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Abstract By utilizing the improvement function, we change the nonsmooth
convex constrained optimization into an unconstrained optimization, and
construct an infeasible quasi-Newton bundle method with proximal form. It
should be noted that the objective function being minimized in unconstrained
optimization subproblem may vary along the iterations (it does not change if
the null step is made, otherwise it is updated to a new function). It is necessary
to make some adjustment in order to obtain the convergence result. We employ
the main idea of infeasible bundle method of Sagastizabal and Solodov, and
under the circumstances that each iteration point may be infeasible for primal
problem, we prove that each cluster point of the sequence generated by the
proposed algorithm is the optimal solution to the original problem. Furthermore,
for BFGS quasi-Newton algorithm with strong convex objective function, we
obtain the condition which guarantees the boundedness of quasi-Newton matrices
and the R-linear convergence of the iteration points.

Keywords Non-smooth optimization, convex constraint, improvement function,
bundle method, quasi-Newton direction

1 Introduction

In the field of operations research, it is often necessary to minimize a function
that has no derivatives at some points, and such problems are called non-differ-
entiable optimization (NDO) or nonsmooth optimization (NSO). Many practical
problems are NSO problems. Let the nonnegative variable x represent income.
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In many economic systems, income x corresponds to a tax function 7'(x), which
usually has discontinuous derivatives. Given some threshold 0=ay < a; <
coo < @y, =+o0 and tax rate 0=rg,r,...,7m_1. 1 is given in the following
form: T(x)=T, + riz, a; <z < a;y1, 1=0,1,...,m — 1, where Ty=0, T, =T, 1+
a;(ri_1 —r;). It is easy to verify that if |rj| <1, 11 >r; >0, then T is a
continuously increasing convex function. Further, it is easy to verify that 7" has
the following form: T'(x) = max{7T; +rx |i=0,1,...,m — 1}. We usually want
to minimize the tax rate, and thus the following optimization problem arises:
min{7'(z) | —z < 0}, where T'(z) is a convex function and the set of constraints
{zr € R| —x < 0} is a convex set, which is a convex programming, and its more
general form is

minimize f(z) s.t. ¢(x) <0, (1)

where f,c:R"™ — R are convex function, which is generally not differentiable.
Suppose the Slater bound norm of Problem (1) holds, i.e., there exists x € R"
such that c(z) < 0. We also assume that there exists an oracle that for any
given = € R" can compute the function value f(z),c(x) and one subgradient of
each function, i.e., gf(z) € 0f(z) and g.(x) € dc(x).

In general, NSO problems are difficult to solve. Among the many solution
methods, the well-known methods are the subgradient method, the cutting
plane method, the analytic central tangent plane method, and the bundle
method. Among them, the latter two are currently considered to be the most
stable and trustworthy methods for solving NSO problems. The NSO problems
with constraints are more complicated [4]. For general nonsmooth convex
constrained problems, one approach is to equivalently solve the unconstrained
optimization problem with an exact penalty function [7]. However, the application
of penalty functions inevitably involves the problem of taking values of penalty
parameters. If a large parameter value is required to guarantee the accuracy of a
given penalty function, which will increase the difficulty in numerical computa-
tion. There are also some bundle methods that do not use the idea of penalty
functions [12]. However, all descent steps in these methods are required to be
feasible, including the initial point. We know that this requirement is likely to
be as difficult as solving Problem (1). As a result, the entire computational
burden of solving the problem increases substantially. Other work on bundle
methods for solving constrained optimization problems can be found in the literature
[5, 8, 9, 14]. One of them, [14] gives a dual stable bundle method resulting from
combining the proximal bundle method and the horizontal bundle method,
which combines the advantages of both, while proposing an effective stopping
criterion. When the objective function is nonconvex, [5] constructed a reassignment
bundle method. Under the condition of using only the approximate information
of the objective and constraint functions, [8] gave a proximal bundle method,
which requires the error between the approximate and real values to be fixed
but can be unknown, and finally obtains the approximate optimal solution of
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the problem.
We give the improvement function related to Problem (1): for a given x € R",
let

he(y) = max{f(y) — f(x),c(y)}, VyeR"

It is called the improvement function of Problem (1). Z is the solution of Problem
(1) when and only when Z is the optimal solution of the unconstrained optimization
problem min hz(-), see Theorem 2.1 in the next section. As a theoretical tool in
the convergence analysis of the bundle method, the use of hz(-) dates back to
literature [11]. However, the method requires that the resulting sequence of
descent steps is feasible. The piecewise linear model of the improvement function
has been used in feasible direction methods for solving smooth problems [15],
while these methods still require that the descent steps are feasible and the
improvement function itself is not addressed in the algorithm. Infeasible bundle
methods are less common, with the literature [6] and the “stage I-stage II”
improvement of the feasible methods in the constrained bundle methods before
[3]. In these methods, it is necessary to predict the values of the objective function
and parameters, which is obviously not feasible for general functions. In this
paper, the infeasible bundle method of Sagastizdbal and Solodov [16] and the
Moreau-Yosida regularization idea [13] are employed, where the objective function
changes with the generation of descent step, but the adjusted model is still an
upper and lower approximation of the updated objective function.

The full paper is structured as follows: Section 2 performs the problem trans-
formation and gives the upper and lower approximation models of the objective
function and its related properties, where the objective function is constructed
by using the bundle method idea. Section 3 gives the specific infeasible quasi-
Newtonian bundle method for solving the convex constrained optimization prob-
lem. Section 4 presents the global convergence analysis of the given algorithm.
Section 5 gives the convergence results of the BFGS bundle method. The last
section is the conclusion.

In the whole text, the following standard notation is used: (z,y) =, =y
denotes the inner product in Euclidean space and the corresponding norm
denoted by | - |, ¥ = max{x,0}, for a subset X of R™, conv X represents its
convex hull and Oh(z) represents the sub-differential of the convex function
h(z) at the point z.

2 Bundle method

Theorem 2.1 [6] Assuming that Problem (1) satisfies the Slater constraint
specification, the following conclusions are equivalent:

(1) z is the solution of Problem (1);

(2) min{ha(y)ly € R"} = ha(2) = 0;
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(3) 0 € Ohz(7).
In view of the conclusion of Theorem 2.1, for a given x € R", consider the
following problem:

min{h.(y) | y € R"}. (2)

According to the Moreau-Yosida regularization conclusion, the above problem is
equivalent to

min{ Y (z) | » € R"}, (3)
where
. 1 n
2 (a) = min { () + o~ alf [y € R (@
M is an n x n symmetric positive definite matrix, || - ||as = (-, M-). (4) is called

the Moreau-Yosida regularization of h,(y) associated with M. It is well known
that HM(.) is a continuous differentiable convex function defined on R",
although h,(-) may be non-differentiable. The derivative of HM(-) at point x
is GM(x) .= yHM(2) = M(z — p(x)) € dh.(p(z)), where p(z) is the unique optimal
solution to Problem (4). Further, G¥(z) is a global Lipschitz continuous function
which module is ||M|. 7 is a minimal point of h,(-) when and only when
GM(z) =0 and T = p(7). Let y =z + d. Then (4) is equivalent to

HM (2) :min{hx(:c+d)+%\|dH?\/[ \ dGR"}. (5)

The following considers the approximation of h,(z+d) using the bundle
method. Assume that the information is already available in the bundle
(€f;r€ecir 95 € O, f(2), g0 € Oc, c()). The linearization errors of f; and ¢; are
defined as €f = f(l‘) - f(yz) - <g},$ - y2> and ?C'L = C<I> - C(yl) - (gé,x - yl>7
then bundle meets By C Uii{(f;, ¢, €5, €c,, 95, 95)}-
Lemma 2.1 [16] For each i € B define

cii=ep+ct (@), gn =95 o ) f) = cly),

e =eq +c(x)—clx), g, =g, if [f)—[f(z)<cy)
Then e; > O,gzz € Op, hz().

From Lemma 2.1, we know that hy(y) > hy(2)+(g) ,y—x) —e;, Vy € R"™. Let

y=x+d. Then hy(z+d) > c"(z)+max{{g, ,d) —e; | i € BY™**} =t h,(z + d).
Furthermore, make

. . 1
Hi”(x) = min {hx(x +d) + §||d]|?u | d e ]R"}

. 1
= ¢"(z) + min {max {—ei+ (g, .d)|ie B} + §dTMd |d e R”} :
(6)
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Let d(xz) be the optimal solution of (6). Let v(zx)= max{—e; + (g} ,d(z)) |
i € B} Then HM(z) = ¢*(z) + v(x) + Ld(z)"Md(z). Let a(z) =z +d(z). It
is an approximation of the real solution of (5). Then let HM(z)=
ha(a(z)) + 3d(x)"Md(z), 2 € R™. For the upper and lower approximation functions
of HM(z), the following conclusion holds.

Lemn}a 2.2 VxreR™
(i) HY () > HY () > HY (v);
(ii) HY(v) = H(r) & a(x) = p(z).

Proof (i) Due to the fact that for = € R" h,(x +d) > h,(z + d),Vd € R", then
HM(z) > HM(z). By the definition of a(z) and the optimal solution d(z) of (6),
we have h,(a(z))+ 3d(x)"Md(z) > h.(a(x)) + 3d(z)"Md(z). Thus, HM(z) >
(ii) Apparently holds. L]
Let e(z) = HM(z) — HM(z). Then e(x) >0. Let C' be a given positive
number and §(z) be a given positive number during each inner loop iteration. If
e(z) < §(z) min {d(z)" Md(z),C}, (7)

then a(x) is considered to be an approximation of p(z). If (7) does not hold, let
i1

o1 and then e, g, "

y*!' =z +d(z) and compute ey, ,, e, fir1, Cir1, 95 g
According to Lemma 2.1, add the information of the new trial point 7*! to the
bundle, construct a new approximate model for h,(x + d), and then resolve (6)
to find the new d(z), e(x), and check it with (7). If condition (7) never holds,

using a similar proof in [13], the following two lemmas can be obtained.

Lemma 2.3 Assuming that = is not an optimal solution for h.(-), and (7) is
never satisfied in the sub-algorithm, then (x) — 0.

Lemma 2.4 Let GM(z) = M(z — a(z)) = —Md(z). Then
| @ - @) | = llp(@) = al@)llar < V2e(), ®)

|62 (@) - 631 @)|| < Ve 9)

The following lemma shows that each inner loop iteration must stop in a
finite number of steps, thus ensuring the smooth execution of the entire algo-
rithm.

Lemma 2.5 If x is not an optimal solution of h,(-), then after a finite number
of computational iterations of the sub-problem (6), it is always possible to find a
solution d(x) of the sub-problem such that (7) holds.

Proof Assuming that the conclusion does not hold, we will keep adding infor-
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mation of the new trial point y*' to the bundle, leading to i — co. By
‘Gi”(a:) - (N}’Q/[(m)H — 0. Since
x is not an optimal solution for h,(-), there exists a positive d, and a positive
integer g such that Héy@) ‘ > 0p. This holds for all ¢>1i, By
d(z)"Md(x) = <C~¥y(x))TM_1C~¥i”(x) and the fact that (7) does not hold, there

is e(z) > o(x) min{”é—]\%, N}, i > i, which contradicts e(x) — 0. 0l
k

Lemma 2.3, we have £(z) — 0. By Lemma 2.4,

For the decreasing step iteration point z**! generated by the algorithm, the
following lemma ensures that the new model hyei(-) is still a valid lower
approximation to the new objective function h,.+1(-) after the objective function
is updated from hgi(-) to hgrsi(-) in (6), thus ensuring the next iteration to

proceed smoothly.

Lemma 2.6 [16] Assume that the algorithm produces descent step iteration

F+1 its linearization error associated with z**! is defined as follows:

e];fj_l — el}i + f ([L‘k+1) o f (xk) + <g;c7l'k _ .I‘k+1>,

ettt =ef +c (") —c(aF) + (g, 2" — ).

Ci

point x

k+1
i

i k1
Then g;, ., € 8e§+1hk+1(x ), where e
k1

> 0, and g}bkﬂ is obtained by converting

x to the corresponding =z in the result of Lemma 2.1.

3 Specific algorithms

Algorithm 3.1 Infeasible quasi-Newton bundle methods for convex
constrained optimization problems.

Step 1 (Initial step) o,p,C are given constants and o < 3,p < 1,{0x}72, is
a sequence of positive numbers satisfying Y ;- 0, < +oo. 2° is the initial esti-
mated solution, Bj is an n X n symmetric positive definite matrix. Let k = 0,
choose d° gy such that ey < domin{(d®)*Md° C}. Start the iterative process

of the sub-problem with i =1, u' = 2°.

Step 2 (Compute the search direction) If HG%(Z‘k)H =0, the algorithm

stops and z* is an optimal solution. Otherwise, calculate
s = —B1GM(2h). (10)

Step 3 (Line search) Starting from [ =0, let j, be the smallest non-negative
integer [ such that

H%erlsk (wk + plsk) < ]:Ifc‘f (xk) + crpl (sk)TG% (xk) , (11)

T



Convergence analysis of an infeasible quasi-Newton bundle method 373

T M k Ik o
where ka+plsk (:1: +p's ) satisfies

-H%erlsk- (fEk + plsk) - H%+plsk (l’k + plsk)
< Sy min{ (d(2® + p's") T Md(2* + p's¥), C}. (12)

Step 4 (Correct the quasi-Newton matrix) Let Ax* = zFl — 2% Ayr =
GM. (2F1) — GM(2F). If (Ax*)TAy* > 0. Correct By to By, so that By is
a symmetric positive definite matrix and satisfies the quasi-Newton equation
By Az* = Ay, Otherwise, set B, = M. Let k =k + 1, and go back to Step 2.

Note 1 Take not of the stopping criterion in Step 2. If |G (z*)|| = 0, then
we can infer that d(2%) =0 from GM(2*) = —Md(2"), and from (7), we know
that (2*) = 0. Then we get G¥(z¥) =0 and 2" = p(2*),0 € Oh,(2*) from (9).
From Theorem 2.1, we know that z* is the optimal solution to the original
Problem (1).

Note 2 1In Step 3, the process of finding j, requires repeatedly solving the
sub-problem (6) to find a descent step iteration point x*! that satisfies
conditions (11) and (12). During this process, the objective function of the
sub-problem (6) does not change (Step 1). Once j; is found, Step 3 is skipped
and the next iteration is performed. At this time, the objective function of (6)
is changed (the so-called descent step), and the original approximate model
hyi(-) for hu(-) becomes the approximate model fi+i(-) for hgsi(:), ie., not
only the approximate model is changed, but the original objective function
that is being approximated is also changed. According to Lemma 2.1 and
Lemma 2.6, hgi+i(-) is still a valid approximation of hgr+i(-), which ensures
the smooth iteration of the algorithm. This is different from the previous
bundle methods, in which the objective function in the sub-problem of the
bundle method is fixed and does not change with the generation of descent
steps.

Note 3 As the iteration proceeds, the number of elements in the bundle
Bycleincreases, and it is necessary to selectively delete and compress the
bundle when the number of elements in the bundle becomes large. Let the
optimal solution of the dual problem of Problem (6) be a e RIB™! with
a; =0, Zie Bore Qi = 1. It is well known that the optimal solution of Problem
(6) can be expressed according to the optimal solution a of its dual problem.
However, in this formulation, only the sub-gradient g}@w corresponding to
a; > 0 takes effect, and this is also in effect for the linearization error e;. Thus,
when |B{el¢| = pmaX we perform the following selection deletion and aggregation
into techniques, where n™* represents the upper limit of the number of
elements that can be stored in the bundle:

X
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— Select the point pair (e;, g}u) corresponding to «; =0, which can be
removed directly from the bundle.

— If there are still many remaining point pairs corresponding to «; > 0, their
information is compressed into a point pair in the form of a convex combination
(with «; as the convex combination factor). A new affine function is
constructed using this point pair, which is inserted into the model. After which,
the point pairs corresponding to «; > 0 can be arbitrarily selected until the
number of elements in bundle B{™“ is less than n™®. This technique can both
preserves the information of the positive point pairs in the bundle and ensures
that the number of elements in the bundle is within the specified range.

4 Global convergence analysis

The following theorem is a reasonable explanation for the existence of 7. in
each iteration of the algorithm.

Theorem 4.1 If z* is not the minimal value point of hgx(-), then there exists
T > 0 such that
M, o (2" +7F) < HY (a%) + o7 (5) " GM (o) (13)

k+TSk

holds for all T € (0,7), where HM

xkrsk
ﬁ%—&-"rsk (xk + Tsk> - ‘H%—H'sk (‘rk + Tsk)

< Opyy min{ (d(2* + 7)) Md(2* + 75%), C}. (14)

(xk + TSk) satisfies

¥ is not a minimal point of hg(-), there exists a positive

Proof Since =z
number 7, > 0 such that V7 € (0,7],2" + 7s* is not a minimal point of HM ()
either. By Lemma 2.5, for each 7 € (0,7, there is always a d(z* + 7s*) such
that (14) holds. If HM(2*) = HY(2*), by Lemma 2.2, we have a(z*) = p(a*),
SO é%(xk) = M(a* — a(a¥)) = M (2% — p(2¥)) = GM(2*). Since z* is not an
optimal solution, (10) implies that (s*)"GY(z%) < 0. Also, since HM(-) is
continuously differentiable and o < 1, there is a positive number 7,7, < 7%
such  that Vr e (0,7) While we have HN . (2F+7s") <HN+
oT (sk)TG% (#*), which implies that (13) holds. If H(z*) > HM(2*), then
there also exists 7 >0 (sufficiently small) such that HY . (z+7s") <
Y (b 4 mst) 8 (o) <HY (0) (A (ob) — H2 (2%) ) <E ()
+ o1 (sk)T GM (2*),¥r € (0,7), and thus (13) also holds. O

Since it is assumed that . 05 < 400, there exists a constant A > 0 such
that
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> o< A (15)
k=0

Introducing the notation Dyp{z € R" | HY(z) < HY (2°) + 2AC}, if we assume
that both f and ¢ are lower bounded functions, then {Dj}r>o is bounded.

Lemma 4.1 Forall k> 0, we have
M (2" < HY (%) + O (6 + 0pi1) . 2" € Dy (16)

xT

Proof According to the algorithm criterion, for all k£ > 0, there is
HY,, (2 ( k+1) < kaﬂ ( k+1) + Cbprs
< H (x ) + op't (sk)Té% (xk) + Copy
3 (a) = ap G2 (%) B G () + O
<H ( k) + Clpqr
< HY (%) + C8) + Cppr.

Thus, for all k>0, then HY, (") < HY(2")+2AC. Since 2° € Dy, so
z* € Dy, Vk > 0. The conclusion is confirmed. L]
The global convergence results of the algorithm are given below.

Theorem 4.2 Assuming that f and ¢ are lower bounded and there exist two
positive constants a; and ay such that ||By|| < a1 and |B.'|| < ay hold for all
k > 0, the algorithm produces any cluster of the sequence {x*} that is a minimal
value point for Problem (1).

Proof By Lemma 4.1 and the assumption that f and ¢ are lower bounded,
combined with (15) and (16), there exists H* such that

lim HM (z*) = HM.
k—o0

Since 0y — 0, according to Lemma 2.1 and the algorithm criterion, we have
e — 0 and limy_eo HY (2%) = limj_oo Hi‘f (2%) = HM. Thus, according to the
assumptions on By,

lim 73| G (%) = 0. (17)
k—o0

Let T be any cluster-point of {z*}, and {2*},cx be a sub-sequence converging
to T. According to Lemma 2.3,

M _ AM (=
kﬁg%eKG L(@*) = GH(T). (18)
If liminfy o0, kex 7% > 0, then according to (17) and (18), we have G (z) =0,
which means that = is the optimal solution to the original problem. Otherwise,
liminfy o kex 7 = 0. Assuming that 7, — 0(k — oo,k € K), according to the
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line search criterion and Lemma 2.1, we have

H]\g—i—pﬂk 1gk (xk + Mk_lgk) o H% (xk)
p]'kfl

> o (M) GM (aF). (19)

Then by (18), {G(2*)}1er is bounded and with the assumption that By is
bounded, we get {s"’}ke k 1s bounded. We may assume again limgeg, p— o0 sk =3.
Since p*' =0,k € K,k — 00, we get §'GM(z)>05'GY¥(z). By o<3i
5'GY (%) >0 and the assumption for By, 5 G}(7) < —Z||5]°, which implies
that sTGY(z) =0 as well as 5 =0, we finally get GY(7) = 0. ]

Note 4 We will discuss the assumption of boundedness of {B;} and {B;'}
in Theorem 4.2 in the next section.

5 Convergence analysis of infeasible BFGS bundle methods

This section mainly considers the convergence of the infeasible BFGS bundle
method.
The infeasible BFGS bundle method is obtained by taking By = M in the
initial step of Algorithm 3.1 and taking the positive sequence {Jx}72; to satisfy
reo0p < oo. The selection of By is specified in Step 4, and the infeasible
BFGS bundle method is obtained as follows.

Algorithm 5.1 Infeasible BFGS bundle method for convex constrained
optimization problem.

Step 4 (Correction of the quasi-Newton matrix) Let Az* =zt — 2k

Ayt = GM, (zF1) — GM(2¥). If there exist two constants az >0, a4 € (0,1)
such that the iteration of the algorithm satisfies the following two conditions:

HAmkHM <\/25k + 25k+1> < ag (Aa;k)T AyF, (20)
2 (|89, (V2ek + V2 < min {as,of + 65, [|ag. (21)

. BkAxk<Azk)TBk Ayk(Ayk)T
Let Bk+1 = By (Axk)TBkA:pk (A:pk)TAyk,
k =k + 1, go back to Step 2.

From Step 4, if (20) holds, then (Awk)T Ay* > 0; if By is a positive definition
matrix, By, is also a positive definition matrix and satisfies the quasi-Newton

otherwise make By, = M. Let

equation

BrAz (Az%)T ByAzk Ayt (Ayk) T Agk
BkHAxk:BkA:z:k— i ( TI) RO + Y ( yT) ’ :Ayk.
(AzF)" BrAxk (AzF)" Ayk
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As we all know, if h,(-) is a strongly convex function on R", then HM(-) is
also strongly convex on R™ [10]. Now assume that H(-) is strongly convex on
{Di}so- Then h,(-) has a unique minima ¥ on {Dy},.,. Introduce the label
K :={0}U{i| (20) or (21) does not hold for k=1i—1} = {ko,k1,... . k;,... }
The following theorem shows that the assumption of boundedness of {B;} and
{Bk’ 1} in Theorem 4.2 holds under certain conditions.

Theorem 5.1  Suppose that HM(-) is strongly conver on {Dy},.,. The
sequences {xk} and {By} are generated by Algorithm 5.1. Suppose that
Vk > 0, Ax® and Ay* satisfy
|ag* - d.a04)
[ Az

< 0

where Agjk—G%H( k“) GM( k”) M, is some symmetric positive definite
matriz and {0}},~, is a sequence of positive numbers satisfying Y p, 0, < 0.
Then || By|| and ||B;, 1|| are bounded.

Proof 1If (20) and (21) hold, we have

(k)" Ayt > (Ad%) " Agh — [|aak]),, [|Ay* —AkaMl
> (8d")" Ag* - ||Ax'<HM(HG —ait ()],
- HGW M) G () \Mﬂ)
> (A2%)" Ag — [|ast]),, (V22 + V25 )
After organizing, we get
(Adh) Ayt > jag (AazF)" AgF. (22)
In addition,
A7 " = || = 2| Ay, [|A7" = A2,
> (| Ag|* = 2| Ay, (VEE + V25
We reorganized and get
A7 " > (1 - an) Ayt (23)

For i€ K, we have B;= M. The i ¢ K, B; is obtained by B;_; using the
BFGS correction formula. Assuming that K has an infinite number of elements,
for k;_1 <k <k; — 1, where for a certain j > 1,k;_1,k; € K, then (20) and (21)
hold, i.e.,

1
14+ as

(Axk)T AyF > (Aa;k)T AgF > 0.
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Then, by Lemma 2.4, (20) and (21), for all k;_; <k < k; — 1, we have

|Ay" — M.At| [y - A
[ Azt S [Az®|
<a+ | M| (\/2€k + \/2€k+1)
[Az]]
VIMITMT oy [
< 5/ H (63 53 )
C T TG\ o) AR
[MIPP Mot 05
< 0 + N (5,-; +5,§+1>
= Sk
Then for all k, where k satisfying k;_; < k < k; — 1, there are
|Ag — MLACH]|

< By
|Az*| ’

By assumption > -0, <00,y r, 5,% < oo, we have Y ;o 0 <oo. Then
according to [2, Theorem 3.2], it follows that for all %k satisfying
ki1 <k <kj—1, |By and ||B;'| are bounded depending on By, ,. Since
By, = M for all j >0, then the sequences ||By|| and |B;'|| are bounded. When
the number of elements in K is finite, a similar proof method can be used to
obtain that ||By|| and ||B;"| are bounded. O

The following results show that without the assumption of boundedness of
| Be|| and || B, '], it is still possible to prove that the iterative sequence generated
by the algorithm still converges to the optimal solution of Problem (1) for some
special problems.

Theorem 5.2  Suppose HM(-) is strongly convexr on {Di},.,, and the
sequence {xk} ,{By} are generated by Algorithm 5.1 with z* # 7, Vk > 0. Then
{xk} R -linearly converges to the unique solution T of Problem (1) further, with

o0
Z ka — 9?” < +00.
k=0

Proof The division K is both a finite set and an infinite set. In either case,
we can use the strong convexity of HM(-), the global continuity of G ()
modulo ||M||, the positive definite correction criterion of By, Lemma 2.2, and
> iy 0k <00 to obtain that there exists the constant 6 € (0,1), N € (0,00)
and a positive integer k such that for all k > k, there is

1

M ()~ 1Y @) < N (63) (12 (o) - HY (@)

By the strong convexity of HM () and [1, Lemma 4.3], for all k£ > 0, there exists
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a constant « > 0 such that
Lt = < 1 (@) - B @) < e @)

So, there is

N

The conclusion is proofed. L]

6 Conclusions

In this paper, we combine the infeasible bundle method of Sagastizdbal with the
Moreau-Yosida regularization idea to construct a quasi-Newton bundle method
for solving convex constrained optimization problems. The global convergence
result of the algorithm is derived without guaranteeing that every iteration
point is feasible. Although the method is essentially similar to the unconstrained
bundle method, it differs from the previous methods in that the objective function
of the subproblem to be solved at each iteration changes with the generation of
descent steps, which requires necessary adjustments to ensure the convergence
of the algorithm. For the special BFGS bundle method, we briefly discuss the
conditions that guarantee the boundedness of the quasi-Newton matrix.
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