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Abstract The iterated spherical average A(A;)Y is an important operator in
harmonic analysis, and has very important applications in approximation theory
and probability theory, where A is the Laplacian, A; is the unit spherical average
and (A;)V is its iteration. In this paper, we mainly study the sufficient and
necessary conditions for the boundedness of this operator in Besov-Lipschitz
space, and prove the boundedness of the operator in Triebel-Lizorkin space.
Moreover, we use above conclusions to improve the existing results of the
boundedness of this operator in LP space.
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1 Introduction

The average operator of functions f on the unit sphere is defined as

Ai(f)(z) = . Sz —y)do(y),
where S"7! is the unit sphere in R", do is the normalized surface Lebesgue
measure on R". The generation of this operator can be traced back to the 1970s.
It has a profound background and wide applications in harmonic analysis (see
[10, 9]). Moreover, it is very important in the study of random walks in high
dimensional spaces, which was originated by Pearson [8] about 120 years ago.
The definition of random walks is the N-steps uniform walk in R™ starts at the
origin and consists of N independent steps of length 1, each of which is taken
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into a uniformly random direction. By some calculations, the probability density
function py("52,z) of uniform walk in R"™ is the Fourier inverse of (A;)"[2].
Besides, this operator also plays a significant role in the approximation theory [1,
4]. In order to obtain some equivalent forms of the K-functional in LP(R™)
spaces, Belinsky, Dai and Ditzian studied the operator (A;)" in [1] and
obtained the following result.

Theorem A [1] Let1<p<oo, n>2 and N > % The inequality
A Py = e
holds for all f € LP(R™).

In the proof of Theorem A, they proposed a meaningful question: what was
the smallest positive integer N to guarantee the inequality

[ACADY (D] 11 gory = N Ilz2m- (1)

This question was completely solved by Fan, Lou and Wang. In [3], they
obtained the following theorem.

Theorem B [3] Let n# 3,5, and N be positive integers. The inequality
||A(A1>N<f>HL1(Rn) = HfHLl(R")

holds if and only if N > Z—*_’i’ Let n=3,5 and N be positive integers. The
mequality

HA Al HLl R™) —< ”f”L1 R™)

holds if and only if N > "3,

In the proof of Theorem B, they used the fact that iterate steps N is an positive
integer. But, if we extend the iterate steps N to real number by the Fourier
transforms, the conclusion of Theorem B is not sharp. On the other hand, there
is no regularity in L! space. To study the boundedness of (A4;)" for N € R and
the influence of the regularity of function space on the boundedness of this oper-
ator, Huang [6] studied the boundedness of (A4;)Y on modulation space and
obtained the sufficient and necessary conditions of the boundedness of A(A;)Y
on the modulation space.

Theorem C [6] Let 0=2—-"N,1<p;,q <008 €R(i=1,2). When
q1 < qo, the iterated spherical average A(A)N is bounded from M1, (R™) to
M2 (R™) if and only if

p1 < P2, S1 2= S+ 0.

When q, > qo, the iterated spherical average A(Ay)YN is bounded from M1 (R™)
to M22 (R"™) if and only if

Pp2,92
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n n
PLSp2, S1+—2=28+0+—.
41 a2
On the other hand, Besov-Lipschitz space B,, and Triebel-Lizorkin space
F;, are very important spaces in the theory of function space. They can not
only characterize many function spaces, such as LP(R™) space, Sobolev space,
Hardy space, but also have important applications in the fields of partial differential
equations and time-frequency analysis [5, 7, 11, 12]. Thus, it is significant to
study the boundedness of A(A;)"Y in Besov space and Triebel space. Besides, by
the Littlewood-Paley theorem, when s=0,1 < p < co,q = 2, the Triebel space
is equivalent to L¥(R") space, that is,

FO,(RY) ~ LP(RY). (2)

Therefore, the boundedness of A(A;)" in Triebel space can be used to study
the boundedness of this operator in L”(R"™) space. In this paper, we study the
boundedness of A(A;)" in Besov space and Triebel space, and improve the
boundedness of A(A;)Y in LP(R™) space by the conclusion in Triebel space.
The following theorems are our main results.

Theorem 1 Let 0y =2+ 2 — 22N, 1<p;, <00, s, ER (i =1,2). If
n n
P1<p2, S1—— =S2+01— —,
b1 D2
then A(A1)N is bounded from Bj! (R") to B2 (R™).
Theorem 2 Let 0y =2—7% ——N 1<pi, g< 00, s; € R(1=1,2). If the

iterated spherical average A(AI)N is bounded from B! (R") to B2 (R™), then
the following conditions must be hold:

D1 < D2, 81 = Sg + 03.

Theorem 3 Let01—2+——”1N 1<pi, g< o0, 5, €R (1 =1,2). If

n n
pP1<pP2, S1— — >Sy+o01+—,
h P2

then A(A))N is bounded from F3' (R™) to F22 (R").

p1,9 p2,9

Corollary 1 Let 1 <p <oo. When N > ™= A(A;)N is bounded in LP(R™)
space, that is

I ACADY () e 2 F o) -

Remark 1 We can find that the conclusion in Corollary 1 is better than
Theorem A, since the smallest iterate steps N in Corollary 1 is smaller than
Theorem A.

Remark 2 We can obtain the necessary conditions of boundedness of
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A(A;)"N in Triebel space by a similar method, and the conclusion is also similar
as Theorem 2. The proof follows the same pattern so that we leave the proof
to the reader.

Throughout this paper, we use the inequality A < B to mean that there is a
positive number C' independent of all main variables such that A < CB, and
use the notation A ~ B tomean A X B and B < A.

2 Preliminaries and lemmas

In this section, we will give the definitions of Besov space and Triebel space,
and discuss some basic properties of Besov space and Triebel space. Also, we
will prove some estimates and lemmas which will be used in our proof.

Definition 1 [11] (Besov space) Let ¢1(£) be a radial Schwartz function on
]R" Which satisfy 1(§) € C°(R") and supp o1 C {£:5 < [§] <2}. When

3 <él < 2, 01(&) = 1. Assume ¢o(§) € CP(R™), supp ¢ C {§ €] <2} and
satisfy

“+o0o
Z Pr = 17
k=0

where ¢;(€) = p(27%¢), k € N*. Define
Arf = (onf)Y.

Let s € R, 0 < p,q < 0o. The Besov space is defined as follows:

1
B: (R") =S feS :|flsy,@m = (Z zkquAka%p) < 0

k=0

Definition 2 [11] (Triebel space) Let s€ R, 0<p,q<oo. The Triebel
space is defined as follows:

1

F3 ,(Rm) = <Z 2k8q|Akf|q) < 00
P

Lp

Fp R =4 fes :|f

Proposition 1 [7] Let 0 < p;,q < 00, s; € R (i =1,2). When
n n
pPL< P2, S1—— =S — —,
N P2
we have
B, C B2 F CFs 3)

P1q p2,q’ p1q P2,9
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Proposition 2 [7] If1<p,q; < oo (i=1,2) and s € R, then Ve > 0, we have

Fpar C B (4)

The Fourier multiplier m(D) is a linear operator acting on the test function
f, which is defined as:

m(D) (&) = m(&)f(©)-
The function m(&) is called the symbol or multiplier of m(D). By Fourier trans-
form, it is known that m(D) is a convolution operator

m(D) = (m(£))" = f.
By the Young inequality, we have
[m(D) fllze 2 N[(m(€))" () |2 [ 1 v

for any 1 < p < oo. Thus, to obtain the boundedness of m(D) in LP space, we
only need to estimate || (m(&))Y(z) ||z For this purpose, we need the following
Bernstein multiplier theorem to estimate ||(m(£))Y ()|

Lemma 1 [12] (Bernstein multiplier theorem) Assume 0<p<2 and
"m(€) € L* for all multi-indices v with |v|< [n G) - %)} + 1. We have

Hm@) @l = > 10"m(E)]ee

(-1

()

By Fourier transform, ignoring constant factors, m(D) is a Fourier multiplier

as follows:
— N
ATV f = [¢? (Va2 (i) F€),
where
Vir) = 20

and Js(r) is the Bessel function of order ¢ which has following properties.

Lemma 2 [9] When § > —1, we have

Vs(r) =0(1), when |r| X1, (6)
B — ). M

Lemma 3 [9] Let r>1 and § > —3. For any L € Z" and r € [1,00), we have

67-( 7T L ir —L1_4 L —ir —L1_
Js(r) = COS<7’—7—Z)+;(M€T 2 ]—l—;bje r 27+ E(r), (8)

2
r
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where a; and b; are constants for all j, and E(r) is a C* function satisfying
|E(k)(7“)‘ < r-3l-1

forany k=0,1,2,....

3 Proof of main results

We firstly prove Theorem 1. By the definition of Besov space, we need to estimate
|ALA(A)YN f|lze- For this purpose, we obtain the following lemma.

Lemma 4 Let 1<p<oo, 0p=2+ % — ”T’lN. Then we have the following
estimate

[ARA(ADY fllLogny = 25| Af || o (rm)-

Proof VkeN, ALA(A))Nf is a convolution operator my(D)(f) = Qx(x) * f,

where
@) = [ a© P (Ve (o)) eede (9

By the orthogonality of dyadic decomposition, when |l —k|>2, we have

©1(&)er(§) = 0. Since
oA =1,

kezZm

by Young’s inequality and Minkowski’s inequality, we have

IAKAADN flle = ||D AAA(A)Y f
leN Lp
= > [ancanrag|
lEN,|I—k|<1
N \Y
= X (@168 (venaten)”) wmus
lEN,|l—k|<1 Lp
N \Y
= ¥ (@ 1er (vaten)”) | 18l
IEN, |I—k|<1 Lt
=Sl Al
lEN,|I—k|<1

Thus, we only need to estimate

S ).

1EN,|I—k|<1
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For every k € N, the number of [ which satisfy [ € N: [l — k| <1 is at most 3.
So, we only need to estimate ||€(x)|: when [ ~ k. When |k| < 100, by condition
(7), we have |(z)| <1, when |z| < 100. If |z| > 100, without losing generality,
assume |r1| > 2. By the derivative of Vs(t) (see (8)) and taking integration by
part on &, we have

<t <1
‘xl ‘nJrl |$‘n+1

()

So, when |k| < 100, [|[(z)||zx <1, by the fact that [~ k. Then, we choose
L =1 in Lemma 3. We have the following asymptotic form of Vj(r):

1 /2 om T 3
. _om T -5-%
Vs(r)=r \/;cos (r 5 4> + O(r )

for |r| < 1. So, when |k| > 100, [ ~ k and £ € supp ¢;(§), we have
VA(IENIY < 16|00 o (2) (707N o 9 (CHaINk, (10)

Then, by the chain rule and the derivative formula of Vs(t), we obtain

o VAN = = (VAEN el Vana (Il -

€
= — (V3(1EN) ™ Vo (I€D) - &
By the asymptotic form of Vj(r), we obtain that
0
9&;

for ¢ € suppy(€). By (10) and (11), when 6 > —1 and & € suppy(€), Vs(|€))™

and 6% (Vs(1€])Y share the same upper bound which is 2-+2)N Since

() {

(Vs(lED)N] = €02 V=D ] (0=2) L [g] < [¢] (0N o 9= GFaNE (1)

<Py <2
=0, ly| > 2,

we can obtain that

@)=

vI<[3]+1

SEDOEEDD

YI<[F]+1 v +r2+y3=y

0" ((€) - IeP (Vs (IeD) )

L2

V1 L AY2|¢12 . A3 N
€)oo (Vapa (1€]))

L2 (suppg (€))
< 9% . 9%k 9="5 Nk
— 92+3 "5 Nk, (12)

By the definition of Besov space and above estimate, we have
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Q|

1A(A)Y £

+oo q
S

p2

Q=

100
1 q
k=0 P2 >100 p2
100 . % . %
(sl ) (3 2ol
k=0 b2 k>100 p2
100 1 , L
= Z 9(s2+2+5 — =5~ N)gk AkA(A]lV)f >
k=0 P2
+ (Z 2(52+2+%—"T_1N)qk; AkA(A]lV)f q )
k>100 P2
j ||f| s2+2+%_nT4N.

BPQJI

By the embedding property (3) of Besov space, when p; < po, $1 — pﬂl > So+
o, — p%, we can easily obtain that

1A Flgz, = 11l ggzzes = 1]

51 .
BP21q

Theorem 1 is proved.

Next, we will prove Theorem 2. From Lemma 3, we can find that the main
term in asymptotic expansion of Bessel function is a trigonometric function
which has zero points in every semiperiod. Thus, we can’t estimate the dual
operator of the iterated spherical average at these zero points. To solve this
problem, we need the following lemmas.

Lemma 5 Assume i € ZT which is large enough. Then there exists a constant
go > 0, such that

_n—1
Vna €)) > el 0s)
for €] € [im+ 1 — 3+ 55, (i + D+ 5 = — .

Proof Choosing L =1 in Lemma 3, we have

n— 2 n
VnT—Z(T) = rz’l\/;cos (7" - %T + g) + O(r’#)

n—1 2 n+1
(r LI 3—”) +O>r ).

=7r 2 4/—sin
7T

4 4
Define

(r) = sin (r— "4 2T
u\r) ==s T 1 1
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and g9 = 3sin 2. When r — 2% + 3% ¢ [im+ I (i + 1)t — &5, we have

lu(r)| = 2¢.

Moreover, when r is large enough, it is easy to obtain

+1 n—1

O(r_nT) <egr™ 2 .

Thus, when |[¢] € [im+2F —3T+ X (i+1)m+ 20— 30— X] and i is large

enough, we have

Vaza (IE])] > col€] "%

Lemma6 Letl<p<oo og9=2—2—2LN Fork > 2, ifthe smooth function

2 2
{fr} satisfy

-~ i nmt 3 T . nmt 3 T
Suppfk(g) C {f ‘§| € |:’Lk7T+I—17T+ %,(’Lk—i‘l)ﬂ?ﬁ-z—z—lﬂf—%}},
2.
3

where i, € 2T, and [ipm+ % — 37, (i, + 1)+ 28 — 3m] C (
can obtain

2k 3. 2%), then we

2072 fille = NIARA(ADY fill v

Proof By the assumption of {fi}, it is obvious that [£|~2% when
¢ € suppf(€). Thus, by (12) and Lemma 5, when ¢ € suppf(€), we have

colel "2 < (Vaga I€D) | = leI "7, (14)

that is, ]VnT_z(\f )| ~ 2-"2°k_ Then, by the chain rule and the derivative formula

of Vs(t), we can obtain

o (Vi)™

= |- (v i0) ™ vt -

=< ¢TI T
~ 2"z NF, (15)

Therefore, when & € suppf(€), [(Vazz (€)™Y and |g% (Va2 (|€])™"| share the

same upper bound which is 2"7 Nk .

By Definition 1, ¢4(§) =1 when 3-2% <|[¢[ < 3-25 So, when k is large
enough, we can choose some  suitable i€ ZT such  that
g7t 4+ 28 — 37t (i + 1)+ 2F— 3m] C (2. 2%, 2. 2F). So, we have

o€ Ful€) = u(€),

when supp fi(€) C{€ : [€] €[ipm + 2% — 3 4 2, (i + 1)+ 2% — 3 — Z]}. Thus,
by (13), (14), Young’s inequality and Bernsteins Multiplier Theorem, we can
obtain
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Iiller = | (o)),
= | Conterancer -t (vasaieh) - le (vasa ) |
= |l (agzeh) " - utcnie (vesa(h)” f|

< Contene (vVagzen) Y| [aencan s,

= 3 ot (Vi) | [[Aracan s,
[vI<[5]+1 e

< Y |loren© -0 on (V)
yl<[2]+1 -
i+ tr=y

a AAl)kaH

< 5 [oreriernan (s | sl
i :

A VAR LA I
which means

2(2,%,"7*1N)k”kaLp < HAkA(Al)kaHL

Lemma 6 is proved.

Now, we continue to prove Theorem 2. Let f € S(R") satisfy f(£) € CS°(B™),
where B~ :={{ = (&,&, ..., &) €] <1, < 0}. Then choose & = (i + % —
%7’(—1— 7,0,...,0), where i is defined in the proof of Lemma 6. For 0 < A < %
we define smooth function fi\ by

e = (55%).

It is obvious that suppfr(§) C {€:[€] € [ipm+ 2 — 3 4 X (i) + 1)+ 26—

%ﬂ — 351} By the definition of fj, , we can obtain

Apfer = fur;

ANjfer=0, 7 #k.
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By Lemma 6, we have

|A(A

>_ 2](:(82—&-2—7—7
- 2k(82+02))\"(1*5)'

DY frnllsgz, = 22| ARA(A

Moreover, by some simple computation, we have

I fe:nll B

By the assumption that A(A;)N

IACADN froallgzz, =< I feallss,

o0 =251 fi alle =

DY frin

LpP2

| i llLre
1

2k31 )\”(1_%) )

is bounded on Besov space, we can obtain

2k($2+0’1))\n(1

Fixed k € Z*, we have

An(lf

Then let A — 0, we can obtain

) < A7),

p

1

) < 2](:81)\

N

p2.

. Therefore, when 0 < A < %, we have

o)

On the other hand, when fixed A € (0,3) and letting k — oo, we have

which means

Theorem 2 is proved.

Now, we prove the boundedness of A(A;)

assume s =0, 1 <p=¢q <

of {pr}2,, we can obtain

1A FI,

2k(52+0'1)

S1

Z |

+o0

SN AAk

k=0 j=(k—1)V

2 So + 09.

< 2kt

N

(Z |AkA(A1)Nf!p>

Z A;ARA

JEZ+U{0}

Jj=k+1

on Triebel space. We firstly

00, by the definition of Triebel space and orthogonality

1P
P

Lr(R™)
1P
P
AN PP
Lr(R™)
1P
P
ANNFIP
Lr(R")
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+oo  j=k+1

<[ X Iaaau)

k=0 j=(k—1)V0

52 > [ 10« durpg

where () is defined in (9). By (11), when |j — k| < 1, we have

HQ ||L1 = 2(2+7—71N)] ~ 2(2+7_71N)k

Combining the above estimates, we have

+oo j=k+1

ANy <3 ST 192(0) * AcfIgery

k=0 j=k—1

+oo j=k+1

Y0 UGN ARFIE oy

k=0 j=k—1

“+o00

= Z 2(2+ kaAkaLP(R"
k=0
+oo

=Y. / 2+ A flPde
k=0 7/ "

+o0
R’!‘L k:

ol L1

T—’P

Therefore, when s; — pﬂl > 89 — p% + 01, there exists >0

such

that

51 — pﬁl >S9 — p% + 01 + 2¢. By Proposition 1 and Proposition 2, we can obtain

IAADY fllggz,,, = IAADY S

Fp3a FS%;;
< fllggonse
< ||f| 32+o'1+25
=l

Fola

Theorem 3 is proved.
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Finally, we prove Corollary 1. The condition N > Z—f‘ll yields,
n n-—1
=2+ - — N < 0.
o1 + 5 5

By choosing 1 <p;=p2=p< 00, ¢t =@ =2, 51 =35 =0 in Theorem 3, we
have

IACAY (P, = 1l ao
By the equivalence between Triebel and LP space (see (2)), we can obtain
IAADY (Dllze@ey 2 o)

Corollary 1 is proved.
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