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1 Introduction

Let us recall some definitions and some results of Hodge theory [9]. Let M be an
closed oriented Riemannian manifold with metric g. The Hodge star operator

∗g : Ωk(M) → Ωm−k(M)

is a linear map which satisfies

α ∧ ∗gβ = (α, β)gd volg, ∀α, β ∈ Ωk(M).

Here, Ωk(M) is the space of the smooth k-forms on M. We denote the
adjoint operator of the differential operator d by d∗ associated to g. By a direct
calculation, we will find that

d∗ = (−1)mk+m+1 ∗g d∗g

on Ωk(M). A form α is called harmonic if it is both d-closed and d∗-closed. The
Laplacian operator is given by

Δ = dd∗ + d∗d: Ωk(M) → Ωk(M).
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α is harmonic if and only if Δα = 0. By the theory of elliptic operator, we
conclude that the kernel of Δ is finite dimensional. And the Hodge decompo-
sition tells us every cohomology class has a unique harmonic representative.

Let (M,ω) be a compact symplectic 2n-manifold, that is, M is a
differential manifold with a closed non-degenerate 2-form ω, where ω is
called the symplectic structure. Symplectic Hodge theory was introduced by
Ehresmann and Libermann [3] and was rediscovered by Brylinski [1]. They
defined the symplectic star operator

∗ω : Ωk(M) → Ω2n−k(M)

analogously to the Hodge star operator but with respect to the symplectic form
ω. As in Riemannian Hodge theory, define

dΛ = (−1)k+1 ∗ω d∗ω

on Ωk(M). A form α is called symplectic harmonic if it satisfies

dα = dΛα = 0.

(Here, we adopt the notion dΛ as given in [14].) Brylinski conjectured that
on a compact symplectic manifold, every de Rham cohomology class contains
a symplectic harmonic representative. Some evidence for his conjecture was
presented in his paper and he proved the conjecture for compact Kähler
manifolds. Several years later, his conjecture for symplectic manifolds was
disproved by Mathieu [12]. Brylinski’s conjecture is equivalent to the question
of the existence of a Hodge decomposition in the symplectic sense. The unique-
ness of the decomposition in this case is evidently not true. Mathieu gave
two ways to give counter-examples to Brylinski’s conjecture. In fact, Mathieu
proved that every de Rham cohomology H∗(M) class contains a symplectic
harmonic form if and only if the symplectic manifold satisfies the strong (hard)
Lefschetz property, that is, the map

Hk(M) → H2n−k(M),

A �→ [ω]n−k ∧ A,

is an isomorphism for all k � n.
Mathieu’s theorem is a generalization of the hard Lefschetz theorem for

compact Kähler manifolds. His proof involves the representation theory of
quivers and Lie superalgebras. Yan [15] provided a simpler, more direct proof
of this fact. Yan’s proof follows the idea of the standard proof of the hard
Lefschetz theorem (see [7]).

On the other hand, for compact symplectic manifolds, Merkulov [13] and
Cavalcanti [2] showed that the existence of symplectic harmonic forms in every
de Rham cohomology class is equivalent to the symplectic ddΛ-lemma, that is,
to the identities

im d ∩ ker dΛ = im ddΛ = im dΛ ∩ ker d,
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which mean that if α is a symplectic harmonic k-form, and either is exact or
coexact, then α = ddΛβ for some k-form β.

Both the existence and uniqueness of symplectic harmonic forms are not
expected to hold in de Rham cohomology for symplectic manifolds. So Tseng
and Yau thought that the de Rham cohomology maybe not the appropriate
cohomology to consider symplectic Hodge theory. They [14] introduced some
new cohomologies for compact symplectic manifolds.

The hard Lefschetz property is too strong for symplectic manifolds. Many
known non-Kähler symplectic manifolds do not satisfy strong Lefschetz
property. Gompf [6] constructed many closed symplectic manifolds which do
not satisfy the Lefschetz property. So Fernández et al. [4] introduced s-Lefschetz
property which is weaker than hard Lefschetz property. We would observe that
every compact symplectic manifold (M,ω) is s-Lefschetz for some integer s � 0.
Fernández et al. got many beautiful results on compact symplectic manifold
which satisfies the s-Lefschetz property.

It is well known that if a compact symplectic manifold has the hard Lefschetz
property, then its de Rham cohomology admits a unique Lefschetz decomposi-
tion, i.e.,

Hk(M) =
⊕

r

LrPHk−2r(M)

for any integer k, 0 � k � 2n (cf. [10,15]). In this paper, we aim to generalize
the Lefschetz decomposition for de Rham cohomology on compact symplectic
manifolds which are not hard Lefschetz but s-Lefschetz. Here is our main result.

Theorem 1 Suppose that M is a compact 2n-dimensional symplectic manifold
with the s-Lefschetz property. Then we have the following Lefschetz decomposi-
tion:

1) Hk(M) = ⊕rL
rPHk−2r(M), k � s + 1;

2) H2n−k(M) = ⊕rL
rPH2n−k−2r(M), k � s.

Remark 1 The similar result was proved by Fernández et al. [5]. Inspired
by Tseng and Yau’s work, we generalize Fernández et al.’s result by using very
different approach.

2 Preliminaries

In this section, we present a brief review of background materials in symplectic
Hodge theory. For more details, we refer to [1,11,14,15]. On a compact
symplectic manifold (M,ω) of dimension 2n, the symplectic star operator ∗ω

acts on a differential k-form α by

α ∧ ∗ωα′ = (ω−1)k(α,α′)d vol =
1
k!

(ω−1)i1j1 · · · (ω−1)ikjkαi1···ikα
′
j1···jk

ωn

n!

with repeated indices summed over, where (ω−1)ij is the inverse matrix of ωij.
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As in Riemannian Hodge theory, we can define the adjoint operator of d as

dΛ : Ωk(M) → Ωk−1(M)

via
dΛ = (−1)k+1 ∗ω d∗ω

on Ωk(M). We call α coclosed if dΛα = 0, coexact if α = dΛγ for some γ. A
form α is called symplectic harmonic if it satisfies

dα = dΛα = 0.

Unlike in the Riemannian case, the symplectic Laplacian

ddΛ + dΛd = 0,

i.e., d and dΛ are anti-commute.
Using the symplectic form

ω =
∑ 1

2
ωijdxi ∧ dxj,

the Lefschetz operator
L : Ωk(M) → Ωk+2(M)

and the dual Lefschetz operator

Λ: Ωk(M) → Ωk−2(M)

are defined acting on α ∈ Ωk(M) by

L(α) = ω ∧ α, Λ(α) =
1
2

(ω−1)iji∂xi
i∂

xj
α, (1)

respectively, where i denotes the interior product. A nonzero differential k-form
α with k � n is called primitive if Ln−k+1(α) = 0 or equivalently Λα = 0. We
denote by P k(M) the set of all primitive k-form. By [15], we can get

Ω∗(M) =
⊕

k∈N

LkP ∗−2k(M).

Given any k-form, there is a unique Lefschetz decomposition into primitive
forms.

Lemma 1 (Duality on forms [15]) The map

Ln−k : Ωk(M) → Ω2n−k(M)

is an isomorphism.

Fernández et al. [4] introduced s-Lefschetz property and ddΛ-lemma up to
degree s.
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Definition 1 [4] Let (M,ω) be a symplectic manifold of dimension 2n and
let 0 � s � n − 1.

1) M is said to be s-Lefschetz, if the map

Ln−k : Hk(M) → H2n−k(M)

is an epimorphism for all k � s.

2) M is said to satisfy the ddΛ-lemma up to degree s or the s-ddΛ-lemma
if

im d ∩ ker dΛ = im ddΛ = im dΛ ∩ ker d on Ωk(M) for k � s,

im d ∩ ker dΛ = im ddΛ on Ωs+1(M).

Remark 2 Note that (M,ω) is (n − 1)-Lefschetz if it satisfies the hard
Lefschetz property. So s-Lefschetz can be regard as a generalization of hard
Lefschetz and ddΛ-lemma up to degree s can be regard as a generalization of
ddΛ-lemma.

Let
Ωk

hr(M) = {α ∈ Ωk(M) | dα = dΛα = 0}
be the space of the symplectic harmonic k-forms. We consider the vector space

Hk
hr(M) =

Ωk
hr(M)

Ωk
hr(M) ∩ im d

,

consisting of the cohomology classes in Hk(M) containing at least one
symplectic harmonic form. Fernández et al. got the following theorem.

Theorem 2 [4,5] Let (M,ω) be a symplectic manifold of dimension 2n, and
let s � n − 1. Then the following statements are equivalent:

1) (M,ω) is s-Lefschetz;
2) (M,ω) satisfies the ddΛ-lemma up to degree s;
3)

im d ∩ ker dΛ = im ddΛ = im dΛ ∩ ker d

hold on Ω�2n−s, and
im d ∩ ker dΛ = im ddΛ

holds on Ω�2n−s−1;
4)

Hk
hr(M) = Hk(M), k � s + 2, H2n−k

hr (M) = H2n−k(M), k � s.

Tseng and Yau [14] introduced some new cohomologies and studied their
relationships. Having in mind the properties

(d)2 = (dΛ)2 = 0



1174 Qiang TAN, Haifeng XU

and the anti-commutivity
ddΛ = −dΛd,

they were led to consider the following cohomology groups:

Hk
dΛ(M) =

ker dΛ ∩ Ωk(M)
im dΛ ∩ Ωk(M)

, Hk
d+dΛ(M) =

ker(d + dΛ) ∩ Ωk(M)
im ddΛ ∩ Ωk(M)

,

Hk
ddΛ(M) =

ker(ddΛ) ∩ Ωk(M)
(im d + im dΛ) ∩ Ωk(M)

.

They [14] obtained the following properties.

Proposition 1 [14, Corollary 3.25] On a compact symplectic manifold (M,ω),

Hk
d+dΛ(M) ∼= H2n−k

ddΛ (M).

Proposition 2 [14, Proposition 3.13] On a compact symplectic manifold
(M,ω), the hard Lefschetz property is satisfied if and only if the canonical
homomorphism

Hk
d+dΛ(M) → Hk(M)

is an isomorphism for all k.

Guillemin [8] proved that if (M,ω) is compact, then Hk(M) ∼= Hk
dΛ(M) if

and only if (M,ω) is hard Lefschetz. So with Propositions 1 and 2, we can get
the following result.

Proposition 3 On a compact symplectic manifold (M,ω), the hard Lefschetz
property is satisfied if and only if

Hk
dΛ(M) ∼= Hk(M) ∼= Hk

d+dΛ(M), ∀ k.

Hard Lefschetz is too strong for general compact symplectic manifold to
satisfy. But every compact symplectic manifold (M,ω) is s-Lefschetz for some
integer number s � 0. We aim to generalize above results to symplectic
manifold which are not hard Lefschetz.

3 Proof of main theorem

In this section, we generalize the Lefschetz decomposition for de Rham
cohomology on compact symplectic manifolds which are not hard Lefschetz
but s-Lefschetz.

Proposition 4 Suppose that (M,ω) is a compact symplectic manifold of
dimension 2n. If M is s-Lefschetz, then

1) Hk
d+dΛ(M) → Hk(M), [α]d+dΛ �→ [α] is an isomorphism for 0 � k �

s + 1;
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2) H2n−k
d+dΛ(M) → H2n−k(M), [α]d+dΛ �→ [α] is an isomorphism for 0 � k �

s.

Conversely, if Hk
d+dΛ(M) → Hk(M) is an isomorphism for k � s + 2

and H2n−k
d+dΛ(M) → H2n−k(M) is an isomorphism for k � s, then (M,ω) is

s-Lefschetz.

Proof We prove the first statement, the other is similar. Assume first that
(M,ω) is s-Lefschetz. Suppose that α is a d-closed and dΛ-closed k-form such
that [α] = 0, i.e., α = dβ for some β ∈ Ωk−1(M). Since, by definition, α ∈
ker d ∩ ker dΛ, we have

α ∈ im d ∩ ker dΛ.

It follows from Theorem 2 that α ∈ im ddΛ. It follows that [α]d+dΛ = 0. This
proves that the homomorphism is injective.

If [α] ∈ Hk(M), then by Theorem 2, [α] is in Hk
hr(M). So there is some

β, such that [α] = [β], where β is both d-closed and dΛ-closed. It follows that
[β]d+dΛ ∈ Hk

d+dΛ(M) whose image under this map is [α]. This proves that the
homomorphism is also surjective. Therefore, it is an isomorphism.

The converse is an obvious result following Theorem 2. �
Corollary 1 Suppose that (M,ω) is a compact s-Lefschetz symplectic
manifold. Then

1) Hk(M) ∼= Hk
d+dΛ(M) ∼= H2n−k

ddΛ (M), k � s + 1;

2) H2n−k(M) ∼= H2n−k
d+dΛ(M) ∼= Hk

ddΛ(M), k � s.

Let us see the following definition which would be analogous on Kähler
manifold to the primitive Dolbeault cohomology.

Definition 2 [14] Let (M,ω) be a compact symplectic manifold of dimension
2n. The associated primitive cohomology of H∗

d+dΛ(M) is defined by

PHk
d+dΛ(M) =

ker d ∩ P k(M)
ddΛP k(M)

.

Analogously, Lin [10] defined the primitive cohomology of H∗(M) as follows.

Definition 3 Let (M,ω) be a compact symplectic manifold of dimension 2n.
For any 0 � k � n, the k-th primitive cohomology of Hk(M) is defined as
follows.

PHk(M) = ker(Ln−k+1 : Hk(M) → H2n−k+2(M)).

Here is a very useful lemma. For details we refer to [10] or [14].

Lemma 2 [14, Lemma 3.9] Let α ∈ P k(M) with 0 � k � n. Suppose that there
exists a k-form β such that α = ddΛβ. Then there exists a primitive k-form γ
such that α = ddΛγ.

With Lemma 2, we will get the following lemma.
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Lemma 3 Suppose that M is a compact 2n-dimensional symplectic manifold
with the s-Lefschetz property. Then

1) PHk(M) ∼= PHk
d+dΛ(M) for any 0 � k � s + 1;

2) PH2n−k(M) ∼= PH2n−k
d+dΛ(M) for any 0 � k � s + 1.

Proof We prove the first statement, the other is similar. It is clear that there
is a natural homomorphism

PHk
d+dΛ(M) → PHk(M),

[α]PH
d+dΛ

�→ [α]PH .

When k = 0, we can immediately get that both PHk(M) and PHk
d+dΛ(M) are

R (here, we suppose that M is connected). We may assume that k > 0. First,
we will prove that this homomorphism is injective. Suppose that α is both
d-closed and dΛ-closed. If

0 = [α]PH ∈ PHk(M),

then we can get that α is d-exact. So α is both d-exact and dΛ-closed. By
Theorem 2 and Definition 1, α = ddΛβ for some k-form β. It follows from
Lemma 2 that α = ddΛγ for some primitive k-form γ. Therefore,

[α]PH
d+dΛ

= 0.

This proves that the homomorphism is injective.
If [α]PH ∈ PHk(M), then, by Definition 3, we can get

0 = [Ln−k+1α] ∈ H2n−k+2(M).

Therefore,
Ln−k+1α = dβ

for a (2n − k + 1)-form β. It follows from Lemma 1 that β = Ln−k+1η for a
(k − 1)-form η. Thus,

Ln−k+1(α − dη) = 0.

We can see that α− dη is both d-closed and primitive. So it must be dΛ-closed
well. It follows that

[α − dη]PH
d+dΛ

∈ PHk
d+dΛ(M),

whose image under the homomorphism is [α]PH . This proves that the
homomorphism is surjective. Therefore, it is an isomorphism. �

With Proposition 4 and Lemma 3, Theorem 1 could be proved easily.

Proof of Theorem 1 Tseng and Yau [14] have proved that there is a Lefschetz
decomposition

Hk
d+dΛ(M) =

⊕

r

LrPHk−2r
d+dΛ(M)
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for any 0 � k � 2n on any compact symplectic manifold (M,ω) of dimension
2n. For a detailed proof of the above decomposition, we refer to [14, Theorem
3.11]. When (M,ω) is s-Lefschetz, we have proved that

Hk
d+dΛ(M) ∼= Hk(M), PHk(M) ∼= PHk

d+dΛ(M)

for any 0 � k � s + 1. Therefore,

Hk(M) = Hk
d+dΛ(M) =

⊕

r

LrPHk−2r
d+dΛ(M) =

⊕

r

LrPHk−2r(M)

for 0 � k � s + 1. Similarly, we can get

H2n−k(M) = H2n−k
d+dΛ(M) =

⊕

r

LrPH2n−k−2r
d+dΛ (M) =

⊕

r

LrPH2n−k−2r(M)

for 0 � k � s. This completes the proof of Theorem 1. �

4 Examples

We know that every compact symplectic manifold (M,ω) is s-Lefschetz for
some integer number s � 0. For example, compact simply connected symplectic
manifolds of dimension 6 are 1-Lefschetz. Actually, on a compact simply
connected symplectic manifold of dimension 6, every de Rham cohomology
class of degree k �= 4 admits a symplectically harmonic representative
([5, Corollary]). So we have the following decomposition on compact simply
connected symplectic manifolds of dimension 6.

Example 1 Let (M,ω) be a compact simply connected symplectic manifold
of dimension 6, then we have

H0(M) = L0PH0(M) = PH0(M),

H1(M) = L0PH1(M) = PH1(M),

H2(M) = L0PH2(M) ⊕ L1PH0(M),

H5(M) = L0PH5(M) ⊕ L1PH3(M) ⊕ L2PH1(M),

H6(M) = L0PH6(M) ⊕ L1PH4(M) ⊕ L2PH2(M) ⊕ L3PH0(M).

The above example, compact simply connected symplectic 6-manifold, may
satisfy the hard Lefschetz property in some cases and may not satisfy the hard
Lefschetz property in the other. It is hard to distinguish. But the following
example is very clear that is not hard Lefschetz but only weakly Lefschetz.

Example 2 Any closed symplectic 4-manifold (M,ω) with b1 odd is just
0-Lefschetz but not 1-Lefschetz, i.e., hard Lefschetz. We know that, on any
symplectic manifold, any cohomology class in Hk(M) contains a harmonic
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representative when k = 0, 1, 2 ([15, Corollary 3.1]). So on a closed symplectic
4-manifold (M,ω), every de Rham cohomology class of degree k �= 3 admits
a symplectically harmonic representative. Yan has proved that dimH3

hr(M) is
even number on any closed symplectic 4-manifold ([15, Corollary 4.5]). When
b1 is odd, it is easy to see that b3 is odd number by Poincaré duality. So
(M,ω) cannot be hard Lefschetz but just 0-Lefschetz. A practical example
is the Kodaira-Thurston nilmanifold whose first Betti number is 3. It is well
known that the Kodaira-Thurston manifold does not satisfy the hard Lefschetz
property. Hence, we have the following weakly Lefschetz decomposition:

H0(M) = L0PH0(M) = PH0(M),

H1(M) = L0PH1(M) = PH1(M),

H4(M) = L0PH4(M) ⊕ L1PH2(M) ⊕ L2PH0(M).
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