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Abstract The Weinstein conjecture predicts that there is at least one periodic
orbit for every compact contact hypersurface in a symplectic manifold, which
turns out an important research direction in symplectic topology and contact
topology. According to the methods of the research, this paper surveys the
study on the Weinstein conjecture using the variational method and the pseudo-
holomorphic curves method.

Keywords Weinstein conjecture, periodic orbit, contact manifold, J-holomorphic
curves, Reeb flow

MR2010 53D05, 53D10

1 The Weinstein conjecture

The research on finding periodic orbits of Hamiltonian systems has had a long
history. It can be traced back to the studies in astronomy. In the solar system,
planets all move periodically and stably along specific orbits around the sun.
When physicists described this phenomenon, they found that the movements of
planets in the solar system could be described by Hamiltonian systems. And the
stability of the planets’ movements can be interpreted as: the orbits of the planets
lie on specific Hamiltonian energy surfaces. In mathematics, the research on the
qualitative theory of Hamiltonian systems was first proposed by the French
mathematician Poincaré. By the late 1970s, there had been many results regarding
the existence of periodic solutions of Hamiltonian systems. Among them, the
most important results were the existence of periodic orbits on convex energy
surfaces obtained by Weinstein [42] and the existence of periodic orbits on star-
shaped energy surfaces obtained by Rabinowitz [38]. These results, attracting
the attention of many mathematicians, greatly promoted the research on periodic
solutions of Hamiltonian systems and developed the nonlinear analysis.
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However, the geometric assumptions made on the energy surfaces in these
results cannot be preserved under symplectic diffeomorphisms, which made it
impossible to generalize the research on periodic solutions of Hamiltonian
systems to general symplectic manifolds. Through the study of the existing
results, Weinstein discovered that the energy surfaces with periodic orbits all
had a structure-the contact structure, which was invariant under symplectic
diffeomorphisms. Thus, he put forward the following famous conjecture [43].

The Weinstein conjecture [43] (1978) Any compact contact hypersurface S
in the symplectic manifold (M,w) has at least one Hamiltonian periodic orbit.

Note In the conjecture initially proposed by Weinstein, there was a topological
condition of H'(S;R) = 0 for the hypersurface S. However, there was no indication
that this additional condition was necessary. As a result, the assumption of
the triviality of the first cohomology group was removed.

First, some basic concepts are reviewed in symplectic geometry [33]. Let (M,
w) be a symplectic manifold, and H : M — R be a Hamiltonian function on M,
satisfying the condition

z'XHw = —dH.
The vector field Xy corresponding to H is called a Hamiltonian vector field.
Assume the map z: R — M satisfies the following Hamiltonian system
dz(t
M) Xt (1.1)

If the bundle map J: TM — TM satisfies J? = —Id, then J is called an almost
complex structure on the manifold M. The almost complex structure J is said to
be compatible with w if g(-,-) := w(-, J-) defines a Riemannian metric on M. The

standard almost complex structure J, in R** can be expressed as Jo = (13 713),
where Id is the identity matrix in R". J, is compatible with the standard
symplectic structure wy = Y7 ,dz* Ady’ in R*", and the Riemannian metric
wo(+, Jo+) is the usual inner product in R*". Taking a compatible almost complex
structure J, the Hamiltonian vector field Xy can be expressed as

Xy = JVH. (1.2)

Let the local coordinates near z (0) €M be (p1,02, . Dn, 1,42, - n) ,Z (t) =
(p1 (t),p2(t) - 50 (B) 1 (1), q2(1), . .., qu(t)) ,t E(—¢,¢), with e being sufficiently
small. From Equation (1.2), it can be obtained that, the Hamiltonian system
(1.1) can be locally expressed as

0OH
- 9g;’
q; (t) = ZH, Vie{l,2,...,n}.

1

pi(t) =
(1.3)
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Assume S ={r€M | H(x) =0} and dH is non-zero everywhere S, then the
Hamiltonian vector field Xg|g is a tangent vector field on S. It is verified that
the periodic orbits of Xy on S are determined by S, and only the parameterization
of the orbits depends on H. The line bundle

L ={(z,8) ET,Slw. (§,n) =0, VnET, S}

is called the characteristic line bundle of the hypersurface S, and £, determines
the direction of the Hamiltonian vector field on S. A closed characteristic (or
Hamiltonian periodic orbit) of Sis an embedded circle P, and TP= L|p.

The hypersurface S in a symplectic manifold (M,w ) is of contact type, which
indicates that there exists a 1-form A\ on S satisfying d\ = j*w and A (§) #0
always holds for any 0 # ¢ € L,, where j: S—M is an inclusion map. The 1-form
A is called the contact form. The contact form A\ on the contact hypersurface
S C M determines one contact structure £ :=ker(\) C TS on S, and there
exists a unique vector X, satisfying ix,dA =0 and ix A = 1. This vector field
X, is called the Reeb vector field of A. It is noted that the periodic orbits of the
Hamiltonian vector field Xz on S coincide with the closed orbit trajectory of
the Reeb vector field. Thus, the following is general Weinstein conjecture.

Weinstein conjecture (general case) For every compact contact manifold
(S, A), the Reeb vector field X, of A has a closed orbit.

In the three-dimensional case, the Weinstein conjecture was proven to be true
by Taubes [40]. In many other special cases, the Weinstein conjecture has also
been proven to be correct. The following introduces these results in detail. In
addition, the Weinstein conjecture remains an open problem until today.
Researches on the Weinstein conjecture have greatly developed Hamiltonian
systems, Reeb dynamics, and symplectic topology.

It should be pointed out that if the contact condition of the hypersurface § is
removed, then the Weinstein conjecture will not hold. In fact, without the
contact condition, there are many counter examples to the Weinstein conjec-
ture. One of the most representative ones was R?" constructed by Herman [19],
where in n = 4 there exists a smooth hypersurface S without Hamiltonian periodic
orbits. Ginzburg and Giirel [17] constructed a C* Hamiltonian function F intrinsic
to R* without periodic orbits on at least one regular energy surface. Kerman [28]
constructed a smooth Hamiltonian function H in R?", n =3, and H has regular
energy surfaces without periodic solutions.

2 Variational method in symplectic topology

The variational method plays a very important role in both symplectic topology
and Hamiltonian systems, which is also reflected in the study of the Weinstein
conjecture. Let the symplectic manifold (M,w) be (RQ",wO) or (T'xN,w,,),
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where w,; is the canonical symplectic form on T*N. Define a Hamiltonian function
H : M — R such that the contact hypersurface S is a regular energy surface of
H (i.e., Xy is non-zero everywhere on S. The Weinstein conjecture asserts that
the Hamiltonian system (1.1) has at least one periodic solution on S. For manifolds
with a linear structure themselves, the power of variational method is particularly
remarkable. The general idea is to define a functional A to transform the existence
problem of periodic solutions of the Hamiltonian system (1.1) into the existence
problem of critical points of the functional A.

The first breakthrough regarding the Weinstein conjecture was obtained by
Viterbo [41] in 1987.

Theorem 2.1 [41] If S C (R*,wy) is a compact contact hypersurface, then S
possesses at least one closed characteristic.

We take this result as an example to illustrate the application of the variational
method in the study of the Weinstein conjecture. In [41], Viterbo associated a
closed characteristic on S with the periodic solution of

{ &= JyN(x),

Hes (2.1)

where N(z) represents the outer normal vector of S at z. For star-shaped energy

surfaces, Rabinowitz [38] constructed one Hamiltonian function H such that

Hl|4 =1, and the periodic solutions in (2.1) were transformed into the nontrivial

solutions of a Hamiltonian system with fixed period
{ t = JVH(z),

2(0) = 2(T). (2:2)

For a general contact hypersurface, Rabinowitz’s construction method is not
feasible. Viterbo improved Rabinowitz’s method and constructed a Hamiltonian
function H on R*', thus transforming the periodic solutions of (2.1) into
nontrivial solutions of the Hamiltonian system with fixed period (2.2). Let K be
a positive number, and assume Hg(z) = H(z) + £|z|*. In the Fenchel sense, the
dual functional of Hk(z) is Hj(y) = sup,epen [(2,y) — Hx(z)]. Viterbo defined
the functional

Fi = /OT((J:'C—K;U,:I;) 4 HE(—Ji + Ko ))ds
to correspond the solutions of system (2.2) to the critical points of functional
Fy. By performing a finite-dimensional reduction on Fi, we get a functional fx
acting on the finite-dimensional space, which satisfies the (P.S.) compactness
and is also coercive. More importantly, the critical points of Fx and fx are in
one-to-one correspondence, and they have the same critical values. Thus, the
existence of nontrivial critical points is obtained. The proof in Viterbo [41] was
simplified by Hofer and Zehnder [23].
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A class of parameterized hypersurfaces modeled on S means that there exists
a diffeomorphism ¢ : S x I — U C M to the bounded neighborhood U of §, such
that for any €S, ¢(x,0) = x, where I is an open interval containing 0. Denote
Se =19 (S x{e}). A compact hypersurface S C (M,w) is called stable if S
admits a class of parameterized hypersurfaces (S.) modeled on S, such that the
characteristic line bundle L. of S. is independent of €. Contact hypersurfaces
are stable. In fact, a hypersurface S in a symplectic manifold (M, w) is contact if
and only if there exists a vector field Y on a neighborhood U of S, such that
Ly, =w and Y is transverse to S. Such a vector field Y is called a Liouville
vector field. The isomorphism between the line bundle Lg and Lg; can be
defined via the flow of the Liouville vector field. However, a stable hypersurface
is not necessarily contact. Hofer and Zehnder [25] provided a counterexample.

In 1988, Hofer and Viterbo [21] proved a result of the Weinstein conjecture in
a cotangent bundle.

Theorem 2.2 [21] Let N be a compact manifold with dim N =2, and M be
endowed with a canonical symplectic structure by M=T*N. Suppose S is a
smooth, compact, and connected hypersurface in M, such that the bounded part of
M\ S contains the zero section of T*N. Then if S is of contact type, it has a
closed characteristic.

Ekeland and Hofer [9, 10] cooperatively introduced the concept of symplectic
capacity in R?" with the help of variational principle. Later, Hofer and Zehnder
[24] generalized the concept of symplectic capacity to general symplectic mani-
folds.

Symplectic capacity refers to a map with the following properties c:
{(M,w) |dim (M) = 2n} — [0, co] .

e Monotonicity: if there exists a symplectic embedding i: (M,w) < (N, 1),
then ¢(M,w) <c(N,T).

e Conformity: For all t €ER, v # 0, ¢(M, aw) = |a| c(M,w).

e Non-triviality: ¢(B(1),wp) =7 = ¢(Z(1),wp), where B(r) = {(z,y) ER*||z|?
Hyl? < 72}, Z (1) = {(2,y) ER|a + 3 < 12},

Hofer and Zehnder [24] explicitly constructed a symplectic capacity ¢, as
follows:

Let H(M,w) denote the set consisting of smooth functions that satisfy the
following properties:

e There exist open set Uy, compact set Ky and constant m(H), such that
Uy C Ky C (M\OM),H(Uy) =0,HM\Ky) =m(H).

e 0<H(z)<m(H),VzEM,
where m(H) := maxH — minH is the amplitude of the Hamiltonian function H.
The function H is called admissible, indicating that the periodic solutions of the
Hamiltonian vector field Xy are either constant or have a period T > 1. Let
Ha(M,w) C H(M,w) denote all admissible functions. Define
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co (M,w):= sup m(H).
Ha(Mw)
If there exists a constant C' =0, such that ¢y (M,w) < C, then ¢y (M, w) represents
the infimum of all numbers possessing the following properties: VH € H (M, w),
if m(H) > ¢o (M,w), there is the T-periodic solution 0 < T'<1 to Xp.
With the above symplectic capacity co(M,w), Hofer and Zehnder [25] proved
the following theorems.

Theorem 2.3 [25] (Hofer-Zehnder) Let S be a regular compact energy surface
of H. Assume there exists a neighborhood U of S with finite capacity:
co(U,w) < 00, and S x (—e,e) can be embedded into U. Then there ezists a dense
subset 3" C (—¢,¢), such that Yeo € ¥, and S.o has periodic solutions of Xpg.

It can be seen that this theorem does not necessarily yield periodic orbits on
S. However, Hofer and Zehnder [25] pointed out that if the periods T of the
periodic orbits on S,, were bounded, then periodic orbits on S could be
obtained. According to the definition of a stable hypersurface, the following
existence results can be obtained from the theorem of Hofer and Zehnder.

Theorem 2.4 [25] Suppose S C (M,w) is a compact and stable hypersurface
with a neighborhood U of finite capacity, then S has a closed orbit. In particular,
if S is of contact type, then S has a closed orbit.

Based on this theorem and the definition of symplectic capacity, we can
obtain Viterbo’s result regarding the Weinstein conjecture in R?". Symplectic
capacity has numerous applications in the Weinstein conjecture. For example,
Lu demonstrated in [32] that the Weinstein conjecture held in the vicinity of a
closed symplectic sub-manifold of any symplectic manifold by applying symplectic
capacity.

3 Pseudo-holomorphic curve and symplectic topology

In 1985, Gromov [18] introduced pseudo-holomorphic curve into symplectic
manifolds, which significantly promoted the development of symplectic topology
research. The theory of pseudo-holomorphic curve plays a crucial role in
symplectic topology and mathematical physics, contributing to the discovery of
mathematical theories such as Floer homology, Gromov-Witten invariants, and
mirror symmetry.

Let (3°,7) be a Riemann surface and J be an almost complex structure on the
symplectic manifold (M,w). The map u: > — M is called a pseudo-holomorphic
curve (or J-holomorphic curve) if du is complex linear, that is, Jodu =duoj. u
is a J-holomorphic curve if and only if
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= 1
dju = i(du—l—Joduoj):O. (3.1)

Under the local coordinates z = s + it of 3., Equation (3.1) can be written as
Osu + JOyu = 0.

This is the Cauchy-Riemann equation, which is an elliptic partial differential
equation. By considering the properties of the almost complex structure on the
symplectic manifold, specifically the properties of the moduli space formed by
the J-holomorphic curves on the symplectic manifold, Gromov introduced elliptic
and geometric methods into the study of symplectic topology.

After Gromov introduced the method of pseudo-holomorphic curves, the
researches on the Weinstein conjecture mainly proceed from the following two
perspectives: one is to regard the contact hypersurface as the energy surface of a
certain Hamiltonian function on the symplectic manifold, and study the Weinstein
conjecture by using the properties of the symplectic manifold and the Hamiltonian
system; the other is to directly consider the contact hypersurface as a contact
manifold, and study the Weinstein conjecture by using the contact structure
and the Reeb dynamics. The common point of these two perspectives is to
transform the existence problem of solutions to the ordinary differential Equation
(1.1) into the study of the properties of the moduli space composed of
(perturbed) J-holomorphic curves (disks, strips) that satisfy certain conditions.
In this way, the existence problem of solutions to the ordinary differential equation
is transformed into a problem of first-order partial differential equations. Super-
ficially, this seems to complicate the problem. In fact, this shift in perspective
enables the application of analytical tools such as elliptic theory and Fredholm
theory to the problem at hand, which has been proven effective [4, 37]. For the
obtained partial differential equations, instead of directly solving them, we
consider the moduli space M formed by their solutions. Usually, certain conditions
need to be added to make the moduli space a compact manifold. This requires
to overcome two technical challenges: transversality and compactness. The
transversality problem is generally overcome by perturbing the pseudo-holomorphic
curves. According to Gromov’s compactness theorem, it is often necessary to
add some singular elements to the moduli space to achieve compactness. Based
on the topological properties of the symplectic manifold (M,w) and the properties
of the moduli space, a sequence of special pseudo-holomorphic cylinders (disks)
is found. The asymptotic limit of this sequence of pseudo-holomorphic cylinders
(disks) is the Hamiltonian periodic orbit we are looking for. If the requirements
for the moduli space are relaxed, that is, the requirement that the moduli space
M is a manifold is relaxed to an orbifold, the difficulty of transversality can also
be overcome with the help of the virtual fundamental class, the virtual neighborhood
technique, and the polyfold theory. These methods have also been applied to the
study of the Weinstein conjecture and achieved good results. The following
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further introduces the relevant progress in the study of the Weinstein conjec-
ture.

3.1 Symplectic manifold and Hamiltonian system

Floer et al. [14] proved that the Weinstein conjecture on (P x Cl,w @ o)(l=1)
held, where o was a standard symplectic structure on C'.

Theorem 3.1 [14] Let (P,@) be a compact symplectic manifold such that [©] is
0 in m (P). Then, the compact contact hypersurface Y. in (P x Clw® o)
(l=1) has at least one closed orbit.

Floer et al. defined (V,w) = (P x C,&0 @ o) in [14]. Let

Cy(SY, V) ={z€C'(S",V) | Iz€C(D? V), such that z = z|sp}.

For the given Hamiltonian function H :V — R, define the functional
.AH : C&(Sl, V) — R,

AH(@::/D?w—i/yH(zw»d&

Since [w] is 0 in m (V'), it can be seen that the definition of Ay is independent
on the choice of Z. There are no nontrivial J-holomorphic curves in V. Let . be
a compact contact hypersurface in V and wug be a special fixed point in ), such
that the constant path at wug is a critical point of Ay. Consider the unstable
manifold of Ag

W (ug) = {u€WP((—o0,0] x S*, V) | Ou + VH(u) =0, Sgr_noou(s, ) =g},

where we assume p > 2. For the vector c on V, let
I. = {u€ WHP(D* V)|0u = c},
where 0= 2 Ja%- I = {ulgr|lue L}, WY = {u|gi|u€WY}. With Fredholm

theory, Floer et al. [14] proved if the Hamiltonian system

{am:z@m (3:2)

had no nontrivial solution, then the intersection number |I.NWY| was non-
zero. However, if |c| is large enough, I.NWY = &. This indicates that (3.2)
must have a nontrivial solution, and such a nontrivial solution corresponds to
the periodic solution of (1.1).

When there are nontrivial J-holomorphic curves in V, it is necessary to
consider the properties of the moduli space of J-holomorphic curves. Hofer and
Viterbo applied the method of J-holomorphic curves in [22] and proved that the
Weinstein conjecture held in Cp™ and S? x P, where P was a compact manifold
satisfying certain conditions.
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Theorem 3.2 [22] The compact, connected, and stable hypersurface S in
(Cp™,w) has a Hamiltonian periodic orbit.

Theorem 3.3 [22] If there is m(P,w,J) = [.0 for certain JEF(P,w), then
the compact, connected, and stable hypersurface S in (P x S%,w & o) that separates
Px{0} and Px{x} has a Hamiltonian periodic solution.

Regarding the compact symplectic manifold (V,w), Hofer and Viterbo [22]
defined

m (V,w, J) = inf {{w, [u])|u is a non-constant J-holomorphic sphere}
and
m(V,w) = inf{{w, ) | ¢ €[S, V], (w, ) > 0},

where [82, V] represents the set of free homotopy classes from S? to V. Assume
a€[S?, V] satisfies (w,a) =m(V,w,J). Suppose the set H(a,J, 3, Y o) is
composed of all J-holomorphic spheres satisfying the following conditions:

[u] = a,u (%) €X,, %€ {0,00} ,and /dglu*w = ;<w,a), (3.3)
where Yy and 3, are mutually disjoint compact sub-manifolds in V.

Hofer and Viterbo [22] proved that for any J€F(V,w), there was a small
neighborhood U/ of J, and within I/, there was a regular almost complex structure
J arbitrarily close to J such that the set H(«,J, o, Xs) was a compact smooth
manifold. If Ji,J, is close enough to J, then the compact manifold
H(a, Jy, Yo, Yso) and H(a, Jo, Xy, Xoo) are cobordant. Define the cobordism class
d(o, J, X0, Ys0) i= [H(a, J, Xy, X )], then the definition of d(a, J, Xy, Xso) is
independent of the choice of J. There is a very important connection between
the d-index and J-holomorphic spheres. Define the parametric section
fr(u) = Oyu+ Ah(u), and consider the set C = {(\,u)€[0,+00) x B| fi(u) =
0} consisting of perturbed .J -holomorphic spheres, where B is the Hilbert manifold
consisting of u€ H*?(S? V) that satisfies (3.3). Hofer and Viterbo [22] proved
that if C was compact, then the d-index d(a, J, Xy, X) = [@]. For the compact
manifold CP", 5% x P, the super-minimal holomorphic spheres on it exist. By
choosing an appropriate regular almost complex structure, the d -index
d(a, J, Xy, Xoo) # [@] can be calculated. This leads to the set C to be non-
compact, and the energies of all the perturbed .J-holomorphic spheres in C are
bounded. Such non-compactness will result in the existence of a sequence of
infinitely long tubes. There is a sequence of periodic orbits on this sequence of
pseudo-holomorphic cylinders that asymptotically converges to a non-constant
periodic solution of the system (1.1). This periodic solution is the closed orbit
sought in the Weinstein conjecture.

In [22], Hofer and Viterbo required the manifolds to be compact. By making a
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priori compactness estimates for geometrically bounded symplectic manifolds,
Lu [30] extended the results of [22] to non-compact geometrically bounded
symplectic manifolds. In particular, he proved that the Weinstein conjecture
held in S? x T*N, where N was a closed manifold or a non-compact manifold of
finite topological type.

Hofer and Viterbo [22] as well as Lu [30] considered the Weinstein conjecture
in product manifolds of the type S? xP. In such product manifolds, for the
almost complex structures J; on P, J =i x J; is regular, where i is the standard
complex structure on S?. When using the method of Hofer and Viterbo [22] to
deal with the Weinstein conjecture on common product manifold P, x P, to
overcome the transversality, it is necessary to construct a product regular
almost complex structure J = J; x Jo, where J; and J, are regular almost
complex structures on P, P, respectively. However, constructing an almost
complex structure is very difficult. Ding and Hu [7], by using the regularity
criterion in [34], constructed such a regular product almost complex structure
and thus proved the Weinstein conjecture in P, x P, under the condition that
P, was a 4-dimensional geometrically bounded symplectic manifold and there
was an embedded J-holomorphic sphere representing the minimal homotopy
class. In particular, it was proven that the Weinstein conjecture held in
Cp? x T x N, where N was either a closed manifold or a non-compact manifold
of finite topological type. Using the same idea, when P; is a Kéhler manifold
with a minimal homotopy class represented by a J-holomorphic sphere, Ding [6]
constructed a class of regular product almost complex structures. Specifically, it
was proven that the Weinstein conjecture held in Cp™ x T'x N, where N was
either a closed manifold or a non-compact manifold of finite topological type.

The ideas in references [14] and [22] essentially involve examining the relationship
between the existence of genus zero J-holomorphic curves and the existence of
periodic solutions of the Hamiltonian system (1.1). Due to the reliance on the d-
index theory in the proof, the problem of transversality must be addressed. This
requires some technical restrictions on the symplectic manifold. The development
of Floer homology and Gromov-Witten theory has provided tools for overcoming
the transversality. Liu and Tian [29] utilized the virtual moduli cycle to establish
the relationship between the existence of pseudo-holomorphic curves of arbitrary
genus and the existence of periodic solutions of the Hamiltonian system (1.1).

Theorem 3.4 [29] If there exist A€ Hy(V,Z) and ay,a_ € H,(V,Q), such that

(1) Supp () < 1;, and Supp (a_) < X;+;
(2) GW-invariant W4 (Cya_, ay, B, Pa, ..., Bn) # 0,
then hypersurface S contains at least one closed orbit.

Theorem 3.5 [29] The Weinstein conjecture holds on (M x C",w & wy) and
(Hle cpr™, @lewi). Here, (M,w) is a closed symplectic manifold, (CN,wy) is the
n-dimensional complex space endowed with the standard symplectic structure, and
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w; 18 the standard symplectic structure in CP™.

Inspired by reference [29], Lu [31] utilized the properties of Gromov-Witten
invariants and the techniques proposed by Viterbo to prove that the Weinstein
conjecture held in uniruled symplectic manifolds and product manifolds of uniruled
symplectic manifolds and compact symplectic manifolds. By using the product
formula for Gromov-Witten invariants of Hamiltonian fibrations in [26]. Hyvrier
[27] extended Lu’s results in [31] to the context of Hamiltonian fibrations, and
proved that the Weinstein conjecture held in certain Hamiltonian fibrations P.

3.2 Contact manifolds and Reeb dynamics

First, we introduce some basic concepts regarding contact structures. The
contact form A in a three-dimensional closed manifold M is said to be over-
twisted if there exists an embedded disk F'~ D, D = {z€C||z| <1}, such that

T (OF) C &lor, ToF € &y VX EOF.

Here, &\ =ker(\). The contact form that is not overtwisted is called tight. Based
on different contact structures on three-dimensional closed manifolds, Hofer [20]
applied the method of J-holomorphic curves to obtain important results of the
Weinstein conjecture on three-dimensional manifolds. For overtwisted contact
forms, Hofer [20] proved the following results:

Theorem 3.6 [20] If A is an overtwisted contact form in a three-dimensional
closed manifold M, then the corresponding Reeb vector field has at least one
contractible periodic orbit.

Hofer’s [20] idea was to place the contact manifold (M, \) into its symplectization
(Rx M, d(e'\)). By examining suitable J-holomorphic curves from a “punctured”
Riemann surface into the symplectization of M, the images of perturbed J-holo-
morphic curves would asymptotically converge to periodic orbits of the Reeb
vector field near these “punctures” under certain assumptions. Let the pair (a,
u) to R x M satisfy the following conditions:

WZL + J (u) WZ;L :OO is in ]Oj,

(u*A) oi =dais in D, (3.4)
alap = 0,

u(0D) C F*.

Here, a: D — R,u: D — M are J-holomorphic disks, n:TM — & F is a
Riemann surface with singularities, and F* is the part of F with singularities
removed. Let B be the set consisting of all pairs that satisfy Equation (3.4). For
the contact form of the over-twisted structure, the Riemann surface F' has an
elliptic singularity {e}. By using the bubbling-off analysis, a sequence of J-holo-
morphic disks that enable u|,,, to wind once around the singularity {e} can be
found. And the asymptotic limit of the boundaries of this sequence of J-holomorphic
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disks is the nontrivial periodic orbit we are looking for.

It can be seen from Theorem 3.6 that the Weinstein conjecture holds in S3. In
fact, through Eliashberg’s [11, 12] classification of three-dimensional over-
twisted contact forms, the tight contact forms in S* can be transformed into
Rabinowitz’s results in star-shaped regions. For general tight contact forms,
Hofer provided the following theorem.

Theorem 3.7 [20] If M is a closed three-dimensional manifold and moy (M) # 0,
then the Weinstein conjecture holds on M.

When a contact manifold has some special structures, it is possible to use
these structures to obtain information about periodic orbits. The open-book
decomposition is a very important structure. An open-book decomposition
(pr, B) of a manifold M means that there exist:

e A submanifold B € M of codimension 2, and B has a tubular neighborhood
diffeomorphic to B x C.

e A fibration pr: (M \ B) — S' such that the map pr coincides with the
argument coordinates of the C-factor on the neighborhood B x C.

The submanifold B refers to the binding of the open-book, and the fibers of pr
are called the pages of the open-book. The closure of a page P in M is a
compact manifold with boundary B.

Abbas et al. [1] proved that the strong Weinstein conjecture held for planar
contact structures in three-dimensional manifolds. The strong Weinstein conjecture
with respect to the contact structure A means that for every Reeb vector field X
on the contact manifold S, there exist finitely many periodic orbits
xi,1=1,2,...,k, such that the sum of the first homology classes
[z1], [x2] , ..., [zx] induced by the closed orbits z; is zero. If the strong Weinstein
conjecture holds, then the Weinstein conjecture must hold.

In 2007, the Weinstein conjecture in the three-dimensional case was
completely solved by Taubes [40] using the theory of Seiberg-Witten equations.

Theorem 3.8 [40] The Weinstein conjecture holds on any three-dimensional
closed manifold.

Under certain conditions, Hofer’s [20] results were extended to high-dimensional
cases. Albers and Hofer [3], by using the concept of Plastikstufe overtwisted (Ps-
overtwisted) contact structure proposed by Niederkriiger [35], proved that the
Weinstein conjecture held on high-dimensional contact manifolds with Ps-over-
twisted contact structures. Recently, Borman et al. [5] provided the existence
and classification results of overtwisted contact structures on high-dimensional
contact manifolds. The method of Albers and Hofer [3] was also applicable to
high-dimensional over-twisted contact structures.

Niederkriiger and Rechtman [36] improved Hofer’s method in proving Theorem
3.7 for the three-dimensional case: Assume that (M?"*! &) contains an (n + 1) -
dimensional submanifold N, where N represents a nontrivial homology class in
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H, . (M;Zs), and the contact structure & induces a Legendrian open-book on N.
Then any contact form A of £ has a contractible Reeb periodic solution. In
particular, it is proved that there must exist a contractible closed orbit on the
connected sum of the real projective space and any contact manifold [2, 13].

Geiges and Zehmisch [15] refined Hofer’s [20] approach. By constructing a
symplectic cap on the convex boundary of the symplectic cobordism W of the
contact manifold M, they made it possible to consider a moduli space composed
of holomorphic spheres rather than a moduli space composed of holomorphic
disks. It is proved that there exists a 0-homologous Reeb periodic orbit encircling
the contact manifold M which serves as the concave boundary of W. In particu-
lar, they demonstrated that the strong Weinstein conjecture held in sub-critical
Stein manifolds and T*(Q x S') (where @ was a closed manifold).

Using the same idea, Dérner et al. [8] proved that if the contact structure £
was supported under the open-book (pr, B), then any arbitrarily defined contact
form X of £ had a contractible Reeb periodic solution, i.e., the Weinstein conjecture
held in this case. By using contact surgery, Geiges and Zehmisch [16] proved
that if a nontrivial contact connected sum had a nontrivial fundamental group
or a torsion free homology group, then the Weinstein conjecture held on it.
Using the polyfold technique, Suhr and Zehmisch [39] proved that the strong
Weinstein conjecture held on a contact manifold which was the concave boundary
of a symplectic cobordism and had a local foliation structure with pseudo-holo-
morphic spheres as leaves.
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