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Abstract   In  this  paper,  a  three-term  derivative-free  projection  method  is
proposed  for  solving  nonlinear monotone  equations.  Under  some  appropriate
conditions,  the  global  convergence  and  R-linear  convergence  rate  of  the
proposed method  are  analyzed  and  proved. With  no  need  of  any  derivative
information, the proposed method is able to solve large-scale nonlinear monotone
equations. Numerical comparisons show that the proposed method is effective.
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 1   Introduction

In this paper, we consider solving the nonlinear monotonic system of equations:

F (x) = 0, (1.1)

F : Rn → Rn Fwhere      is  continuous nonlinear mapping. The monotonicity  of   

means:

⟨F (x)− F (y) , x− y⟩ ⩾ 0, ∀x, y ∈ Rn. (1.2)

Nonlinear monotone equations are originated from many scientific and practical

problems, such as first-order necessity conditions for unconstrained convex opti-

mization problems and subproblems of generalized proximity point algorithms [9],

some monotone variational inequality problems [20], chemical equilibrium problems

[14],  economic  equilibrium  problems  [6],  and  power  equations  [4].  Therefore,

many  algorithms have been proposed  to  solve nonlinear monotone  systems  of 
 

Translated from Advances in Mathematics (China), 2018, 47(4): 624–634
Corresponding author: Jinkui LIU, E-mail: liujinkui2006@126.com 

Front. Math. China 2023, 18(4): 287–299
https://doi.org/10.3868/s140-DDD-023-0018-x

RESEARCH　ARTICLE



equations, among which Newton’s Method and Quasi-Newton Methods [4, 5, 11,

17,  21−23]  are well  known  by  researchers  due  to  their  excellent  convergence

speed. However,  these  algorithms  are  not  suitable  for  solving  large-scale  non-

smooth  systems  of  equations,  because  they  need  to  solve  a  linear  system  of

equations using the Jacobian matrix of the objective function or an approximate

Jacobian matrix at each iteration to determine the next search direction.

In recent years,  in order to efficiently solve  large-scale systems of equations,

many researchers have promoted the nonlinear conjugate gradient method under

the hyperplane projection technique [17]. For example, Cheng [3] combined the

well-known PRP method [15, 16] and hyperplane projection technique to study

the derivative-free PRP-type projection method, and proved the global convergence

for  nonlinear monotone  systems  of  equations  without  requiring  the  objective

function to be differentiable. Li et al. [12] and Ahookhosh et al. [1] further studied

three derivative-free PRP-type projection algorithms. Wu et al. [18] established

a derivative-free  three-term HS projection  algorithm based  on  the well-known

HS  conjugate  gradient method  [8]  and  hyperplane  projection  technique.  The

algorithm  inherits  the  advantages  of  the HS  conjugate  gradient method with

small storage and does not need to calculate any derivatives, thus  it can solve

large-scale non-smooth nonlinear monotonic systems of equations. Xiao and Zhu

[19], Liu and Li  [13] proposed a derivative-free CG_DESCENT type projection

method  based  on  the  CG_DESCENT  method  [7]  and  hyperplane  projection

technique, and achieved good numerical results and proved the global convergence

of the method under appropriate conditions.

Recently,  Andrei  [2]  proposed  a  three-term  nonlinear  conjugate  gradient

method  (denoted as TTCG method) based on  the well-known CG_DESCENT

method. This method  is a modified memoryless BFGS algorithm whose search

direction satisfies the descent and D-L conjugacy conditions. Numerous numerical

experiments have shown that the TTCG method is more efficient than the well-

known  CG_DESCENT method.  To  solve  the  large-scale  system  of  equations

problem more  effectively,  this paper  extends  the TTCG method based on  the

hyperplane  projection  technique  and  establishes  a  three-term  derivative-free

projection  algorithm.  Under  appropriate  assumptions,  we  prove  the  global

convergence and R-linear convergence rate of the algorithm.

 2   Derivative-free projection method

{xk}
The  iterative method  is  one  of  the most  used methods  for  solving  nonlinear

systems of equations problems. It generates an iterative column of points   ,

which  is  usually  based  on  the  following  unconstrained  optimization  problem,

namely

min
x∈Rn

f (x) , (2.1)
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f (x) = 1
2
∥F (x)∥2

F

where   . Various  iterative methods  based  on  solving Problem

(2.1)  have  been  widely  studied  and  applied  in  practice. However,  the  stable

point of Problem (2.1) is not necessarily the solution of Problem (1.1). Moreover,

in many practical problems, the mapping    is usually non-smooth.

xk dk

αk zk = xk + αkdk

To solve Problem (1.1) directly, Solodov and Svaiter [17] discussed the hyper-

plane projection method. Let     and     be the current iteration point and the

search direction, respectively. A certain line search was used to obtain the step
  so that the point    is obtained such that:

FT (zk) (xk − zk) > 0.

F (x̃) = 0 x̃ FIf    for some point  , then it follows from the monotonicity of  :

FT (zk) (x̃− zk) ⩽ 0.

Hk =
{
FT (zk) (x− zk) = 0

}
xk

xk+1

Thus, the hyperplane     strictly separates the current

iteration point    from the solution of the nonlinear monotonic system of equa-

tions. Using the hyperplane, the next iteration point    is obtained:

xk+1 = xk −
FT (zk) (xk − zk)

∥F (zk)∥2
F (zk) . (2.2)

The following is a three-term derivative-free projection algorithm for solving a
nonlinear monotonic system of equations based on the TTCG method and the

hyperplane projection method.

Algorithm 2.1

x0 ∈ Rn σ ∈ (0, 1) , t ⩾ 0,

β > 0 ∥F0∥ = 0

Step  0: Given  the  initial  point      and  the  constant   

. If  , stop.

d0 ∈ −F0 k := 0Step 1: Set  , put  .

αk = βmk mkStep 2: Calculate the step    such that    satisfies the following equation

for the smallest non-negative integer m:

−FT (xk + αkdk) dk ⩾ σαk ∥F (xk + αkdk)∥ · ∥dk∥2. (2.3)

zk = xk + αkdk ∥F (zk)∥ = 0

xk+1

Step 3: Let   . If   , stop. Otherwise, use (2.2) to solve

for  .

∥Fk+1∥ = 0Step 4: If  , stop. Otherwise, calculate the search direction:

dk+1 = −Fk+1 + βk+1dk + θk+1 (dk + yk) , (2.4)

βk+1=
1

dTkωk

(
yk − tdk

∥yk∥2

dTkωk

)T
Fk+1 θk+1 = −FT

k+1dk

dTkωk
yk = −Fk+1 − Fk ωk =

yk + tkdk tk 1 +max
{
0,

dTkyk
dTkdk

}where   ,   ,   ,   

,    =  .

k := k + 1Step 5: Set  , turn to Step 2.

F f : Rn → R
The  following  theorem  shows  that Algorithm  2.1  is  a  descending  iterative

algorithm when    is the gradient of the real-valued function  .

{Fk} {dk}Theorem 2.1　Let the sequence    and    be generated by Algorithm 2.1,
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then

FT
k dk ⩽ −∥Fk∥2, ∀k ⩾ 0. (2.5)

ωkProof　According to the definition of parameter , it can be seen that

dTkωk = dTk yk + tk∥dk∥2 = dTk yk + ∥dk∥2 +max
{
0,−dTk yk

}
⩾ ∥dk∥2. (2.6)

FT
k+1Multiply both ends of (2.4) by    and use (2.6) to obtain

FT
k+1dk−1 = −∥Fk+1∥2 + βk+1F

T
k+1dk + θk+1

(
FT
k+1dk + FT

k+1yk
)

= −∥Fk+1∥2 −

(
1 +

t∥yk∥2

dTkωk

) (
FT
k+1dk

)2
dTkωk

⩽ −∥Fk+1∥2.

d0 = −F0 FT
k d0 = −∥F0∥2Known that  , then  . The conclusion is proved.

Note 2.1　According (2.5) and (2.6), we know that

dTkωk ⩾ ∥Fk∥2.

ωk θkSince  that,  before Algorithm  2.1  stops,  the  parameter      and      is  always

meaningful.

 3   Global convergences

To prove the global convergence of Algorithm 2.1, assume that the mapping F
satisfies:

F

L > 0

(H) Let  the mapping     be Lipschitz  continuous,  i.e.,  there  exists  a  constant

  such that

∥F (x)− F (y)∥ ⩽ L ∥x− y∥ , ∀x, y ∈ Rn. (3.1)

F {Fk} {dk}
αk

Lemma 3.1　Let the mapping    satisfy (H). The sequence    and    are

generated by Algorithm 2.1, then the step factor    satisfies

αk ⩾
β

L+ σ ∥F (xk + β−1αkdk)∥
· ∥Fk∥2

∥dk∥2
. (3.2)

αk ̸= 1 αk β−1αkProof　 If  ,  it  follows  from  the  definition  of    that    does  not

satisfy the line search condition (2.3). Thus,

−
(
F
(
xk + β−1αkdk

)
, dk
)
< σβ−1αk

∥∥F (xk + β−1αkdk
)∥∥ · ∥dk∥2.

According to (2.5) and (3.1), it follows that
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∥Fk∥2 ⩽ −FT
k dk =

[
F
(
xk + β−1αkdk

)
− F (xk)

]T
dk − F

(
xk + β−1αkdk

)T
dk

⩽ Lβ−1αk∥dk∥2 + σβ−1αk

∥∥F (xk + β−1αkdk
)∥∥ · ∥dk∥2.

So, it can be concluded that

αk ⩾
β

L+ σ ∥F (xk + β−1αkdk)∥
· ∥Fk∥2

∥dk∥2
.

The lemma is proven.

{∥xk − x̃∥}
{xk} x̃

The  following  lemma  shows  that  sequence      is  descending  and

convergent, where sequence     is generated by Algorithm 2.1 and point     is
an arbitrary solution to Problem (1.1). The proof process of this lemma can be

found in Reference [17].

F {xk}
{zk} x̃

Lemma 3.2　Assuming that mapping    satisfies (H) and sequence    and

  are generated by Algorithm 2.1, then for any solution    to Problem (1.1),

there is

∥xk+1 − x̃∥2 ⩽ ∥xk − x̃∥2 − ∥xk+1 − xk∥2. (3.3)

{xk}Especially, the sequence    is bounded and

lim
k→∞

∥xk+1 − xk∥ = 0. (3.4)

Note 3.1　According to (2.2) and (2.3), we know that

∥xk+1 − xk∥ =
αk

∣∣FT (zk) dk
∣∣

∥F (zk)∥2
· ∥F (zk)∥ ⩾ σ∥αkdk∥2.

According to (3.4), we know that

lim
k→∞

∥αkdk∥ = 0. (3.5)

F {dk}
{Fk}

M

Lemma 3.3　Assuming  that  the  mapping    satisfies (H), the  sequences 

and    are generated by Algorithm 2.1, then there exists a positive real number

  such that

∥dk∥ ⩽ M, ∀k ⩾ 0. (3.6)

x̃Proof　For a certain solution    of Problem (1.1) satisfies

∥Fk∥ = ∥F (xk)− F (x̃)∥ ⩽ L ∥xk − x̃∥ .

{xk}
µ

Then, applying  the boundedness of  sequence   , we  can  see  that  there  is a
normal number  , which makes

∥Fk∥ ⩽ µ, ∀k ⩾ 0. (3.7)

αk

By using (2.2) and (3.1), as well as the Cauchy-Schwartz  inequality and the

definition of step  , it can be obtained that
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∥yk∥ ⩽ L ∥xk+1 − xk∥ ⩽ L∥F (zk)∥2 · ∥xk − zk∥
∥F (zk)∥2

= L ∥αkdk∥ ⩽ Lβ ∥dk∥ . (3.8)

According  to  (2.6),  (3.7),  (3.8)  and  Cauchy-Schwartz  inequality,  it  can  be

obtained that

|βk+1| ⩽
∥Fk+1∥ · ∥yk∥

dTkωk

+
t∥yk∥2 · ∥Fk+1∥ · ∥dk∥

(dTkωk)
2

⩽ Lβ ∥Fk+1∥ · ∥dk∥
∥dk∥2

+
tL2β2∥dk∥2 · ∥Fk+1∥ · ∥dk∥

∥dk∥4

⩽ Lβµ

∥dk∥
+

tβ2L2µ

∥dk∥
.

|θk+1| ⩽
∥Fk+1∥ · ∥dk∥

∥dk∥2
⩽ µ

∥dk∥
.

Based on the above two inequalities and (2.4), (3.8), it can be concluded that

∥dk+1∥ ⩽ ∥Fk+1∥+ |βk+1| · ∥dk∥+ |θk+1| (∥dk∥+ ∥yk∥)
⩽ µ+

(
βLµ+ tβ2L2µ

)
+ µ (1 + Lβ) .

d0 = −F0 M = µ+ (βLµ+ tβ2L2µ) + µ (1 + Lβ)Since   ,  take   ,  the  conclusion  is
proved. □

F {dk} {Fk}Theorem 3.1　If  the mapping    satisfies (H), the sequences    and  

are generated by Algorithm 2.1, then

lim inf
k→∞

∥Fk∥ = 0. (3.9)

εProof　Assuming  (3.9)  doesn’t  hold,  there  exists  a  normal  number    such

that

∥Fk∥ ⩾ ε, ∀k ⩾ 0. (3.10)

From (3.2), (3.6) and (3.7), it can be found that

αk ∥dk∥ ⩾ β∥Fk∥2

(L+ σ ∥F (xk + β−1αk)∥ · ∥dk∥)
⩾ βε2

(L+ σµ)M
> 0.

Obviously,  it  is  contradictory  with  (3.5).  Therefore,  the  hypothesis  does  not

hold and the original proposition holds.

R 4    -Linear convergence rate

F

To further prove the R-linear convergence rate of Algorithm 2.1, it is necessary

to assume that the mapping    satisfies:
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∀x̃ ∈ Ω ρ ∈ (0, 1) ν > 0(G) Let  , there exist positive constants    and    such that

ρ dist (x,Ω) ⩽ ∥Fk∥2, ∀x ∈ N (x̃, ν) , (4.1)

Ω N (x̃, ν) = {x ∈ Rn |∥x− x̃∥ ⩽
ν} dist (x,Ω) x Ω

where     is the set of solutions of Problem (1.1)，  

 ，   denotes the distance of point    from the solution set  .

F

{xk} {dist (xk,Ω)}
{xk}

Theorem 4.1　Suppose that the mapping    satisfies (H) and (G), the sequence

  is generated by Algorithm 2.1, then the sequence    is Q-linearly

convergent to 0. Thus, the sequence    is R-linearly convergent.

ωk = arg min {∥xk − ω∥ | ω ∈ Ω} ωk

xk Ω

Proof　Let  . we can know    is the solution

closest to point    in solution set  , i.e.,

dist(xk+1,Ω) = ∥xk − ωk∥ . (4.2)

By using (2.5) and Cauchy-Schwartz inequality, it can be obtained that

∥dk∥ ⩾ ∥Fk∥ . (4.3)

ωk ∈ ΩKnown that  , using (3.3), (4.1)‒(4.3) and Note 3.1, we can get

dist(xk+1,Ω)
2 ⩽ ∥xk+1 − ωk∥2 ⩽ ∥xk − ωk∥2 − ∥xk+1 − xk∥2

= dist(xk,Ω)
2 − ∥xk+1 − xk∥2

⩽ dist(xk,Ω)
2 − σ2∥αkdk∥2

⩽ dist(xk,Ω)
2 − σ2α4

k∥Fk∥4

⩽
(
1− σ2α4

kρ
2
)
dist(xk,Ω)

2.

{dist (xk,Ω)}
1− σ2α4

kρ
2 ∈ (0, 1) {xk}

This shows that the sequence     is Q-linearly convergent to 0. Since

, the sequence    is R-linearly convergent.

 5   Numerical tests

Algorithm 2.1  is  tested numerically below and compared numerically with  the

MPRP-based method [12] and the MHS-based method [18]. The program code is
written using MATLAB 7.0, running on an Intel Core i5-4590 processor (quad-

core,  3.30 GHz),  8.0 GB  of  internal memory,  and  the Windows  7  operating

system. The selected test problems were taken as follows, from the literature [22,

3, 10], respectively.

FProblem 5.1 [22]　   is defined by the following equation:

F (x) = A (x) + g (x)− 1,

g (x) = (ex1 , ex2 , . . . , exn)Twhere    and
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A =


2 −1

−1 2 −1
. . . . . . . . .

. . . . . . −1

−1 2

 .

FProblem 5.2 [3]　   is defined by the following equation:

F (x) = A (x)− 1,

where

A =


2.5 1

1 2.5 1
. . . . . . . . .

. . . . . . 1

1 2.5

 .

FProblem 5.3 [10]　   is defined by the following equation:

F (x) = (F1 (x) , F2 (x) , . . . , Fn (x))
T,

where

F1 (x) = x1 + ecos(
x1+x2
n+1 ),

Fi (x) = xi + ecos
(

xi−1+xi+xi+1
n+1

)
, i = 2, 3, . . . , n− 1.

Fn (x) = xn + ecos
(

xn−1+xn
n+1

)
.

σ = 0.01, t = 2, β = 0.5

∥F (xk)∥ ⩽ 1.0× 10−5 ∥F (zk)∥ ⩽
1.0× 10−5

The parameter value in Algorithm 2.1 is   . The termi-

nation  conditions  for  all  programs  are      or   

.

(−1, 0) , (0, 1) , (−1, 1) , (−2, 0) ,

(0, 2) , (−5, 5) , (−10, 10)

F

In  numerical  tests,  the  rand  function  in  MATLAB  software  is  used  to

randomly  generate  a  fixed  initial  point  within   

, and calculate three test problems. The numerical results

are shown in Tables 1‒7. In Tables 1‒7, “Dim” represents the dimension of the

test problem, “NI” represents the number of iterations, and “NF” represents the

number of calculations for  , “CPU ” represents CPU time (in seconds).

Tables  1‒ 7  indicate  that Algorithm  2.1, PRP-based method,  and HS-based

method  can  successfully  solve  the  given  test  problem  starting  from  randomly

generated  initial points. For Problems 5.1 and 5.2, the numerical effects of the

three test methods are comparable; However, for Problem 5.3, the performance

of Algorithm 2.1  is  significantly better  than  that of PRP-based and HS-based

methods.
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(−1, 0)
Table 1    Calculation results of Algorithm 2.1, MPRP-based method and MHS-based

method, with initial points in the interval  

Dim
Algorithm 2.1 PRP-based method HS-based method

NI NF CPU NI NF CPU NI NF CPU

Problem 5.1 5000 32 96 0.06 39 113 0.08 31 110 0.03
7000 32 96 0.09 39 113 0.08 31 110 0.05
9000 32 96 0.09 40 116 0.09 32 113 0.06
11000 33 99 0.09 40 116 0.13 32 113 0.08
13000 33 99 0.14 33 92 0.16 32 113 0.08
15000 33 99 0.13 33 92 0.14 32 113 0.11

Problem 5.2 5000 41 115 0.06 37 96 0.05 40 132 0.03
7000 43 121 0.08 42 110 0.09 49 159 0.07
9000 39 105 0.08 38 97 0.08 47 159 0.08
11000 39 105 0.6 38 97 0.09 52 173 0.09
13000 39 105 0.09 39 101 0.08 61 204 0.11
15000 40 108 0.1 39 101 0.11 47 156 0.11

Problem 5.3 5000 10 23 0.06 26 54 0.06 20 42 0.03
7000 11 26 0.05 26 55 0.09 20 43 0.04
9000 11 26 0.08 27 57 0.11 21 46 0.06
11000 12 30 0.06 27 57 0.13 21 47 0.07
13000 12 30 0.08 27 58 0.14 21 48 0.08
15000 13 34 0.09 27 58 0.14 22 50 0.10

 
Table 2    Calculation results of Algorithm 2.1, MPRP-based method and MHS-based

method, with initial points in the interval (−2, 1)

Dim
Algorithm 2.1 PRP-based method HS-based method

NI NF CPU NI NF CPU NI NF CPU

Problem 5.1 5000 30 92 0.05 37 109 0.06 29 102 0.05
7000 30 92 0.08 38 112 0.09 29 102 0.06
9000 30 92 0.09 38 112 0.09 29 102 0.05
11000 31 95 0.08 33 96 0.11 29 102 0.09
13000 31 95 0.11 33 96 0.14 29 102 0.09
15000 31 95 0.11 33 96 0.14 30 106 0.09

Problem 5.2 5000 34 83 0.09 46 118 0.08 51 170 0.05
7000 39 101 0.05 42 107 0.08 46 150 0.07
9000 39 101 0.06 45 117 0.08 62 209 0.10
11000 39 100 0.08 44 114 0.08 49 160 0.08
13000 40 103 0.11 44 113 0.13 45 149 0.10
15000 41 109 0.09 41 109 0.11 42 139 0.10

Problem 5.3 5000 9 19 0.05 24 49 0.08 19 39 0.03
7000 9 19 0.05 25 51 0.11 19 40 0.07
9000 9 19 0.08 25 52 0.11 19 40 0.04
11000 10 23 0.05 26 54 0.13 20 42 0.05
13000 11 26 0.08 26 54 0.14 20 42 0.06
15000 11 26 0.11 26 55 0.17 20 43 0.09
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Table 3    Calculation results of Algorithm 2.1, MPRP-based method and MHS-based

method, with initial points in the interval (−1, 1)

Dim
Algorithm 2.1 PRP-based method HS-based method

NI NF CPU NI NF CPU NI NF CPU

Problem 5.1 5000 31 97 0.06 39 117 0.07 30 109 0.07
7000 32 100 0.08 39 117 0.13 33 121 0.08
9000 33 103 0.09 40 120 0.11 31 113 0.07
11000 33 103 0.10 40 120 0.12 31 113 0.08
13000 33 103 0.10 40 120 0.14 32 116 0.11
15000 33 103 0.13 41 123 0.18 32 116 0.10

Problem 5.2 5000 39 98 0.06 38 97 0.07 51 176 0.05
7000 38 96 0.06 47 125 0.07 44 145 0.05
9000 38 96 0.07 43 110 0.06 49 166 0.07
11000 39 98 0.09 43 110 0.13 50 170 0.09
13000 39 98 0.11 43 110 0.11 57 191 0.12
15000 39 98 0.11 44 113 0.14 52 169 0.11

Problem 5.3 5000 9 19 0.04 25 51 0.11 19 40 0.04
7000 10 23 0.05 26 54 0.13 20 42 0.05
9000 11 26 0.06 26 54 0.11 20 43 0.05
11000 11 26 0.06 26 55 0.16 21 46 0.07
13000 12 30 0.09 27 57 0.17 21 46 0.08
15000 12 30 0.09 27 57 0.16 21 47 0.09

 
Table 4    Calculation results of Algorithm 2.1, MPRP-based method and MHS-based

method, with initial points in the interval (−2, 1)

Dim
Algorithm 2.1 PRP-based method HS-based method

NI NF CPU NI NF CPU NI NF CPU

Problem 5.1 5000 32 97 0.09 40 115 0.06 56 235 0.08
7000 38 116 0.09 34 95 0.11 56 235 0.11
9000 38 116 0.09 34 95 0.08 41 157 0.09
11000 38 116 0.13 34 95 0.09 42 161 0.12
13000 38 116 0.13 35 99 0.11 39 147 0.14
15000 38 116 0.16 35 99 0.14 39 147 0.14

Problem 5.2 5000 43 118 0.06 43 111 0.06 50 170 0.05
7000 43 117 0.08 44 113 0.09 49 165 0.06
9000 41 111 0.09 42 109 0.08 47 158 0.07
11000 43 117 0.09 45 117 0.12 51 172 0.09
13000 43 117 0.11 44 115 0.09 47 156 0.09
15000 43 117 0.14 49 129 0.12 43 141 0.10

Problem 5.3 5000 11 26 0.05 26 54 0.06 20 43 0.04
7000 12 30 0.05 27 57 0.11 21 46 0.05
9000 12 30 0.13 27 58 0.09 21 48 0.06
11000 13 34 0.08 27 58 0.11 22 50 0.08
13000 13 34 0.08 28 62 0.14 22 51 0.09
15000 14 39 0.09 29 65 0.17 22 52 0.10
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Table 5    Calculation results of Algorithm 2.1, MPRP-based method and MHS-based

method, with initial points in the interval (0, 2)

Dim
Algorithm 2.1 PRP-based method HS-based method

NI NF CPU NI NF CPU NI NF CPU

Problem 5.1 5000 34 106 0.08 32 94 0.06 33 121 0.03
7000 34 106 0.06 32 94 0.09 34 125 0.07
9000 34 106 0.11 32 94 0.09 34 125 0.08
11000 35 109 0.08 33 97 0.12 34 125 0.09
13000 35 109 0.13 33 95 0.13 34 125 0.11
15000 35 109 0.13 33 95 0.17 34 125 0.12

Problem 5.2 5000 42 115 0.06 44 116 0.05 47 159 0.03
7000 42 114 0.08 47 124 0.06 47 159 0.06
9000 42 115 0.09 43 110 0.08 53 182 0.08
11000 43 116 0.09 43 112 0.11 48 163 0.08
13000 43 116 0.17 44 115 0.12 48 164 0.10
15000 44 120 0.12 44 115 0.14 60 209 0.13

Problem 5.3 5000 9 19 0.06 24 49 0.06 18 37 0.04
7000 9 19 0.06 24 49 0.08 19 39 0.03
9000 9 19 0.08 25 51 0.11 19 40 0.05
11000 9 19 0.06 25 51 0.17 19 40 0.06
13000 9 19 0.06 25 52 0.12 19 40 0.07
15000 10 23 0.08 25 52 0.16 19 40 0.08

 
Table 6    Calculation results of Algorithm 2.1, MPRP-based method and MHS-based

method, with initial points in the interval (−5, 5)

Dim
Algorithm 2.1 PRP-based method HS-based method

NI NF CPU NI NF CPU NI NF CPU

Problem 5.1 5000 37 118 0.08 39 118 0.09 43 172 0.07
7000 41 135 0.14 39 118 0.11 45 181 0.09
9000 39 130 0.13 39 120 0.11 46 188 0.12
11000 44 147 0.14 41 127 0.13 45 184 0.14
13000 42 144 0.16 41 127 0.19 45 184 0.16
15000 44 151 0.17 42 132 0.17 45 186 0.18

Problem 5.2 5000 42 108 0.06 47 119 0.06 53 184 0.05
7000 44 116 0.08 47 123 0.09 59 206 0.07
9000 44 116 0.06 48 126 0.09 46 156 0.06
11000 46 125 0.11 47 124 0.09 59 206 0.10
13000 46 125 0.09 47 124 0.11 64 226 0.13
15000 48 135 0.13 51 137 0.16 60 216 0.14

Problem 5.3 5000 11 26 0.13 26 55 0.13 20 44 0.04
7000 12 30 0.06 27 57 0.11 21 46 0.07
9000 12 30 0.06 27 58 0.13 22 50 0.06
11000 13 34 0.11 28 62 0.14 22 50 0.08
13000 14 39 0.09 28 62 0.16 22 52 0.09
15000 14 39 0.11 29 66 0.19 23 56 0.11
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