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1 Introduction

The notion of weighted projective line was introduced by Geigle and Lenzing
[3] for a geometric treatment of the canonical algebras studied by Ringel [9].
The idea arises from the fact that the category of coherent sheaves is derived
equivalent to the module category of some canonical algebra (the same type as
the weighted projective line). In some sense, we can work with the category of
coherent sheaves on a weighted projective line to obtain some property of the
canonical algebra of the same type.

As the core concept of the link between geometry and algebra, there is a
long story to talk about tilting itself [1,4,6]. Tilting theory arises as a universal
method for constructing equivalences between categories. The investigation of
tilting object (tilting sheaf in the category of coherent sheaves) is then becoming
an attractive work. Geigle and Lenzing [3] showed the existence of a tilting sheaf
in the category of coherent sheaves by proving that

Ton= P O(x)

o<e<e

is a tilting sheaf. Recently, Chen et al. [2] gave a complete classification of tilting
bundles (tilting sheaf which is a vector bundle) on the weighted projective line
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of type (2,2,n) and proved that the endomorphism algebras of tilting bundles
gives rise to all the tame concealed algebras of type ]]En

In this paper, we focus on the category of vector bundles on a weighted
projective line of type (2,3,3). A complete classification of tilting bundles is
given, see Theorem 4.13 below. Notice that the category of coherent sheaves on
a weighted projective line of type (2,3,3) is derived equivalent to the finitely
generated module category of the canonical algebra of the same type. Then we
actually obtain a classification of the tame concealed algebras of type Eg, which
is in accord with the result given by Happel and Vossieck [5].

This paper is organized as follows. In Section 2, some necessary notations
and results about the category of coherent sheaves over a weighted projective
line X of type (2,3, 3) are recalled. Morphisms between indecomposable vector
bundles are computed in Section 3 in order to check whether an object is rigid
or not. Finally, the complete classification of tilting bundles is given in Section
4.

2 Preliminaries

In this section, some basic notations and well-known results on the category of
coherent sheaves on a weighted projective line of type (2,3,3) are recalled.

Let k be an algebraically closed field. In [3], the triple X = (P!, D,p) is
called a weighted projective line of type p, where P! is the projective line over
k, D = (00,0,1), and p = (2,3, 3).

Denote by L the rank one abelian group generated by x1, 2, 3 with respect
to relations

21 = 3x9 = 33 =: C,

where ¢ is called the canonical element of L. Each element & in L can be
uniquely written into a normal form:

3
xr = Zliwi + lc,
i=1

where [y € {0,1}, lz,1l3 € {0,1,2}, and | € Z. By defining
x>0 ifand only if [ >0,

L becomes a partially ordered group. In particular, each x satisfies exactly one
of the following two situations:

x>0 or x<w+ec,

where

3
w=c-— E x;
i=1
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is called the dualizing element of L.
Let S be the commutative algebra

S = k[X1, Xo, X3] /(X3 — X3 + X3?) =: k[x1, 29, x3].
Then S has an L-grading by setting
deg(x;) ==, 1<i1<3.

By an L-graded version of Serre construction [10], the category of coherent
sheaves on a weighted projective line X is defined as the quotient category:

coh X = mod™(S) /modg (S),

where modH‘(S) denotes the category of finite generated LL-graded S-modules,
while modg(S) is the full subcategory of mod™(S) consisting of L-graded
S-modules of finite length.

The image ¢ of S in the quotient category serves as the structure sheaf of
coh X, and IL acts on coh X by grading shift.

Each line bundle is of the form &'(x) for a uniquely determined x in L, and
for any x,y € L,

Hom(0(x), O(y)) = Sy,

where Sy denotes the homogeneous subspace of S of degree y — x.
Geigle and Lenzing [3] showed that the category cohX is a hereditary,
abelian, k-linear, Hom-finite, Noetherian category with Serre duality

Ext!(X,Y) = DHom(Y, 7X),

where D = Hom(—, k) and the k-equivalence 7: coh X — coh X is given by the
grading shift X — X (w).

Consider the full subcategory vect X of coh X consisting of coherent sheaves
which do not have a simple subsheaf. This subcategory is closed under extension
and called the category of vector bundles. Furthermore, the AR-quiver of vect X
consists of a simple standard component of the form ZFEg (see [7, Proposition
5.1]).

Let Ky(X) be the Grothendieck group of coh X. Then the class & (x), 0 <
x < ¢, forms a Z-basis of Ky(cohX). We will recall two linear functions on
K (X), called the rank rk, and the degree deg. The function rk: Ky(X) — Z is
determined by putting

rk(O(x)) =1

for any @, while the function deg: Ky(X) — Z is characterized by setting
deg(0(z)) = é(x),
where 0: L — Z is a group homomorphism defined by setting

(5(:131) = 3, (5(5[32) = 5(5[33) = 2.
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For a coherent sheaf X its slope is defined to be
p(X) = deg(X)/rk(X),

which lies in QU {oco}. Particularly, for any vector bundle X, u(X) € Q.

An object X is said to be rigid if Ext!(X,X) = 0. Geigle and
Lenzing [3, Proposition 5.2] showed that for indecomposable vector bundles
X,Y, Hom(X,Y) # 0 implies u(X) < p(Y'), and hence, each indecomposable
vector bundle is rigid.

Following [7], an indecomposable vector bundle X of rank 2 is said to be an
extension bundle if there exists a non-split exact sequence

0— L(w) — X — L(x) =0
for some line bundle L and
0<z<2w+e

In this case, X is denoted by Er(x). Particularly, if & = 0, then E1(0) = Ey, is
called an Auslander bundle, and we will always write £ = Fg.

A sheaf T is said to be a tilting sheaf, provided that T is rigid and T
generates the category D’(coh X) as a triangulated category [3]. A tilting sheaf
is called a tilting bundle if it is a direct sum of indecomposable vector bundles.

Theorem 2.1 [3] FEvery tilting bundle consisting of line bundles is of the form

D L)

ose<e

for some line bundle L.

Tilting bundle in Theorem 2.1 is called a canonical tilting bundle, and the
quiver of the endomorphism algebra of the canonical tilting bundle is of the
form

Notice that the tilting bundle in Theorem has 7 indecomposable direct
summands, so to check a bundle 7T is a tilting bundle, we only need to show that
it is rigid and the number of non-isomorphic indecomposable direct summands
of T equals to 7 (see [3, Theorem 3.2] and [8, Theorem 9.1.1, Lemma 9.1.3]).
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3 Preparations for classification
Thanks to the Serre duality
DExt!(X,Y) ~ Hom(Y, X (w)),
in order to check Ext!(X, X) = 0, it is equivalent to proving

Hom (X, X (w)) = 0.

Hence, in this section, we focus on the computation of morphisms between
indecomposable vector bundles. Recall that & = E, denotes the Auslander
bundle determined by ¢, namely, F is the middle term of the exact sequence

0—O0(w)—E—0—0.

Lemma 3.1 Every vector bundle of rank 2 is of the form E(x) for some

x € L, and hence, is an Auslander bundle.

Proof Notice that each vector bundle of rank 2 is an extension bundle, which
is of the form Er(x) for some line bundle L and 0 < < 2w + ¢. An easy
calculation shows that @ € {0, x2, x3, x2 + x3}. For simplicity, we only consider

the case when L = 0.
Recall that (see [7, Proposition 4.15])

E< 3 la:> - E<l:c +3 (-2 zj)mj> <Z(1j + 1)z, —

J# J#

Then
E({xs) = E(0)(x1 + 2x2 — ¢) = E(x1 — x2),

E{zs) = E0)(z1 + 2x3 — ) = E(z1 — 3),
E({xo + x3) = E(0)(2x2 + 223 — ¢) = E(2x2 — x3).

m:Zlimi—l—lc

be the normal form of x. Then

Lemma 3.2 Let

Hom(0, 0 (x)) =0

if and only if | < —1.

Proof Note that
Hom(0, O (x)) = S,

and Sy = 0 if and only if x < w + c.

)
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Let
=) lxitle, 0<I<p;,le
7

Then
wtec—xz=(-1-De+ (p;i—1l; — 1)z,

is a standard presentation. Hence, w+c—a« > 0 if and only if —1 —1 > 0, that
is, I < —1. O

Remark 3.3 (i) For d(x) > 0, if Hom(&, &(x)) = 0, then « can only appear
in the following 9 cases:

xr

T2 — T3, 3 — T2
L1 — T3, L1 — T2, T2 + T3 — T1
2:132—:[:3
1+ T2 — X3, T1+ T3 — T2
x1 +2x2 — 23

G WwWwN—E O o

(ii) For d(x) >0, if
Hom(0,0(x)) =0, Hom(0,0(x —w)) =0,

then
T =Ty — X3, T3 — T2, Or Ty + T3 — 7.

Lemma 3.4 (i) Hom(&, E(x)) =0 if and only if §(x) < 0 or @ = 2x9 — x3
or X = L1 — X2 Or & = L1 — I3.

(i) Hom(E, O0(x)) = 0 if and only if 6(x) < 0 or & = x3—x2 or T = Ta—T3
orx =—w.

Proof We only prove (i) while (ii) could be proved similarly. Since E is an
Auslander bundle, there is an AR-sequence 7:

0—O0(w+x)— E(x)— O(x) — 0.
Now, suppose §(x) < 0. Then
deg(E(x)) =deg O(w+ ) +deg O(x) = —1 4+ 25(x) < 0.

Thus, pu(E(x)) < u(0), and hence, Hom(&, E(x)) = 0.
Otherwise, by applying Hom(&, —) to 7, we obtain a long exact sequence

0 — Hom(0, O0(w + x)) — Hom(0, E(x))
— Hom(0, O(x)) — Ext} (0, O(w + x)).

Since 6(x) > 0, Ext} (&, 0(w + x)) = 0, which yields a short exact sequence

0 — Hom(0,0(w + x)) — Hom(0, E(x)) — Hom(0, O(x)) — 0.
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Thus, Hom(&, E(x)) = 0 if and only if
Hom(0, O(w + x)) = 0 = Hom(0, O(x)).

Due to Remark 3.3, one can immediately get the required result. O

Lemma 3.5 Hom(E, E(x)) # 0 if and only if §(x) > 0 or x = 0. Particularly,
if X is an Auslander bundle and Hom(E, X) # 0, then

Hom(E,77™"X)#0, Vm=>0.
Proof Consider the following two AR-sequences:
P:0— O(w) — E— 0 — 0,
n:0— O(w+z) — E(x) — O(x) — 0.
If 6(x) < 0, then
deg E(x) =deg O(x) + deg O(w + ) = 26(x) — 1 < —1

and
deg E = deg 0 + deg 0'(w) = —1.

Thus, deg E(x) < deg E' and hence pFE(x) < pE. As a result,
Hom(E, E(x)) = 0.

Now, assume d(x) > 0.
By applying Hom (&, —) and Hom(€(w), —) to n, we obtain the following
two long exact sequences:
0 — Hom(0, 0(w + x)) — Hom(0, E(x)) — Hom(0, O(x))
— BExt! (0, 0(w + x)) — Ext'(0, E(x)) — Ext!(0,0(x)) -0, (1)
0 — Hom(O0(w), O(w + x)) — Hom(O (w), E(x))
— Hom(0(w), 0(x)) — Ext}(O(w), O(w + x))
— Ext!(0(w), E(x)) — Ext'(0(w), O(x)) — 0. (2)

- —

Since 6(x) > 0, we have
Ext!(0,0(x)) = Ext! (O(w), O(w + x)) = Ext' (0(w), O(z)) = 0.
Applying these to (2), we deduce that
Ext!(0(w), E(x)) = 0.

Furthermore, by applying Hom(—, E(x)) to 1, one gets the following exact
sequence:
0 — Hom(0, E(x)) — Hom(E, E(x)) — Hom (0 (w), E(x))
— Ext'(0,E(z)) — Ext'(E, E(z)) — 0. (3)
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If 5(x) > 0, then
Ext!(0,0(w +x) = 0.

According to the exact sequence (1), we deduce that
Ext'(0,E(z)) =0,
and (1) and (3) yield the following two short exact sequences:
0 — Hom(0,0(w + x)) — Hom(0, E(x)) — Hom(0,0(x)) — 0, (4)
0 — Hom(0, E(x)) — Hom(FE, E(x)) — Hom(0(w), E(x)) — 0.  (5)

If Hom(&, E(x)) # 0, then Hom(E, E(x)) # 0. Otherwise, Hom(&, E(x))
By applying this to (4), we obtain

I
e

Hom(0, O(w + x)) = 0 = Hom(0, O(x)).
By Remark 3.3 (ii), we have
T+ w € {xy — X3, T3 — T2, T2 + T3 — X1}

Thus, € — w € {x1,x2, 3}, which shows Hom(0'(w), O(x)) # 0. Furthermore,
the long exact sequence (2) gives the exact sequence

0 — Hom (0 (w), E(x)) — Hom(0'(w), O(x)) — 0.

As a result, Hom(0'(w), E(x)) # 0. Then by (5), we get Hom(E, E(x)) # 0.
If 6(x) = 0, then © € {0,223 — 3,23 — x2}. If © = 0, then the result
obviously holds. Otherwise, by Remark 3.3 (i), we have

Hom(0, 0(x)) = Hom (O (w), O(w + x))
= Hom(0'(w), O(x))
= Hom(0, O(w + x))
= 0.

Then by (1), Hom(&, E(x)) = 0, and by (2),Hom(0(w), E(x)) = 0. Thus,
Hom(E, E(x)) = 0 according to (3). This finishes the proof. O

Immediately, we have the following consequence.

Corollary 3.6 Let T be an arbitrary tilting bundle, and let X be an arbitrary
Auslander bundle. Then there is at most one indecomposable vector bundle in
the T-orbit of X which occurs as a direct summand of T.

Proof Only need to notice that Hom (X, 77" X) # 0 for any Auslander bundle
X and any m > 0. O

For later usage, we describe all the AR-sequences in vect(X). Notice that
all the indecomposable vector bundles of rank 3 are in one 7-orbit.
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Proposition 3.7 If0 # f: 0 — X is an irreducible morphism, then X =
E(—w). Dually, if 0 # g: Y — O is an irreducible morphism, then Y = E.

Proof Consider the following two AR-sequences:

0—-0—-XpX —-71710—0,
0— 0 — E(—w) — 7710 —0.
Since
Ext!(0(—w), 0) = DHom(0, 0) = k,

we have

E(—w)=Xo X"
Because E(—w) is indecomposable, X' = 0, and thus, X = E(—w). O

Proposition 3.8 If0+# f: E — X is an irreducible morphism, then X = 0
or X is an indecomposable vector bundle of rank 3.

Proof Consider the AR-sequence
0—-F—0&F —71'E—O0.

Notice that rkF' = 3. If F' = E(x) @ F’, then rk(F’) = 1 and it is thus a line
bundle. Since there is an irreducible morphism E — F’, we have F’ = ¢, and
thus, the dimension of the space consisting of irreducible morphisms from E to
0O is at least 2, which is impossible for dim Hom(F, &) = 1. Particularly, F' does
not have a line bundle as its direct summand. Hence, F' is indecomposable. [

Hence, there is always an AR-sequence
0—-E—-0&F -1t 'E—0,

and we will fix F' as expressed above. Furthermore, for any vector bundle X,
we have 1 < rkX < 3, and hence, vector bundles of rank 3 all lie in one 7-orbit.
The following result can be found in [7, Proposition 5.1], and we give a direct
proof here.

Proposition 3.9 There is an AR-sequence

0—7F — @ E(x)— F — 0.
4(x)=0

Proof First, consider the AR-sequence
0— ﬁ('w+:c) — E(a:) — ﬁ(:c) — 0.
Then

deg E(z) =deg O(w+ x) + deg O(x) = 0(x + w) + d(x) = 26(x) — 1.
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Notice the AR-sequence
O—>E(:c)—>ﬁ(m)€9F(m)—>E(m—'w)—>O. (6)
Then
deg F(x) = deg E(x) + deg E(x — w) — deg O(x) = 3d(x),

and hence, pF(x) = §(x).
Thus, if §(x) = 0, then

Recall F' and F(x) are in the same 7-orbit, then F' = F(x).
Consider the AR-sequence (6). There exists irreducible morphism F(x) —
F for §(x) = 0. Then we have the following AR-sequence:

0—~7F— P E@@)eX —F—0
6(x)=0

for some vector bundle X. If 6(x) = 0, then @ € {0, x2 — x3,x3 — x2}. Thus,
rk @ E(x) =6 = rkrF + 1kF,
o(x)=0

and therefore, X = 0. O

Lemma 3.10 Let X be an arbitrary indecomposable vector bundle.
(i) If Hom(F,X) # 0, then Hom(F,77™X) # 0 for any m > 0.
(ii) If Hom(X, F) # 0, then Hom(X,7~™F) # 0 for any m > 0.
Proof We only prove (ii) while (i) can be proved similarly.

To prove (ii), it suffices to deal with the case m = 1. Consider the exact
sequence

0—>F—>EBE¢—>F(—'LU)—>O.
%

Since Hom (X, F) # 0, there exists ¢ such that Hom(X, E;) # 0. Notice that
rkE; = 2 < rkF = rkF(—w).
Then the irreducible morphism from E; to F(—w) is a monomorphism. Thus,

Hom(X, F(—w)) # 0. O

4 Classification of tilting bundles

Now, we are able to classify all the tilting bundles over weighted projective
line of type (2,3, 3). When considering the relationship between the category of
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coherent sheaves on a weighted projective line of type (2,3, 3) and the category
of finitely generated modules over a canonical algebra of the same type, we
actually obtain the classification of tame concealed algebras of type Eg, which
is first given by Happel and Vossieck [5], see also [9, p.365].

4.1 Domain

For an indecomposable vector bundle X, denote S(X —) to be the slice which
starts from X. In our situation, S(X —) is the set of indecomposable vector
bundles Y that satisfy Hom(X,Y") # 0 and Hom(X,7™Y") = 0 for any m > 1.
Dually, one can define S(— X). For example, S(¢ —) is of the form (as a
subquiver of I'(vect X))

% X2 X3 X4 ﬁ(a:)

\

Xy —=0(x)

Let Z; to be the 7-orbit of X;, and let 27, 2, 25, and Z; to be the
T-orbits of &, X}, O(x), and O(x), respectively. For an indecomposable vector
bundle X, if X € 2; or X € 2/, define the level of X to be i.

Suppose that X is an indecomposable vector bundle, its domain in I'(vect X)
is the set of indecomposable vector bundle Y, which satisfies that there exists
m,n > 0 such that

™Y e S(— X), 7"YeSX ).

Denote by Dom(X) the domain of X. Particularly, let Dom™(X) be the subset
of Dom(X) consisting of indecomposable vector bundles whose levels are less
than that of X. And Dom™ (X) is defined dually.

The following two results are due to [2].

Proposition 4.1 Let X and Y be two indecomposable vector bundles. Then
Y € Dom(X) if and only if X € Dom(Y).
Proposition 4.2 Let X and Y be two indecomposable vector bundles. Then
the following statements are equivalent:

(i) X € Dom™*(Y);

(ii) Dom™(X) C Dom™(Y);

(iii) Y € Dom™ (X);

(iv) Dom™(Y) € Dom™ (X).
Lemma 4.3 Let X be an indecomposable vector bundle.

(i) X € Dom(F) if and only if F & X s rigid.

(ii) E & X is rigid if and only if X € Dom(E) or X = 0(3w) or X =
O(—2w).

(iii) Let X € Dom™*(E) and Y € Dom™ (E). Then X ®Y is rigid.
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Proof Thanks to the Serre duality
DHom(X,Y) = Ext}(Y, X (w)),

we obtain these results by direct checking. U

4.2 Tilting bundle containing an indecomposable vector bundle of rank 3 as
a direct summand

Since every indecomposable vector bundle of rank 3 is of the form F(kw) for
some unique k € Z, without loss of generality, we may assume in this case that
the tilting bundle T" contains F' as a direct summand.

Set

Dom™ (F) = Dom™ (F),
Dom™(F) = (235U 23U Z5) NDom™ (F),
Dom™(F) = (23U 2/ U 27) N Dom™ (F).

The shape of Dom®! (F') (as a subquiver of the AR-quiver of vect X) is of the
form

F
AN
E E(—w)
SNl .
O(w) % O(—w)
And notice further that the shapes of the above three sets are the same.

Lemma 4.4 Let X; € Dom™ (F) and X; € Dom® (F). If i # j, then X; ® X;
1s rigid.
Proof The fact that Dom™ (F') C Dom(X;) implies the result. O

Lemma 4.5 Let M be a direct sum of some indecomposable vector bundles in
Dom™ (F)\{F'}. If M is rigid, then |M| < 2.

Proof Actually, each Dom® (F') is of the form
{L(w)a L, L(_w)’ Er, EL(—'UJ), F}

for
L(w) = ZNDom"™ (F)NS(— F),

where . is the category of line bundles. Then by Lemmas 3.2 and 4.3, the
result holds. Particularly, elements in the set

{L(w) ® L(—w), B, & L(w), By & L, EL(—~w) & L(~w), B (—w) & L}

are just those M with [M| = 2. O
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Put
Br'(F) = {L(w) ® L(—w), E;, ® L(w),E, ® L,
Ep(-w) @ L(-—w), EL(—w) ® L}, (7)

where

L(w) = ZNDom"(F)NS(— F).

Proposition 4.6 Fvery tilting bundle T' containing F' as a direct summand
is of the form F & (®;T%), where T% € Br'(F), and every object of this form
s a tilting bundle.

The quiver of the endomorphism algebra of tilting bundle of this form is like

1
2
3

1 2

2 1

where the orientation can be chosen freely, and any one of the arms, which is
of the form
1 - 2 - 3’

could be replaced by a branch as

with zero relations.

Proof (a) Let T = F & T’ be a tilting bundle. Then T is rigid. By Lemma
4.3 (i), every indecomposable direct summand of 7" belongs to Dom(F"). Thus,
T is of the form F' & (®;T%), where T% € Dom™ (F') U {0}. Particularly, when
there does not exist a non-zero summand belonging to Dom™ (F), put 7% = 0.
Since T is rigid, T% is rigid too. By Lemma 4.5, |[T%¢| < 2. Thus,

IT|<1+2+2+2=T.

For T is a tilting bundle, |T'| = 7. Hence, |T*/| = 2 for every i, which means
T* € Br'(F) by Lemma 4.5.

(b) To show the object in the above form is a tilting bundle, we only need
to prove it is rigid, since it has exactly 7 indecomposable direct summands.
And the rigidness follows from Lemmas 4.4 and 4.5. U

In the following, tilting bundle which does not have an indecomposable
vector bundle of rank 3 as its direct summand is considered. These tilting
bundles are then direct sums of some line bundles and some Auslander
bundles. Tilting bundle consisting of line bundles is described in Theorem 2.1.
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By Corollary 3.6, we know that the number of Auslander bundles appearing in
the tilting bundle is not greater than three.
4.3 Tilting bundle consisting of one Auslander bundle and 6 line bundles

Without loss of generality, assume that the unique Auslander bundle in the
tilting bundle T is E. According to Lemma 4.3, the other six line bundles
belong to

Dom(E)U{0Bw)} U{0(—2w)}.

Note that 0 (3w) & 0(—2w) is not rigid.
The line bundles in Dom™ (E) are of the form L;(mw), 0 < m < 3, where
Li=0(xy —x;), i=2,3.
Actually,
Ly=S(E—=)NZN2Z!, Ly=S(E—-)NZLNZLs.

We claim that if Y is a direct sum of some line bundles in {L;(mw) |
0 < m < 3} and is rigid, then |Y| < 2. In fact, if |Y| > 3, then there exists
1 <k < 2, such that L;(kw) ® L;((k+1)w) is a direct summand of Y. However,
L;(kw) & L;((k + 1)w) is not rigid, which is a contradiction, and hence, the
claim holds. Furthermore, according to Remark 3.3, if |Y| = 2, then

Thus, if X is a direct sum of some line bundles in Dom™ (£) and is rigid,
then | X| < 4.
Furthermore, we show the equality can be reached. Notice that

La(mw) € Dom™ (F'), Ls(mw) € Dom™(F), 0<m <2,
Ly(mw) € Dom™ (F(w)), Lz(mw) € Dom™(F(w)), 1<m<3.

Then
3

3
P o Li(2w)), P(Li(w) ® Li(3w))
=2 1=2
are both rigid.

Note that Lo @ L3(3w) is not rigid. Thus, if X is a direct sum of some line
bundles in Dom™ (F) and is rigid with |X| = 4, then

3 3
X e { EB(LZ ® L;(2w)), @(Lz(w) & Li(3w))}.
Put

3 3
o = { DL @ Li2w)) & 0(3w), P(Li(w) & Li(3w)) & ﬁ(—%’)}’ (8)

=2 1=2
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where L; = O(x1 — x;), 1 = 2,3.
From the argument above, we can deduce the main result of this subsection.

Proposition 4.7 Tilting bundle T consisting of E and 6 line bundles is of
the form E @ O(kw) @ T*, where k € {0,1}, T* € C1. Conversely, each object
of this form is a tilting bundle.

The quiver of the endomorphism algebra of tilting bundles in this form is
like

- | —>

i
|

e
—_—

-~ ) — >

where we may choose any orientation to the unoriented edge.

Proof Let T = E @ T’ be the tilting bundle. Then by Lemma 4.3, we have
T' € add(Dom(E) U {0(—2w)} U {0 (3w)}).

Let T =T*" ® T, where T~ € add(Dom™ (E)) and T does not have a direct
summand belonging to Dom™ (E). Then |T~| < 4. Furthermore, T is a direct
sum of some of the line bundles

OBw), O(w), O, O(—2w).

Then |T"] < 2 since T is rigid. Notice |T'| = 7. Then |T"| =2 and |T~| = 4.
Hence,

Te{@( @ Li(2w)) é w) & Li( 3w))}

=2 i=

and
Tt € {O0(kw) © 0(3w), O(kw) & O(—2w) | k =0,1}.

Finally, note that 0(—2w) @ La(2w) and O (3w) @ La(w) are not rigid, and
the elements in C7 are all rigid. Thus, if

Tt = 0(kw) ® 0(3w),

then

and if
TH = 0(kw) ® 0(—2w),
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then
3

T~ = P(Li(w) & Li(3w)),
=2
where k € {0,1}. Therefore, T is of the desired form.

In order to prove that object of the given form is a tilting object, it suffices
to show it is rigid. €(kw) € Dom™*E shows that E & (kw) is rigid. Each
indecomposable direct summand of 7™ is contained in Dom™ E and this implies
that £ @ T™ is rigid. And the rigidness of (kw) & T™ is due to Lemma 4.3
(iif). 0
4.4 Tilting bundle consisting of 2 Auslander bundles and 5 line bundles

Without loss of generality, we may assume that the 2 Auslander bundles are
E and E*. According to Lemma 4.3 (ii), the Auslander bundle E* belongs to
Dom(E), and hence, is of the form E(kw + x;) for i € {2,3} and k € {1,2,3}.

Lemma 4.8 Let X be an indecomposable vector bundle, and let X & E be
rigid. Take i € {2,3}. Then
(i) X @ EQw + x;) is rigid if and only if

X € Dom(E) N Dom(E(2w + x;));
(i) X @ E(w + ;) is rigid if and only if
X € (Dom(E) NDom(E(w + x;))) U{O(—2w)} U{O (4w + x;) };
(iii) X ® E(3w + x;) is rigid if and only if

X € (Dom(E) NDom(E(Bw + x;))) U{OBw)} U{0(w + x;)}.

Proof We only prove (i), while the proofs of (ii) and (iii) are similar. Since
the grading shift is an equivalence, we have

Dom(E(x)) = Dom(E)(z).
The rigidness of X @ E implies
X € Dom(E) U{0(3w)} U{0(-2w)},
and if X & E(2w + x;) is rigid, then
X € Dom(EQ2w + x;)) U{O(bw + x;) } U{O(x;)}.
The fact that
0(3w), 0(—2w) ¢ Dom(E(2w + x;)), O (5w + x;), O(x;) ¢ Dom(E),

shows the result. O
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Now, we aim to determine a vector bundle X consisting of line bundles such
that X & F @ E* is a tilting bundle. Take i € {2, 3}.

By the definition of domain, line bundles in Dom(E) N Dom(E (2w + x;))
are of the forms

0, O(w), 02w+ x;), 03w + x;), O(kw + x;),

where i # j € {2,3} and k € {1,2,3,4}. Hence, if X is a direct sum of some of
these line bundles and is rigid, then | X| < 4. Therefore, E* is not isomorphic
to E(2w + «;) since X @ E @ E* is a tilting bundle.

Line bundles in Dom(E) N Dom(E(w + x;)) are of the forms

0, 0(w), O(w+x;), 02w+ x;), O(kw + x;),

where i # j € {2,3} and k € {1,2,3}. Notice that if L is one of these line
bundles except (w + x;) and O(3w + x;), then L ® O(—2w) ® O(4w + x;)
is rigid. Furthermore,

0,0(w) € Dom™ (F),

O(w + x;), 02w + x;) € Dom™ (F)

and
O(kw + x;) € Dom®™ (F), ke {1,2,3}.

By Lemma 4.4, if X is a direct sum of line bundles and X ® F @ E(w + ;) is
rigid, then | X| < 5.
Denote by Cs(1,4) the set

{O(mw) @ O(nw +x;) ® O2w +x;) ® O(—2w) ® 04w +x;)}, (9)

where 0 <m < 1,1 <n<2,i+#j€{2,3}. It is then the set consisting of X
such that X & £ & E(w + x;) is rigid and | X| = 5.
Similarly, when E* = E(3w +x;), we also obtain a set denoted by Ca(3,17):

{O(mw) @ O(nw +x;) ©OBw +x;) D OBw)®O(w+x;)}, (9"

where 0 < m < 1,3 < n<4,i# j € {23}, such that if X € By(3,14), then
X & E® E(3w + x;) is rigid and | X| = 5; the converse is also true.
By the discussion above, we immediately have the following result.

Proposition 4.9 Tilting bundle which contains E as a direct summand and
consists of 2 Auslander bundles and 5 line bundles is of the form E @® E(kw +
x;) ® X, where X € Co(k,i) for k € {1,3} and i € {2,3}. Conversely, vector
bundle of this form is a tilting bundle.
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The quiver of the endomorphism algebra of tilting bundle in this case has
the following form:

where the orientation of the two unoriented edges can be chosen freely.

4.5 Tilting bundle consisting of 3 Auslander bundles and 4 line bundles
We will first show the forms of the three Auslander bundles.

Lemma 4.10 Let Fq, Ey, and E3 be three Auslander bundles. If B4 @ Es® Eg
is rigid, then there exists i # j such that pu(E;) = p(Ej).

Proof Since E1®Eo® Es is rigid, Eo, E5 € Dom(FE1). Notice that the Auslander
bundles in Dom(E}) are of the forms

Ei(kw+z;), 1<k<3,i=23
If u(E2) = p(E1), then we are done. Otherwise,
Ey = FEy(kw+x;), k=1,3,1=23.

Assume Ey = Ej(w + @2). If u(Ey) = p(Es), then we are done. Otherwise,
Es5 = E1(3w + @3). However, E5 ¢ Dom(Es). Thus, Es @ Ej3 is not rigid, which
is a contradiction. Il

Let
T=E®Ex)®Ey) oM

be a tilting bundle. Without loss of generality, we may assume p(E) = u(E(x)).
For p(E(x)) = n(E(y)), we will come to the first case by shifting under —y.
Thus,

T=FEdEQw+uz,)dEkw+z;)dM, 1<k<3,2<i#j<3.
Lemma 4.11 Let
E(k)=F® EQw + x;) @ E(kw + x;),

and let L be a line bundle, where 2 <1 # j < 3. Then
(i) L& E(1) is rigid if and only if

L € Dom(E) N Dom(E(2w + x;)) N Dom(E(w + x;))
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or L = O(4w + x;);
(i) L@ E(2) is rigid if and only if

L € Dom(E) N Dom(E(2w + x2)) N Dom(E (2w + x3));
(i) L@ E(3) is rigid if and only if
L € Dom(F) N Dom(E(2w + x;)) N Dom(E(3w + x;))

or L =0(w+ x;).
Proof Almost the same as Lemma 4.8 by repeatedly using Lemma 4.3. U

Now, we are going to determine M consisting of some line bundles such that
M @ E(k) is rigid.

Line bundles in
Dom(E) N Dom(E(2w + «;)) N Dom(E(w + x;))
are of the forms
O, 0(w), 02w+ x;), 03w + x;), O(w + x;), O2w + x;).

Let L be one of these line bundles. Then L & 0 (4w + x;) is rigid. And notice
further that
0,0(w) € Dom”™ (F),
02w + x;), 03w + x;) € Dom™ (F),
Ow+x;), 02w + x;) € Dom™ (F).

Hence, if M is a direct sum of some line bundles and M & E(1) is rigid, then
|M| < 4. Denote by C5(1,14) the set

{O(mw)® 0 (nw+x;) D0 (lw+x;)®0(dw+xj) |m=0,1,n=2,3,1=1,2},

(10)
whose elements are just those M consisting of some line bundles such that
M @& E(1) is rigid and |M| = 4.

By a similar argument as above, if M is a direct sum of some line bundles
such that M @ E(2) is rigid, then |M| < 3. And hence, M @ E(2) cannot be
completed into a tilting bundle of the desired form of this subsection.

Finally, if M is a direct sum of some line bundles such that M @® E(3) is
rigid, then |M| < 4. Similar as above, we obtain a set consisting of such M
with |M| = 4, which is denoted by C3(3,1):

{O(mw)®e O(hw+x;) @ 0(lw+x;) B 0(w+x;) |m=0,1,n=2,3, | = 3,4}.

(10')

By the discussion and similar arguments as above, the following result is
obvious.
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Proposition 4.12 A tilting bundle, which is direct sum of 4 line bundles and
3 Auslander bundles and contains E as a direct summand, is of the form

E® EQw+x;) ® E(kw +x;) ® M,

where M € Cs(k,i), k € {1,3} and 2 < i # j < 3. Conversely, object of this
form is a tilting bundle.
The quiver of the endomorphism algebra of tilting bundle in this form is like

1

|

where the orientation of the three unoriented edges could be chosen freely.

1 1

Now, we are able to summerize the above results into the main theorem of
this paper.

Theorem 4.13 A wvector bundle T is a tilting bundle if and only if T is one
of the following forms:

(i) (canonical) Goca<eL(x) for some line bundle L;

(i) F @ (®;T%), where T® € Br'(F);

(i) E® O(kw) ® T*, where k € {0,1}, T* € Ch;

(iv) E® E(kw+x;) ® X, where X € Cy(k,1) for k € {1,3} and i € {2,3};
(v) E®@EQw+x;)® E(kw+x;)® M, where M € Cs(k,i), k € {1,3} and
2<i#j <3
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