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Abstract In this note, we consider a class of Fourier integral operators with
rough amplitudes and rough phases. When the index of symbols in some range,
we prove that they are bounded on L' and construct an example to show that
this result is sharp in some cases. This result is a generalization of the corresponding
theorems of Kenig-Staubach and Dos Santos Ferreira-Staubach.
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1 Introduction

In this note we consider a Fourier integral operator defined by
Tyaf(0) = [ ¥ 9a(a, &) f(e)de,

where a is called the symbol and ¢ is the phase. In particular, it is a pseudo-
differential operator if ¢(z,§) = x - &.

Fourier integral operators have been used widely in the theory of partial
differential equations and micro-local analysis. For example, the solution of an
initial value problem for a variable coefficient hyperbolic equation can be well
approximated by an FIO of the initial value. A systematic study of these operators
was initiated by Hérmander. One can also see [6, 10, 11].

For the symbols and phases in Fourier integral operators, some most important
definitions are as follows.

a belongs to the Hormander class /T(;(m € R,0< p,d < 1) if it satisfies

sgug (14 \5])*m+p|a|*5w]85(9?@(95,£)| < 400
z,EER™
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for all multi-indices «, .

For the phase ¢, if it is homogeneous of degree 1 in the frequency variable &
and satisfies

sup [€[7HN070¢ ¢, €)| < Clas
(z,£)eR™ xR™\{0}

for all multi-indices «, 8 with |o| + || = k, then we say that ¢ € ®F. In general,
we can assume that k= 2.

Furthermore, a real-valued function ¢ € C?*(R"™ x (R™\ {0})) satisfies the
strong non-degeneracy (SND) condition, if there exists a constant A > 0 such
that

0*¢(x,§)

‘det

For example, ¢(z,£) = z - £ + |¢] isin ®? and satisfies the strong non-degeneracy
condition. It matches the wave operator and is a typical Fourier integral opera-
tor.

The boundedness of Fourier integral operators on Lebesgue space has been
extensively studied and there are numerous results, such as [1-4, 7-11, 13—16].
One can find more details in a survey of Dos Santos Ferreira and Staubach [5].
Especially, for the best result on L? so far, when a € Shs and ¢ € d? satisfying
the SND condition, if m < min{0,%(p—9)}, <1, or m < @, =1, the
Fourier integral operator is bounded on L% One can see [5, Theorem 2.7]. The
bound on m is sharp. Rodino in [17] constructed an a € SZ({D D2 guch that the
pseudo-differential operator is unbounded on L2

For the endpoint estimate, Seeger et al., in [18, 19] proved that when

a € Sll’?n and ¢ € ®? satisfying the SND condition, the Fourier integral operator
is local H' — L' bounded. And they say that when m < 5%, the corresponding
operator is bounded on L!. Their result is generalized to global boundedness.
One can see [5]. Tao [20] subsequent proved that when a € S;?n and ¢ € ¢?
satisfying the SND condition, the operator is also of weak type (1,1). In the
same paper, Tao pointed out the operator is not bounded on L!.

Kenig and Staubach in [12] defined the rough Hormander class
LS (0 < p < 1). It consists all functions a that satisfy

| sup (1 + [£)* " VEa (-, §)|| L@y = Ck < 00,k =0,1,2,....
EeRn

For a € L*S]", Kenig-Staubach proved the pseudo-differential operator is
bounded on L' if m < n(p—1) and on L™ if m < @.

In the maximal wave operator and maximal sphere average operator, the
phase is not smooth in the spatial variable z. In these cases, ¢(z,§) =

z-&+t(x)|€],t € L. Dos Santos Ferreira and Staubach in [5] introduced the
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class L>°®? and rough non-degeneracy condition. ¢ € L®®? if ¢ is homogeneous
of degree 1 in the frequency variable ¢ and satisfies
sup (&[T HOEG (-, €)1 () < +00
germ\{0}
for all multi-indices a, 8 with |a| + |8] = 2
A real-valued function ¢ € C*(R™ x (R"\ {0})) satisfies the rough non-degen-
eracy condition (RND), if there exists a constant A > 0 such that

for any z,y € R",{ € R"\ {0}

For a € L*S)", ¢ € L>®? satisfying the RND condition, in [5], Dos Santos
Ferreira and Staubach systematic studied the boundedness of Fourier integral
operators on various Lebesgue spaces. For the boundedness on L!, their main
result can be stated as follows.

Theorem A Suppose that 0 < p<1l,a€ LS and ¢ € L°®? satisfying the
RND condition. If m < —"5% +n(p— 1), then Ty, is bounded on L', i.e., there
exists a constant C > 0 such that

1Toafller < Cllfllzs

for any f € L.
In this note, we extend conditions on ¢. We assume that there exist C' > 0
and § € (0, 1], such that

{z: Veo(z,§) € B} < C|E]; (1)
IVEp(z,&)| < ClEPPF, k=2 (2)
for any z,£ € R" and E C R™

Remark 1 At first, we show that the RND condition yields (1). For any
small ball B(z,r), since |Vep(z,§) — Ved(y,&)| = Az — yl, the diameter of the
set {x:Veo(z,§) € B(xo,7)} is no more than 2. Therefore, we can get that
{z : Ved(z, ) € B(xo,7)} < (3)"|B(xo,7)|. For any measurable set F, by using
the definition of outer measure, one can derive (1).

Secondly, if ¢ € C°(R"™ x (R™\ {0})), by using [5, Proposition 1.11], we know
that the SND condition is equivalent to the RND condition. For any fixed &, set
F(z) = Vegp(z,€). Then for any measurable set E, we have FE C F~'(F(F)).
From (1) we can get that |E| < [F~1(F(E))| < CF(E) =C [, |detF|dz. As E is
arbitrary, by Lebesgue’s differential theorem, the Jacobian determinant

|detF| = ]det6 ;) ggé | is no less than £ almost everywhere. Thanks to the continuity

of ¢, we can derive the SND condltlon. So in this case, the SND condition, the
RND condition and (1) are equivalent. At last, let n =1 and ¢(z,§) = |z[¢. It

is easy to see that V¢¢(z,{) = |z| satisfies (1) but does not satisfy the RND
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condition. So (1) is a generalization of the RND condition.
In this note, we mainly prove the following result.

Theorem 1 If a € L>*S and ¢ satisfies (1) and (2), then Ty, is bounded on
L' when m < nmin{p — 1,—%}. Furthermore, when p <1 — g, the bound on m

1s sharp.

Remark 2 When it is a pseudo-differential operator, i.e., ¢(z,&) =z -&. For
any m < n(p—1), we can find § such that 0 <§ < —22. Tt is easy to see that
x - & satisfies (1) and (2). By using this theorem, we immediately show that
the pseudo-differential operator is bounded on L!. Therefore, this theorem is a
generalization of the result of L!'-boundedness of pseudo-differential operators
proved by Kenig and Staubach [12].

Remark 3 We construct an example to show that the pseudo-differential

Y in general. Therefore, the

operator is unbounded on L' when a € LOOS;L(’) -
bound of the index m in the result of Kenig and Staubach is sharp. At the
same time, it also shows that when p <1 — g, the bound on m in Theorem 1

is sharp.

Remark 4 When §=1 and m <nmin{p—1,—1}, we prove that Ty, is
bounded on L. When p < %, the range of m is sharp. In addition, when
p<1l— %, Theorem 1 is a generalization of Theorem A. Finally, when
1-— % < p <1, Theorem 1 is weaker than Theorem A, but here we do not
assume that the phase is homogeneous of degree 1 in the frequency variable.

In Section 2 we prove the low frequency part. In the proof, we get an estimate
of Fourier transform (Lemma 2) which has a separate meaning. In Section 3 we
prove the high frequency part. At last we construct an example a € L”Sg(p -
such that the pseudo-differential operator is unbounded on L.

Throughout this note, we use C' and ¢ to denote some positive constants,
which may vary from line to line, that depends only on ¢, n,d, A\ and some quasi-

norms of a.

2 Low frequency part

In the low frequency part, we need the following lemma.

Lemma 1 If u is supported in By and satisfies
3

V" lu(z)] < Alzl*~ " 1n Tl
T

for some § € (0,1] and A > 0, then for any 0 < p < 0, we have
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/ e Vru(z)dr
B1

where C' depends only on n, 0, .
The proof of this lemma is almost identical to the proof of Lemma 1.17 in [5],

S CAQH+ [y)) 7,

with only slight differences. In this note we prove the following lemma which a
generalization of Lemma 1.

Lemma 2 If u is supported in By and there exists some 0 < u <1 such that

V" |z de < A,

By

then we have

S Cop ALy,

/ e Wiy (x)d
B

where C' depends only on n, 1.

In the proof we need the following lemma, a special case of the weighted
Sobolev inequality. It may be found in some literature. For completeness, we
give a simple proof here.

Lemma 3 Suppose that u is supported in By. For k=1,2,....n—1 and
b>k—n, we have

(/Bl(!u(x)!!x\b)ﬁdx> "< Cn’k’b/gl V*u(x)||z|*dz. 3)

Additionally, when b >0 we have

sup |u(z)||z[" < Cn,b/ [V u(z)|[z|"de. (4)
By

r€B;

Proof When b>1—n, as u is supported in Bj, by using simple computa-
tions, we can get that

1
()| |2 dz = / / ()| —2drdo
B1 Sn—1

/ / / |0,u(t0)|dtr* T 2drdd
Sn— 1

b+n—1
—b—l—n—l/sn1/ 10,u(t0) [t d¢do

1
<— bdz.
T ), Vel

By iterating, for j € N and b > j — n, we have
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Ju(@)||o]"dz < Cn,j,b/B V7u(@)||z|"dz. (5)

By

For the term |u(z)||z|’, by using (5) and the Sobolev embedding theorem
Wkl ¢ La#(k < n), we can show that

n—=k

</]31<|“($)\|x|b),fkdx> :

<Cos [ 9M(u(o)lfel)lds
By
k

<Cu > [ 9@l s
j=0 7B

< Coro | |VFu()||z)°de.

By

On the other hand, by using (5) and the Sobolev embedding theorem W™! C C°,
one can get that

sup [u(@)|le]’ < / IV (Ju(a) o)) dx

TEBy

< cn,bz / V()| da
j=0 /B

< Cup | |V"u()||z|?dz.

By

This finishes the proof. (]
Now we turn to prove Lemma 2.

Proof Firstly, as u is supported in B; and 0 < p < 1, from (4) we get that
V(@) < J2["7" sup [Vu(y)[ly]' ™ < Coulz" ™ [ V" u(y)|lyl " dy
yeB B

< anu'A|x”u‘717

which implies that
1 1
lu(rd)| < / |0,u(th)|dt < C, A / tldt < G, A

When |y| < 3, it is easy to see that

/ e Vo u(z)dr
B

When |y| > 3, choose a cut function n € C°(B(0,2|y|™!)) such that

<C [ Ju(@)lde <C <O+ [y (6)

By
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0<n(x) <1, nx)=1for |z| <|y|™", |Vn(z)| < Clyl

Without loss of generality, we can assume that |y;| > ‘—Z' By using integration

by parts and (5), we have

/ e Y u(z)dr
By

= Cplyn|™" /B e Y Ou(z)dx
— Gl | [ e () () + 1 - n(a)da
<Clyl™ ( v ua)lnde +| [ e opute) 1 - na))da )

et ([ il [ 1000pu0 - n)as )

B

< Cn|y|"</ [V u(z)|dz + [y~ [ [0 u(@)|(1 —n(2)de
jel<2ly| By

™ [ I(‘??U(x)am(afﬂdw)
< cn|y|"< [ vu@ldes [l
|z <2[y|~* |yl =t <[a|<1

! / |vnu<x>||y|dx)
|z|<2]y| 1

<y ([ wruallyra + i [ 19l el )

<l ([ wru@levas s [ 9l
B1 B
Coaltl ™ [ 19" ) o]
B1
< Gl "

In the penultimate inequality we use Lemma 3. In conclusion, for all y € R”, we
complete the proof of Lemma 2. L]

Below we give the boundedness of L! for the low frequency part of the
Fourier integral operator.

Theorem 2 If a€ L>S]' and ¢ satisfies (1) and (2), then for any
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n € CX(By), the operator
Tyoaf (@)= [ Oala, On(e) it

is bounded on L'.

Proof Take any point & € S" ' Set w(z,&) = ¢(z,&) — Ved(x,&) - €. By

using some simple calculations, one have

TO,(;S,af(x)
- / o)z, €n(€) F(E)de

— /n /n ei(¢>(w,£)—y~§)a($7g)n(g)f(y)dydg
:/ / e (Ved(oto)v)€vle) o (i €)p(€) f(y)dedy
- / ko(x,y) f (y)dy,

where ko(z,y) = [, e/(Ve?@)v)Eelw@ gz O)n(£)de.
From (2), when ¢ € By and 0 < § < 1, it is easy to check that

[Vew(z,§)| = |Ved(z,€) — Ved(z, &)
< ‘Vécb(x’ﬁ) Vséb( |§|>' 'V5¢( |§|> — Ved(,&o)

1S
d
/'W)( |s|)'t+
<C =27 +1)
(/ﬂ’r T

< ClE°- =

sup |Veo(z, ()|

CGSn 1

_ 5
€]

€1

Here the term In 2 Gl is used when § = 1.

él
On the other hand, when k > 2, we have

Vew(x,&)| = [Veg(x, )| < Cile]*™.
So, for any & € By and k € N, we can get that

3
€l

As €] < 1, by using direct computations we get that

[VEw(z, &) < Cl¢*In —
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Vet e a(z, &)n(©)]]

n+1 n+l1—ko

<CY D Velale, On)]| >, [[IVEw(, )l

ko=0 t=1 ki4++ki=n+1—ko,ks>0 s=1

n+1 n+l—kq t 5k, 3
<S¢ Z Z Z H €17 In o= €]

ko=0 t=1 ki+--+ki=n+1—ko,ks>0s=1
n+1 n+1—kg

3
OZ Z ’§|t5+kzo n— 111’1
ko=0 t=1 ’6‘
n+1 n+l—ko t
<0y 3 (leFm ) e
ko=0 t=1
3
<l e[ = Clef
€] 1€l
In the second inequality, we use the fact that ]V’go[a(x,ﬁ)n(f)ﬂ <C
|€] < 1, while in the last inequality, we use the fact that |¢ \‘”n% < Cs
€] < L.
For 0 < p < §, we have
~ 3
Ve e Da(z, nllE]" s < C [ g7 In = dg < oo,

Bl Bl |£|

By using Lemma 2, we get that

/ ei(vf¢(m’§°)_y)fei“’(”’@a(m,f)n(§)d§‘
CA+[Veo(x, &) —yl) ™"
On the other hand, for y € R", we set £ = B(y,r) in (1) and show that
{z: [Veo(x, &) —yl <r}[ < Cr

where C' is independent of r,y, &.
For any y € R", from (8) and (9) we can get that

/n Ko (z,y)|dz < O/n(l + |Ved(x, &) — y|) " Hdx

[Ko(, y)| =

< C(/ (14 |Vep(x, &) —y|) " Hdo
[Veo(z,60)—yl<1

> (1 4+ 27"
Z 211K |Vep(w,€0) —y| <27

Jj=1

C{z : [Veo(z, &) —y| < 1}

(8)

(9)
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+ 3270 {1 Ve (x, &) — yl < 27})

j=1
C (1 + 22—”) < 0.
j=1

The constant C' is independent of y. So we can immediately show that Tj 4, is
bounded on L. a

3 The high frequency part

In this section, we consider the high frequency part of Ty ,.

Set A =min{p,1 —2}. As § >0, we get that 0 < A< 1. For j € N, consider
the ball B = B(£p,2*27!) with 2/ < |ég| < 27t It is easy to see that B is
contained in the ring {¢:277! < [¢] < 2772}, For any np € C°(B) satisfying
|VFng| < Cr27% k € N, we define

Tosaf(@) = [ e a(r, nale)f(6)de

The main estimate in this section is given below.

Theorem 3 If a € L*S]" and ¢ satisfies (1) and (2), then we have
| T5.6.0fllh < C2™(|f]]1-

Proof Set wg(x,§) = ¢(x,&) — Vep(z,Ep) - £ By using simple computations
we show that

TB,¢,af(37)
- / O, €)ns(€) F(€)de

/n / YO a(x, E)np(€) f(y)dydé
= /n /n ei Ved(z,€B)—y ~§eiw3 x,&)a(%f)nB(f)f(y)dgdy
= / kp(z,y)f(y)dy,

where kp(z,y) = [, eVellren) ) tetvn®Oa(z, S)np(£)de.
Define the operator L =1 — 223)‘V£2. It is obvious a self-adjoint operator. By
using simple computations, one can get that

L(e!Ved@en)=y)-€) — (14 29\ Veo(x, £5) — y|?)e i(Ve(z,£p)=y)€

Since A = min{p, 1 — g} < p, forany £ =0,1,..., we have
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VEa(z, O] <C Y [VEaVEns]

k1+ko=k

<C Z (93 (m=k1p)g—jkaA < () (m—kX) (10)
k1+ko=k

Also due to A=min{p,1 -2} <1— % mean value theorem and (2), we can
obtain that

Vewp(z,8)] = [Ved(z,§) = Veo(z, Ep)| < € — §B|SUPIV ¢(z, Q)|
< C2O+-2) < cg—iX,
On the other hand, for any k > 2, from (2), one have
[Vewn(w, )| = [Veo(r, €)] < €20 = C2MED < 027,
So, for any £ =0,1,..., we can get that
[Viwp(z,€)| < C2775, (11)
From (10) and (11), for any M € N, we have
ks (z,y)]

/ el(Ved (@) =y) Egiwn (@6 g (1 E)nB(g)df‘

= (1+ 22| Veo(a, &5) —y))™

/n LM( (Ved(x,E5)—y): )ein(””’g)a(a:,f)nB(f)df‘

= (1+ 2°2|Veg(a, &) — y) ™

/ ol (Ved(@en)—v) € M giwn(8) g (o {)nB(g)]df‘

2M 2M—ko

< OO+ 2 Teole &) —u ™ [ 3230 2Vt e

ko=0 t=0
t

2. e

ki 4ke <2M—ko, ks >0 s=1

Ewp(a, €)))de

2M 2M—ko

< C1+ 2 Tedla ) —y) ¥ [ 30 arpiniod

ko=0 t=0

Z H 2]k )\2—]1: )\

1+ 222\ Veo(z, &) — y>) M| B|22™

< <
< CAMN (1 4 25NV (v, &) — y|*) ™M

C
C
By using (9) and some similar calculations in the first part, for any y € R* and
M > 3, we get that
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|k3($,y)|d$

R

< C’Zj(m““)/ (1+ 2% Vep(x,&p) — y*) Mda

R

< imtnA) / (1 + 2%\ Veg(x, &) — y)*) Mda
|Vep(z,&p)—y|<2—72

oo

+ (1+ 2°MVeo(x, &) — y|2>‘Md:r>

1 /2‘9_1_jk<vg¢(1,63)y<23_j>‘

s=

<ty <\{:v [ Ved(a, &) —yl < 277}

F 02 Vel ) — ol < 28-ﬂ}|)

s=1
< Czj(m+n)\) (an)\ + 222M52n(sj)\)>
s=1
< C2™,
This finishes the proof of this theorem. L]
Finally, for j > 1, one can easily check that {¢:2/ < |¢| < 2/"!'} can be
covered by no more than €270~ balls B! = B(£2,2*71) with 27 < [¢8] < 27+,
On the other hand, it is easy to find functions 7y € C°(Bs),n; € C°(Bj) such
that

mo+ > > nt =1, [Vl < Ci, [VE9Y] < CR2799, k> 0,

=1 v=1

So the operator Ty, can be decomposed into

Tyaf(0) = [ (e )f()d¢

_ / (e ¢ (no 3% 77}’) f(e)de

j=1 v=1
:/ @z, E)nof (& d§+ZZ/ e a(z, )Y f(€)dE
" j=1 v=1
—T0¢af +ZZTBU¢af
Jj=1 v=1

From Theorem 2 and Theorem 3, when m < n(A—1)=nmin{p—1, -4}, we
can show that
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| Tsaflls < | Tosaflli +> 1TBy,6,0f 1

j=1 v=1
c (1 N zzzjm) m
j=1 v=1
C (1 + 22“’”*”“‘”’) 11
j=1

=C|fll-
So, the first half of Theorem 1 is done.

4 A counterexample

In this section, we construct an example a € LOOS;?(” Y guch that T, is
unbounded on L'

At first, for any j € N, we use A; to denote the set of all lattice points (each
coordinate component is an integer) in the ring {z: 347177 < |z| < 2470=P)} Tt
is obvious that the number of points in A; is about O(47"(1=7)).

In addition, we take ¢ such that

1 1
@60?(3(0,5));0<¢7<1;¢>()_126B( >|V"’| < 20",

Now we set

o0

(0,6 = Y 3 N G - )

j=1 a€A;

As ¢ e Cr(B(0,3)), for any &, there is at most one j €N and one point
a € A; such that p(477°(¢ — 47,a)) # 0 (Note that the distance of two different
lattice points is no less than 1). In this case we have 247 < €] < 1547, It is easy

to see that

1
' ' 19 kp+n(1—p)
‘gykp-i-n(l—p) ‘agaa<x7 6)‘ < |§‘k’p—i—n(l—p)4]n(p—1)4—]kp20k < ( 12) 20k < 2n40k

for any k,z,& Thus a € LS, Y. In the above analysis, we can also see that

a(x,-) is supported in the set U {¢6: 34 < |¢] < Baiy,

Similar to ¢, we choose ¥ such that

deij" <B (0,2)); 1[)(,2):1,263(0,%).

For any N € N, set
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ayn(z,€) = a(z,)P(ANE).

It is obvious that || Tuy |-t < ||Tullzi—11-
By using some simple calculations, the kernel of 7, is

bvlry) = [ @ ay(z €

N
S S e [ teent Wi -

j=1 acA, "

Z 43n(p=1) —14”3/04/ ei($—y)(£—4j"a)¢(4—jp(€ _ 4jpa))d§

aeA n

™M= 1=

Z 4jn(p—1)e—i4jpy-a4jnp¢<4jp($ —)).

1 acA;

As ¢(0) = 1, by using some simple calculations, for any y we have

/ kv (2, y)da = Z >4y ﬂwy“/ 440 (x — y))de
R™

Jj=1 a€A; R
— Z Z 4jn 1)e—i4j”y~o¢.
J=1 a€A;
When |y| <4 V72 since a € 4;,7 < N, we get that [4/°y - o < . Additionally,

as the number of points in A; is about O(4/"1~) when |y| < 4 V-2 we have

N
/R k’N(.I' y Z Z 4jn(p 1) *14]Pya > Z Z 4jn(p71) COS% > CnN,

Jj=1 a€A; j=1 a€A;
which implies that || T, ||z1-z1 > ¢, N. Since N is arbitrary, 7, is not bounded

by L'. By synthesizing all the proofs, we get the main theorem of this note. [J
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