1
There is
(2,1) _ (20 _ (20 _
D(3,0)(5,00 = P(3,0)5,1) = P(3,1)(5,0) — 0,
and
v—1 1 -1 _ 1 v+i-1
(g )(q )q , ift=0,7=p=1,
qg—1
2.t b Dl ) . .
P, =S (@ = 1) g, ift=1j#port=j=p=0,
v—1 _ 1 I 20 + 1 v+1—-2
e FaC R
q —

(7)

According to Proposition 1.2 and the calculations mentioned above, we obtain
the following intersection numbers:

(i,1) _(,0) (i) B .
Proyno =Proon =Prnoo =0 (0si,mA<5), (8)
q—1, ft=7=1upn=0,
0,t . .
pgo,j)xl,u) =qd —2¢+1, ift=j=p=1, 9)

0, ift=p=1,7=0,ort=0,
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nias), if ¢ =0,j = p = k.0<k<1, 1<i<5,
ql_l_Q7 lflzlvtzluj#ﬁ%

L—2¢+1) (¢t —2¢+1
<C] q ><q1 q )7 ifi=1t=j=pu=1,
q_
(¢ —1)g" 2, ifi=2t=17+#p,
(¢" —2q+1) g2, ifi=2t=j=p=1,
(1 — 1) ¢+, ifi=3t=1j#n
(0,%)
pzz — y—l_l l_2 +1 v+i—1
q—
("' =1)¢" 1, ifi=4,t=1,j#p,
v—1 1 l_2 +1 -1
(4 ) (g 1q )a ;o dfi=dt=j=p=1,
q_
v—1 1 v—Il—1
(¢~ ifi=51=1j#p,
qg—1
v—1 _ 1 I 20+ 1 v+i—1
(q )(q q2 )q , ifi=bt=j=pu=1,
(¢—1)
(10)
4t —2, ift=j5=pn=0,
2 ( 1-2 1 -1 _ 1
q(q )(q q ) ift=0,7=p=1,
P ¢—1
(LJ)(LM) ql_l _ q _ 1’ lf t = 17j # /_L’
¢ — ¢
(¢ —2¢+1)+ ( g—1 _1> (67 =29), ift=j=pn=1,
(11)
(-0 0=
(1t) +l*2 ’ . ’ . ’ .
ehem = (@—1) ¢, ift =1,j #port=j=p=0, (12)
(¢ —2¢+1)g""2 ift=j=p=1,
-1 __ 1 v—1 _ 1 v+l
(g >(q1 )4 , ft—0,j—p—=1,
q—
P, =14 @ =D, ift=1j#port=j=pu=0,
1_2 +1 V—l_l v+i—-1
(¢ — 2 >q(31 ) , ift=j=p=1,

(13)
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L)
Plajyam =

(1,0) _
P(5.5)(5.) =

(2.) _
Pej)emn =

(2.) _
P35) 5.0 =

(3.t)
P3.5),n)

ift=0j=p=1,
ift=1,7#port=75=p=0, (14)

ift=j=p=1,

ift=0,j=p=1,

ift=1j#port=j=p=0,

-1 ?
(¢ ' =1)¢ 1,
(¢ =2q+1) (¢ —1)¢!
q—1 ’
(ql—l o 1) (qy—l 1) ql/—H
(¢ —1)° ’
(qy—l 1) ql/+l—1
q—1 ’
(ql _ 2(] + 1) (qufl _ 1) qll+l71
(¢ —1)
(q . 2) <ql—1 1) qV+l—1
q—1 ’
(q—2) g2,
(42 —2g+1) (g —2)¢"™"
qg—1

(¢ =1 (- 1)d

q—1 ’
(@' =1 g,
(ql —2q + 1) (qy—l _ 1) ql—l
q—1 ’
(qu—l _ 1) (ql—l _ 1) qu+l—1
q—1 ’

(qy—l _ 1) qy+l—27
<ql —2¢+ 1) (qy—l _ 1) qy+l—2

<q _ 1) (ql—l . 1) qu+l—2 (ql—l . 1) ql

qg—1 qg—1

9

— (q _ l)qu+l—3 _ ql—l

(g—1)(¢'—2g+1) ¢"*'=*  (¢'—2¢+1)

(15)

ift=0j=p=1,
ift=1,7#4port=75=pu=0,
ift=j=p=1,
(16)

ift=0j=p=1,
ift=1,j#port=j=p=0, (17)

ift=j=p=1,

ift=07=p=1,
ift=1,j#port=j5=p=0,
, ft=j=p=1,
(18)

ift=0j=p=1,

ift=1,5 # p,ort=7=p=0,
qlfl

qg—1 q—1

, ift=j=pn=1,
(19)
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v _92q9+1 =1 _ 1) gvti—2
(q q )(ql )q ’ ift=0,7=p=1,
q_
3, v v+Il— . . .
P = 3 (@ = 20+ 1) ¢, ift=1j#port=j=pu=0,
v _92q9+1 L_9g4+1)qgrti-3
(¢ —2¢+1)(q 161 )q a1
q_
(20)
l/—1_2 l_1_1 1
(q )(ql >q7 ift=0j=p=1,
q_
4, v _ . . .
P =1 (@™ =2)¢", ift=1,j#port=j=p=0, (21)
v1—2)(¢' —2¢+1) ¢
(g ) (g 1(1 )4 L ift=j=p=1,
q_
v—1 __ 1 -1 _ 1 v4+i—1
(¢ )(§Q_1)2 )q ’ ift=0j=p=1,
v—1 v+1—2
ey _ )@ =1)q e o
Psg)(5.) = -1 ; ift=1j#port=4=pu=0,
l v—1 v+1—2
¢ —29+1)(¢"" —1)qg . ,
| (21—1)2 , ift=j=p=1,
(22)
-1 v _9q+1 l—1_1 v+I1—2
(¢-1)(¢" —2 )1(q ) 0,
q_
3, v v+i— . . .
Paam =13 (a—1) (@ = 2q+1) ¢"*%, ift=1,j% uort=j=p=0,
(ql—2q+1) (g—1) (¢" —2q+1) g i3 . '
1 it =j=p=1,
q_
(23)
=1 _ 1) gvt+i—2
(q )q ift=0j=p=1,
q—1 ’
3¢t v4+l— . . .
p(4,j)5,u: ¢, ift=1,j#port=j=pn=0, (24)
(4,5)(5,p) l s
—2q+1) ¢t
e 0T
qg—1
=1 _ 1) (¢ — 29 + 1) g +i—2
(Q )<(qQ—1)qQ )4 ’ ift=0j=pn=1,
v v+1—-3
oy )@ —2¢+1)¢"" N -
Pls.g)6m = g—1 : if t =1,j #port=j5=p=0,
l 14 v+1-3
¢ —2¢+1)(¢" —2q¢+1)q , ,
( )(q—1)2  t=j=p=1

(25)
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l*]._l y72_1 v+l
(q )(q i )q ’ ift=0,j=p=1,
(a—1)
v—2 v+l—1
wy )@= =1gq e -
Ps.5)(5.m) = -1 ; ift=1,j#port=j=pu=0,
L_9204+1) ("2 —1) gt
<q ! >(q 2 >q 71ft:]:,uzla
(¢—1)

(26)

=1 _ 1) (¥ —2q 4+ 1) g2
(¢—1)
v v+I1—3
(5.) (¢" —2q+1)¢"" o -
P(s.)5.m) = q—1 ; ift=1,j#port=75=p=0,
L_92g+1 vV _9q 4+ 1) gvt3
f -2+ 1)@ 2+ 1o , ift=j=p=1,
2
(¢—1)
(27)
(2;%) _ (20 (20 (3 B
PEjH G = Peim = Pajam = Pajam = (28)
@ .28 _ @) _
P em = Py e = Pujew = O (29)

Since n(i,t)pgi’?)(,\#) = n(r,j)pg”f))(,\#), all the remaining intersection numbers of
this association scheme can be determined by Eqgs. (6)—(29), and Theorem 0.1 is
proved.
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