Front. Math. China 2024, 19(3): 157-180
https://doi.org/10.3868/s140-DDD-024-0010-x

SURVEY ARTICLE

An overview of image restoration based on
variational regularization

Qibin FAN, Yuling JIAO

School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China

© Higher Education Press 2024

Abstract Image restoration is a complicated process in which the original
information can be recovered from the degraded image model caused by lots of
factors. Mathematically, image restoration problems are ill-posed inverse prob-
lems. In this paper image restoration models and algorithms based on variational
regularization are surveyed. First, we review and analyze the typical models for
denoising, deblurring and inpainting. Second, we construct a unified restoration
model based on variational regularization and summarize the typical numerical
methods for the model. At last, we point out eight diffcult problems which
remain open in this field.

Keywords Regularization, image restoration, inverse problem, total variation,
wavelet

1 Introduction

Images are the main medium for humans to acquire and exchange information.
In the rapid development of computer technology and the increasingly popularity
of digital products today, images are more inseparable with people’s production
and life. It has become the main tool for computer science, psychology, physiol-
ogy, and many other disciplines to study visual perception. However, in the
process of image acquisition, storage, transmission, and display, due to the influence
of various factors, the image quality is often degraded. Usually, the image is
contaminated by noise, blurred, reduced resolution, and even some parts of the
image are missing. But we know that many areas of production and living need
images with high quality. Therefore, eliminating noise in the image, removing
blur, and repairing the image are processing very basic and important signifi-
cance. These image processing techniques are the research content of image
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restoration.

Image restoration is an image processing technology that uses the prior infor-
mation of image degradation to establish an image degradation model and relatively
accurately reverse the original image information [8]. It is an indispensable
complex mathematical process for people to obtain image information and
understand images, and also the basis for further processing of images. There-
fore, image restoration has always been one of the most basic and important
research topics in the field of applied mathematics and image processing, which
has important theoretical value and practical significance.

The application of image restoration technology in engineering first appeared
in the aerospace field [8]. As early as in the 1950s, humans began to explore
space, mainly by launching spacecraft into space and observing them with tele-
scopes. These observations are usually some images. For example, in 1964, the
United States spent nearly 10 million dollars to launch the Mariner 4 spacecraft
to explore Mars and finally produce 22 images. When acquiring images in space,
the motion speed of the spacecraft is much faster than the exposure speed of the
camera. In addition, any imaging system is inevitably disturbed by noise. These
factors cause the decline in the quality of the image, reduce the scientific value
of the image, and cause huge economic losses. It is hoped that there is a technology
can recover useful information from reduced images and make up for the loss of
imperfect image acquisition systems. Luckily, image restoration technology
arises with the need of application. So far, aerospace image is still one of the
main application fields of image restoration technology. In the field of medicine,
image restoration technology is widely used in X-ray, CT imaging system, and it
is used to suppress the noise of medical images and improve the resolution of
medical images [109]. In the field of remote sensing [136], image restoration
technology can overcome the optical remote sensing of atmospheric disturbance
image quality, the imaging system relative ground movement caused by fuzzy,
suppress noise and thin cloud, and coherent noise in remote imaging, ghost and
tail dragging. In the field of military security, image restoration technology is
inseparable from terrain recognition of cruise missiles, face recognition in
surveillance video, seal identification, and expired text recognition. Image
restoration techniques also have important applications in visual analysis and
the film industry [7]. Image restoration techniques also have important applications
in visual analysis and the film industry. For example, digital restoration of valuable
old paintings and calligraphy, restoration of old photographs and negatives with
scratches and defects, removal of occlusion from computer images, removal of
text fonts from images for special purposes, etc.

In conclusion, in today’s digital age, image restoration has penetrated into
many areas of human production and life. Therefore, it is important to study
the models and algorithms of image restoration to make it better and faster to
serve people’s production and life.
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Image recovery belongs to the scope of inverse problems, and its mathematical
foundation covers generalized functional analysis, variational methods, partial
differential equations, function space theory, wavelet analysis, probability statis-
tics, differential geometry, optimization theory, machine learning theory, numerical
analysis, etc. The research on image restoration models and algorithms has
promoted the development, intersection, and integration of these disciplines
those have led to new methods, such as the level set method, the Bregman splitting
algorithm, and the graph tangent method. These new methods play an important
role in many disciplines such as theory and computation of inverse problems [64,
122].

So far, variational regularized image restoration models and algorithms have
become an important research direction in applied mathematics. In order to
better the reader’s work in this area and to follow the frontiers as soon as possi-
ble, this paper reviews the important models and algorithms in the existing
literature. Section 2 presents some important mathematical models and theoretical
results in image restoration and gives a proper review. Section 3 establishes a
unified variational regularized image restoration model and summarizes various
typical numerical solution methods. The last section presents some prospects for
image restoration research.

2 Models and analysis

Historically, the first problems studied in image restoration were denoising and
deblurring [8]. In the last two decades, a large body of literature has studied
these two types of problems [33], and the resulting methods such as full-variance
regularization have guided techniques such as image restoration and image
reconstruction (e.g., compressed perception, photoacoustic laminar imaging [108,
113]). Some typical denoising (decomposition), deblurring, and restoration
models are discussed below.

2.1 Decomposition Model

Grayscale noise and sampling noise are two common types of noise that cause
image degradation. They are random and are usually assumed to obey some
probability distribution [109]. A great a posteriori estimation of the numerical
characteristics of these distributions as a priori information can lead to a denoising
model based on random methods [58, 122].
e Grayscale Noise Denoising Model

According to the mechanism of grayscale noise formation, it can be divided
into additive noise, multiplicative noise, and image-dependent noise. Additive
grayscale noise can describe the noise generated by amplifiers, etc. Suppose
u® = u+ 6, where u’ is the image contaminated by Gauss white noise J with

zero expectation and variance of o2. By solving the function
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S K%%N (i = ufy)* + A Vg ), (2.1)
the original image u is obtained, where A\ is a constant proportional to the noise
standard deviation o.

Regarding multiplicative grayscale noise, such as optical quantum noise, film
grain noise, it is usually processed into additive noise by taking logarithm [93, 107].
Image-dependent noise, such as noise obeying Poisson distribution or pretzel
noise generated by CCD sensor, is usually treated by median filtering and other
methods [9, 28, 111].

e Sampling Noise Denoising Model

Suppose u’ = u + 6 - |Vu|, where u’ is the image with noise, and J is Gauss
white noise with zero expectation and variance o?. The gradient of the original
image u obeys the Laplace distribution, and can be solved by solving

52
min Y (1(%“]) + Ava). (2.2)
u€RNxN 1<i J<N 2 |Vuij|2 2
We obtain u, where A is a constant proportional to the noise standard deviation
0.

The denoising models based on the probability distribution of noise as the a
priori information and the great a posteriori estimation have solved the denoising
problem to a certain extent, but the numerical experiments show that these two
models also have great shortcomings. The sharp edges of the images are
polished. The edge of the image is the most important part of the human visual
system to perceive the image [68, 72, 85]. In order to reveal the advantages and
disadvantages of (2.1), (2.2) mathematically, they can be expressed in the corre-
sponding continuous form as

(1 [ (u=ul)P A ,

Here (p,q,7)=(2,0,2) or (2,1,1), corresponding to models (2.1) and (2.2),
respectively, where A > 0, C R? is a bounded connected open set with Lipschitz
boundary 0f2. Model (2.3) is called the variational model, and the solution of
this problem is often transformed into solving the corresponding Euler-Lagrange
equation, i.e., the corresponding partial differential equation (PDE) model, by
variationalization, which are equivalent. For more discussions on statistical
methods, variational methods, PDE methods, and the relationship between
wavelet methods are discussed in [9, 10, 17, 25, 65, 66, 94, 132].

It can be seen that model (2.3) uses the Sobolev space [139] W?(Q) with
semi-parametric ||Vul||2(q) as the regularizing term. The function in this space
has some smoothness, which can filter out the noise in the form of oscillations,
but cannot characterize the jumps of the function. So it cannot protect the
image. Therefore, it cannot protect the edges of the image.
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¢ ROF Model

In 1992, Rudin et al. [106] introduced the full variational semi-parametrization
as a regularization term into the image decomposition model from the perspective
of energy minimization, and obtained the well-known ROF Model. This model
overcomes the defects of the previous denoising models which cannot protect the
edges, and has been very successful. Since then, the full-variance regularization
method has been widely used in many problems of image processing, and the
research related to it is still in progress [108].

Definition 2.1 [52] Set we L'Y(Q). u is a bounded variational function
defined on €2, if its weak derivative can be expressed as a finite Radon

measure on ), i.e., if for a certain constant value of Radon on {2 measure
Du = (Dyu, Dyu), there is

/Qqub - —/quDu, Vo € CL(Q). (2.4)

Here, the full variance of u is noted as Jo |Dul,

By the Riesz representation theorem, the continuous linear generalized function
on C,(f2) can be expressed as a Radon measure on 2 [130]. Therefore, the full
variance can also be equivalently defined as

L1Dul =sup { [ w¥-g: 9= (g1.0) € (CHQ%Igl = Vi + F <1} (25)

The full variance finite function of all functions on €2 by parametric
|ullBv) = |lullLy@) + Jo |Dul forms the Banach space BV (£2). It is also customary
to denote the full variance of u over Q0 [, [Du| as |u|py(q).

ROF Model is

uejiE%I%f(Q) ()\||u5 — uHLQ(Q) + |U|BV(Q)> s (26)
when w« has smoothness of W11(Q), the full variational semi-parametrization
lu|py () of u is the semi-parametrization [, [Vu| of W''(Q). But |u|py() can
allow jumps of the function [2], which better characterizes the edges of the
image. Therefore, using |u|py (o) as the regularization term is the fundamental
reason for the great success of the ROF Model.

e TV-G Model

In 2001, Meyer [88] pointed out the ROF Model (2.6) uses || - | r2) as the
fidelity term. The detailed oscillatory component texture in the image is lost
while denoising. To this end, he proposes a Banach space G(R?) that can characterize
the oscillatory components of the image, and pointed out that the G -parameter
of the oscillatory components such as texture is very small. Therefore, when the
regularization parameter A in the ROF Model (2.6) obtained is too small, there
will be excessive loss of texture by denoising. In view of this, he proposed the
well-known TV-G Model, decomposes the image into parts with geometric structure
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and oscillatory components (texture or noise).

Definition 2.2 Let G =V - (L*(,R?)),v € G. Then the G -parametrization
of v is

”UHG(Rz) = inf{]g]Loo(Rz) LU= V g, g = (gl,gg)} . (27)
Here, (G, |- ||¢) forms the Banach space.
Theorem 2.1 [88] Let v e GNL*Q),ue BV(Q), Tr (u) =0. Then

w0y = [ ww < ollofulsve) (2.8)

It follows from the theorem that (G,| - ||¢) can be regarded as the dual of
BV () in some sense [52]. In fact, (G, || - ||¢) is isometric isomorphic to the dual
W=1%(Q) of Wy (), and therefore larger than the dual space of BV (). From
this theorem, it also follows that when [u’||¢ < 55. The solution of the ROF
Model (2.6) is © = 0, which mathematically explains the loss of texture.

Meyer replaces the L? parametrization in the ROF Model with the G
parametrization as the approximation measure to obtain the TV-G Model

(u,v)EB\/iilé:u‘s:u—&-v <|U|BV(R2) + /\|U||G) ’ (29)

Since TV-G Model (2.9) is defined over the whole R?, it is difficult to solve
numerically, and many scholars have proposed to approximate or replace it with
the corresponding model. The more successful ones are Osher et al. [99, 121] and
Aujol et al. [3, 4].

Aujol followed Meyer’s method to extend the G(R?) to G(Q), giving a deep
and practical inscription of G(2) as

G = {ver’(9): /Qv =0}, (2.10)

and the model is proposed as follows:

5
in u’ —u — vl|r20) + Alu ) 2.11
(u) EBV (@)% G, vl < ( i) + Aulve) (211)
Here, it is understood that the image u’ is decomposed into the geometric structure
% —u —v. When discussing the denoising prob-

lem, taking u + v as the desired result, it serves to protect the texture. Aujol et

u, the texture v, and the noise u

al. also discussed that the solution of the discrete form of the model converges
to the solution of the discrete form corresponding to Meyer’s TV-G Model (2.9)
under certain conditions.
e O-S-V Model

Osher et al. [99] then approximated model (2.9) from the perspective of
V.L[P — V. -L>®=G_G(p— o0), obtaining the model
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inf S —u—V-glf; A . 2.12
ey e (ElBv@ + 16 =1 =V gl + Aol @) (212)

Here, u°

is decomposed into the sum of three components u+ v+ w where
v=V.g, w=1uy—u—v. The first term in the model is the regularization
term, which ensures that u € BV (). The second term is the approximation
term, which ensures that u’ =~ u 4 v. The third term is the term for v under the
penalty of approximating G parametrization. When p — 00, p — 00, model (2.12)
converges to Meyer’s model (2.9). The paper [99] also shows that the numerical
results are insensitive to the value of 1 < p < 10. In particular, taking p = 2
yields the model
(um)eri(ng—l(Q) (‘U|BV(Q) + plfu’ —u = U”%Q(Q) + )‘HU|’H’1(Q))- (2.13)

This model simplifies model (2.12), but the model solution needs to be transformed
into solving a fourth-order nonlinear partial differential equation, and the
numerical implementation is slow. For this reason, Daubechies et al. [45]
proposed to replace the space BV(€2) in model (2.13) with the Besov space
Bi(L*(€)) from the viewpoint of improving computational efficiency, obtaining

(uyv)eB%(Lil?g))fol(Q) (||U(S — K(u+ U)”%%Q) + M|U|B}(L1(Q)) + )‘HUH%{*(Q))' (2.14)
Here, when K is the convolution operator, model (2.14) is the deblurring model;
when K is the constant operator, model (2.14) is the denoising model.

The reason this works so well is that [46]

Bi(LY(Q)) c BV(Q) C (B{(L*(Q)), wk).

At this point, since the spaces Bf (L*(2)), H~1(2), L*(2) have the corresponding
wavelet inscriptions [118], so model (2.14) can be transformed to the wavelet
domain for solution, and and the objective function in the wavelet domain is
differentiable, which can be transformed into a one-dimensional function of the
minimax problem. It is easy to solve and improve the speed of operation.
Regarding the inscription of the function space, a series of results are given in [79—
81].

Regarding Meyer TV-G model (2.9), further theoretical analysis and applied
research are also available in [57, 60, 77]

e TV-L' Model

In 2005, Chan et al. [6] proposed the TV- L' Model [6] under the influence of
[1, 93],

This model changes the L? parametrization in ROF Model (2.6) to L!
parametrization as the approximation metric, which can remove the pretzel
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noise [28]. Paper [6] also gives a fast numerical method for solving model (2.15).
In [29], the mathematical properties of the model are investigated in depth.

Although these above models can solve the image denoising and image decom-
position problems well, due to the oscillatory nature of both texture and noise
are oscillatory in nature. It is a challenging problem to distinguish texture from
noise, especially for texture-based image denoising. Peyré et al. [86] proposed an
adaptive model for anisotropic locally parallel textures, using a weighted [?
parametrization of the windowed Fourier coefficients to measure texture compo-
nents. The weights can be generated by solving a variational molecular problem
iteratively based on the local orientation and frequency of the texture, which
reflects the geometric structure information of the local parallel texture. In [59],
the concept of local variance measure is proposed, and pointed out that the local
variance of noise is small compared to other components. In view of this,
wavelet inscriptions in Hardy space H' and binary BMO space and their relationship
with the local variance of images are investigated, and a denoising method that
can distinguish texture from noise is given in [70, 133, 134]. Both theoretical
analysis and numerical experiments show the effectiveness of the described
methods.

These Denoising (decomposition) Models have been studied throughout the
development of image restoration theory and techniques in the last 20 years.
The ideas and methods have contributed to the development of image restoration
and other disciplines and fields.

2.2 Deblurring Model

There are many causes of image blurring, which can be usually classified as
linear and nonlinear [24]. Motion blur is a common blur, which is caused by the
relative motion of the camera and the shooting target in the image smoothing, is
a linear process, mathematically can be described as
uw’ = Ku.

Here, u’ is the blurred image, u is the image to be recovered, K is the operator
with translation invariance, usually taken as the convolution operator. Since
noise is unavoidable in practice, we consider the image with zero expectation
and variance of 02 with additive Gauss white noise § interference.

It can be described by u’ = Ku+§. It is well known that the convolution
operator is a bounded tight operator and its inverse is unbounded, which leads
to the discomfort of solving the model [90]. Therefore, the regularization [117] is
the preferred method for deblurring, and in order to protect the edges of the
image, [ |Du| is chosen as the regularization term and then minimized to
obtain the TV deblurring model [34].

: 6112
int (1w = o) + Aulavie), (2.16)



An overview of image restoration 165

from which u can be solved.

If K is known, replacing u in the denoising model discussed earlier with Ku,
then (2.16) is the corresponding common deblurring model. For example, in [44],
we propose to use Besov space Bi(L'(Q)) instead of BV (Q) in model (2.16) in
BV (€2), to obtain the deblurring model based on the iterative wavelet shrinkage
algorithm

ueB%i?Lfl(Q)) (1 Ku = |2y + Al @) (2.17)

References [18, 19, 35, 53, 102, 136] discussed the use of spatial domains in
the K unknown case using the spatial domain iterative method, the cubic correlation
method, the simulated annealing method, least squares method, and the fact
that the convolution operator K can be sparsely represented by a wavelet
framework and thus solved in alternating directions, etc. The numerical simulations
show the effectiveness of these methods. However, these methods do not
completely solve the nonlinearities of the problem due to the unknown K.
References [24, 103] discussed nonlinear defuzzification problems based on statistical
models and pointed out that building more reasonable nonlinear models is an
effective way to study these problems.

2.3 Restoration Model

The term digital image restoration (inpainting) was first introduced in 2000 at
an academic conference [11], which is an important element in image restoration
research. It is a process of filling in the information-deficient areas of an image
so that the observer does not notice that the image was once deficient or has
been restored. Nowadays, scientists and engineers are working on automatic
restoration techniques, in which the user selects the restored area and the
computer does the rest of the work automatically. Research on image restoration
models can be divided into two broad (and major) categories.
e Non-texture image restoration

Let the image u’ be defined on Q, D C Q denote the defective part of the
image, and 2\ D denote the undeficient region of the image. Earlier image
restoration techniques were based on PDE. For example, Sapiro et al. in [11]
proposed a method to use the edge 0D of the region to be repaired, to estimate
the direction of iso-illumination from coarse to fine, and uses a diffusion mechanism
to propagate the information to the region to be repaired. Oliveira et al. [95]
proposed a fast patching technique in 0D. They propose to determine the direction
of the iso-illumination on 9D and connect the corresponding iso-illumination
with a straight line. The information adjacent to the region to be repaired is
diffused and filled in the area of the iso-illumination line. The disadvantage of
these methods is that they are relatively complicated to compute. Nowadays,
the most studied model is the variational image restoration model. This method
is based on the assumption of some a priori information of the original image u,
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such as u which function space it belongs to, combined with the known information
of ©’|o\p (which in practice is the information disturbed by noise and ambigu-
ity), restores the image by minimizing the corresponding energy generalization.
For example, Chan et al. [32] proposed a TV restoration model. Considering the

d

noise and blur interference, u° on the region 2\ D can be described as

Wlo\p = (Ku+ 8)|o\p- (2.18)

Here, § is the additive Gauss white noise with zero mean and o? variance, and
K is the convolution operator that causes motion blur. Considering the edge
protection, given the a priori assumption of u € BV (£2) by minimizing

: 512
u can be fixed. Here, the regularization parameter A is proportional to the noise
variance prior information. For the convenience of solving, model (2.19) is
rewritten as

. ) 2
UGJIB’I%/f(Q) (I(Ew =) xa\p 720 + Alulsve)- (2.20)

Numerical simulations show that model (2.20) does not guarantee the connectivity
principle in vision theory and produces a step effect. Chan et al. [31] proposed a
CDD repair model to overcome this drawback. The basic idea is to control the
diffusion strength ﬁ of the Euler-Lagrange equation corresponding to (2.20),
so that the diffusion strength depends on the geometric information of the iso-
illuminated lines, such as curvature. So |V71u\ is replaced by %, and the CDD

repair model as

Vu
A (2.21)
= 0.
=
oM |50
Here, k =V - (lg—zl) is the iso-illuminated line curvature, K is the constant operator

in the original, — is the outer normal vector of d€, and the function g is
defined as

0, s =0,
g(s) =< o0, s = 00,
Finite positive real numbers, 0 < s <oo.

This choice can make the diffusion stronger at the corresponding large curvature
and weaker at the small curvature, which can compensate the deficiency of
model (2.20). However, solving the restoration model (2.21) requires solving a
third-order nonlinear PDE, and the numerical implementation is slow.
Costanzino [41] builds the reconciliation model by making the a priori assumption
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that v € WH(Q):

st (1w = u')xorplFa) + Ao [Vul?) (2.22)
This model can avoid the defect of step effect in model (2.20) and is faster
than the CDD restoration model (2.21), but model (2.22) uses | - |wi2)
parametrization as the regularization term, which leads to blurred image edges,
which is a fatal flaw. Based on this, Zhang et al. in [50] proposed the p-tuning
restoration model:
int (100 = ol + [ [VuP). (2.23)
It overcomes the above shortcomings. Here, 1 < p < 2, K is the constant operator
in the original text.

Other common restoration models are the Mumford-Shah restoration model [32,
119]. This model has low computational complexity, but it is not as effective as
in the traditional applications of image segmentation and denoising. Esedoglua
and Shen [50] obtained the Mumford-Shah-Euler model by introducing Euler’s
elastica, which improved the Mumford-Shah restoration model. Another class is
the TV-Stokes model that regularizes the tangential vector field of the iso-illu-
mination line by taking the incompressibility of the normal direction of the iso-
illumination line as a constraint [105, 115].

Another important model for non-texture restoration is the model combining
wavelet (frame) and variational in wavelet domain restoration [16, 30, 37, 131],
which are here unified into a single model without considering the interference
of fuzziness

" Ao
(5 [ 1Vl + Sl = v ). (2:24)

where T'=2x 2% uw=35(u, ;) ¥x, (j,k) €T, U ={{u, V1) }jrer, and
VU is the wavelet (frame) of the parent function [84, 87|, I ={(j,k) € I', the
wavelet coefficients \I/;”; are corrupted by the absence of D is corrupted},
I<p<2
e Texture image repair

For the restoration of richly textured images, a common approach is to
perform structural texture decomposition according to the denoising (decompo-
sition) model, repair the structural part according to the above non-texture
restoration model, and use the existing texture synthesis algorithm for the
textured part [91, 110, 127] to synthesize the texture; another common method
is to synthesize the texture directly using a multi-scale geometric analysis tool [100,
114, 125]. Recently, Shen et al. proposed the following structure-texture repair
model using frame coefficients for structure and overlapping local cosine transform
coefficients for texture [16, 22]:
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inf(A[|Full 1 + Aol Lol|1),  s.t. Povp(u +v) = Paypu’. (2.25)

Here, F, L, P denote the frame operator, the overlapping local cosine transform
and the projection operator, respectively. The model is simple, easy to implement
numerically, and works well.

3 Numerical algorithm

First, we analyze and compare the features of the models described in the previous
section and propose a unified model that can be used to handle various image
restoration as well as image sparse approximation problems (continuous form)
based on [' regularization as follows:

, s 1 (Ku—u®)? A .
o (Fp,q,r,A(Ka T\u) = p// T Tuf + ;/Q|TU| ) : (3.1)

Here, p> 1,7 > 1, > 0,A >0, =Q or Q\ D.

When p, q,r, K, T take different values, different recovery models corresponding
to those in the previous section and some models in image reconstruction can be
obtained.

For example:

1) Take p=2,¢g=0,r=1, Q' =Q, K is the constant operator, T is the gradient
operator (frame operator), then it is the ROF Model (frame-let-based denoising
model).

2) Take p=2,¢=0, 1 <r <2, =0, K as the constant operator and T as
the gradient operator, then it is a generalized ROF Model [112].

3) Take p=2,q=0,r=1, O =Q\ D, K is the projection operator, T is the
gradient operator (frame operator), then it is a TV (framelet-based) repair
model.

4) Take p=2, ¢=0, r=1, ¥ =Q, K is the convolution operator, 17" is the
gradient operator (frame operator), then it is a TV (framelet-based) defuzzification
model.

5) If p=1, ¢q=0, r=1, =0, K is the constant operator, and T is the
gradient operator, then it is a TV- L' model.

Moreover, if p=2,q=0,r =1,T is a constant operator and K is an operator
with high compression ratio, then the corresponding discrete model is applied to
the compression perception [23, 39, 47] problem in the Basis Pursuit model.
This is a class of [! -minimization models, and the corresponding operator K can
be chosen according to practical needs, which is now widely used in compressive
imaging [56, 116], MRI, CT imaging [82, 128], Biosensing [42], image decomposition
and machine vision [38, 129], and multi-sensing networks [104, 123], and other
fields.

For model (3.1), there are two main numerical solution methods. One is to
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optimize first and then discretize, i.e., to obtain (3.1) by the variational method
first. This infinite-dimensional optimization problem satisfies the Euler-Lagrange
equation [49], usually called the gradient flow equation (a linear or nonlinear
PDE satisfying the chi-square Neumann boundary condition), is then solved by
the finite difference [78], finite element [71], level set [97], and so on. Another
approach is to first discretize (3.1), and then solving it numerically by a finite
dimensional optimization technique. Since the condition numbers of the coefficient
matrices of the discretized linear equations obtained by the former method are
usually large, which leads to slow convergence, more and more scholars have
been working on this method in recent years. Therefore, in recent years, more
and more scholars have adopted the latter method. Here, we only describe this
approach. Without loss of generality, the following model is solved as:

min (1 0 (K, V. 1)), (3.2)
where K takes the convolution operator (constant operator), i.e., the TV
defuzzification model (ROF Model).

3.1 Chan-Golub-Mulet’s original-pairing method

The method was proposed by Chan et al. [26, 36]. The Euler-Lagrange equation
corresponding to model (3.2) is (here and later understood as its corresponding
discrete form)

V- (Vu) + AK*(Ku —u’) = 0,

\Y%
ou f’o (3.3)
Tl

To overcome the singularity of the above equation, introduce the auxiliary variable

w= ’gZ’ (3.4)
We get
\Vu|lw — Vu =0,
—aZ~w+)\K*(Ku—f):0, (3.5)
o~

Then using the Newton’s method of inexact linear search with Armijo steps [12]
to solve (3.5) numerically. This method is fast and has global convergence.

3.2 Chambolle’s pairwise method
Solving the second equation from (3.5)

u=\K"K) ' \K*u’ +V - w). (3.6)
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Substituting into the first equation of (3.5), we get
pw = H(w). (3.7)
Here,
p=|Hw)|, Hw)=V(AK*EK)"\\K*u’ +V-w)).
From (3.5), an iterative format for immobile points can be devised [27]

00, wtl = w" + 7H(w")
w™ + 7|H (w™)|

, (3-8)

where 7 is the parameter that controls the step size, the iterations converge if
and only if 7 < g||(K*K)~!||. The algorithm is easy to implement. It is theoretically
sound and has been widely used [4, 5, 13, 14].

3.3 Semi-smooth Newton method

The KKT condition for the Chambolle pairwise method is obtained from (3.4),
(3.5):
pw = H(w),
p(lw]* = 1) =0,
p =0,
lw| < 1.

(3.9)

Using the Fisher-Burmeister function
o(a,b) =va2+b*—a—0b,

combine the last three equations of (3.9) into one equation, we get

pw = H(w),
3.10

{ p(u, 1= w]?) = 0. (310)
Ng et al. [92] note that the semismoothness of (3.10), using a semismooth
Newton method with superlinear convergence rate [69] for the solution.

3.4 Original-pairwise tight constraint set method

The method proposed by Kunisch et al. [75] is an algorithm that deals with (3.9)
in a more general framework algorithm for linearly tight and non-tight
constraints. Subsequently, Krishnan et al. [73, 74] also extended it to the case of
nonlinear tight and non-tight constraints.

3.5 Bregman iteration

Bregman iterations include primitive and split iterations were proposed by
Osher et al. [63, 96] in 2005 and 2009. It can efficiently handle many
constrained and unconstrained optimization problems, and is easy to implement
numerically. The Bregman iterative algorithm and its applications are still a hot
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research topic, see [15, 20-22, 98, 135] and its cited literature.
Let J(u) be a convex generic function. The Bregman distance on J(u) is
defined as

BY (u,v) = J(u) — J(v) — (u —v,p), pe€aJ(v). (3.11)
Taking J(u) = A [, |Du|, the Bregman primal iteration algorithm of (3.2) is
u) = u’,

1 .
wer = (Gllu = I+ B (0.
Wy =+ (0 — 1),

Pj+1 = (U§+1 - Ué)-

(3.12)

The third equation in (3.12) shows that the method makes up for the lost
information (u® — w;,1) when the next iteration is performed. This reduces the
loss of image details in the ROF Model. The algorithm does not need to iterate
to convergence in order to obtain the desired result in denoising. If the algorithm
is iterated to convergence, then u;y; — u® is obtained. Obviously, this is not the
desired result, but it is based on this convergence that Bregman primitive iteration
can be effectively applied to problems such as compressed perception [20, 98].

The Bregman split iteration algorithm solves the ROF Model by introducing
intermediate variables v = Vu to transform the unconstrained problem into a
constrained problem, and then solving it by the penalty method

. 1
i (5110 = [0 + Allell o)

However, the difference from the common penalty method is that for a fixed
penalty factor A, the Bregman primitive iterative method to solve the above
equation and iterate until convergence, we can obtain the ROF Model and the
constraint v = Vu holds automatically. This avoids the numerical instability
caused by the penalty factor A — oo, which is usually chosen to ensure that the
constraint v = Vu holds. And it is possible to change the linearity in the numerical
solution by appropriately selecting the penalty factor A to improve the efficiency
of the solution.

3.6 Lagrange method of enlargement

Tai et al. [126] pointed out that the Bregman method for solving (3.2) is effective
because it is essentially an incremental Lagrange method [61]. Consider the
general case, and let J(u) be a convex generic function. For the equationally
constrained optimization problem

min J(u), s.t. G(u) =0,

whose increasing Lagrange function is
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Lot 1) = J(u) + nG(u) + 5 |G (3.13)

Here, 1 is the Lagrange multiplier, and X is the penalty parameter. Solve the
saddle point problem corresponding to (3.13)

OL(u,p) 0
ou
OL(u, 1) _
o

Then v is obtained.
3.7 Original-parity hybrid gradient method

Solving the original problem and the dual problem of (3.2) have their own
advantages and disadvantages. Chen et al. [137] proposed to mix them together
in the original-parity hybrid gradient method, i.e., given the initial guess value
ug to solve

{ Wg41 = P|w|<1(wk - Tkvuk), (3 14)

Upy1 = U — O (K*(Kuy, — u®) + AV - wpyq).

Here, P is the projection operator, A is the parameter controlling the step size,
[138] gives a number of selection criteria. Numerical simulations show that this
algorithm converges faster than the Bregman split iteration method and the
Chambolle pairwise algorithm. Chan et al. also studied the relationship between
the original-dual hybrid gradient method and some commonly used algorithms
[51], for example, the forward-backward splitting approximation method [40,
89], alternating direction minimization algorithm [120], alternating direction
multiplier method [55], Douglas-Rachford splitting method [48], the non-strict
splitting Uzawa method [83], the mean mean gradient method [124], etc.

Other common algorithms include the graph cut method [43], the quadratic
programming method [54], the second-order cone programming method [62],
Extremely small method [76], splitting algorithm [67], etc.

4 Summary and outlook

This paper reviews the important models and various numerical solutions in
variational regularized image restoration techniques. However, there are still
many challenging problems in the field of image restoration, which are summarized
as follows.

1) For texture-based images, both noise and texture are oscillatory compo-
nents, and many models cannot effectively distinguish between them. Although
Zhang and Fan in [133] achieved good results by using the local variance information
of both as constraints to build variational optimization models, they did not
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solve the essential difficulty of modeling texture-based images. The adaptive
texture model proposed by Peyré et al. in [86] for modeling anisotropic local
parallel textures can well reflect the geometric structure information of local
parallel textures, but the model is a nonconvex variational model, the convergence
of the algorithm is not guaranteed [101]. Therefore, further research is needed to
find a model that can differentiate texture and noise adaptively for denoising.

2) For some images, such as medical images, the noise generated by the imaging
system is image-dependent, and such noise is neither additive nor multiplicative.
Therefore, modeling and algorithms for such noise need to be investigated.

3) In practical problems, the convolution operator corresponding to linear
fuzzy is often unknown. Therefore, the study of blind deconvolution is more
challenging. The modeling of nonlinear blurred images is usually simplified to
approximate linear blur. Although this is computationally convenient, but the
image recovery effect is often poor, so it is worthwhile to explore the appropriate
nonlinear model.

4) A large number of numerical experiments have shown that the original-
dual hybrid gradient method and Bregman split iteration method are faster
than other common algorithms. The convergence speed of these two algorithms
has yet to be analyzed theoretically.

5) The localization of the damaged region in image restoration is currently
considered as a separate problem, and almost all of the literature is based on a
template to mark the location of the damaged region before the restoration
process. This is extremely inconvenient in practical applications. Therefore, it is
important to investigate how to automatically detect and locate the damaged
area, or to perform blind repair without locating the damaged area.

6) The research on video image restoration techniques is still in the preliminary
stage. The existing approaches usually use static image restoration techniques
for video image restoration based on the spatial correlation of each frame, but
rarely consider the principle of temporal correlation of each frame. Therefore,
the video image restoration model and its corresponding algorithm combining
the principles of temporal and spatial correlation should be studied.

7) The image restoration results are sensitive to the regularization parame-
ters, and the selection of the regularization parameters often depends on empirical
debugging, and there are few quantitative analysis results available. Therefore,
theoretically, the quantitative study of the regularization parameters is a difficult
problem in the inverse problem. In addition, from the development of image
restoration models, new models often originate from some improvement of the
regularization term or approximation term of the original model. The model
proposed in this paper (3.1) unifies the study of denoising, deblurring, restora-
tion, compressed perception, etc., and can be used to select the Omega model
that can reasonably describe the mathematical mechanisms of image acquisition,
storage and display systems in specific problems. We can select the Q, €V,
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D, p, q, r, K, T that can reasonably describe these processes and unify the
study of their suitability, the selection of regularization parameters and the
algorithms from the perspective of solving the inverse problems by regularization
methods. The problem of the selection of the regularization parameters and the
design of the algorithm are also studied.

8) The existing image restoration evaluation system is not perfect, and
people’s judgment of the processing effect is based on visual observation to a
large extent. The existing objective evaluation indexes, such as PSNR indexes,
do not take into account the visual characteristics of human eyes, and there is
no original image to refer to in practical applications. Therefore, it remains to
be studied how to establish quantitative objective evaluation criteria to guide
modeling and computation in accordance with people’s visual cognitive system.
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