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Abstract Support vector machines (SVMs) are a kind of important machine
learning methods generated by the cross interaction of statistical theory and
optimization, and have been extensively applied into text categorization, disease
diagnosis, face detection and so on. The loss function is the core research
content of SVM, and its variational properties play an important role in the
analysis of optimality conditions, the design of optimization algorithms, the
representation of support vectors and the research of dual problems. This paper
summarizes and analyzes the 0-1 loss function and its eighteen popular surrogate
loss functions in SVM, and gives three variational properties of these loss func-
tions: subdifferential, proximal operator and Fenchel conjugate, where the nine
proximal operators and fifteen Fenchel conjugates are given by this paper.
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1 Introduction

Support vector machines (SVMs) were first proposed by Cortes and Vapnik [16]
in 1995 and are widely used in text and image classification [11, 49, 53, 74],
disease diagnosis [1, 12, 25, 35, 59, 65]. The basic idea is to find a hyperplane
that separates the samples as correctly as possible while keeping the separated
samples as far away from the hyperplane as possible. For the binary classification
problem, given the training set D = {(x;,y;)}*,, where «; € R" is the input
vector, y; € {—1,1} is the output label, and the goal of the SVM is to find the
optimal hyperplane (w,x) + b = 0, given the training set, where
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w e R" beR.

For any new input vector @,e,, according to (w,Zyey) + b > 0, we predict that
the corresponding label is ¥y = 1. Otherwise, it is ynew = —1. In order to find
the optimal hyperplane, the training data are considered in two cases: linearly
divisible and linearly indivisible. For linearly separable training data, the unique
optimal hyperplane is obtained by solving the following convex quadratic
programming problem:
we‘n?i%eﬂ{%”ww st yi(w, @) +b) > 1, § € Ny,

where N,,:={1,2,...,m}. The above model is called hard interval SVM,
because it requires that all training samples must be correctly separated. For
linearly indistinguishable training data, the soft interval SVM optimization
model is obtained by allowing some samples to not satisfy the constraints of the
above model and minimizing the loss of those samples that do not satisfy the
constraints in the objective function:

. 1
min —
weR™ beR 2

w2 01— yi((w, @) + b)), (1)

i=1
where A >0 is the penalty parameter, ¢(t) is the loss function,
t:=1—y;((w,xz;) +b) € R. The loss function is the core study of soft-interval
SVM because it not only determines the sensitivity of the soft-interval SVM
model to training data noise, but also affects the sparsity of the soft-interval
SVM model. In literatures [4, 16, 22], Cortes and Vapnik et al. pointed out that
the optimal soft-interval SVM optimization model is to minimize the number of
erroneous samples of the training data, and the optimization model is

. 1
min —
weR™ beR 2

lwl* + 1) lop(1 = yi((w, z:) + ). (2)

=1

The mathematical expression for the 0-1 loss function is
on0={y 120

It is a non-convex discontinuous bounded function, discontinuous at t = 0.
However, the nonconvex discontinuous 0-1 loss function is included in the objective
function of model (2), which makes traditional optimization theories and algorithms
incapable of handling such problems. Therefore, during the two decades of soft-
interval SVM development, it has been a hot topic of research in soft-interval
SVM to construct proxy loss functions (convex or nonconvex loss functions)
with better computational properties than the 0-1 loss function, taking into
account the structure and characteristics of the training data. In constructing
the loss function, it is important to consider its statistical properties compared
with the 0-1 loss function on the one hand, and its computability in optimization



Analysis of loss functions in support vector machines 383

on the other hand. Unlike literatures [51, 56, 63, 75|, which summarize the
statistical aspects of the loss function, this paper focuses on three variational
properties of the loss function, namely, subdifferentiation, neighborhood operator
and Fenchel conjugate, in terms of optimization. In order to find the optimal
solution of the soft interval SVM model, scholars have obtained rich theoretical
and algorithmic results by using the above three variational properties of the
loss function.

e Theories and algorithms based on subdifferentiation. The study of the the-
ory and algorithm of the soft interval SVM model (1) by subdifferentiation of
the loss function is mainly in three aspects. i) In the optimality theory, the
Karush-Kuhn-Tucker (KKT) condition of the model (1) can be established by
using subdifferentiation of the loss function to characterize the optimal solution,
and the KKT condition can be used not only as a stopping condition for the
algorithm, but also for designing efficient and feasible optimization algorithms [14,
16, 26, 57]. ii) In terms of representing the support vector, the non-zero nature
of the subdifferential of the loss function is used to represent the support vector
of the model (1) [14, 16, 26, 57]. Thus, the sparsity of model (1) is ensured and
it is convenient to design fast and efficient algorithms because the optimal
hyperplane obtained from the support vector is the same as the optimal hyperplane
obtained from all training data [18]. iii) In terms of algorithm design, the subdif-
ferentiation of the loss function enables the design of subgradient algorithms [10]
and stochastic subgradient algorithms [50], etc. To facilitate the reader to
understand the importance of subdifferentiation of the loss function in algorithm
design, the hinge SVM subgradient algorithm [10] is given below. Given the kth
iteration point (w";b"), the iteration format is as follows.

wk""l = wk —+ Yk ()\ATﬁth(e — Awk - bky) + wk)’
bk+1 = bk + ’)/k)\yTaLh]<e - Awk - bky)a

where -, denotes the iteration step, Ly(-):= > ", fu(-) denotes the hinge loss
function, Ly (-) denotes the subgradient of Ly(-).

e Theories and algorithms based on the neighborhood operator. The neighborhood
operator of the loss function for the soft interval SVM model (1) is also studied
in three aspects. i) In terms of optimality theory, for convex loss functions, the
neighborhood stability condition established by the neighborhood operator of
the loss function is the same as the KKT condition. For non-convex loss func-
tions, the neighborhood stability condition is generally stronger than the KKT
condition, which can also be used as a stopping condition and algorithm design
[61, 62]. ii) In terms of representing support vectors, for convex loss functions,
the support vector of the model (1) represented by the neighborhood point operator
of the loss function is equivalent to the support vector represented by the subd-
ifferential of the loss function. For non-convex loss functions, the support
vectors expressed using the neighborhood point operator are generally represented
as a subset of the support vectors using subdifferentiation [61]. iii) In terms of



384 Huajun WANG, Naihua XIU

algorithm design, for convex loss functions, the neighborhood point operator of
the loss function enables the design of the semi-smooth Newton extended
Lagrangian method [67], and for non-convex loss functions, the alternating
direction multiplier method (ADMM) [62, 72], and so on. In order to facilitate
the reader to understand the importance of the neighborhood point operator of
the loss function in the algorithm design, the algorithm based on the SVM (0.2)
neighborhood stabilization point design is given below. Literature [62] calls
(w*;b*) the neighborhood stabilizer of SVM (0.2) if there exist vectors
B*,u* € R™ and parameters 7 > 0 such that they satisfy the following expres-
sions:

w*+ A3 =0,

y' B =0,

u* + Aw* + b*y = e,

prox, . (u" —y8") 3 u".

Given the kth iteration point (w";b*;u*;3*), the format of the neighborhood
point algorithm iteration is as follows:

,wk—i—l — ,wk _ ,y(,wk + AT,Bk),
bt =" —y(y" BY),
B = B — y(uF + Aw” + bFy — e),

uk+1 = Prox,\r (uk - V/Bk%

where prox ,;(-) is the neighborhood point operator of the 0-1 loss function
o/1( - ), whose specific expression is given in literature [62].

e Theories and algorithms based on the Fenchel conjugate. The Fenchel
conjugate of the loss function is used to derive the pairwise model from the original
model (1), therefore, the Fenchel conjugate of the loss function determines the
analytic expression of the pairwise model. The solution of the dual model has
two advantages. i) When the dual model is easier to solve than the original
model, the optimal solution of the original problem can be obtained by designing
a fast algorithm to solve the dual model. Since the pairwise gap between the
original model and the dual model of the convex loss function is zero, these algorithms
are usually suitable for convex loss functions. Typical algorithms include the
pairwise coordinate descent method [20, 70] and the sequence minimization algo-
rithm [8, 3234, 41], etc. ii) By introducing the kernel function in the pairwise
model, it can be further extended to deal with the nonlinear classification problem
[38].

In summary, a good understanding of the variational properties of the existing
soft-interval SVM loss functions can not only enable us to choose the appropriate
loss functions when building soft-interval SVM models and designing algorithms,
but also provide research ideas for constructing new loss functions. Therefore, it
isnecessary to comprehensively organize and comprehensively review the variational
properties of the soft interval SVM loss function. In this paper, the 0-1 loss
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function and its 18 commonly used SVM proxy loss functions are summarized
and reviewed, with emphasis on their subdifferentiation, neighborhood operator
and Fenchel conjugate, of which 9 neighborhood operators and 15 Fenchel
conjugates are given in this paper.

2 SVM proxy loss function

This section introduces 18 commonly used soft-interval SVM proxy loss func-
tions. For the convenience of the later discussion, we classify the proxy loss
functions into four categories according to their convexity and smoothness, as
shown in Fig. 1.

2.1 Convex non-smooth loss function

(1) The hinge loss function. In 1995, Cortes and Vapnik [16] used the hinge loss
function when they built the first soft interval SVM model, which has the math-
ematical expression

t, t>0;
tu(t) = {0, t<0.
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It is the best convex approximation of the 0-1 loss function [75], and is one of
the most popular convex loss functions in soft interval SVM. Its function image
is shown in Fig. 2(a). For ¢t < 0 samples, its loss value is 0, which means it does
not penalize the samples that are sufficiently correctly classified, and therefore
has good sparsity. For samples with ¢ > 0, the loss value is ¢, which means that
outliers contribute a large weight to the corresponding SVM objective function,
thus affecting the optimal hyperplane found, and thus are more sensitive to
outliers [5, 7, 40, 52].

(2) Generalized hinge loss (GHL) function. In 2008, Bartlett and Wegkamp [2]
generalized the hinge loss function and proposed the generalized hinge loss func-
tion, which has the mathematical expression

1+nt-1), t>1;
lan(t) = < ¢, t € (0,1];
0, t <0,

where 7 > 1. The function image is shown in Fig. 2(a). When 1 = 1, the gene-
ralized hinge loss function degenerates to the hinge loss function. When 7 > 1,
unlike the hinge loss function, the loss value is 1+ n(t — 1) for samples with
t > 1. Therefore, it has sparsity but is sensitive to outliers.

(3) Bouncing ball loss function. In 2013, Jumutc et al. [30] introduced the
pinball loss function into the soft interval SVM, which has the mathematical
expression

Epl(t) -

where 7 € [0,1]. The image of the function is shown in Fig. 2(b). When 7 =0,
the bouncing ball loss function degenerates to the hinge loss function. When
7 € (0, 1], unlike the hinge loss function, the loss value is —7¢ for ¢ < 0 samples.
Therefore, it is not sparse and sensitive to outliers [26, 28, 29, 58|.

(4) e-insensitive pinball loss function. To overcome the drawback that the
pinball loss function does not have sparsity, in 2014, Huang et al. [26] proposed
the e -insensitive pinball loss function, which has the mathematical expression

{t, t>0;
—7t, t <0,

- e-insensitive Bouncing ball

2.5 : ‘ : 2.5 R
—¥—Hinge —¥- Bouncing ball /

- Generalized Hinge

2.0

Fig. 2 Convex non-smooth loss function schematic
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t— ¢, t > ¢
€

0, te[——,a};
T

€ €
—T(t+—), t< ——,
T T

where 7 € [0,1], € > 0. The image of the function is shown in Fig. 2(b). Unlike
the bouncing ball loss function, for samples with ¢ < —£, the loss value is

Eip (t) =

—7(t + £). The samples with ¢ € [-£,¢] are not penalized. For samples with
t > ¢, the loss value is t — €. Thus, it is sparse but sensitive to outliers.

2.2 Convex smooth loss function

(5) Quadratic hinge loss (squared hinge loss) function. To overcome the drawback
that the hinge loss function is non-smooth at ¢t = 0, in 1995, Cortes and Vapnik
[16] proposed the quadratic hinge loss function, which has the mathematical
expression

2, t>0;
&Mw:{o t<O0.

The function image is shown in Fig. 3(a). Unlike the hinge loss function, for
samples with ¢ > 0, the loss value is t2. Therefore, it is sparse but sensitive to
outliers [9, 10, 31, 36, 37, 55, 71, 73].

(6) Huber hinge loss function. To achieve the smoothness of the hinge loss
function at ¢ =0, in 2007, Chapelle [10] proposed the Huber hinge loss function,
which has the mathematical expression

)
t——=, t>90
27 > Y
() =< 2
— t J];
267 6[07 ]7
0, t <0,

where ¢ > 0. The image of the function is shown in Fig. 3(a). Unlike the hinge
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Fig. 3 Convex smooth loss function schematic
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loss function, for samples with ¢ € [0,0], it achieves smoothness at ¢t =0
through the loss value %. For samples with t > 9, the loss value is t — g. Thus,
it is sparse but sensitive to outliers [39, 66, 69].

(7) Logarithmic (Logistic) loss function. In 1998, Wahba [60] introduced the
logistic loss function into the soft interval SVM, which has the mathematical

expression

Oy(t) =log(l +exp(t—1)), teR.

The image of the function is shown in Fig. 3(b). Unlike the hinge loss function,
it imposes a logarithmic penalty on all samples. Therefore, it is not sparse and
sensitive to outliers.

(8) Least squares loss (LSL) function. In 1999, Suykens and Vandewalle [57]
introduced the least squares loss function into the soft interval SVM, which has
the mathematical expression

by(t) =1, teR.

The image of the function is shown in Fig. 3(b). Unlike the bouncing ball loss
function, it imposes a quadratic penalty on all samples. Therefore, it is not
sparse and sensitive to outliers [17, 21, 33, 43, 76, 77].

(9) Huber pinball loss function. In order to overcome the drawback of non-
smoothness of the pinball loss function at ¢ =0, in 2020, Zhu et al. [7§]
proposed the Huber pinball loss function, which has the mathematical expression

(0

t2
% t € (0,4];
ghp(t) = Tt2
%7 le [_570]a
0
\—T<t+§), t < —0,

where 7 € [0,1], 6 > 0. The image of the function is shown in Fig. 3(b). Unlike
the bouncing ball loss function, the Huber bouncing ball loss function achieves
smoothness at ¢ =0 by applying a quadratic penalty to the samples of [—d,d].
For samples with ¢ < —§, the loss value is —7(t + g) For t > —0, the loss value
is t — g. Therefore, it is not sparse and sensitive to outliers.

Since the above nine loss functions are convex, their corresponding soft interval
SVM models are easy to solve [45]. However, the convex loss functions are
usually unbounded, which makes them sensitive to outliers in the training data.
To overcome this drawback, scholars have obtained the non-convex loss function
described below by placing an upper bound on the loss, i.e., forcing the loss to
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stop increasing after a certain point.
2.3 Non-convex non-smooth loss function

(10) Slideway loss (ramp loss) function. To overcome the drawback that the
hinge loss function is sensitive to outliers, in 2003, Shen et al. [54] proposed the
ramp loss function, which has the mathematical expression

1, t>1;
la(t) = {t, t € (0,1];
0, t<0.

The chute loss function is one of the most popular nonconvex loss functions in
soft interval SVM. Its function image is shown in Fig. 4(a). Unlike the hinge
loss function, the loss value is 1 for samples with £ > 1 and these samples are
non-support vectors [54]. Therefore, it has better sparsity than the hinge loss
function and is robust to outliers [6, 19, 44, 74]. In addition, the literature [15, 27,
64] investigates the slideway loss function with adjustable parameters p > 0.

(11) Truncated logistic loss function. To overcome the shortcomings of the
logistic loss function which is sensitive to outliers, in 2011, Park and Liu [46]
proposed the truncated logistic loss function, which has the mathematical
expression

ft) = log(1+exp(—v)), t>1-v;
W log(1+exp(t—1)), t<1—v,

where v < 1. Its function image is shown in Fig. 4(a). Unlike the logarithmic
loss function, its loss value is log(1 + exp(—v)) for samples with ¢t > 1 — v, and
these samples are non-support vectors [46]. Therefore, they are sparse and
robust to outliers.

(12) Truncated least square loss (TLSL) function. To overcome the drawback
that the least-squares loss function is not sparse and sensitive to outliers, in 2016,
Liu et al. [42] proposed the truncated least-squares loss function, which has the
mathematical expression

1.2 . ,
=¥ Sli(lCWELy 3.0 —¥— Truncated Least Squares
1.0 —— Truncated —= Truncated Bouncing Ball
2.5 Double-TBB
0.8 20
S06 15 £ {
0.4 1.0 @/
0.2 0.5 ¢
05 * *—— ] 0 % :
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
t

t
(a) (b)

Fig. 4 Non-convex non-smooth loss function schematic
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(:u - 6)27 |t| > M
Can(t) = § (It| — )% |t] € [e, pl;
0, It| € [0,¢),

where 0 <& < pu. The function image is shown in Fig. 4(b). Unlike the least-
squares loss function, it does not penalize samples with |t| € [0,¢). For samples
with || € [e, u], the loss value is (|t| —¢)? For samples with |t| > p, the loss
value is (u —¢)?, and these samples are non-support vectors [42]. Therefore,
they are sparse and robust to outliers.

(13) Truncated bouncing ball loss function. To overcome the drawback that
the pinball loss function is not sparse, in 2017, Shen et al. proposed the truncated
pinball loss function, which has the mathematical expression

t, t > 0;
lp(t) = {—Tt, t € [—k,0];

TK, t < —K,

where 7 € [0,1], k> 0. The image of the function is shown in Fig. 4(b). Unlike
the bouncing ball loss function, for samples with ¢ < —k, the loss value is
constant 7k, and these samples are non-support vectors [55]. Thus are sparse
but sensitive to outliers.

(14) Double-truncated pinball loss function. In order to improve the robustness
of the truncated pinball loss function to outliers, in 2018, Yang and Dong [68]
proposed the bi-truncated pinball loss function, which has the mathematical

expression
I t>
t t € (0,p);
g t — 7 Y )
bip () —1t, t € (—k,0];
TK, t < —k,

where 7€ [0,1], x,pu > 0. The image of the function is shown in Fig. 4(b).
Unlike the truncated bouncing ball loss function, the loss value is p for samples
with ¢ > p, and these samples are non-support vectors [68]. Therefore, it is
sparse and robust to outliers.

2.4 Non-convex smooth loss function

(15) Generalized exponential loss (GEL) function. In order to overcome the
drawback that the slideway loss function is non-smooth at ¢t=20,1, in 2016,
Feng et al. [22] proposed the generalized exponential loss function, which has
the mathematical expression

loa(t) = {02 <1 — exp < — (g)Q)), t>0:

0, t <0,

where o > 0. The function image is shown in Fig. 5(a). Unlike the sliding loss
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function, for ¢ >0 samples, the loss value is ¢*(1 —exp(—(%)?)) and as ¢
increases (. (t) converges to o2 Thus, there is sparsity and the parameter o
controls the robustness to outliers.

(16) Generalized logistic loss (GLL) function. In 2016, another loss function
proposed by Feng et al. [22] is the generalized logistic loss function, which has
the mathematical expression

Car(t) = {02 log (1 + (g)g) £ 0

0, t<0,

where o > 0. The function image is shown in Fig. 5(a). Unlike the sliding loss
function, for ¢ >0 samples, the loss value is 0?log(1+ (£)?) and as ¢ increases
le(t) tends to be o2 Therefore, it is sparse and the parameter o controls the
robustness to outliers.

(17) Sigmoid loss function. In 2003, Pérez-Cruz and Navia-Vazquez [47] intro-
duced the Sigmoid loss function into the soft interval SVM, which has the
mathematical expression

ly(t) !

T 1+ exp(—pt)’

where [ > 0. The image of the function is shown in Fig. 5(b). Unlike the slide-
loss function, it penalizes all samples. For ¢ > 0 samples, the upper bound of
the loss value is 1. Thus it is not sparse but robust to outliers.

(18) Cumulative distribution loss (CDL) function. In 2019, Ghanbari et al. [24]
proposed the cumulative distribution loss function to smooth the approximate 0-
1 loss function, which has the mathematical expression

t 1 ,}/2
lea(t) = / o €XP < - 7>dfy, teR.

The image of the function is shown in Fig. 5(b). Unlike the slide-loss function, it
penalizes all samples and the upper bound of the loss value is 1 as ¢ increases.
Therefore, it is not sparse but robust to outliers.

teR,

12 —¥— Gen-Exp I I I ] 14
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Fig. 5 Non-convex smooth loss function schematic
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3 Variational properties of the proxy loss function

In the previous section we give 18 commonly used loss functions for SVM agents.
In this section, we introduce and give three variational properties of these loss
functions, namely subdifferential, neighborhood point operator and Fenchel
conjugate, which play an important role in model (0.1) optimality condition
inscription, optimization algorithm design, support vector representation and
pairwise problem study.

3.1 Subdifferential

In this subsection, we introduce the subdifferentiation of the loss function of the
above 18 SVM agents. If the loss function is a differentiable function, then it
has a gradient at any point. If the loss function is not differentiable at a point,
then the gradient at that point does not exist, so the concept of subdifferentiation
needs to be introduced.

Definition 3.1 [13, 48] Given a function f:R — R and a point u € R, if
f(u) is finite, we call
(i) v € R is a regular subdifferential of f at wu if
Of(u) := {v € R : liminf f(z) = F(w) = {v, 2 =)

z—ou,z7#u HZ — u”

= 0.

(ii) v € R is the limiting subdifferential of f at w, if

df(u) := limsup f () = {veR: Iz Iy, v; € 5f(2j) and v; — v}.
I

zZ—U
(iii) v € R is the Clarke subdifferential of f at wu, if
09 f(u) = {v €R: v§ < f°(§), V€ €R},
where f°(u;&) denotes the Clarke directional derivative of f at u along the
direction &, i.e.,

;€)= limsup LET P = ()

z—u,pl0 P

When f is a convex function, the limit subdifferential degenerates to the subd-
ifferential of the convex function, i.e.,

Of(w) = {v €R: f(2)— f(u) > (v,2 —u), VzER}
When f is non-convex, the Clarke subdifferential is the closed convex package

[48] of the limiting subdifferential.

3.1.1 Subdifferentiation of convex nonsmooth loss function
(1) (Hinge loss function) In 1995, Cortes and Vapnik [16] gave the subdifferentiation
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of the hinge loss function

1, t > 0;
aghl(t) = {[07 1]7 t=0;
0, t<O0.

The next differential image is shown in Fig. 6(a). When ¢ =0, the second
derivative belongs to the closed interval [0,1]; when ¢ > 0, its gradient is 1;
when t < 0, its gradient is 0.

(2) (Generalized hinge loss function) In 2008, Bartlett et al. [2] gave the subd-
ifferentiation of the generalized hinge loss function

7, t>1;

[1777]7 t=1
8€gh(t> =<1, t e (O, 1);

[ 71]7 t=0;

0, t <0,

where 7 > 1. The next differential image is shown in Fig. 6(a). When 7 > 1,
unlike the subdifferential of the hinge loss function, when ¢ = 1, the subdifferential
belongs to the closed interval [1,7]; when ¢ > 1, its gradient is 7.

(3) (Bouncing ball loss function) In 2013, Jumutc et al. [30] gave the subdifferential
of the Bouncing ball loss function

1, t > 0;
8€p1(t) = {[_T7 1]7 t= Oa
—T, t <0,

where 7 € [0, 1]. The second differential image is shown in Fig. 6(b). Unlike the
subdifferential of the hinge loss function, when ¢ = 0, the subdifferential belongs
to the closed interval [—7,1]; when t < 0, its gradient is —7.

(4) (e-insensitive bouncing ball loss function) In 2014, Huang et al. [26] give
the subdifferential of e -insensitive bouncing ball loss function

1.5

1.6 | =¥ Hinge ] ] —¥- Bouncing Balle
14 - G-Hinge G—8—H -~ e-intensitive BB
. |
19 | ! 1.0 FED-EE-E—
| 1 1
10 | —F——%  _ '
So0s | Lo g 0 i
0.6 | ! ; | !
1 1 1
04 | : ! 0 F—=4a
0.2 | T Vo
1 I 1
0 B—E—B - E—k———— 0.5 B—B—Pk—p—k———————
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
t t

(a) (b)

Fig. 6  Subdifferential diagram of convex nonsmooth loss function where the set of
subdifferentials at the non-integrable points is shown by dashed lines
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(1, t>¢;
[0, 1], t=-c¢;
0, te < — i,s);
Oty (t) = T
[_7_70]7 t= -,
T
e
—T, t< ——,
\ T

where 7€ [0,1], € > 0. The second differential image is shown in Fig. 6(b).
Unlike the subdifferential of the bouncing ball loss function, when ¢ = ¢, the
subdifferential belongs to the closed interval [0,1]; when t € (—£,¢), its gradient
is 0; when ¢ = —£, the second derivative belongs to the closed interval [—,0].

3.1.2 Gradient of convex smooth loss function
(5) (Double hinge loss function) In 1995, Cortes and Vapnik [16] gave the gradient
of the Double hinge loss function

2t, t=0;
Via(t) = {0, t<0.

Its gradient image is shown in Fig. 7(a). Unlike the subdifferentiation of the
hinge loss function, when t > 0, its gradient is 2t.

(6) (Huber hinge loss function) 2007, Chapelle [10] gave the gradient of the
Huber hinge function

1, t>6;
t

vghh@) = 57 te [076]7
0, t<0,

where 0 > 0. Its gradient image is shown in Fig. 7(a). Unlike the subdifferentiation

of the hinge loss function. When ¢ € [0, ], its gradient is £.
(7) (Logarithmic loss function) In 1998, Wahba [60] gave the gradient of the

logarithmic loss function
1
1+exp(t—1)

Véu(t) =1 t € R.

Its gradient image is shown in Fig. 7(b). Unlike the subdifferential of the hinge

1
1+exp(t—1)"°
(8) (Least squares loss function) In 1999, Suykens and Vandewalle [57] gave

the gradient of the least squares loss function
V&S(t) = 2t, t € R.

loss function, its gradient is 1 —

Its gradient image is shown in Fig. 7(b). Unlike the subdifferential of the bouncing
ball loss function, its gradient is 2t.

(9) (Huber bouncing ball loss function) In 2020, Zhu et al. [78] gave the gradient
of the Huber bouncing ball loss function
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Fig. 7 Gradient diagram of convex smooth loss function

1, t>0;

%, t € (0,4
OERES

5 t e (—=6,0[;

-7, t< -9,

where 7€ [0,1], § > 0. Its gradient image is shown in Fig. 7(b). Unlike the
subdifferential of the bouncing ball loss function, when t € (0, 4], its gradient is
%, when t € (—6,0], its gradient is Z-.

3.1.3 Clarke subdifferential of nonconvex nonsmooth loss function

(10) (Slideway loss function) In 2003, Shen et al. [54] gave the Clarke subdifferential

of the slideway loss function

0, t>1;

0,1], t=1;
%Ua(t) =< 1, t€(0,1);

0,1], t=0;

0, t < 0.

Its Clarke subdifferential image is shown in Fig. 8(a). Unlike the subdifferential
of the hinge loss function, when t =1, its Clarke subdifferential belongs to the
closed interval [0, 1]; when ¢ > 1, its gradient is 0.

(11) (Truncated logarithmic loss function) In 2011, Park and Liu [46] gave
the truncated logarithmic loss function Clarke subdifferential

0, t>1—v;
1
~ 14exp(—v)
1
1 - :
1 +exp(t—1)

0,1 L t=1-u;

8C€t11 (t) -

t<1—v,

where v < 1. Its Clarke subdifferential image is shown in Fig. 8(a). Unlike the
gradient of the logarithmic loss function, when ¢ > 1 — v, its gradient is 0; when
t=1—v, its Clarke subdifferential belongs to the closed interval
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; o 4 .
—¥—Slideway —¥ Truncated LS
:—E—Trunca,tctl-Log 3 |5 Truncated BB :
2 |
1

Double-Truncated BB

a%(1)

Fig. 8 Non-convex non-smooth loss function of Clarke subdifferential schematic where
the set of Clarke subdifferentials at the non-differentiable points is shown by
dashed lines

0,1 = =
(12) (Truncated least-squares loss function) In 2016, Liu et al. [42] gave the
Clarke subdifferential of the truncated least-squares loss function

0, It > p;

2sgn(t)([t] —¢), [t] € [e, p);
9% (t) = {0, it| € 10,¢);

[0,2(n — )], b=

[2(_:U'+5)70]7 = —u,

where 0 <& < p, sgn(-) is the sign function. Its Clarke subdifferential image is
shown in Fig. 8(b). Unlike the gradient of the least-squares loss function, when
|t| > p, its gradient is 0; when |t| € [, u), its gradient is 2sgn(¢)(|¢t| — €); when
t] € [0,¢), its gradient is 0; when t = p, its Clarke subdifferential belongs to the
closed interval [0,2(y — ¢)]; when ¢ = —pu, its Clarke subdifferential belongs to
the closed interval [2(—pu + €),0].

(13) (Truncated bouncing ball loss function) In 2017, Shen et al. [55] gave the
Clarke subdifferential of the truncated bouncing ball loss function

1, t > 0;

[—7,1], t=0;
Uy, (t) = { -1, t € (—k,0);

[—7,0], t=—K;

0, t < —k,

where 7€ [0,1], x> 0. Its Clarke subdifferential image is shown in Fig. 8(b).
Unlike the subdifferential of the bouncing ball loss function, when t = —k, its
Clarke subdifferential belongs to the closed interval [—7,0]; when ¢ < —«, its
gradient is 0.

(14) (Double truncated bouncing ball loss function) In 2018, Yang et al. [68]
gave the Clarke subdifferential of the double truncated bouncing ball loss func-
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tion

(0, t > u;
[07 1]7 b=
1, t € (0,p);

acgbtp(t) =q[-71], t=0;

-7, t € (—k,0);
[—7,0], t= —k;

\0, t < —K,

where 7 € [0,1], k,u > 0. Its Clarke subdifferential image is shown in Fig. 8(b).
Unlike the Clarke subdifferential of the truncated bouncing ball loss function,
when t = p, its Clarke subdifferential belongs to the closed interval [0, 1]; when
t > p, its gradient is 0.

3.1.4 Gradient of non-convex smooth loss function
(15) (Generalized exponential loss function) 2016, Feng et al. [22] gave the
gradient of the generalized exponential loss function

£\ 2
Vi (t) = 2texp(—(;> ), t > 0;

0, t <0,

where o > 0. Its gradient image is shown in Fig. 9(a). Unlike the Clarke subdif-
ferential of the slide loss function, the gradient is 2t exp(—(%)?) when ¢ > 0.
(16) (Generalized logarithmic loss function) 2016, Feng et al. [22] gave the
gradient of the generalized logarithmic loss function
2t
Vigi(t) = {1 + (t)o)?

0, t <0,

t>0;

where o > 0. Its gradient image is shown in Fig. 9(a). Unlike the Clarke subdif-
ferential of the slide loss function, when ¢ > 0, its gradient is Héﬁ
(17) (Sigmoid loss function) In 2003, Pérez-Cruz et al. [47] gave the gradient

0.35

1.4 =¥ Generalized-EXP ' —¥—Cumulative distribution
1.9 -5 Generalized-LOG 0.30 |-=-Sigmoid
1.0 0.25 ¢
= 08 1 %020
> 06 >0.15
041 0.10
0.2 '
0 0.05
0.2 =4
3 2 1 0 1 2 3 3 2 1 0 1 2 3

Fig. 9 Non-convex smooth loss function of the gradient schematic
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of the Sigmoid loss function

Pexp(—pt)
(1 + exp(—pt))*’
where > 0. Its gradient image is shown in Fig. 9(b). Unlike the Clarke subdif-
ferential of the slide loss function, its gradient is ¢ Bexp(=pt)

Itexp(—pt))?
(18) (Cumulative distribution loss function) In 2019, Ghanbariti et al. [24]

gave the gradient of the cumulative distribution loss function

_ exp(—t*/2)
27

Vigy(t) =

teR,

vgcd(t) s t e R.

Its gradient image is shown in Fig. 9(b). Unlike the Clarke subdifferential of the

exp(—t2/2) ‘

slide loss function, its gradient is o

3.2 Neighborhood point operator

Since 6 of the 18 SVM proxy loss functions introduced in Section 2 contain
exponential or logarithmic loss functions and these 6 loss functions do not have
explicit expressions for the neighborhood operator. Therefore, we first give the
definition of the neighborhood operator, and then give the explicit expressions
and graphs of the neighborhood operator for the other 12 loss functions.

Definition 3.2 [3] Let f:R — R be a normal lower semicontinuous func-
tion, then the neighborhood point operator of f at a given s &€ R with
respect to the parameter o > 0 is defined as

1
prox(s) := argmin f(v) + —(v — s)°.
vER 20
When f is a convex function, its neighborhood operator is single-valued. When
f is non-convex, its neighborhood operator may be multi-valued.

3.2.1 Neighborhood operators of convex nonsmooth loss functions
(1) (Hinge loss function) In 2020, Yan and Li [67] gave the neighborhood point
operator for the hinge loss function

s—a, §>aq
prox, (s) = {0, s €0, al;
s, s < 0.

The image of its neighborhood point operator is shown in Fig. 10(a). When
s > «, its neighborhood operator is s— «; when s € [0,al, its neighborhood
operator is 0; when s < 0, its neighborhood operator is s.

(2) (Generalized hinge loss function) In this paper, the authors proved to
obtain the proximity point operator of the generalized hinge loss function
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—¥— Hinge
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9 | & e-intensitive BB
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o 1 2
S
(b)

2 1

Fig. 10 = Schematic diagram of the neighborhood point operator for convex nonsmooth
loss function
s—an, s>1+amn;
1, s€ (14 a,1+anl;
prox, (s) =4¢s—a, s€(a,1+al;
0, s € (0,al;
s, s <0,

where 7 > 1. The image of its neighborhood point operator is shown in Fig.
10(a). Unlike the neighborhood point operator of the hinge loss function, when
s € (14 a,1+ anl, its neighborhood point operator is 1; when s> 1+ an, its
neighborhood point operator is s — an.

(3) (Bouncing ball loss function) In this paper, the authors proved that the
proximity operator of the bouncing ball loss function

s—a, §>a;
prox, (s) = {O, s € [-Ta,al;
s+Ta, s<-—Taq,

where 7 € [0, 1]. Its neighborhood point operator is shown in Fig. 10(b). Unlike
the proximity operator of the hinge loss function, when s € [—7«, «], its proximity
operator is 0; when s < —7q, its proximity operator is s + Ta.

(4) (e-insensitive bouncing ball loss function) In this paper, the authors prove
that the neighborhood point operator of ¢ -insensitive bouncing ball loss function

(5 — s> a+ ¢
g, s € e, a+¢l;
€
S, se | ——,¢];
T
proxzip(s):
€ € €
-, se | ———Ta,—— |;
T T T
€
Ss+To, s<—— —TqQ,
\ T

where 7 € [0,1], € > 0. The image of its neighborhood point operator is shown
in Fig. 10(b). Unlike the neighborhood operator of the bouncing ball loss func-
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tion, when s € [, a +¢], its neighborhood operator is e; when s € [-£,¢), its
neighborhood operator is s; when s [—%,¢), the operator is s; when
s € [-£ — Ta,—£), the operator is —£.
3.2.2 Neighborhood point operator for convex smooth loss function
(5) (Double hinge loss function) In this paper, the authors prove to obtain the
neighborhood point operator of the quadratic hinge loss function

s

prox,, (s) = { 1+ 2a’
s, s < 0.

s = 0;

The image of its proximity point operator is shown in Fig. 11(a). Unlike the

proximity operator of the hinge loss function, when s > 0, its proximity operator
1+2a°

(6) (Huber hinge loss function) In this paper, the authors prove to obtain the
neighborhood point operator of the Huber hinge loss function

1S

s—a, sza+o;
0s

a+0d’
s, s <0,

prox, (s) = s€[0,a+0);

where ¢ > 0. The image of its neighborhood point operator is shown in Fig.

11(a). Unlike the neighborhood point operator of the hinge loss function, when

ds
a+d’

(7) (Least squares loss function) In 1993, Frank and Friedman [23] gave the
neighborhood point operator for the least squares loss function
s
S 1+2a’

s € [0, + 0), its neighborhood point operator is

s € R.

prox,, (s)

The image of its proximity point operator is shown in Fig. 11(b). Unlike the

neighborhood point operator of the quadratic hinge loss function, when s <0,

s
1+2a”

its neighborhood point operator is

—¥-Double Hinge e —¥- LS
9 [&- Huber Hinge P 9 |- Huber-BB

Fig. 11  Schematic diagram of the neighborhood point operator of the convex smooth
loss function
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(8) (Huber bouncing ball loss function) In this paper, the authors prove that
the neighborhood point operator of the Huber bouncing ball loss function is
obtained

(s — «, s> a+0;
4]
. se(0,a+0);
)i+«
prOXth (S) - 58
6+TO[7 s € (_<7—Oé+(5),0],
s+ 7a, s< —(ta+)9),

where 7 € [0,1], § > 0. The image of its neighborhood point operator is shown
in Fig. 11(b). Unlike the neighborhood operator of the bouncing ball loss func-

tion, when € (0, a + 0), its neighborhood operator is <si_sa3 when € (—(ra +9),0],

ds

its neighborhood operator is 52~

3.2.3 Neighborhood point operator for nonconvex nonsmooth loss function

(9) (Slipway loss function) In 2020, Wang et al. [61] gave two different proximity
point operators for « € (0,2) and « > 2 for the chute loss function. When
a € (0,2), the proximity operator of the slideway loss function is

( 1 «
s, s> 14+ =
2
Q
sors—a, s=1+—;
prox, (s) = o
s — «, s € a,1+§ ;
0, s € (0,a);
[ S, s < 0.

The image of its proximity point operator is shown in Fig. 12(a). Unlike the
proximity operator of the hinge loss function, when s=1+ g, its proximity
operator is s or s —a; when s > 1+ , its proximity operator is s.

When a > 2, the neighborhood operator of the sliding loss function is

S, s >V 2q;

sor0, s=+2q;
0, s € [0,V2aq);

s, s < 0.

prox,, (s) =

The image of its proximity point operator is shown in Fig. 12(a). Unlike the
neighborhood point operator of the hinge loss function, when s € [0, \/ﬁ), its
neighborhood point operator is 0; when s = v/2a, its neighborhood point operator
is s or 0; when s > v/2a, its neighborhood point operator is s.

(10) (Truncated least squares loss function) In this paper, the authors prove
that the neighborhood operator of truncated least squares loss function
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Fig. 12 Non-convex non-smooth loss function of the neighborhood point operator,
where the multi-valued points are indicated by dashed lines

(s, 5| > v2a +1(u—€) +¢;
2
S 209) ) Ve T+ =
— 20+ 1
Proxe,(8) = gen(s)(Js| + 2ae)
: |s| € (e, vV2a+1(n—¢) +¢);
200+ 1
(5, |s] € [0, €],

where 0 < e < p. Its neighborhood point operator is shown in Fig. 12(a). Unlike
the neighborhood operator of the least-squares loss function, when |s| € [0, €], its
neighborhood operator is s; when |s| € (g,v/2a + 1(i — €) + €), its neighborhood
operator is 2209 when |5 = \2a + 1(u— &) + ¢, its neighborhood operator

2041
is s or W. when |s| > v2a + 1(u— ¢€) + ¢, its neighborhood operator is
s.

(11) (Truncated bouncing ball loss function) In this paper, the authors prove
two different proximity operators for « € (0,%) and o > 27” to truncate the
bouncing ball loss function.

When « € (0, 27"‘), the proximity operator of the truncated bouncing ball loss
function is

(5 — a, s>
0, s € [—Ta,);
TO
S+ Ta, s € —7—:‘17—7‘&;
prox,, (s) =
TO

S+ T or s, 32—7—/{;

- TO
S §< —— —K
( 2 ’

where 7€ [0,1], x> 0. Its proximity point operator is shown in Fig. 12(a).

Unlike the neighborhood operator of the bouncing ball loss function, when

s = —%5* — K, its neighborhood operator is s+ 7a or s; when s < —7* — &, its

neighborhood operator is s. When o > 2&

—*, the neighborhood operator of the
truncated bouncing ball loss function is
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s—a, §2q;
0, s € (—V2atk, a);

prox, (s) =
P Oors, s=—v2ark;

S, s < —V2artk,

where 7 € [0,1], k> 0. Its proximity point operator is shown in Fig. 12(a).
Unlike the neighborhood operator of the bouncing ball loss function, when
s € (—v2atk, a), its neighborhood operator is 0; when s = —v/2a7k, its neigh-
borhood operator is 0 or s; when s < —v/2a7k, its neighborhood operator is s.
(12) (Double truncated bouncing ball loss function) In this paper, the authors
prove four different proximity operators for the double truncated bouncing ball
loss function for different values of parameters 7, k, p.
(i) When «a € (0,2) and « € (0,2u) , the proximity operator of the double-
truncated bouncing ball loss function is

/ 0]
s, s> U+ =
2
Qo
sors—a, 8=M+§;
«Q
s — «, se{a,u—%i);
prox, (s) =<0, s € (—71a,a);
TO
S+ T, s € —7—/{,—7'04};
TO
s+ Ta or s, 3:—7—/1';
TO
\S, 8<—7—/€,

where 7€ [0,1], k,u > 0. The image of its neighborhood point operator is
shown in Fig. 12(b). Unlike the truncated bouncing ball loss function neighborhood
operator of « € (0,2), when s=p+ ¢, the neighborhood operator is s or
s —a; when s > p+ 9. when s > p+ 9, its neighborhood operator is s.

(i) When «a € (0,%) and « > 2u, the neighborhood point operator of the

double truncated bouncing ball loss function is

4

S, 5 > /20
sor 0, s = /20
0, s € [T, 2apu);
TQ
prox, (s)={s+7a, s € ( -5 K —Ta);
S+ Ta or s, s:—%—/{;
T
& 5 < 5 K,
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where 7€ (0,1}, k,u > 0. The image of its neighborhood point operator is
shown in Fig. 12(b). Unlike the truncated bouncing ball loss function neighborhood
operator of « € (0, 27—”), when s € [—7a,v/2au), the neighborhood operator is 0;
when s =/2au, the neighborhood operator is s € [—7a,/2au]. When
s = v/2ay, its neighborhood operator is s or 0; when s > \/2ay, its neighborhood
operator is s.

(iii) When a > 28 and « € (0,2pu), the neighborhood operator of the double-
truncated bouncing ball loss function is

( «
s, S>> U+ =
SNy
«
sors—a, S$=p(+ —;
2
«
proxgbtp(s) =q5s—a, s E {a, i+ 5),
0, s € (—V2atk, a);
0ors, s = —V2aTkK;
S, 5 < —V2aTk,

\

where 7€ (0,1}, k,u>0. The image of its neighborhood point operator is
shown in Fig. 12(b). Unlike the truncated bouncing ball loss function neighborhood
operator of a > 27”, when s = p+ g, its neighborhood operator is s or s — a;
when s >y + 7, its neighborhood operator is s. When s > p + %, its neighborhood
operator is s.

(iv) When « > 27” and « > 2u, the neighborhood operator of the double-truncated
bouncing ball loss function is

(s, s > /20
sor0, s=+2au;
prox, () =40, s € (~v2arn, yIap)
Oor s, s=—V2ark;
\ S, s < —V2aTk,

where 7€ [0,1], k,u > 0. The image of its neighborhood point operator is
shown in Fig. 12(b). Unlike the truncated bouncing ball loss function neighborhood
operator of a > 27—”, when s € [—v2aTk, /2au), its neighborhood operator is 0;
when s = ,/2apu, its neighborhood operator is s or 0; when s> +/2apu, its
neighborhood operator is s.

3.3 Fenchel covariance

In this subsection, we introduce and give the Fenchel covariance of 18 SVM
agent loss functions. The definition of Fenchel covariance is given first.

Definition 3.3 [3] Let function f:R — R, its Fenchel conjugate
f* 1R — [—00, +00] is defined as
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fr(t) == sup{tt — f(2)}.

teR

It is worth noting that whether the function f(t) is convex or not, its Fenchel
conjugate function f*(¢*) must be a closed convex function.

3.3.1 Fenchel conjugate of convex nonsmooth loss function
(1) (Hinge loss function) In 1995, Cortes and Vapnik [16] gave the Fenchel
conjugate of the hinge loss function

) = {

When t* € [0,1], its Fenchel conjugate is 0; when t¢* takes other cases, its
Fenchel conjugate is +oo.
(2) (Generalized hinge loss function) In this paper, the authors prove that the
Fenchel conjugate of the generalized hinge loss function
t*—1, t*e(1,n];
W) =L0, el
~+o00, other,

0, t* € [0,1];
400, other.

where 7 > 1. Unlike the Fenchel conjugate of the hinge loss function, when
t* € (1,n), its Fenchel conjugate is t* — 1.
(3) (Bouncing ball loss function) In 2013, Jumutc et al. [30] gave the Fenchel
conjugate of the bouncing ball loss function
0 t* e [-7,1];
E* t* — ) Y Y
() {—l—oo, other,

where 7 € [0,1]. Unlike the Fenchel conjugate of the hinge loss function, when
t* € [—7,0), its Fenchel conjugate is 0.
(4) (e -insensitive bouncing ball loss function) In 2014, Huang et al. [26] gave
the Fenchel conjugate of ¢-insensitive bouncing ball loss function
t*e, t* €0, 1];

. t*e .
Eip(t ) - - - ’ e [_T7 0))
400, other,

where 7 € [0,1], € > 0. Unlike the Fenchel conjugate of the bouncing ball loss
function, when t* € [0,1], its Fenchel conjugate is t*s; when t* € [—7,0), its
Fenchel conjugate is —“75
3.3.2 Fenchel conjugate of convex smooth loss function
(5) (Double hinge loss function) In this paper, the authors prove that the
Fenchel conjugate of the quadratic hinge loss function is obtained
()
(L) =q 47
400, other.

t* > 0;
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Unlike the Fenchel conjugate of the hinge loss function, when t* > 0, its Fenchel
*)2

conjugate is Goky

(6) (Huber hinge loss function) In this paper, the authors prove that the

Fenchel conjugate of the Huber hinge loss function is obtained

* * —, t* & (),1;
O (t7) = 2 0.1]
400, other,

where 0 > 0. Unlike the Fenchel conjugate of the hinge loss function, when
§(t*)2
=5
(7) (Logarithmic loss function) In this paper, the authors prove that the

Fenchel conjugate of the logarithmic loss function is obtained
t*log(t*) + (1 — t*)log(1 — t*) + t*, t* € (0,1);

t* € [0, 1], its Fenchel conjugate is

* (gx\ 07 t* = O;
gll(t ) - 1’ T 1’
—+00, other.

Unlike the Fenchel conjugate of the hinge loss function, when ¢* € (0,1), its
Fenchel conjugate is t*log(t*) + (1 — t*)log(1 — t*) + t*; when ¢* = 0, its Fenchel
conjugate is 0; when t* = 1. the Fenchel conjugate is 1.

(8) (Least squares loss function) In 2000, Suykens and Vandewalle [57] gave
the Fenchel conjugate of the least squares loss function

t* 2
aer-F, rer

Unlike the Fenchel conjugate of the quadratic hinge loss function, when t* <0,
@)?

i
(9) (Huber bouncing ball loss function) In this paper, the authors prove that

the Fenchel conjugate of the Huber bouncing ball loss function is obtained

its Fenchel conjugate is

5(t*)2
T 1]:
2 ) 6 [07 ]7
g;p(t*): 5@*)2
e —7,0);
Sy € [-7,0);
400, other,

where 7 € [0,1], 0 > 0. Unlike the Fenchel conjugate of the bouncing ball loss

5(2)2; when t* € [—7,0), its

function, when ¢* € [0, 1], its Fenchel conjugate is
5(t*)2

Fenchel conjugate is =5

3.3.3 Fenchel conjugate of nonconvex nonsmooth loss function
(10) (Slideway loss function) In this paper, the authors prove to obtain the
Fenchel conjugate of the slideway loss function

® g%\ 07 = 0;
alt) = {—i—oo, other.

(11) (Truncated logarithmic loss function) In this paper, the authors prove
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that the Fenchel conjugate of the truncated logarithmic loss function is obtained
0 t* = 0;
* t* — ’ ’
a(*") {+oo, other.

(12) (Truncated least squares loss function) In this paper, the authors prove

that the Fenchel conjugate of the truncated least squares loss function is
obtained

m(t) = {—koo7 other.
(13) (Truncated bouncing ball loss function) In this paper, the authors prove
that the Fenchel conjugate of the truncated bouncing ball loss function is
obtained

. ey 0, t* € [0,1];
by(f7) = {—i—oo, other.

(14) (Double truncated bouncing ball loss function) In this paper, the authors
prove that the Fenchel conjugate of the double truncated bouncing ball loss
function is obtained

b (#) = {+oo, other.
Among the above five non-convex and non-smooth loss functions, the truncated
bouncing ball loss function is bounded in the negative half-axis and unbounded
in the positive half-axis. When t* € [0, 1], the Fenchel conjugate of the truncated
spherical loss function is 0; when t* takes other cases, the Fenchel conjugate is
+00. The other four loss functions are bounded in the positive and negative
semi-axes, and they have the same Fenchel conjugate. When ¢* =0, their

Fenchel conjugate is 0; when t* is taken as other cases, their Fenchel conjugate
is +o0.

3.3.4 Fenchel conjugate of non-convex smooth loss function
(15) (Generalized exponential loss function) In this paper, the authors prove
that the Fenchel conjugate of the generalized exponential loss function is

obtained
wl(t) = {—I—oo, other.

(16) (Generalized logarithmic loss function) In this paper, the authors prove
that the Fenchel conjugate of the generalized logarithmic loss function is
obtained

alt) = {—i—oo, other.

(17) (Sigmoid loss function) In this paper, the authors prove that the Fenchel
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conjugate of the Sigmoid loss function is obtained

() = {

+00, other.

(18) (Cumulative distribution loss function) In this paper, the authors prove
that the Fenchel conjugate of the cumulative distribution loss function is

obtained
«alt) = {+oo, other.

The above four non-convex smooth loss functions are bounded loss functions in
both positive and negative half-axes, and they have the same Fenchel conjugate.
When t* = 0, their Fenchel conjugate is 0; when t* is taken as other cases, their
Fenchel conjugate is +oo.

4 0-1 loss functions and their variational properties

In the previous section we give the subdifferentiation of 0-1 loss function for 18
commonly used agent loss functions, the neighborhood point operator and
Fenchel conjugate. In this section we introduce and give the 0-1 loss function
and its three variational properties.

In 1995, Cortes and Vapnik [16] pointed out that the 0-1 loss function is the
most desirable loss function for soft interval SVMs, and its mathematical
expression is

1, t>0;
%“”:{o t<0.

The function image is shown in Fig. 13(a). The 0-1 loss function portrays the
discrete nature [25, 38| of the binary classification problem of judging only yes
or no. For ¢t < 0 samples, the loss value is 0; for ¢ > 0 samples, the loss value is
1, and these samples are non-support vectors [62]. Therefore, it is sparse and
robust to outliers.
In 2019, Zhang [72] gave the Clarke subdifferential of the 0-1 loss function

>0, t=0;

w%”w{—m t#0.

Its Clarke subdifferential image is shown in Fig. 13(b). When ¢ = 0, its Clarke
subdifferential is greater than or equal to 0; when t # 0, its gradient is O.

In 2019, Wang et al. [62] gave the neighborhood point operator for the 0-1 loss
function

S, 5 >V 2aq;

sor(, s=+2q;
0, s € (0,v2a);

s, s <0,
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Fig. 13 (a) Schematic diagram of the 0-1 loss function, where the discontinuities are
indicated by dashed lines; (b) Schematic diagram of the Clarke subdifferential
of the 0-1 loss function, where the set of Clarke subdifferentials at the non-
differentiable points is shown by the dashed line; (c¢) Schematic diagram of the
0-1 loss function for the neighborhood operator, where the multi-valued points
are shown by dashed lines

whose neighborhood point operator image is shown in Fig. 13(c). When
s > v2a or s < 0, its neighborhood operator is s; when s = v/2a, its neighborhood
operator is s or 0; when s € (0,v/2a), its neighborhood operator is 0.

In this paper, the authors prove that the Fenchel conjugate of the 0-1 loss function

0/1(t )= {—i—oo, other.
When t* =0, its Fenchel conjugate is 0; when t* takes other cases, its Fenchel
conjugate is +o0.

5 Conclusion

In this paper, we summarize the 0-1 loss function and its 18 commonly used
SVM proxy loss functions, point out the reasons and advantages and disadvantages
of each loss function, and give three important variational properties: subdiffer-
ential, neighborhood operator and Fenchel conjugate. In order to facilitate a
quick reference and comparison, the 19 loss functions and their properties are
summarized in Table 1. We hope that this paper can inspire readers to study
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Table 1  Properties of the 19 loss functions in the quad SVM

(“Y” means the loss function has the corresponding property, “N” means the loss function does not have the
corresponding property, “[*]” means that the corresponding property of the loss function is given by this paper)
Neighborhood Fenchel

Loss function Convexity Boundedness Sparsity Robustness Subdifferential . .
point operator conjugate
0-1 loss [62] N Y Y Y Y Y [72] Y [62]
Y[*]
Hinge loss [16] Y N Y N Y [16] Y [67] Y [16]
Generalized hinge
Y N Y N Y [2 Y[* Y[*
loss [2] 2] [*] [*]
Pinball loss [30] Y N N N Y [30] Y[*] Y [30]
e-insensitive bouncing - N v N Y 126 - Y 126
ball loss [26] [26] "] (26]
Secondary hinge
Y N Y N Y [16] Y[*] Y[*]
loss [16]
Huber hinge loss [10] Y N Y N Y [10] Y[*] Y[*]
Logarithmic loss [60] Y N N N Y [60] N Y[*]
Least squares loss [57] Y N N N Y [57] Y [23] Y [57]
Huber bouncing ball
Y N N N Y [78 Y[* Y[*
loss [78] (78] [*] [*]
Chute loss [54] N Y Y Y Y [54] Y [61] Y[*]
Truncated logarithmic
N Y Y Y Y [4 N Y[*
loss [46] [46] "1
Truncated least squares "
loss [42] N Y Y Y Y Y [42] Y[*]
Y[*]
Truncated bouncing ball " "
loss [55] N N Y N Y [55] Y[*] Y[*]
Double truncated
Y Y Y Y Y[* Y[*
bouncing ball loss [68] N [68] ] ]
Generalized exponential N v v v Y [22] N YI*]
loss [22]
Generalized logarithmic
loss [22] N Y Y Y Y Y [22] N
Y[*]
Sigmoid loss [47] N Y N Y Y [47] N Y[*]
Cumulative distribution
Y N Y Y [24 N Y[*
loss [24] [24] *1

SVM models and propose new solution algorithms, and promote the development
of SVM.
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