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Abstract We consider the Borcherds-Cartan matrix obtained from a
symmetrizable generalized Cartan matrix by adding one imaginary simple root.
We extend the result of Gebert and Teschner [Lett. Math. Phys., 1994, 31:
327-334] to the quantum case. Moreover, we give a connection between the
irreducible dominant representations of quantum Kac-Moody algebras and those
of quantum generalized Kac-Moody algebras. As the result, a large class of
irreducible dominant representations of quantum generalized Kac-Moody
algebras were obtained from representations of quantum Kac-Moody algebras
through tensor algebras.
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1 Introduction

Quantum groups were introduced independently by Drinfeld [5] and Jimbo [8]
in 1985, which are certain families of Hopf algebras that are deformations of
universal enveloping algebras of Kac-Moody algebras. More precisely, let U(g)
be the universal enveloping algebra of a symmetrizable Kac-Moody algebra
g. Then, to each generic parameter ¢, we can associate a Hopf algebra U,(g),
called the quantum group, whose structure tends to that of U(g) as ¢ approaches
1. For the basic structure of Ug(g), see [4,14]. Lusztig [13] showed that the
integrable highest weight modules over U,(g) can be deformed to those over
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U(g) in such a way that the dimensions of weight spaces are invariant under
the deformation.

In another direction, Borcherds was led in his study of the Moonshine and
the Monster group to consider a new class of infinite-dimensional Lie algebras,
now called the generalized Kac-Moody algebras [2,3]. The structure and the
representation theory of generalized Kac-Moody algebras are similar to those
of Kac-Moody algebras, and many basic facts about Kac-Moody algebras can be
extended to generalized Kac-Moody algebras. But there are some differences,
too. For example, generalized Kac-Moody algebras may have imaginary simple
roots with norms at most 0 whose multiplicity can be greater than 1. Also,
they may have infinitely many simple roots. For more Details, please refer to
[9-11].

Kang [12] constructed the quantum group U,(g) associated a generalized
Kac-Moody algebra g. For simplicity, call U,(g) the quantum generalized Kac-
Moody algebra. Moreover, he showed, for a generic ¢, Verma modules and
irreducible highest weight modules over the universal enveloping algebra U(g) of
g with dominant integral weights can be obtained by deforming from those over
U,(g). These results were extended to generalized Kac-Moody superalgebras by
Benkart et al. [1].

In this paper, we only consider a special class of Borcherds-Cartan matrices
with only one imaginary simple root. As in [6], we prove one of fundamental
representations over those quantum generalized Kac-Moody algebras is
isomorphic to the tensor algebra of an irreducible representation over the
corresponding quantum Kac-Moody algebras. Moreover, by this isomorphism,
we further show that a large class of irreducible dominant representations of
quantum generalized Kac-Moody algebras can be induced from representations
of quantum Kac-Moody algebras through tensor algebras.

2 Preliminaries

Let I be a finite or countably infinite index set. A real square matrix A =

(aij)ijer is called a Borcherds-Cartan matrix if it satisfies
(1) aj;=2o0ra; <0foralliel,
(2) ai; <0ifi#j,
(3) ay € Zif a; =2,
(4) a;; = 0if and only if a;; = 0.

We say that an index i is real if a;; = 2 and imaginary if a;; < 0. We denote
by
Ire:{i€f|a“‘:2}, Iim:{iEI\aii<0},
the set of real indices and the set of imaginary indices, respectively.

In this paper, we assume that all the entries of A are integers and the
diagonal entries are even. Furthermore, we assume that A is symmetrizable;
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that is, there is a diagonal matrix
D= diag(di € Z~o ‘ 1€ I)

such that DA is symmetric. In addition, we assume all entries of D are coprime
integers.
A Borcherds-Cartan datum (A, PV, P, 11V, 1I) consists of

(i) a Borcherds-Cartan matrix A,

(ii) a free abelian group PV, called the dual weight lattice,

(iii) IV = {a) }ier, the set of simple coroots,

(iv) I = {a;}ic;r C P = Homg(PV,Z), the set of simple roots,
satisfying the following properties:

(a) ai(af) = ajj fori,j €I,

(b) II is linearly independent,

(c) for any i € I, there exists A; € P such that A;(a) = d;; for i,j € I.

The Q-vector space h = Q ®z PV is called the Cartan subalgebra and we
call A; the fundamental weights. The weight lattice P is also defined to be

P={\ebh* | \(PY) CZ} = Homg(P",Z).

Each symmetrizable Borcherds-Cartan matrix gives rise to a Borcherds-
Cartan datum as follows. Take

g <@zay> o <@zsi>,
iel icl
and define a; and A; by

We also define w; by
wi(e) =0,  wi(s;) = ij.

P (@) e (D)

iel el
We denote by Py the set {\ € P | A(«)) > 0 for every i € I} of dominant
integral weights. The free abelian group

R = @ZO&Z‘

el

Then

is called the root lattice. We set,

R+ = ZZ}()O&Z‘, R_ = —R+.
el
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For a € Ry, we can write
.
o= E Qs 11,12, ...,0, € I.
k=1

Let ¢ be an indeterminate and set ¢; = ¢% (i € I). For an integer n € Z, i €
I, define

g =d T m] __ [m]!
= =11 e
n_qzﬂ—qi—" n':n ' m| _ [m];!
e i LW s

Definition 1 The quantum generalized Kac-Moody algebra U,(g) associated
with a Borcherds-Cartan datum (A, PY, P, IV, II) is the associative algebra over
Q(q) with unit 1 generated by E;, F; (i € I), and K, (h € PY) subject to the
following defining relations:

KhKh’:Kh+h’, Ky,K_j =1, h,h’er,
KyEiK_j =q“WE;, K,FiK_=q*“"F

Ki— K™ -
EiFj - FiE; = 6ij—— 1, Ki=Kgay,
qi — q;
17al‘j 1
ST -y [ _T“”} ET“TEE =0, a; =2, i%# ]
r=0 i
17al‘j

r

(-1 [1 o } FT TR =0, ai=2,i# ),
r=0 i
EiEj — EjEi = 0, FiFj — FjFi = O, CLij =0.

The quantum generalized Kac-Moody algebra U,(g) has a Hopf algebra
structure with the comultiplication A, the counit ¢, and the antipode S defined
by
AKy) =Ky© K, AE)=E oK '+10E, AF)=Fel+KoF,

e(Kp) =1, e(E;)=¢(F;) =0,
S(Kp) = K-n, S(E)=-EK, S(F)=-KF,
for h € PV and i € I ([1,7,12]).

Let U/ (g) and U, (g) be the Q(g)-subalgebras of Ug(g) generated by the
elements E; and F;, respectively, for i € I, and let Ug(g) be the Q(g)-subalgebra
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of Uy(g) generated by Kj, (h € PV), which is isomorphic to Q(q)[K™, HF'].
Here, we set
Ki:tl = K:I:a;/a HZ:H = K-

Then we have the triangular decomposition ([1,7,12])
U,(g) = U, () ® Ug(e) ® Uy (a).

A U,(g)-module V is called a weight module if it admits a weight space

decomposition
V=D
pepr
where
Vi={veV | K= My, Vh e PV
We call

wt(V) = {p € P| V;, # 0}

the set of weights of V.
Let & be the category consisting of weight modules V with finite-
dimensional weight spaces such that

wt(V) C [ J(\ — Ry)

j=1

for finitely many A1, Ao, ..., A\s € P.

The most interesting examples of U, (g)-modules are the highest weight
modules in the category & defined below. A module V' over Uy(g) is called
a highest weight module with highest weight X € P if there exists a non-zero
vector v € V (called a highest weight vector) such that

(i) V' =Uqy(g)v,

(i) v eV,

(iii) Ejv =0 for every i € I.

Let J()\) denote the left ideal of U,(g) generated by E;, Kj—¢*" (i € I, h €
PY), and set M(X\) = Ug,(g)/J(N). Then, via left multiplication, M (\) becomes

a Ug(g)-module, which is called the Verma module. The basic properties of
Verma modules are summarized in the following propositions.

Proposition 1 [1,7,12] (a) The Verma module M(\) is a highest weight
U, (g)-module with highest weight A\ and highest weight vector vy := 1+ J(A).
(b) The Verma module M(X) is a free U, (g)-module generated by vy.

(c) Every highest weight Ugy(g)-module with highest weight X is a quotient
of M(\).
(d) The Verma module M () contains a unique mazimal submodule R(\),

the corresponding quotient L(X\) = M(X)/R(\) is an irreducible highest weight
U, (g)-module with highest weight .
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Proposition 2 [1,7,12] Let A\ € Py be a dominant integral weight.
(a) The highest weight vector vy of L(\) satisfies the following relations:
{Ff\(h)ﬂvx =0, a;=2

)

F’i’l))\ = 0, )\(Oé\«/) =0.

2

(2.1)

(b) Conversely, let V be a highest weight Ug(g)-module with a highest
weight A € Py and a highest weight vector v. If v satisfies the relations in (2.1),
then V' is isomorphic to L(\).

Proposition 3 [7] Let ju be a weight of L(\) with A\ € Py, and let i € I'™.
Then

3 Main result

In this section, we consider the symmetric Borcherds-Cartan matrix of the
following shape:

apgp aol “-- Qon
~ aio
A = (aij) .
A
no IxI
where agy < 0, I ={0,1,2,...,n}, and A = (ajj)nxn is a generalized Cartan

martrix.
Denote by U, (A) (resp. Uy(A)) the corresponding quantum Kac-Moody

algebra (resp. quantum generalized Kac-Moody algebra). Take PV and PV as
the free abelian groups by

PV = (ézd) o <§§Zs,~> c PV = (ZG:%Z%V> o <§Zsi>.
And let
P= <é2wi> ® <§?ZAZ<>, P= <§Z&i> @ <§Z&>,

where w;, A;,w;, and A; are defined as in Section 2. We may consider P as a
subset of P by the map ¢: w; — w;, A; — A;. Hereafter, we will not distinguish
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w;, A and Wy, A; for 1 < i < n. We also write Ag,wp as long as there is no peril
of confusion.
For A € Py, let L(\) be the irreducible highest weight U,(A)-module with

highest weight A and highest weight vector vy. For A € ﬁJr, let L(A) be the
irreducible highest weight U,(A)-module with highest weight A and highest
weight vector ).

Denote by T(L(\)) the tensor algebra over L()\), that is,

+o00
T(L(N) = P TLN),
n=0

TOLO) = Qg)l, T(LA) =L@ LA @ - ® L), n> 1L

~\~
n

The following theorem is our main result.

Theorem 1 Keep the notations above. Let L(\) be the irreducible highest
weight Ug(A)-module with highest weight X defined by

Moy) = —api, Asi)=0, 1<i<n,

and with highest-weight vector vy. Then the tensor algebra T(L(X)) over L(\)
is a Uq(g)—module isomorphic to the highest-weight module L(Ao) of Uq(g)7
where Ay € Py is defined by Ao(e)) = 0i, 0 <@ < .

Proof For convention, in the following, the indices 4, j, k£ run from 1 to n unless
stated otherwise. The generators F;, F;, K iil, H Z-il of Uy(A) act trivially on the
1-dimensional subspace Q(¢)1 and as highest weight representation on L(\). We
extend those actions to the tensor algebra T(L(\)) by the comultiplication in
the Hopf algebra U,(A). First, the generators Ky, Hy act diagonally as follows:

Ko(1) =q, Ko(vy) =¢" "™y, Ho(1) =1, Ho(vy) =q vy,

Ko(Frp) = q “*F Ko(p), Ho(Fry) = FyHo(p), ¢ € L(N),

Ko(®®@0) = ¢ ' Ko(®) @ Ko (), &V e T(L().
Ho(® ® W) = Ho(P) ® Ho(¥),
Fo(1) =vy, Fo(P)=uva@V¥, WeT(L)),
Ey(1) =0, Ep(vy) =1.
Since

T(L(N) = USO(A) (v @ T H(L(N)), Vn>1,
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we can inductively define the action as follows: for ¥ € T"(L())), n > 0,

Ko—K;,!

Eo(Fi(V)) = F;(Eo(V)), Eo(va®@ V) = "

(V) + v\ ® Eo(¥).

First, we observe that the generators Ky and Hy are defined to act diagonally
on the tensor algebra. So, for h € PV, the generators K, commute with each
other. Second, all the relations involving the quantum Kac-Moody generators
E;, F;, K Z-il, H Z-il are valid by assumption. Hence, we need to check the following
relations on T(L(M)):

Ko—K;,!

EoF; — FiEy =0, E;Fy—FoE; =0, FEoly— FoEg = R

KoEoKy ' = ¢"Fy, KoRoKy'=q K,
KBy K ' =¢"™Ey, K FRK;'=q “F,
KoEiKy ' = ¢ E;, KoFiK;'=q “F,
HyE;Hy' = F;, HoF,H;'=F,
HoEoHy' = gEy, HoFyHy' =q 'Fp.
Take ¢ € L(A), Fj, € U (A) and ¥ € T"(L(A)), ® € T™(L(A)). Then the

following first six relations can be checked immediately on the tensor algebra:

(EoFo — FoEo)(V) = K(;__qu?l (V), (EoF; — FiEp)(¥) =0,
(EiFy — FoE)() = Ei(vy ®@ ¥) — vy ® E;(¥) =0,
KiFoK; 1 (W) = K (vy ® K; 1)) = ¢~ Fy (D),
KoFy Ky ' () = Ko(vy ® Ko (0)) = ¢ " Koup @ U = g~ “C Fy(),
HoFoHy ' () = Hy(vy ® Hy '(0)) = Hyvy ® ¥ = ¢ ' Fy ().

Finally, we check the remaining eight relations on T(L())):
Ko FiKy (1) = ¢ ' Ko(Fl) = ¢ T FiKo(1) = ¢ Fy(1),

KoF Ky (va) = KoFi(q"° ) = ¢*°0 ™ E Kguy = g~ (Fyuy),
KoKy (Fry) = KoFiq™ FpKq 'y
= " Ko(F; FL K ')
= ¢ F Ko (FR Ky ')
= ¢" 0 F(KoFy Ky ')
= q " F;(Fyy) (by induction),
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KoFiKy ' (0 ® ®)
= ¢KoA(F) (K, ' @ K, ' ®)
= qKo(FK,'0U @ K '@ + KK 'V @ FK; ' @)
= KoF, K" 0 @ U + KoK K, 'V @ KgF;K;'®  (by induction)
=q Y(FYRd+ KV FDP)
=q¢ (Ve ).
Similarly, the equality HoFiHal = F; holds on T(L(\)).
KoEoKy ' (1) = 0 = " Ey(1),

KoEo K (vy) = KoEo(g"° 1uy) = ¢*° ' Ko(1) = ¢“® Eg(vy),

KoEoKy ' (Fib) = KoEo(q“* Fr Ky ' (v))
= ¢"*Ko(FyEo Ky (1))
= FrKo(EoKy ' (v))
= FL(KoEoKy '(v))  (by induction)
= Fpq* Eo(¥)
= ¢"° Eo(Fyv),

KoEo K, ' (vy @ U)
= " KoEy(vx ® K; ')

Ky — Kt
0_7412 Ky U +u,® EOK(?I‘I’)

1
— U+ ¢ 1 Kouy ® KOEOKo_lllf) (by induction)

q—q
e anOEO('l))\ ® \Ij)

From the proof of the equality of KoF;K, ' = ¢~ F; acting on T(L())),
we can deduce that for any ¥ € T"(L())),

Ko— K
= (Z2 0w vy @ oY)

KoF;(V) = q “" FiKo(¥),

KoEo Ky (Froy @ W)
= KoEoK ' (Fi(vy ® ¥) — Koy ® F,0)
= KoEo K Fr(vy @ W) — KoEgK, ' (Kpvy ® Fi¥)
= FLKoEo Ky ' (vy ® ¥) — KoBo K, ' (Kyvy @ F W)
= q"FEp(vy @ V) — ¢"° Ey(Kpvy @ Fr¥) (by induction)
= ¢"° Eo(Frvy @ V).
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Similarly, the equality HOEOHO_1 = qFE) holds on T(L(\)).

KiEoK; (1) = 0 = ¢ Ey(1)
K,EoK; (vy) = K;Eo(¢“'vy) = ¢ K;(1) = ¢* Ey(vy),
KEoK;  (Fiy) = K;Eo(K; ' Fyab)
= K;Eoq™ (FK; ')
= " K FyE K )
= FuKGE K"
= Fq" Epyp  (by induction)
= q"" Eo(Fyy),
KB K vy ® ¥) = ¢ K;Ey(vy @ K; ')
= q“OiKi<7KO — If(i_l
q—q

Ki—K!
o (S U Koy @ KB K, D)
q—q

= ¢ Ey(vy ® ¥) (by induction),

K10+ 0y ® EOKgqu)

K EgK; ' (Fyuy ® ¥)
= KBy K; 1 (Fp(vy ® ¥) — Koy ® F,P)
= FLK,EoK; (v, ® ¥) — K;Fo(K; ' Koy @ K; ' F,0)
= " ByFy(vy ® ¥) — ¢ K, Eo(vy, @ K, ' F}, )
_ K()_l
1

. , K
= q(IO@EOFk(,U)\ ® \I/) _ anz_aOkKi< (;_ q_ Kz—le\Ij + U)\ ® EOKZ_le\Ij)
Ko— Kt

= qamEOFk(U)\ ® \I/) — im0k (ﬁFk\If + K;v\ ® KiEoKilek\I/)

(by induction)
= " EgFp(vy ® W) — ¢"" "% Ey(vy @ W)
= q"" Eo(Fpvy @ V),
KoE; Ky (1) = 0 = ¢™ F(1),
KoE; Ky () = Ko(Eiq® 'vy) = 0 = ¢ Eyuy,
KoEi Ky ' (Fi) = KoEiq* Fy Ky ' = ¢"* Ko E;F Ky ' (1).
If k£ # 4, then
" KoEiF Ky (1) = ¢“* KoF B Ky b
= " B Ko B K
= ¢ E;(Fi).
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If £ =i, then
¢ KoEiFyKy ' (1) = ¢* Ko B FL K '
Ky — KIII —-1

— %0k _

q KO<FkEk o )Ko (G

—1 Ky, — Kk_l -1
= FKoEp Kyt — qao’cKoW Ko
K — K;!

— 400k __r Kk

q (FkEk p— )(?l))
= " Ep(Frv),

KoE, K (¥ @ @) = gKoA(E;) (Ky ' @ Ky ' ®)
= qKo(BiK,'" Vo K; 'K, '+ K, ' 0 @ B K, '®)
= KoEiKy'0 @ KoK, 'Ky "0 + KoKy 'V @ KB K, '®
= ¢ (BEY K, '®+ ¥ ® Ed)
= q"E;(¥ ® ®) (by induction).
Similarly, the equality HoE;Hy ' = Ej also holds on T(L(A)).
Having proved that T'(L())) as a Uy(A)-module, now we need to prove that

e~ —

T(L(X)) is indeed isomorphic to the irreducible hightest weight module L(Ag).
Suppose that g is the generalized Kac-Moody algebra associated with the
Borcherds-Cartan matrix A. Then we have the triangular decomposition

G=t_@®han,.

Here, n_ is the subalgebra obtained from the quotient of the free algebra n_
generated by fo, f1,. .., fn by the ideal generated by (adfi)' =% f; if a;; = 2, j #
1 and fzf] - f]fz if Qi5 = 0.

Denote the highest weight vector of L(Ag) by vg. Define a linear map

§': Uyl g — T(L(N)

by

p”(FilFi2 T FinUO) =F, Fiy - Fin(1)7
where i1,49,...,i, € {0,1,...,n}. To prove that p” induces a well-defined
U, (A)-module homomorphism

P U)o — T(L(N)),

we need to check the Serre relations are valid. That is, for 1 <7< n, 0 < j <
n, j # i, we need to prove

b=1-a;;

(X )| mEE.) o

n=0
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We only consider j = 0. By definition, it suffices to show

o b (—1)" b El'EgFP Mg | = 0.
(o [o] rrmetea)

n=0
Since F; (1 < i < n) acts trivially on 1, we have
: b
p1/<Z(_1)n |: :| FinFOFianO> _ (—1)1_%0}7;«1_%0}7’0(1).

n
n=0

By the action of Fpy, we have

1+M ()

Fil—aioFO(l) _ Fz‘l_am (vy) = Fil_aioﬂ)\ =F, vy = 0.

So we obtain
o+ U, (v — T(LOY)).

—~—

Since L(Ap) is obtained from the Verma module M (Ag) modulo the subspace

generated by the primitive vectors FiAO(ai)Hvo (1 <i<n), we have

p,(FiAO(al\/)+1'UO) _F

)

Finally, we obtain

p: L(Ao) — T(L(N),

~——

which is injective since L(Ag) is a simple U, (A)-module. Note that any element
of T"(L(\)) is of the form

ULV) Q@ UV) Q) -+ - Q) UpV)y,
where
w=F 1 Fa--Fiy, Fi1,Fia,...,Fy, € {Fo, Fi,...,F,}.
First, we take
p(Fn,an’Q e Fn,tnFO'UO) = Fn’an,Q e Fmtn’l))\ = UnpU).
To obtain
Up—10\ @ UpUN = Fp11Fp 12+ F14, ;v\ @ ugvy,
we take

ey 14 )
p(Fo-1tn FoFn1Fna- Fog, Fo —q it FoFy 1 Fg - Frp Fo) (v0)

= I'n—1,t,_1VX b2y UpU).
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P

Inductively, we can find an element u € L(Ag) such that
p(u) = ujvy @ -+ ® upvy,

and p is surjective. This completes the proof. O

Remark 1 Theorem 1 can be generalized to the symmetrizable Borcherds-
Cartan matrices.

Taking

IxI

we will show that certain irreducible representations of U, (A) can be deduced
from the irreducible representations of Uy(A).
Since B
Uy(A) = Uy(A4) ®q(q) [Eo, Fol,

we can view Ug(A) as a subalgebra of Uy(A). Given a Ugy(A)-module M, we

write Ind4 M (or IndM) for the induced module Uq(ﬁ) ®u,(4) M. Thus, we may
consider Ind as a functor from the category of U, (A)-modules to the category

of Uy(A)-modules. It is known that this functor is left adjoint to the restriction

functor Resﬁ (or Res) going in the other direction.

Corollary 1 Keep the notations above. Then we have the following
statements.

(1) For any p € Py, define an action of Uq(g) on L(p) as follows:

Eo(Fyy Fyy -+ Fiv,) = Fo(Fiy Fyy - - Fyv,) =0,
Ko(F, Fiy -+ Fiv,) = Ho(Fyy Fyy - Fyovy) = By Fiy - Fiog,

for any F;,F,,....F;, € U;(K) Then L(w), as a Uq(g)-module, is

—_~—

isomorphic to L(p).

(2) For any p € Py, there is a unique Uy(A)-module monomorphism

—

¢ L(Ao + 1) — L(Ag) ® L) = T(L(Xo)) ® L(p),

where N\g € Py satisfies Ao(ay) = 0 (1 < i < n) and T(L(\y)) is the
corresponding tensor algebra. Moreover, for any

e~ —

u = FilFi2 T ET:JAO‘FN € L(AO +M)7
we have

§ 1-6 ds 11—4 Or —Or 91 10 O
gb(“) = E : Ki11Fi1 1Ki22F’i2 e Kir F’Z}» (1) ® F’illF’i; e Fir Up-
(01,02,...,6r)€{0,1}"
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(3) For A€ Py, ag € Zx, by € Z, we have

L()\), ag = O,
Res L(\ + cho/—i- bowp) = é;o
LX), ao€ L.
0

Proof (1) Since all the other relations can be checked trivially on L()), we
only need to check the following two relations on L(u):

KoE;K;'=E;, KoFiK,'=F,.

It is easy to check that this indeed defines a U, (A)-module structure on L(z).
Since
Vv
Kov, = v, = q“(%)vu, Eiv, =0, 1€,

there is a unique U, (A)-module homomorphism

—

0: L) — L),
Uy — Uy

e

Obviously, it is surjective. Since L(p) is irreducible, it is also injective. Thus,
f is an isomorphism.

(2) For any h € PY and i € I, we have

Kin(Uag © 0y,) = q(AoJru)(h)’quO @ Uy, Ei(Un, ® ) = 0.

There is a unique U, (A)-module homomorphism

—_

m: L(Ag + ) — L(Ag) ® L(p),

Vhg+p > UAg @ Vg

Take

—_—~—

b= pom: (ko + 1) — T(L(0)) ® L{s).
Then the result follows.
(3) Denote by vy the highest weight vector of L(A + agAg + bowo). Then

—_— ~

L()\ + agAo + b()w()) = Uq(A)UX

Note that all the elements of L(A + m+ bowy) are of the form F;, F;, - - - F,

o~
r
where i1,42,...,i, € {0,1,2,...,n}. Since ag; = 0, we have

A\?

Eiy Fiy -+ Fivg = Fjy Fjy - - Fj Fgoy
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for some m € Z>o, ji,j2,- ...t € {1,2,...,n}. If
ap =0, (A+apAo + bowo)(ag) =0,

then we have
F(]’UX =0.

In this case, we have vy € (ResL(A+agAo+ bowo))x and all the non-zero

elements of L(A+ agAg + bowo) must be of the form Fj, Fy, --- Fj vy, where
1,12, .,0r € {1,2,...,n}. So we have a non-zero map

P

0: M(X) — ResL(A + apAo + bowo),

V) — 'Ux.

It is easy to show that 6 is surjective as Uy(A)-modules and

—_—~—

L(X\) = M(X\)/ker 6 = ResL(A + agAg + bowo).

If
ap #0, (A4 aoAg + bowo) () = ao,

then the non-empty set {vy, Fovs, FOQUX, ...} is infinite and

(ResL()\ + agAg + bQWQ)))\ = {'Uj\, F()'Uj\, ngx, .. }

There is a non-zero map 1 defined by

Y &3 M(\) — ResL(\ + agAg + bowo),

(U)\a'UAa---)HUX—{—Fovx—{—ngx_}_... .

It is easy to check that v is surjective as Uy(A)-modules and

BFCM(N)/ ker 1 = @FCL(A) = ResL(A + agAo + bowo). O

Remark 2 Corollary 1 (1) can be generalized to those A obtained from A by
adding several imaginary simple roots with all the added entries being zero.
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