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Abstract The present paper contains two interrelated developments. First,
the basic properties of the construction theory over the Steinberg Lie color
algebras are developed in analogy with Steinberg Lie algebra case. This is
done on the example of the central closed of the Steinberg Lie color algebras.
The second development is that we define the first e-cyclic homology group
HC1(R,¢) of the I'-graded associative algebra R (which could be seemed as the
generalization of cyclic homology group and the Z/2Z-graded version of cyclic
homology that was introduced by Kassel) to calculate the universal central
extension of Steinberg Lie color algebras.
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1 Introduction

Lie color algebras, originally introduced by Rittenberg and Wylerin [10], can
be seen as a direct generalization of Lie (super) algebras. Indeed, the latter are
defined through antisymmetric (commutator) or symmetric (anticommutator)
products, although for the former the product is neither symmetric nor anti-
symmetric and is defined by means of a commutation factor. In recent years, Lie
color algebras have become an interesting subject of mathematics and physics.
We assume that k is an algebraically closed field with characteristic zero. Let
I' be an additive group, and let a skew-symmetric bicharacter of I' be a map
e: I' x I' = k* such that
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eOp) =e(u, )7L e\ ptv) =\ pe(\v), YA\purveTl.
Let R = ©~er R, be a I'-graded k-vector space. A k-bilinear map
[,]: RxR— R
is called an e-Lie color bracket on R if

[a,b] = —e(a, B)[b,a] (Skew symmetry),
[a, [b, c]] = [[a,b], c] + (e, B)[b, [a,c]] (Jacobi identity)

for all homogeneous elements a € R, b € Rg, and ¢ € R. The algebra structure
(R, [,]) is called a (I", €)-Lie color algebra or simply a Lie color algebra. If ' = 0
and € = 1, then a (T, )-Lie color algebra is a Lie algebra. If I' = Z/2Z and

e(@,j) = (=17, Vi, jez/2z,
then a (I', £)-Lie color algebra is a Lie superalgebra.
Let R be a I'-graded associative algebra, and fix a skew-symmetric

bicharacter €. Then R becomes a (I',e)-Lie color algebra, which we denote
by R®~. In fact, the bilinear bracket on R is defined by

[a,b] = ab — e(a, B)ba

for the homogeneous elements a € R, and b € Rg. In particular, let M, (R) be
the n x n matrix with coefficients in R, and let

deg(E;j(a)) = deg(a)

for any homogeneous element a € R. Under the Lie color bracket,
[Eij(a), Exi(b)] = 6k Eu(ab) — due(a, ) Exj(ba),

where Ej;;, By are standard matrix units for 1 <,5,k,l <nanda € R,, b €
Rg, becomes a Lie color algebra, denoted by gl,,(R, ). The elementary (I, ¢)-Lie
color algebra s, (R, ¢) is the subalgebra of gl, (R, ) generated by the elements
Eij(a)>a€Ra l<i#j<n

This article is devoted to the study of the basic properties of Steinberg
Lie color algebras and the universal central extensions of Lie color algebras.
Our present work is motivated by the results and methods in the Lie algebra
case [2-4,12], but central extensions of Steinberg Lie algebra, Steinberg Lie
superalgebra, and matrix Lie superalgebras over Z/2Z-graded algebras could
be seem as special cases of this article. To study the universal central extension
of sl,,(R, ) in the category of (I',e)-Lie color algebras, we define Steinberg Lie
color algebra st,(R,e) by generators corresponding to F;j(a) and those same
canonical relations in analogy with the Lie algebra case. So one has a Lie color
algebra homomorphism ¢ from st,, (R, ¢) to sl,(R,¢e). It is known that ¢ yields
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a central extension. When n > 5, they are the universal central extensions;
moreover, the kernel of ¢ can be identified with the first e-cyclic homology
group HCY(R,¢) of the I'-graded associative algebra R. When n = 3 or n = 4,
sty (R, e) is not the universal central extension of sl,(R,c). We also construct
the universal central extension of the latter two cases.

2 Basics on sl,,(R,¢) and st,(R, )

For convenience, we denote all the homogeneous elements of R by S(R). If
a,b € S(R), we simply write

g(a,b) =¢(a, ), a€ Ry, be Rg.

Let R = ©yerR, be a I'-graded associative algebra over a commutative ring
K with identity 1 € Ry. We have the (T, ¢)-Lie color algebra gl,(R,e) of n X n
matrices with coefficients in R (see Section 1). For n > 3, the elementary (I, ¢)-
Lie color algebra sl,,(R, ) is a subalgebra of gl,,(R, ), which have the following
three equivalent definitions.

Lemma 1 For (T',¢)-Lie color algebra sl,,(R, ), the following statements are
equivalent:

(i) sl,(R,e) is the subalgebra of gl,(R,e) generated by all the elements
Eij(a), a € S(R), 1 <i#j<m

(i) slp(R,e) = [al,(R,€), gL, (R, €)];

(i) sl,(R,e) ={X € gl,(R,e) | trX € [R, R|}.
Proof (i) = (ii). Since 1 € Ry and n > 3, we can take distinct 1 < i,7,k <n
such that

Eij(a) = [Elk(a)aEk](l)]a VGGS(R)a I<i#j<n.
Obviously, [gl,(R,¢),gl,(R,e)] is a subalgebra of gl,(R,c). Thus, the
subalgebra of gl (R, ¢) generated by E;;(a) is contained in [gl,, (R, ¢), gl,,(R, €)].

(ii) = (iii). Recall the bracket product of gl,(R,¢), we have the trace of
any element of [gl,,(R,¢), gl,(R,<)] belongs to [R, R].

(iii) = (i). Denote by L’ the subalgebra generated by Ejj(a), a € S(R).
First, E;;(R) C L' for 1 <1 # j < n. Since ¢ is a bicharacter, (e, 0) = 1 for
all « € T'. Thus,

EZ(CL) — Ejj(a) = [Ei~(a),Eji(1)] S L/, Vae R, 1<i#7j<n.
Finally, if a,b € S(R), then
Ell(ab - E(a, b)ba) = [Eh‘(a), Eﬂ (b)] — E(a, b)[Eli(ba), Eil(l)], 7 7& 1.

‘We have
Ey([R,R]) C L.
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Let N
X = Z Eij(aij), Z(IZ’Z’ S [R, R]
1<i,j<n i=1
Then
n
X = Eila)+ Y Eiylai)
i=1 1<i£j<n
n n
= En(Zaii) - Z(Ell(aii) — Biiai)) + Z Ejj(ag;).
i=1 i=2 1<i#£j<n
Therefore, X € L'. We complete the proof. O

Also, for any a,b € R, we have

[Eij (a)>Ejk(b)] = Eik(ab)> { 7é J 75 k # i,
[Eij(a), E(b)] =0, j#k, i#l

Clearly, sl,,(R,¢) has a vector space decomposition

sbhiRe)=&% P & (1)

1<ij<n

where
§ij ={Eij(a) [ae R}, 1<i#j<n,
and ¢y is the subalgebra of diagonal matrix whose trace belongs to [R, R].

Definition 2 For n > 3, the Steinberg Lie color algebra st, (R, ¢) is defined
to be the (I',e)-Lie color algebra over k generated by the homogeneous
elements X;;(a) with deg(X;j(a)) = dega for any a € S(R), 1 < i # j < n,
subject to the I'-homogeneous relations:

a — X;j(a) is a k-linear map, (2)
[(Xij(a), Xk (b)] = Xik(ab), 1i,j,k distinct, (3)
[XZj(a)anl(b)] = 0> ] 7£ ka { 7é l> (4)

where a,b € S(R), 1 <i,7,k,l <n.

Both the (I', ¢)-Lie color algebras sl,, (R, ¢) and st, (R, <) are perfect. There
exists a surjective (I', £)-Lie color algebra epimorphism

¢: sty(R,e) — sl (R, €)

such that
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Set
ﬂj(a’b):[Xij(a)7in(b)]’ a, bES( ) Si#J<

Then Tj;(a,b) is a homogeneous element with degree of deg a+ deg b. Moreover,

we have the following lemma.

Lemma 3 For any a,b,c € S(R) and distinct i, j, k,l, we have
ﬂj(a’ b) = _E(a’ b)Tﬂ(b7 CL),

[T35(a,b), X (c)] =0,

[Ti;(a,b), Xix(c)] = Xig(abe), [Tij(a,b), Xii(c)] = —e(a + b, ¢) Xgi(cab),

[T35(a, b), Xji(c)] = —e(a, b) Xk (bac),
[Tij(a,b), Xij(c)] = e(a,b)e(a + b, c) Xj;(cba),
[Ti;(a,b), Xi;(c)] = Xij(abc +€(a,b)e(a + b, c)cba),
Tij(ab, c¢) = Tip(a,bc) — e(a + b, c)Tj(ca,b),
Tyj(c, 1) = =Tji(c, 1) = Ty;(1, ¢).
Proof By the e-skew symmetry, one has
ﬂj(a’ b) - _E(a’ b) [in(b)’ Xij (a’)] = _E(a’ b)Tﬂ(b7 CL).

From the e-Jacobi identity, we have

[z, [y, 2]] = ([, 9], 2] + e(@,9)ly, [z, 2]

for the homogeneous elements z,y, z in the (I',¢)-Lie color algebra.
Therefore, (6) is obvious, and

[T3j(a,b), Xi(c)] = [[Xij(a), X;:(b)], Xik(c)] = Xix(abe),

[ﬂj(a’ b), Xyi(c)] = &(b, c) [[Xl] (a), Xki(c), Xji (0)]
= —&(b,0)z(a, )[[Xi(c), Xij (a)], X;i (b))
= —¢e(a+ b, c)Xp(cab),
which gives (7).

(8) also comes from the e-Jacobi identity.
For (9), we have

[T3;(a,b), Xij(c)]

T3 (a, b), [Xix(¢), Xij (1)]

= [XZ (abe), Xk](l)] — e(a, b)[Xi;(ba), Xix(c)]
Xij(abc + €(a,b)e(a + b, c)cba).

[[T35(a, b), X (c)], Xi; (V)] = [[T3(a, b), Xi; (1)], Xix ()]
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Using e-Jacobi identity and (3), we have

(
[Xir(a), Xk;(b)], Xji(c)]
Xik(a), [Xi;(b), Xji(0)]] + &(b, ) [[Xir(a), Xji(c)], Xi; ()]
= [Xik(a)7 Xkl(bc)] - 8(@ + b, C) [Xjk(ca)’ ij (b)]
= Tir(a,bc) — e(a+ b, ¢)Tji(ca, b).

Tij(ab,c) = |
= [

Taking a = b =1 in (10), we get
T‘ij(la C) = Tzk(la C) - T‘jk(ca 1)a
and exchanging j and k, we have
Tik(1,¢) = Ti5(1, ) — Tij(c, 1).
Thus,
Tkj(c, 1) + Tjk(c, 1) =0,
which gives us
Tyj(c,1) = =Tji(c, 1) = Ty;(1, ¢). O
By Lemma 3, we have the following result.
Proposition 4 Let
Ti= ) [Xy(R), Xji(R)].

1<i<j<n

Then T is a subalgebra of st,(R,e) with [T, X;;(R)] € X;;(R), and

sta(Re)=TF P Xiy(R). (12)

1<ij<n

Moreover, T contains the center 3 of st,(R,e) and ker ¢ C 3. Thus, (st,(R,¢e),
®) is a central extension of sl,(R,¢).

Proof By (6)-(9), we have [T, X;;(R)] € X;;j(R). Using e-skew symmetry
and e-Jacobi identity, T is closed under the bracket, i.e., it is a subalgebra
of st,(R,¢).

From decomposition (1) of sl,(R,e) and the epimorphism ¢, we have the
direct sum decomposition (12). Especially, we see that ¢ is injective restricted
on X;;(R) for 1 <i # j < n and ¢(%T) = &. Since the center of sl,(R,¢) is
contained in &y, we have 3 C ¥.

Finally, ker ¢ C T. For any 1 <i < j < n, [ker ¢, X;;(R)] € X;;(R). On the
other hand, ker ¢ is an ideal of st,(R,¢). One has

[ker ¢, X;;(R)] C ker¢ C %.

Thus,
[ker ¢, X;;(R)] € TN X;;(R) = {0}.
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Since st,, (R, €) is generated by X;j(a), a € R, we have
[ker ¢, st,(R,e)] =0, kero C 3. O
Now, setting b = 1 in (10), we have
Tij(a,c) = Tix(a,c) — e(a, c)Tji(ca, 1). (13)
For a,b € S(R), we set
t(a,b) = Th;(a,b) —e(a, b)T1;(ba, 1). (14)
Then, by (10), (11), and (13), we have

( ) le(a’ b) ( 7b) jk(ba 1) - 8(&, b)le (ba7 1)
= Tix(a, b) ( a,b) (le (ba,1) — Tkj(ba’ 1))
= le(a, b) ( ,b)le(ba 1)
which shows that ¢(a, b) does not depend on the choice of j. Then, both Tj;(

a
and t(a,b) are homogeneous elements with degree dega + degb for a,b € S(
The following lemma is immediate.

’b)
).

Lemma 5

[ai,bi] =0, ai,bi S S(R)}

ker ¢ = { > t(ai, bi)

Proof First, (10) is equivalent to
Tje(ca,b) = e(c,a + b) (Tix(a, be) — Ty (ab,c)).
Taking ¢ =1 and ¢ = 1, we have
Tjk(a,b) = Tig(a,b) — T1j(ab, 1) = h(a,b) + £(a,b)Tix(ba, 1) — T1j(ab,1).

It follows that every x € T can be written as
a;:z (a;, b —l—ZTl] ¢,1), a;,b; € S(R), ¢j € R.
7

In Proposition 4, we have seen ker ¢ C T. ¢(z) = 0 implies

ZEll([ai7bi])+ > (Bule) = Ejjley)

2G<n
= Ell(Z[ai7bi]> + D (Bn—Ej)(e)
i 2G<n
= 0.
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It means that
> laib] =0, ¢ =0, 2<j<n.
i
Therefore,

xTr = Zt(ai, bl)

with
Z[ai,bi] =0, a;b; € S(R)
i
Notice that
[a,b] = ab —e(a,b)ba, a,be S(R). O
For more information of the structure of ker ¢, we have the following
proposition.

Proposition 6 For a,b,c € S(R), the following identities hold:

t(a,1) =t(1,a) =0, (15)
t(a,b) +e(a,b)t(b,a) =0, (16)
t(ab, c) — t(a,bec) + e(a + b, c)t(ca,b) = 0. (17)

Proof By (14), we have
t(a,1) =t(1,a) = 0.

By the definition of t(a,b), using (13), one has

t(ab,c) = Tyj(ab,c) —e(a + b,c)T1;(1, cab)
= Ti(a,bc) + e(a, b+ )Ty (b, ca) — e(a + b, c)T1;(1, cab)

=t(a,bc) +e(a,b+ c)(Tix(1,bca) + Ty;(b,ca)) —e(a + b,c)T1;(1, cab)
=t(a,bc) +e(a,b+ c)T1j(b,ca) — e(a +b,¢)T1;(1, cab)

=t(a,bc) +e(a,b+ c)(T1(b, ca) — (b, a + ¢)T1;(1, cab))

=t(a,bc) +e(a, b+ c)t(b, ca). (18)

Since t(a,1) = 0, setting ¢ =1 in (18), we have
0 =t(a,b) +e(a,b)t(b,a),
which gives (16), and it follows that, by rewrite (18),

t(ab,c) = t(a,bc) — e(a, b+ c)e(b, a + ¢)t(ca,b)
= t(a,bc) — e(a + b, c)t(ca,b),

which is (17). O
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3 e-Hochschild homology and e-cyclic homology

The tensor vector space R¥("*1 could be viewed as a I'-graded vector space by
n
deg(ap® a1 @ -+ ® ay) = Zau
=0

where a; € S(R) and deg(a;) =a; €T for i =1,2,...,n.
One has the e-Hochschild boundary d® with respect to ¢,

ds, RO+ _, R®™,

defined by
n—1 ‘
d%(a0®a1®"‘®an) = Z(_1)2a0®"‘®aiai+1®"‘®Gn
=0
n—1
+ (—1)"5(2 a;, an>ana0 ®a; Q- Qap—1
=0

for homogeneous elements a;, 0 < i < n. We always assume R®Y = k and
5 = 0. Note that d;, is a grading-preserving linear map of I'-graded vector
spaces.

Lemma 7
d;,_qd;, =0, VneN.

Proof Consider d5,_,d;(ap ® a1 ® --- ® a,) for homogeneous elements a;.
Comparing with the Hochschild homology, we only need notice the coefficients
of apapa; ® -+ ® ap—1 and ap_1apa9 ® - -+ @ ap_o in the result. One is

(—1)"5<§ai,an> + (—1)”‘%(21%%) =0,

and the other is

n—2 n—1 n—2
5( E ai7an—1+an> _5( 5 aiaan>5< E ai+an7an—1>
1=0 1=0 =0
n—2 n—2 n—2
= 5< § Qjy Ap—1 +an> _5< § aiaan>5< § aiaan1>
i=0 =0 =0
n—2 n—2
= 5( E i, Ap—1 +an> _5( E A5y An—1 +an>
1=0 1=0

=0. O
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Definition 8 The e-Hochschild homology of the I'-graded associative algebra
R is H,(R®U+D gf).

Denote by
[R, R] = span{ab —e(a,b)ba | a,b € S(R)}
the linear span of all the e-commutator. Then we have

Hi(R,¢) = R/[R, R].

Let
Ent1 = <tn+1 | tZi% = 1>
be the cyclic group and define an action of &,+; on R®(+1) by setting

n

thr1(ap®a; @ -+ ®ay) = (—1)”6<a0,zai>a1 Rar® - Qap ag
i=1

on the generators of R®(™*t1 Tt is then extended to R®"t1) by linearity. One
can see that the action of

tZii(ao(g)al@"'@an):a0®a1®...®an

by using the identity
n
H €<CLZ‘, Z aj> = 1.
=0 N o<j<n, i
Let A be the subspace of R®("+1) spanned by elements

n
ag @ ay ®---®an—|—(—1)"+16<a0,2ai>a1®a2®---®an®a0
i=1

for all homogeneous elements a; € S(R), 0 <i < n.

Lemma 9
E(D54) C AL, YneN.

Proof For homogeneous elements a; € S(R), by direct computation, we have

n

d;(a(]@al ®---®an—|—(—1)”+15(a0,2ai>a1®a2®---®an®a0>
i=1

|
—

n

=) (-1)a® - ®@aa1 @ - Day

~
Il
o
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n n—1
+ (—1)n+1€<a0> Zai> Z(_l)ial @ Qaj416i42 Q- - Qap ® ag

i=1 =0

n—1
+ (—U"E(Zai,an)anao ®a;® - ®ap_

1=0
n n
—e(ao,Zai>a<Zai,ao>aoa1®a1 ® - ®an
1=1 1=1
n—1 A
- Z(_1)2<a0®"‘®aiai+1®"'®an
=1

n

ai>a1®"'®aiai+1®"'®an®a0>-
1

Therefore,
dn(Ani1) €A

Denote by
Cn(R> 5) = R®(n+1)/A§L+1

the quotient k-space. Then d;, induces a linear map
d;: Cp(R,e) — Cp_1(R,¢).

The complex (Ci(R,¢),d;) gives that the homology of R is H.(Cy(R,¢),d),
which we call it e-cyclic homology and denote it by HC.(R,¢). For our use, we
rewrite HC(R,¢) as follows.

Proposition 10 Let
(R,R)* = (R® R)/I*

be the quotient space, where I¢ is the subspace of R ® R spanned by elements
a®b+e(a,b)b®@a, ab®c—a®bc+e(a+b,c)ca®b, Va,bceSR).

Set
(a,b)y* =a®@b+1°, Va,be S(R).

Then

HC’l(R,e):{ {aj,b;) ‘Z a;b; — e(a;, b)bia;) =0, a;, b; GS(R)}

is a subspace of (R, R)¢. Moreover, we have the following exact sequence:

Cl (R) ds5

0 — HCy(R,e) — (R,R)* = — |[R,R] —0
Imds5

Remark 11 We would like to emphasize the I'-grading of (R, R)S and
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HC1(R,¢) here. First, R®("+1) is naturally graded by I induced by R. Since A%
is spanned by homogeneous elements of R®(" 1) the quotient k-space Cn(R,¢)
is also I'-graded. We have mentioned that d;, is a grading-preserving linear
map, which shows that the kernel and image of d;, are graded subspaces. Thus,
their quotient spaces are also I'-graded. More directly, the I'-grading of (R, R)®
is given by

((R, R)?). = span,{(a,b)* € (R,R) | a,b € S(R), dega+degb=1c}, VceTl.

Remark 12 If we take I' = {0} and ¢ = 1, then the e-Hochschild (cyclic)
homology is nothing but the common Hochschild (cyclic) homology of the
associative algebra R (see [7] or [8]). For the super case, we need take I' = Zy
and

6(@, B) = (_1)04,3’ avﬁ € ZZ-
The Hochschild (cyclic) homology of superalgebras was first introduced by
Kassel (see [6] or [1]).

Now, we state one of the main theorem of this section. In order to prove
this theorem, we need the following definitions.

Definition 13 Let R be a Lie color algebra. An R-module M is a I'-graded

vector space
M =P M,
cel

such that
R, M, C Ma-i—b, Va,beC,

and
[z,y] - m=x(y-m)—ce(z,y)y-(x-m), Yme M.

Definition 14 Let R be a Lie color algebra, and let % be a I'-graded free
module over K. A bilinear form 1 on R x R — % is called a color 2-cocycle on
R if it satisfies

(R, By) S Cayp,
P(x,y) = —e(,9)9(y, 2),
e(z,2)0(x, [y, 2]) + e(@,9)(y, [z, 2]) + (y, 2)9(z, [z, 9]) =0
for all z,y,z € S(R).
Theorem 15 ker ¢ ~ HC(R,¢).

Proof Consider the following two exact sequences:
dE
0 — HC{(R,e) — (R,R)* —% [R,R] —0
In | En
0— kerd — sta(R,e) -2 sly(R,e) — 0
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Define
n: (R, R)® — st,(R,¢)

by
n({a,b)?) =t(a,b), a,be S(R).

From Proposition 10, (16), and (17), we know that 7 is well defined. Moreover,
¢ on({a,b)?) = ¢(t(a,b)) = Eri(ab — e(a,b)ba) = Eri(di({a,b)%)),

which shows that the above diagram commutes and defines, by restriction, a
surjective homomorphism of HC (R, ) onto ker ¢.
To get the injectivity of n, first we begin by finding a color 2-cocycle

[l (R,e) x gl (R, e) — (R, R)°.

More precisely, if z = E;;(a), y = Ep(b) € gl,,(R,€), a,b € S(R), 1 <i,j,k,1 <
n, we define
f(x,y) = 6;101:(a, b)".

Extending f on the whole gl,(R,e) by k-bilinearity, one can check that
f.y) +e(@,y)fly,x) =0,
e(z @) f(x, [y, 2]) + ez, 9) f(y, [z, 2]) + ey, 2) f (2, [2,9]) = 0

for the homogeneous elements z,y,z € gl (R, €).
Therefore, f defines a color 2-cocycle on gl,, (R, ) with values in (R, R)®.
We can restrict f on sl, (R, €), which is also a color 2-cocycle. Now, we can
form a (I', €)-Lie color algebra

L =sl,(R,e) ® (R, R)*

with Lie color bracket

[(z,0), (y, )] = ([z,9], f(z,9)), Va,y€sly(R.e), Ve, € (R R)".
L is a (T',e)-Lie color algebra as f is a color 2-cocycle. Clearly,

f(Eij(a), Ex (b)) # 0
only if j = k and [ = 1.
Thus, the elements (E;j(a),0) in L satisfy relations (2)—(4). By the universal
property of st, (R, ), there exists a (unique) Lie algebra homomorphism
p: stp(R,e) — L

such that
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Hence,
p(Tij(a, b)) = [(Eij(a),0), (Eji(b),0)]
= (Eii(ab) — £(a,b)Ej;(ba), f(Eij(a), Eji(b)))
(Eii(ab) —e(a,b)Ej;(ba), (a,b)?).
Therefore,

p(t(a,b)) = p(Ti;(a,b) — e(a,b)T1;(1,ba))
= (E11(ab — e(a,b)ba), (a,b)* — e(a,b)(1, ba)®)
(Ell( 1(<a’ b> ))’ <a7 b>8)

as (1,ba)® =0 in (R, R)".
It follows that

P(W(<ayb>€)) = (Ell(di“aﬁ b>€))’ <a7b>€)7

and so
p(n(c)) = (Eui(di(c),c), Vee (R, R)".
Thus, 7 is injective. The proof is complete. Il

The cohomology theory of the (T',e)-Lie color algebra R is studied
systematically by Scheunert and Zhang [11]. In this paper, we only use the
homology H,(R, k) of the (', e)-Lie color algebra R with the trivial coefficient
k. A (T',e)-Lie color algebra R over k is called perfect if [R, R] = R. It is well
known that R is perfect means that the first homology Hi(R, k) is trivial. The

pair (R, 7), where R is a (T, ¢)-Lie color algebra and 7: R — R an epimorphism,
is called a central extension of R if [ker(r), R] = 0. A central extension (R, )
of R is called universal if for any central extension (R 7) of R, there exists a

unique homomorphism p: R — R such that mop = ¢. A (T, ¢)-Lie color algebra
R is called centrally closed if any central extension of R splits. Similarly, with
the Lie algebras, we have the following result.

Theorem 16 If R is a perfect (T e)-Lie color algebm then there exists a
unique universal central extension (R,¢) of R and R is centmlly closed. If R

1s centrally closed and R is a central extension of R, then R is the universal
central extension of R and the kernel is isomorphic to Ho(R, k).

Remark 17 The details for the theory of the universal central extension of
Lie algebras can be found in [5], while Neher [9] studied the universal central
extension of Lie superalgebras.

We have known that

¢: stp(R,e) — sl (R, €) (19)
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is a central extension. And both st,,(R,¢) and sl,, (R, €) are perfect when n > 3.
We will see that ¢ determines a universal central extension except in a few
cases. On one hand, we will prove that

¢: sty(R,e) — sl (R, €)

is a universal central extension if n > 5. On the other hand, we will use color
2-cocycle to construct the universal central extensions for the rest of two cases
n =3 and n = 4.

Definition 18 Let £ be a color 2-cocycle on st,(R,e) with value in € as
above. Now, we define a Lie algebra 5tn(R,<€)ti to be the Lie color algebra
generated by the symbols ij (a),a € R, 1 <i# j < n, and the vector space
€, satisfying the following relations:

a— ij (a) is a K-linear map, (20)

(¢, ¢] = [X[;(a), €] =0, (21)

[Xzﬁj (CL), X]ﬁk(b)] = Xzﬁk (CLb) + §(XZ] (CL), Xjk(b))7 i? ja k diStinCta (22)
[XF(a), X5 (0)] = £(X5(0), Xua (1)), G # K i #1, (23)

where a,b € R, 1 <i,7,k, 1 < n.

The following lemma shows that this construction of a central extension of
st, (R, €) is actually the same as the classical construction if & is surjective.

Lemma 19 [If
0— % — st (R,e) - st,(R,e) — 0

is a central extension of st,(R,e) constructed from a surjective super 2-cocycle
&, then there is an isomorphism

p: sty(R,e)* — st (R,¢)

with ti
p(Xij(a)) = Xij(a), plc)=c¢, a€R,ceF.

Proof The proof is similar to [2,4]. O

4 Central extension of sty (R, )

We define a color 2-cocycle on sty(R,e) and construct the Lie color algebra
sty(R,e) as a covering (eventually a universal covering) of sty(R,e). For any
positive integer m, let ., be the 2-sided I'-graded ideal of R generated by the
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elements mc and ab—e(a, b)ba for any homogeneous elements a,b € S(R), ¢ € R.
Then, we have the following lemma.

Lemma 20
Im =mR+ R[R,R|, [R,R|R=R|[R,R)].

Let R,, := R/.%, be the quotient color algebra over K; it is color
commutative. Write
a=a+ 2, a€R.

If m = 2 and 2 is invertible in R, then Ry = 0. For {i,7j,k,l} = {1,2,3,4}, let
€ijkl(R2) denote a copy of Ry and identify €;;xi(T), €ix;(T), €xji(T), €xiij(T) for
T € Rs. Thus, we have six distinct copies of Rs whose direct sum is denote by
# . Using decomposition (12) of st4(R, ¢), we define a K-bilinear map

P: sty(R,e) x sty(R,e) = W

by
w(XZ](a)7Xkl(b)) = eijkl(ab)7 {i7j7 kal} - {1727374}a aab € Ra

and by 1(z,y) = 0 for all other pairs of elements from the summand of (12).
Note that, if m = 2, then @ = —@ in R».

Lemma 21 The bilinear map 1 is a color 2-cocycle.
Proof Since there is a Lie color algebra homomorphism

a: 5f4(R, 8) — 5f4(R2, 6)

with
a(Xij(a)) = Xi5(a@)

and
Pla(z), aly)) = ¢(z,y)
is well defined for z,y € st4(R,¢), it suffices to verify the lemma for Rs. Since
¢(Xkl(b), Xij (a)) = eklij(E), ab = ia(a, b)ba,
we have
»(Xij(a), Xi(b)) = eijmi(ab) = —e(a, b)exij(ba) = —e(a, b)y(Xp(b), Xij(a)),
where a,b € S(R). Now, let
J(x,y,2) = e(z,2)P(x, [y, 2]) + (@, )Yy, [2,2]) + ey, 2)¢ (2, [z, 9])

for homogeneous elements x,y,z € st4(R,e). We will show J(z,y,2z) = 0 by
taking homogeneous elements z,y, z in summands of (12). If a term J(z,y, 2)
is not 0, then we can reorder to assume that z = Xj;(d) and 0 # [z,y] € X;;(R)
with {4, 4,k 1} = {1,2,3,4).
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Case 1l zxoryisin¥.
Without loss of generality, we assume = = Tj4(a,b) and y = Xj;(c). Since
R (= Ry) is commutative with 2R = 0, [x,y] # 0 forces precisely one of p or ¢
to be in {4,j} (so the other to be in {k,[} by equations (7)—(9)). Moveover, in
this case,
[z,y] = Xjj(abc), |y,2] =0, [z,2] = Xy (dab),

and so

J(z,y,2) = e(a+b,e)(Xij(c), [Xn(d), Tpe(a,b)]) + e(c, d)( X (d), Xij(abe))
= e(a, c)e(b, c)e(d, a)e(d, b)e(a, b)e;jr (cbad) + €(c, d)eg;j(dabe)
= 0.

Case 2 Neither x nor y is in %.
We can assume that = Xjp(a) and y = X,,;(b) with p € {k,[}, and so

[z, y] = X;;(ab).
For p = k, we have
ly,2] =0, [z,2] = —e(d,a) Xy (ad),

and so

J(z,y,2) = e(a,b)(Xk; (b), [Xi(d), Xik(a)]) + (b, d)(Xpi(d), Xij(ab))
= = 6(&, b)e(d> a)ekjil (bad) + 5(ba d)eklij (dab)
= 0.

For p = [, we have
ly, 2] = —e(b,d)Xy;(db), [z,2] =0,

and so

J(l’, Y, Z) = €(d, a)e(b, d)¢(le (CL), ij (db)) + €(b, d)w(Xkl (d)a Xij (ab))
= — &(d, a)e(b, d)eug;(adb) + 0 + (b, d)egij(dab)
=0. O

Therefore, we obtain a central extension of Lie color algebra sty (R, ¢):
0 — # — sty(R,e) — sty(R,e) — 0,

ie.,

sty(R,e) = sty(R,e) @ ¥/,

with Lie color bracket

[(2,0), (g, ) = ([z, 9], ¥(x,y)), Y,y €stu(R,e),Ve,d eV
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Here, 7 is the projection on the first summand:
m:sty(R,e) @ W — sty(R,e).

We can now apply Definition 18 with 4 = # and £ = v to obtain the Lie
color algebra 5t§1(R, €). Since 1 € R and 5tﬁ(R, e) is perfect, by Lemma 19, there
exists a unique Lie color algebra isomorphism

p: 5t§1(R, e) — sty(R,e)

such that
p(XF(a)) = Xij(a),  ply =id.

5 Central extension of st3(R,¢)

In this section, we will handle st3(R, ). Recall that
43 =3R+ R[R, R]

and Ry = R/.3 is an associative commutative K-algebra. For {i,j k} =
{1,2,3}, let €;jpq(R3) for (p,q) = (i, k) or (k, j) denote a copy of R3 and identify
€ijpg(T) With €,4i;(—7). Thus, we have six distinct copies of R3 whose direct sum
is denoted by % . Using decomposition (12) of st3(R,¢), we define a K-bilinear
map

V: st3(R,e) X sts(R,e) = U
by

V(Xij (1), Xpg(s)) = €ijpg(T5)
for (p7 Q) = (Za k) or (kaj) with {iaj7 k} = {L 273} and r,s e Ra and by w(x7y) =
0 for all other pairs of elements from the summands of (12).

Lemma 22 The bilinear map 1 is a color 2-cocycle.

Proof As in the proof of Lemma 21, we can assume R = Rg; ie., R is
commutative and 3R = 0. By the definition, we know that v is skew-symmetric
and ¢(z,x) = 0 for z in a summand of (12), and hence, for all z € st3(R,¢).
We will show

J(z,y,2) = e(z,2)¢(z, [y, 2]) + e(z, y)(y, [2,2]) +e(y, 2)¥(z, [2, ])

for homogeneous elements z,y,z € st3(R,e). We will show J(x,y,z) = 0 by
taking homogeneous elements x,y, z in summands of (12). If a term J(z,y, z)
is not 0, then we can reorder to assume that z = Xp,(d) and 0 # [z, y] € X (R)
with (p.q) = (s,1) or (u,1) and {3, j, K} = {1,2,3}.

Casel zoryisin¥.
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Without loss of generality, we assume x = Tjj(a,b) and y = Xy(c). From
equations (7)—(9) and R = Rs, we have

J(z,y,2) = €stpg(Pabed) =0
with 6 = 0,3, —3, and thus, J(z,y,2) = 0.
Case 2 Neither x nor y is in ¥.

We can assume that © = Xy (a) and y = X (b). If (p,q) = (s,u), then we
have

J(z,y,2) = —e(d,a)e(b,d)p(Xsu(a), Xst(db)) + (b, d)t)(Xsu(d), Xst(ab))
= —e(d,a)e(b, d)egyst (adb) + (b, d)egyst (dab)
= 0.

While, if (p,q) = (u,t), then we have

J(l’, Y, Z) = - 6(&, b)&(d, a)¢(Xut (b)) Xst(ad)) + €(b, d)¢(Xut (d)a Xst (ab))
= —¢e(a,b)e(d, a)eyst (bad) + (b, d)€yst(dab)
= 0. 0

As in the sty(R, €) case, we have a central extension of st3(R,¢):
0 — % — st3(R,e) — stz3(R,e) — 0,

ie.,

st3(R,¢) = st3(R,e) ® %,
with Lie color bracket
[(z,¢), (y,)] = ([x,y],¥(x,y)), Va,y€stz(R,e), Ve, € ¥
Here, 7 is the projection on the first summand:
m:st3(R,e) @ W — st3(R,e).

We can now apply Definition 18 with 4 = % and & = 1 to obtain the Lie color
algebra 5tﬁ3(R, g). Since 1 € R and 5tﬁ3(R,5) is perfect, by Lemma 19, there
exists a unique Lie color algebra isomorphism

p: sth(R,e) — st3(R, )

such that

p(XE () = Xij(a),  plo =id.

Theorem 23 The universal covering of st,(R,e) is (st,(R,€),id) if n > 5
and (st,(R,e),m) if n =3 or 4.

Proof Suppose that

0 — ¥ — st,(R,e) =5 st,(R,e) — 0
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is a central extension of st, (R, ). We will show that we can choose a preimage
X}j(a) of X;j(a) under x for 1 <i # j < n, a € R, and a linear map pu: € — 7,
which satisfy relations (20)—(23) for 5{%(}%, g)withé =0and € =0ifn>5
and with £ =1 and € = %, % for n = 3,4, respectively. Thus, we will have a
homomorphism -

0: st (R,e) — st,(R,e)

with 0(ij(a)) — X;i(a) so x o0 = 7o p as in Lemma 19. Thus, the Lie color
homomorphism

0opt:st,(R,e) — sty(R,¢)
satisfies
xo 8o )=
and (st),(R,¢),7) is the universal covering. Since
(sty(R,e),id), mn =5,

(st,(R.€), m) = {(;tn(R,g),ﬂ), n=34,

the result will follow. We begin by choosing any preimage )A(:ij (a) for a in a
K-basis of R and extend linearly to all a« € R. We observe that

Tij(a.b) = [Xi5(a), X;i(0)]
is independently of the choice of X}j(a). If

[Tpq(a,b), Xij(c)] = Xij(d)
n (6)—(10), then

[Tpq(a,b), Xij(c)] € Xi5(d) + 7.

Also, we have
[TPQ(17 1)7 Xij (C)] =X '(mc)7

where m may be an integer in {0, £1,4+2}. Nevertheless, we always have
[TPQ(L 1)’ in (C)] = in(_mc)’
SO
[T (1, 1), Tij(a, b)] € [Xij(ma) + ¥, Xji(0)] + [Xij(a), Xji(—mb) + ¥] = {0}.

Fix some k # i,j and replace X}j(a) by [Ti(1, 1),)Z'ij(a)]. Then

[Tix(1,1), Xij(a)] = Xij(a).
We see that
(Tpa(a,0), X ()] = [Tpala,0), [Tix(1,1), X (0)]
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if
[Tpq(a,b), Xij(c)] = Xij(d).
In particular, taking (p,q) = (i,1), we can observe that )Nfij (a) does not depend

on the choice of k =i or j. Applying ad(T;;(1,1)) to

[Xij(a), Xji(b)] € Xi(ab) + 7

gives

[Xi;(2a), X;x(b)] + [Xij(a), X (—b)] = X (ab)

ie.,

[)Zij(a)a )ij(b)] = )N(z‘k(ab)-

Thus, )A(:ij (a), ¥ satisfy relations (20)—(22).
For relation (23), we first apply ad (X, (1)) to [Xy;(a), Xi;(b)] € ¥ giving

[Xij(a), Xij (b)] + (X (b), #] = 0

for 4, j, k are distinct, i.e.,

[Xij(a), Xi;(b)] = 0.

If there exist distinct ¢, j, k, [, m, then applying ad(ﬁm(l, 1)) to [)Z'Z] (a), )Zkl(b)]
€V gives _ _
[Xij(a), Xr(b)] +0 =0,
by [ﬁm(l, 1),)2kl(b)] e V. 1If i,j,k,l are distinct, applying ad(it(l,l)) to
[Xij(a aqu(b)] € %¢ where (p) q) = (,ka) and (Sat) = (laj) or (p> q) = (ka])
and (s,t) = (4,1), gives N B

[Xij(a), Xpq(b)] = 0.
If n > 5, we have shown that )Zij(a), ¥ satisfy relations (20)—(23) for £ = 0
and ¥ = 0. Moreover, for n = 3,4, all relations are satisfied, except possibly

[Xij (a), qu(b)] = ,u(eiqu(ab)), n =3, (24)
with (p,q) = (i, k) or (k, j);
[Xij(a), X5 (b)] = p(eijpq(ab)), n =4, (25)

where 1, j, k, [ are distinct.
For (24), we set

Hijpg(c) = [Xij(c), Xpg(1)]

for (p,q) = (i, k) or (k, 7). Applying ad(T};(a,b)) gives

ijpg(abe + e(a,b)e(a + b, ¢)cba) + (a + b, ¢)[X;j(c), qu(d)] =0, (26)
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where d = ab if (p,q) = (i, k) and d = ba if (p,q) = (k,j). Now, a = b =1 gives

ijpq(3c) = 0,

where ¢ = 1 gives

Hijpg(ab + £(a, b)ba) + [)?ij(l)?qu(d)] =0,
ie.,
tpqij (d) = pijpe(ab + (a, b)ba).

In particular, b = 1 gives

Hipgij (@) = —Hijpq(a),
SO
Hijpq(2d) = pipqij(—d) = pijpg(ab + €(a, b)ba),
which implies
Hijpg(ab) = €(a, b) prijpq(ba),
whenever d = ab or €(a,b)ba. Letting b = 1 in (26) gives

e(a, c)[Xij(c), Xpg(a)] = —pijpg(ac + e(a, c)ca) = pijpq(ac).

Furthermore, (26) is equivalent to

Hispa(alb ) = pijpa(abe — (b, chacb) = 0.

Thus,
Hijpq(-F3) = 0.
Since .3 is linearly spanned by elements 3a and a[b, ¢| for a,b,c € R by Lemma
20, we can define
w: U —v
by
1(€ijpq(@) = Hijpg(a)
such that (24) holds.
For (25), we set

Mijkl(c) = [5(:7,] (0)7 jzkl(l)]’ {Lja ka l} - {17 27 37 4}
Applying ad(ﬁj (a,b)) gives
pijri(abe +€(a, b)e(a, c)e(b, c)cba) = 0.

Now, b = ¢ =1 gives
pijki(2a) = 0,
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and ¢ =1 gives

pijri(ab) = —e(a, b)pijri(ba) = pijri(ba).
Moreover,

pijri(alb, c]) = pijri(abe) — (b, c)pijri (ach)
= pijri(abe) — (b, ) pijri(—e(a, b+ c)cba)
= pijri(abc + €(a, b)e(b, c)e(a, c)cba)

= 0.

Thus,
pijki(F2) = 0.
Applying ad()?kl(—b)) to [)A(:ik(a),)?kj(l)] gives
[Xi;(a), X (b)] = [Xa(ab), Xpj(1)] = praun;(ab).
In particular, b = 1 gives
pitkj(a) = pijr(a)

and

(Xi; (@), X (b)] = pijri(ab).
Clearly,

pij(a) = [Xi(1), Xij(a)] = [Xij(—a), X (1)] = puis(a)

and
pitkj(a) = piri(a) = prji(a).
We can now define
W —=v
by
pulei(@) = pijr(a),
and so (25) holds.
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