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Abstract Let ¢ be a growth function, and let A := —(V—ia)-(V—ia)+V be a

magnetic Schrédinger operator on L?(R™), n > 2, where a := (ay,as,...,a,) €
L (R",R") and 0 < V € L{ (R"™). We establish the equivalent characteriza-

tions of the Musielak-Orlicz-Hardy space H4 ,(R"), defined by the Lusin area
function associated with {e*tQA}DO, in terms of the Lusin area function
associated with {e7"V4},.,, the radial maximal functions and the non-

tangential maximal functions associated with {e 4}~ and {e_t\/z}bo,
respectively. The boundedness of the Riesz transforms LyA~Y/2 k e {1,2,...,
n}, from Ha (R™) to L¥(R") is also presented, where Lj is the closure of
% — iap in L2(R™). These results are new even when ¢(z,t) := w(z)t? for
all z € R" and t € (0,400) with p € (0,1] and w € A (R") (the class of

Muckenhoupt weights on R"™).

Keywords Magnetic Schrodinger operator, Musielak-Orlicz-Hardy space, Lusin
area function, growth function, maximal function, Riesz transform
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1 Introduction

The development of the theory of Hardy spaces HP(R™), p € (0, 1], was initiated
by Stein and Weiss [37], and was originally tied to harmonic functions. In
1972, real variable methods were introduced into this subject by Fefferman and
Stein [17]. Later, the advent of their atomic or molecular characterizations
enabled the extension of HP(R"™) to far more general settings such as spaces
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of homogeneous type in the sense of Coifman and Weiss [8]. Nowadays, the
theory of Hardy spaces has played an important role in analysis and partial
differential equations; see, for example, [19,36]. It is known that HP(R") is
essentially related to the Laplacian A and there are many settings in which
these classical spaces are not applicable. For instance, the Riesz transforms
VL~'/2 may not be bounded from H'(R") to L'(R™) when L is a second order
divergence form elliptic operator with complex bounded measurable coefficients;
see [21].

Recently, the study of the theory of Hardy spaces associated with operators
has been paid a lot of attention; see, for example, [1,4,7,12,14,15,20,22,25,40]
and references therein. In particular, let

A= "LiLp+V
k=1

be a magnetic Schrédinger operator, where Lj is the closure in L?(R")
of % — iay, L} the adjoint operator of Ly in L?*(R"), k € {1,2,...,n},
a := (ay,a9,...,a,): R® — R™ the magnetic potential, and V: R” — R the
electrical potential. Auscher et al. [1] first investigated the theory of Hardy
spaces vaj(R"), defined by the Lusin area function associated with the semi-
group {e*tL}Do, where the infinitesimal generator L satisfies that the kernels
of {e*tL t~0 have a Gaussian upper bound, and includes A as a special case.
Duong and Yan [15] further showed that the dual space of H} (R") is BMO 4 (R™)
associated with A. Duong et al. [13] established the boundedness of the Riesz
transforms LpA~Y2 with k € {1,2,...,n} from the Hardy space H4(R") to
L'(R™). Let 2" be a metric space, and let L be a nonnegative self-adjoint
operator satisfying the so-called Davies-Gaffney estimate. Hofmann et al. [20]
introduced and characterized the space H} (%) in terms of atoms, molecules

and the Lusin area function associated with the semigroup {e*tﬁ}bo. These
characterizations were, in [20], applied to the Schrodinger operator A on R”
with @ = 0 to establish the equivalent characterizations of H}(R") in terms
of the non-tangential maximal functions and the radial maximal functions
associated with {e_tQA}t>0 and {e_t\/z}bo, respectively. All these results were
further generalized to Orlicz-Hardy spaces in [6,25], which include the Hardy
spaces H'j (R™) with p € (0,1] as special cases. Inspired by [20,25], for general
a, the equivalent characterizations of H%(R") in terms of the non-tangential
maximal functions and the radial maximal functions associated with {e*t2A}t>o

and {e""V4},5( were established in [26].

On the other hand, Ky [29] studied Hardy spaces of Musielak-Orlicz type,
which generalize the Orlicz-Hardy spaces introduced by Stréomberg [38] and
Janson [24] and the weighted Hardy spaces by Garcia-Cuerva [18] and Strémberg
and Torchinsky [39]. We point out that the motivation to study function spaces
of Musielak-Orlicz type comes from applications to many fields of mathematics
and physics; see [2,3,10,11,28,30]. Let L be a nonnegative self-adjoint operator
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on a metric measure space 2, whose heat kernels satisfy Davies-Gaffney
estimates, and let
p: 2 x[0,+00) — [0, +00)

be a function such that ¢ € A (2), the class of uniformly Muckenhoupt
weights (see Definition 1.1 below), its critical uniformly upper type index I(¢) €
(0,1] and (-, t) € RHy/ja—1(4) (£7), namely, ¢ satisfies the uniformly reverse
Holder inequality of order 2/[2 — I(y)] (see Definition 2.2 below). In [42],
the Musielak-Orlicz-Hardy space H, 1 (") was introduced and characterized
in terms of atoms, molecules, and the Lusin-area function associated with
the Poisson semigroup {e*t‘/z}bo, and applied to the Schrédinger operator
A on R™ with @ = 0 to obtain the equivalent characterizations of H, 4(R"™)
in terms of aforementioned four maximal functions. Recently, Bui et al. [5]
further investigated H, (Z") when L is a one-to-one operator of type w, has
a bounded H.-functional calculus in L%(2") satisfying the reinforced (pr,qr)
off-diagonal estimates on balls, and (-, t) € RH,, /1(,)y (Z), where py, € [1,2),
qr, € (2,400], and (q1./I(¢))" denotes the conjugate exponent of qz,/I(p). Here
and hereafter, for any index g € [1,4+00], ¢’ denotes its conjugate indez, that is,

1 1
S+ =1
q 4q
Let a; € L% _(R") be real-valued, k € {1,2,...,n}, and 0 < V € L{ (R").
The aim of this article is to characterize the Musielak-Orlicz-Hardy space
H, A(R™) in terms of the Lusin-area function associated with the Poisson semi-
group {e*t‘/z}bo and aforementioned four maximal functions, and obtain the
boundedness of the Riesz transforms LyA~Y2 for k € {1,2,...,n} from the
Musielak-Orlicz-Hardy space H, 4(R™) to the Musielak-Orlicz space L¥(R™).
To state our main results, we first recall some necessary notions and
notation. In this article, for k € {1,2,...,n}, L denotes the closure in L?(R")
of % — ia with domain C2°(R™) (the set of C°(R™) functions with compact
support). The corresponding sesquilinear form @ is defined by setting, for all
f9€2(Q),

Qo)=Y [ Li@himg@de+ [ V),
k=1

where
2(Q) :={f € L*(R"): L.f € L*(R"), k € {1,2,...,n}, VV f € L*(R™)}.

The form @ is symmetric and closed. It was showed by Simon [35] that this form
coincides with the minimal closure of the form given by the same expression
but defined on C2°(R™). Let

D(A) = {f € 2(Q): 3g € L*(R™) such that V¢ € 2(Q),

Qo) = [ storptaac (1)



1206 Dachun YANG, Dongyong YANG

and let Af := g for all f € Z(A) and g € L?*(R") as in (1.1). Then the
magnetic Schrodinger operator A is a self-adjoint operator by the symmetry of
Q; see [33]. Formally, we write

Af =Y Lilif+Vf (1.2)
k=1

or

A=—(V—ia)- (V—ia)+V.

On the other hand, a function ®: [0,+00) — [0,+00) is called an Orlicz
function if it is nondecreasing, ®(0) = 0, ®(¢) > 0 for t € (0,+00), and
limi 4o @(t) = 400 (see, for example, [32,34]). Unlike the classical case,
an Orlicz function in this article may not be convex. The function ® is said to
be of upper (resp. lower) type p for some p € [0, 400), if there exists a positive
constant C' such that, for all s € [1,400) (resp. s € [0,1]) and ¢ € [0, 400),

O(st) < CsPO(1).

For a given function ¢: R™ x [0, +00) — [0, +00) such that, for any given = €
R™, ¢(x,-) is an Orlicz function, ¢ is said to be of uniformly upper (resp. lower)
type p for some p € [0, +00) if there exists a positive constant C' such that, for
all z € R, s € [1,4+00) (resp. s € [0,1]) and ¢ € [0, +00),

o, 5t) < CPp(x, ).

Moreover, let I(p) and i(¢) be, respectively, the critical uniformly upper type
index and the critical uniformly lower type index defined, respectively, by

I(p) :=inf{p € (0,+00): ¢ is of uniformly upper type p} (1.3)
and
i(p) :=sup{p € (0,400): ¢ is of uniformly lower type p}. (1.4)

Observe that i(p) and I(p) may not be attainable, namely, ¢ may not be of
uniformly lower type i(¢) or of uniformly upper type I(¢) (see [23,31] for some
examples).

Definition 1.1 [29] A function ¢: R" x [0, +00) — [0, +00) is said to satisfy
the uniformly Muckenhoupt condition for some ¢ € [1,+00), denoted by ¢ €
A (R™), if, when ¢ € (1, 400),

a/d
sup  sup / x,t) da:{ /[ (x,t)] 71 /qu} < 400,
te(0,400) BeR® | Bl | B

or

sup  sup / z,t)dz(esssup [p(y, )] ') < +oc.
1€(0,+00) Bk | Bl yeB
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Here, the first suprema are taken over all ¢ € (0, 400) and the second ones over

all balls B C R".

Observe that, in Definition 1.1, if ¢ is independent of ¢, then ¢ € A (R™) for
q € [1,+00) just means ¢ € A,(R™), the classical class of Muckenhoupt weights
(see, for example, [19,39]).

Definition 1.2 [29] A function ¢: R" x [0, +00) — [0, +00) is called a growth
function if the following hold true:

(i) @ is a Musielak-Orlicz function, namely,

(a) the function ¢(z,-): [0,4+00) — [0,+00) is an Orlicz function for any
given x € R™;

(b) the function (-, t) is a measurable function for any given ¢ € [0, +00);

(i)

pehu®)= | A,
q€[l,+00)

(iii) the function ¢ is of uniformly upper type 1 and of uniformly lower
type p for some p € (0, 1].

Throughout the article, we always assume that ¢ is a growth function as in
Definition 1.2. Clearly, the functions

o(x,t) :=tP, Ve eR" te (0,+00), pe€ (0,1], (1.5)

and
o(x,t) == w(x)t!, YaxeR" te(0,+00), pe (0,1], (1.6)
are both growth functions in Definition 1.2, where
wE AR =[] A RM).
q€[1,+00)
Another typical growth function is

t
~ logle + [a]) + log(e + &)

o(x,t) : Ve eR", t e (0,400). (1.7)

If ¢ is as in (1.7), then it is easy to show that ¢ € Aj(R"™), I(p) =i(p) =1,
i(p) is not attainable, but I(¢p) is attainable (see [5,29]). For more examples of

growth functions, see, for example, [5,23,29]. The Musielak-Orlicz space L¥ (R™)
is then defined as the set of all measurable functions f such that

[ stalf@)de < +oc

with Luxemburg norm

1 llze@n) = inf{A € (0. +00): / ol |f(;:)|)dw . 1}.
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We now recall the definition of H, 4(R") in [5]; see also [1,20,26] for the
definition of H(R™) with p € (0, 1], which corresponds to ¢ as in (1.5). For all
functions f € L?(R") and = € R", define the Lusin-area function Saf by

- dydt]'/?
Saf(x) = [//F( )|t2Ae t2Af(y)|2th}+1 ,

where, for all x € R",

I'(z) :={(y,t) € R" x (0,400): |z —y| < t}. (1.8)

It is known that S, is bounded on L?(R"); see, for example, [13,20].

Definition 1.3 Let ¢ and A be as in Definition 1.2 and (1.2), respectively.
A function f € L?(R") is said to be in Hy, 4(R") if Saf € L?(R™); moreover,
define
1 f e, . ey = 1SafllLe@n)-

The Musielak-Orlicz-Hardy space H, A(R™) is then defined as the completion
of Hy o(R") in the quasi-norm || - ||z, , rn)-

Remark 1.4 Thespace H,, 1(Z") was introduced in [42] (see also [5]) when 2
is a metric measure space, L is a nonnegative self-adjoint operator satisfying the
Davies-Gaffney estimates, and ¢ is a growth function satisfying the additional

assumption that ¢ € RHy/ja_r(,)(£"), namely, ¢(-,t) satisfies the uniformly
reverse Holder inequality of order 2/[2 — I(y)] (see Definition 2.2 below).

We now recall the Lusin-area function Spf and the mazimal functions N, f,
Npf, Znf, and Zpf in [26], respectively, as follows. For all g € (0,+o0),
f € L*(R"), and z € R", let

dydt]/?
sf)=| [ VAR

NPf@)= sup e PAf@)), APf@) = sup e VAL,
yeB(z,Bt), t>0 yEeB(z,Bt), >0

Fnf(x) = suple CAf(2)|, Zpf(x) = suple VAf(2),
t>0 t>0

where I'(z) for x € R™ is as in (1.8). Denote ;' f and A7 f simply by A4 f
and Apf, respectively. It is known that all these operators are bounded on
L?(R™); see the proofs of [25, Theorem 5.2] and [26, Theorem 1.4].
Definition 1.5 A function f € L?(R") is said to be in ﬁl(p R if M €
L#(R™), where .//7}' is one of Spf, Mf, Npf, Znf, and Zpf as above;
moreover, let

HfHH%JZ(R”) = H///fHLw(Rn)-
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The Musielak-Orlicz-Hardy space H@ j[(R”) is then defined as the completion
of H%//y(]R") in || - ‘|H¢,j(Rn)‘
The main result of this article is as follows.

Theorem 1.6 Let ¢ and A be as in Definition 1.2 and (1.2), respectively.
Then the spaces Hy A(R™), Hy, 5, (R™), Hy 5, (R™), Hy 5, (R™), Hy g (R™), and
Hy, 4, (R™) coincide with equivalent norms.

Remark 1.7 To the best of our knowledge, Theorem 1.6 is known only when
¢ is as in (1.5), and new for other cases. To be precise, when ¢ is as in (1.5)
with p € (0,1] therein, we see that

H, A(R") = HY(R"),

which was introduced in [25]. Theorem 1.6 in this case was established in
[25, Theorem 5.2] and [26, Theorem 1.4]. Otherwise, Theorem 1.6 is new, even
when ¢ is as in (1.6) or in (1.7).

We also obtain the following boundedness of the Riesz transforms Ly A~/2,
ke {1,2,...,n}, from the space H, o(R") to L¥(R").

Theorem 1.8 Let ¢ be as in Definition 1.2, and let I(p) and r(p) be as in
(1.3) and (2.3), respectively. Assume that r(p) € (2/[2 — I(p)],+o0]. Then
the Riesz transforms LyA=Y2, k € {1,2,...,n}, are bounded from H, A(R™) to
L#(R™).

Remark 1.9 (i) To the best of our knowledge, Theorem 1.8 is known only
when ¢ is as in (1.5), and new for other cases. To be precise, when ¢ is as in
(1.5) with p € (0, 1] therein, we see that, in this case, r(¢) = +o0 and I(¢) = p,
and hence, the assumption r(¢) € (2/[2 — I(g)], +o0] of Theorem 1.8 holds
true automatically. In this case, Theorem 1.8 is [26, Theorem 1.5]. Otherwise,
Theorem 1.8 is new, even when ¢ is as in (1.6) or in (1.7).

(i) We mention that the range of r(¢) € (2/[2 — I(p)], +o0] is determined
by the atomic characterization of H, 4(R™) and the LI(R")-boundedness of the
Riesz transforms L A~'/2. To be precise, Bui et al. [5, Theorem 5.4] showed

that H, a(R™) and Hgf’at(R”) coincide for all M € N with M > %?((z)) , and

q > 71(e)I(p)/(r(¢) — 1) (this is equivalent to that r(¢) > ¢/(¢ — I(¢))). On
the other hand, Duong et al. [13] showed that the Riesz transforms Ly A"Y2,
ke {1,2,...,n}, are bounded on L%(R"™) for all ¢ € (1,2]. In the proof of
Theorem 1.8, we need to use the aforementioned two facts at the same time,
which induce that the best choice for r(p) is 7(p) € (2/[2 — I(p)], +o0].

We also notice that, when A is the Schrédinger operator L := —A + V,
it was shown in [5, Theorem 8.5(i)] that, if the Riesz transforms VL™'/2 are
bounded on LI(R™) for all ¢ € (1,pg) with pg € (2,+00), then VL~1/2 are
also bounded from the Musielak-Orlicz-Hardy space Hy, r(R"™) to L¥(R™) with
r(¢) € (po/(po — I(p)), +0o0]. Thus, the range of r(p) in Theorem 1.8 coincides
with this range.
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The organization of the article is as follows.

Section 2 is devoted to some basic lemmas needed in Sections 3 and 4. We
recall some known basic properties of Musielak-Orlicz functions established in
[23,29] and a bounded criterion of linear operators from Hg, 4(R™) to L#(R")
in [5].

The proof of Theorem 1.6 is presented in Section 3. As in [20], we show
Theorem 1.6 by proving the following inclusion link:

Hy A(R™) N L*R™) C Hy p (R™) N LAH(R™)
C Hy .z, (R") N L*(R")
C Hyp,(R™) N LAR")
C Hy, 4 (R™) N L*(R™)
C Hy5,(R") N L*(R")
C Hy 4(R™) N L*(R™).

We point out that important tools used in the proof of Theorem 1.6 include
the properties of ¢ (see Lemmas 2.1 and 2.3 below), the Besicovitch covering
lemma, the Whitney decomposition, the semigroup properties of {e*tA}Do,
the Caccioppoli inequality associated with A (this was established in [26]; see
also Lemma 3.1 below), and the fact that the kernels of {74}~ satisfy the
Gaussian upper bound (see (3.3) below). Besides these key tools, by the atomic
characterization of H, 4(R"™) and the bounded criterion, from H, 4(R™) to
L#(R™), of linear operators from [5], we show the inclusion

Hy A(R™) N L*(R™) C Hy p;, (R™) N L*(R™).
On the other hand, as in [42], we show the inclusion
Hy.s,(R™) N L*(R™) C Hy a(R™) N L*(R™)

by establishing a pointwise estimate concerning a truncated Lusin-area

function gij’T f and the non-tangential maximal function Apf (see (3.1) for

the definition of g;R’T f), and a ‘good-\ inequality’ between these two
operators. Also, it is worth to point out that, in the proof of this inclusion, the
special differential structure of the operator A itself plays an essential role.

In Section 4, by using the properties of ¢, the semigroup properties of
{e7t4},-0, the Davies-Gaffney estimates of {¢tLye "4}~ from [26], the atomic
characterization of Hy, 4(R™), and the bounded criterion, from Hy 4(R™) to
L¥(R™), of linear operators from [5], we show Theorem 1.8. We mention that
this result is different from some known results, for example, [5, Theorem
8.5 (ii)], where the Riesz transform VL~'/2  associated with the Schrodinger
operator L := —A + V, is bounded from the Musielak-Orlicz-Hardy space
H, (R") to Hy(R™). The reason for this difference is that, because of the
existence of a, it is unclear whether

/ LA™ 2a(z)dz = 0
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for k € {1,2,...,n} and any molecule « associated with A, is true or not.

We now make some conventions on notation. Throughout this article, we
always use C' to denote a positive constant that is independent of the main
parameters involved, but it may differ from line to line. The symbol f < g
means that f < Cg for some positive number C' independent of f and g, and
f ~gmeans f < g < f. For any complex number z, its real part is denoted by
Rez. For any x € R™ and A\, > 0, let Q := Q(z,7) be the cube centered at x
with side length r and AQ := Q(z, Ar); similarly, B := B(x,r) denotes the ball
centered at x with radius r and AB := B(x, Ar). Moreover, for any ball B C R,
let

So(B) =B, S;(B):=(2B)\(2'B), jeN:={1,2,...}. (1.9)

Let Z4 = N U {0}. Also, for any set E C R", xg denotes its characteristic
function. Moreover, for all sets £, F C R" and z € R",

dist(E, F) := :pelijr,lggeF |z —yl|, dist(z, E):= ;gg |z — z|.

Finally, for any growth function ¢, measurable subset E of R", and ¢ € [0, +00),
let

o(E,t) ::/Ew(w,t)dx.

2 Basic lemmas

In this section, we recall some basic lemmas used in Sections 3 and 4. We begin
with the following lemma on the estimates of (, which was first established by
Ky in [29].

Lemma 2.1 Let ¢ be as in Definition 1.2. Then the following statements hold
true.

(i) There exists a positive constant C' such that, for all (x,t;) € R"x [0, +00)

with j € N|
+oo +o0o
90<x, Zw) <O o, ty).
7j=1

7j=1
(ii) For all (x,t) € R™ x [0, 400), let
t
P(x, 1) ::/ P:9) g
0 S

Then @ is a growth function equivalent to p; moreover, ¢ is continuous and
strictly increasing.

(i) For all f € L¥(R™)\ {0},

F@l N,
/Rn o(o Hfumw))d““ =t
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Similar to the class A (R™) of Muckenhoupt weights, it turns out that
uniformly weights in A, (R™) also have some very useful properties, including
the following uniformly reverse Holder condition introduced in [23].

Definition 2.2 A function ¢: R™ x [0,+00) — [0,+00) is said to satisfy
the uniformly reverse Hélder condition for some ¢ € (1,+oc], denoted by ¢ €
RH,(R™), if, when ¢ € (1, +00),

1 1/q 1 -1
sup  sup {—/ [cp(a:,t)]qu} {—/ gp(x,t)da:} < 400,
te(0,400) BcRr | |Bl /B |B| /B

or

1 -1
sup  sup {esssup w(y,t)}{—/ @(x,t)dx} < 400,
t€(0,4+00) BCR™ = yeB 1Bl /B

where the first suprema are taken over all ¢ € (0,400) and the second ones over

all balls B C R™.
The following lemma was obtained in [23]; see also [29,31].

Lemma 2.3 The following statements hold true:

(i) A1(R™) C Ap(R™) C Ay(R™) for 1 < p < g < +ox;

(i) RHs(R™) C RH,(R™) C RH,(R") for 1 < ¢ < p < +00;

(iii) if ¢ € Ap(R™) with p € (1,400), then there exists g € (1,p) such that
p € Ag(R™);

(iv) if ¢ € RH,(R™) with q € [1,400), then there exists p € (q,+00) such
that ¢ € RH,(R™);

(V) AC>O(]Rn) = Up€[1,+oo)Ap(Rn) = Uq€(1,+oo}RHq(Rn);

(vi) ifp € (1,400) and ¢ € Ay,(R™), then there exists a positive constant
C' such that, for all measurable functions f on R™ and t € [0, 400),

[ @pei<c [ |a@pe s

R

where M denotes the Hardy-Littlewood maximal function on R™, defined by
setting, for all x € R™,

1
(@)= swp [ 17wy (21)
B>z | Bl /B

and the supremum is taken over all balls B containing x;

(vii) if ¢ € Ap(R™) with p € [1,+00), then there exists a positive constant
C' such that, for all balls By, By C R™ with B; C By and t € (0, +00),

¢(Ba,t) | Ba| 1P
<ClsTl s
©(B1,t) [|Bl|]
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(viil) if p € RH,(R™) with q € [1,4+00), then there exists a positive constant
C' such that, for all balls By, B C R™ with By C By and t € (0,+00),

¢(Ba,t)
@(Blﬁt) z C[

\B2|]1%
| B

For ¢ € A (R"), its critical indices of ¢, q(p) and r(p), are defined,
respectively, as follows:

q(p) :==inf{g € [1,400): ¢ € Ay(R")} (2.2)
() :==sup{q € [1,+00): ¢ € RH,(R")}. (2.3)

Recall that, if g(¢) € (1,+00), then, by Lemma 2.3 (iii), we see that ¢ ¢
Ay (R™), and there exists ¢ & Aq(R") such that q(¢) = 1 (see, for example,
[27]). Similarly, if 7(¢) € (1,400), then, by Lemma 2.3 (iv), we find that
¢ & RH,.(,(R"), and there exists ¢ ¢ RH(R") such that r(¢) = +o0 (see, for
example, [9]).

We now recall the atomic characterization of Hy, 4(R™) from [5]. First, we
recall the following notion of (¢, g, M) s-atoms.

Definition 2.4 Let ¢ be a growth function as in Definition 1.2, M € N and
q € (1,400). A function a € L4(R") is called a (¢, g, M)a-atom associated to
A if there exists a function b € 2(AM) and a ball B := B(xp,rg) for x5 € R"
and rg € (0,400) such that

(A)i o= AMb;

(A)i; supp(AFb) € B, k€ {0,1,...,M};

(Wit 10BAY Dl zony < B Il gy k€ (0,1, M.

A function f € L?(R") is said to have an atomic (i, q, M) 4-representation,
f= Zj Ajay, if, for each j, o is a (¢, ¢, M) a-atom associated to a ball B; C R,
the summation converges in L*(R™) and {\;}; C C satisfies

S eB5, Nllxs, b)) < +oo.
J

Let

ﬁgjﬁ o (R™) == {f: f has an atomic (p, ¢, M) a-representation }

with the quasi-norm || - [| 7.4 (rn) iven by setting, for all f € ﬁgfat(R"),
@, A at [

HfHHf;fat(R”) := inf {A({)\jaj}j)l f= Z)\jaj is an atomic
J

(p,q, M)A-representation},
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where the infimum is taken over all the atomic (¢, g, M) 4-representation of f
as above and

A{Nja}5) = inf{A € (0, 4+00): Z¢(B,- %) < 1}.

- " Mixs; e @n

The atomic Musielak-Orlicz-Hardy space Hi/i;ﬁ ot (R™) is then defined as the

HM4 (R™) with respect to the quasi-norm || - | 77210
@,A,

completion of o, A at

at(R™)
The following atomic characterization of H, 4(R™) was established in
[5, Theorem 5.4].

Lemma 2.5 Let ¢ be as in Definition 1.2, A as in (1.2),

qe (T(;()%I(@),%O),

and M € N with M > %%, where i(¢) and q(p) are as in (1.4) and (2.2),

respectively. Then the spaces H, A(R™) and Hi/lfat(R”) coincide with
equivalent quasi-norms.

From Lemma 2.5 and the boundedness criterion for nonnegative (sub)linear
operators in [5, Lemma 5.7], we deduce the following conclusion. Recall that
a sublinear operator T is said to be nonnegative if, for any function f in its
domain, T'f > 0.

Lemma 2.6 Let ¢ be as in Definition 1.2, A as in (1.2),

1€ (-2 1), +o0).

and M € N with M > %%, where i(¢) and q(p) are as in (1.4) and (2.2),
respectively. Assume that T is a linear (resp. nonnegative sublinear) operator
which maps L*(R™) continuously into L>*°(R™). If there exists a positive
constant C' such that, for any X € C and (p,q, M)-atom « associated with
the ball B,

P
/n o(x, |[T(Aa)(x)])dz < C¢<B’ |’XBHL‘P(R"))7

then T extends to a bounded linear (resp. sublinear) operator from Hy, A(R™) to
L#(R™).

3 Proof of Theorem 1.6

In this section, we show Theorem 1.6. To this end, we first recall some notation.
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For the moment, we denote by L, 1 the closure in L?(R"*1) of % and write
o) 0

ot S 3z,

. To prove the inclusion

Hy 1 (R") N L2(RY) C Hys5,(R") 1 L*(R")

in Theorem 1.6, we need to establish a pointwise estimate for the following
truncated operator S}Z’R’T f, defined by setting, for all f € L?(R") and = € R",

Se,R, QuE VA o dydt 1/2

3 ’T —

5575 = | [[L X @RS e
@) k=1

where 7 € (0,+00), €, R € (0,+00) with ¢ < R and

T9R(2) = {(y,t) €R" x (e, R): |z — y| < Tt}

To this end, we recall a Caccioppoli inequality for weak solutions of the
equation
82
o2
in an open ball B of R"! in [26]. Define

+Au=0 (3.2)

Wt (B) =={ue€ L*(B): Lyue L*(B), k€ {1,2,....n+ 1}, VVu e L*(B)},

and let Wé:%/,o(é) be the subspace of W;:%/(E) with, trace 0 on OB. Here and
hereafter, for k € {1,2,...,n} and all u € LQ(E),

Liu(z,t) = Ly(u(-,t))(z), V(x,t) € B.
The function u € W;%/(E) is called a weak solution of (3.2) in B if

n+1

Z / / LyuLyodydt + / /~ wWVgdydt =0, Yo e War (B).
B b b

The following is the Caccioppoli inequality.

Lemma 3.1 [26, Lemma 2.1] Let (zg,t) € R**L, let R € (0,+00), and let u
be a weak solution of (3.2) in the ball B((zq,t0),2R) C R"* L. Then there exists
a positive constant C, independent of (zo,t9) € R R, and u, such that

n+1
Z / / sty Oyt < / / fu(y, ) dydt.
B((xo,t0),R R B((x0,t0),2R)

Using Lemma 3.1, we now prove the following conclusion.
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Lemma 3.2 Let o € (0,1), and let €, R € (0,+00) such that ¢ < R. Then
there exists a positive constant C such that, for all f € L*(R™) and = € R™,

~ R RN\ 1/2
Sp @) < O(1+1g =) Apf(a).

Proof Let
u(y, t) == e VAf(y), V(y,t) € R" x (0,+00).

Observe that the kernel p;(y, z) of e t4 satisfies the Gaussian upper bound that,
for all t € (0,+00) and almost all y, z € R",

2
—n/2 _ ‘y — Z‘ .
Ipely, 2)] < (4mt) ™ exp (= E20); (3.3)

see [16]. This fact, together with the well-known subordination formula that,
for all f € L2(R"),

—Uu

1 [ree 2
eitﬂf = ﬁ/; eﬁ ei‘tl_“Afdu, (34)

implies that e~*V4 is bounded on L%(R") for each t € (0, +oc0). Let a € (0,1),
e, R € (0,+00) with € < R, and x € R™. Moreover, for any (z,7) € I'5"(z), let

B(z, 1) := B((2,7),r)

with r := 07, where § € (0,1) is small enough. By the Besicovitch covering
lemma, we know that there exists a subsequence

{Bj}; = {B((z,75),m))};

of balls covering FE’R(Q:) with bounded overlap. Observe that, for any (y,t) €
Bj, t ~ d;, where d; denotes the distance between B; and the bottom boundary
R™ x {0}. Also, we see that, if (y,t) € 2B;, then (y,t) € I'(x) for 6 small enough.
Hence,

eV Af(y)| < Apflx).

On the other hand, by the semigroup property, we find that, for fixed t €
(0, +00),
62
Au('¢t) - w u('at) =0
in L?(R™), which implies that u is a weak solution of (3.2) for each 2§j. By the
bounded overlap of {B;}; and Lemma 3.1, we conclude that, for all z € R",

n+1

- dyd
Stesr <y [ /B S e A ()PS0
J

J k=1
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n+1
SZTJ (n—1) // Z|L e t\rf |2dydt
J Jk 1
n+1
< Zr] (nt+1) // Z|e tff )|?dydt
J Jk 1

< [ flx Z r Y By
dydt
~ e Z =

st [,
< (14108 D) A s (@),

which implies the desired conclusion. This finishes the proof. O

Proof of Theorem 1.6 Step 1 Show

Hy, A(R™) N L*(R™) C Hy,, y;, (R™) N L*(R™).

To this end, by Lemma 2.6, it suffices to show that, for any A € C and
(p,q, M) a-atom « associated with a ball B := B(xzp,rp) for some zp € R"
and rp € (0, +00),

[ etaia)@his < (B —F—), (35

||XBHL¢(RH)

where M € N with M > 72“5((@)) Indeed, we first observe that .4} is bounded

on LY(R™) for all ¢ € (1,+00) (see, for example, the proof of [26, Theorem
1.4]). Since ¢ € A (R™), from (1.3), (1.4), (2.2), and (iii)—(v) of Lemma
2.3, it follows that there exist gop € (q(¢),+00), p2 € (0,i(p)], p1 € [L(9),1],
and g € (I(¢)/[r(v)],+00) such that ¢ is of uniformly upper type p; and of
uniformly lower type p2, ¢ € Ay (R"), and ¢ € RH(,/p,, (R™). We now write

+oo
/ o(x, S (Aa)(z dx—Z/ o(x, M (Aa)( ))dx::ZIj,
7=0

where {S;(B)}jez, are asin (1.9).

For j € {0,1,2,3,4}, by the fact that ¢ is of uniformly upper type p; and
of uniformly lower type po, the Holder inequality, the L4(R™)-boundedness of
N, Definition 2.4 (A, ¢ € Ay, (R™) and ¢ € RH,/p,y (R™), p2 < p1, (vi) and

(vii) of Lemma 2.3, we have




1218 Dachun YANG, Dongyong YANG

2

L S Il g, /S 1y P s e A (@) @) d
i=1 J

2

£ sl |

S;(B)
s MY
A ot A 7 1 i

(B

pi/q
[%(a)(w)]qu}

2
S D o o Nl 12311602 B A el o)

2
S Z ”XBHch Rn) ‘B|pl/q HXBHLI;@R” ‘2]3|-pi/qwnqo
XQO(B7 |)‘| HXBHZ;(Rn))
—j 1_40 B
< 270 (B, A IxB 1 L ) (3.6)

Now, we turn to the case when j > 5. From the fact that ¢ is of uniformly
upper type p1 and of uniformly lower type ps, we deduce that

2
LSS Il | oy PO N8 A )

i=1 Sj

By the Hélder inequality, the facts that ¢ € RH,/,,y(R") N Ay (R™), and
(vii) and (viii) of Lemma 2.3, we further conclude that, for all 7 € NN [5, +00),

’(p( A

m> XS5(B) HL(Q/zn)’(Rn)

Z ”XBHch Rn) ’*/Vh( )XS (B) HLq Rn)

< N, 9J B|~Pil4 (2]3 |7)
XB " rla)X " ¥ )
Zn 1% gy AR (@) x5, (5 15 oy 127 B s
S ZIIXBHM oy A5 xs, (5) 1% y |2jB|‘Pi/q2jq0"¢<B,¢).
IXB Lo ®n)

Let a € (0,1) such that ap2(2M + n) > n. We see that, for all j € NN [5,+00)
and z € S;(B),

(o) (x) < sup e a(y)| + sup o=+ Lo,
yEB(x,t), t<2%2rpg yEB(x,t), t>209—2rpg

On one hand, by (3.3), the definition of «, and the Holder inequality, we
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know that, for all j € NN [5, +00),

Lo oswp o [ o) a;
yEB(x,t), t<2%—2rpg B

< (=) e
< sup ( A ) o|lprn
t<20i-2rp 2rp LHE)

S (297 2rp) N (2rp)” NI IBIVY BV x| b

< 2 I OON g L

)
)?

where N satisfies pa[n+ (1 —a)N] > gon. On the other hand, recall that, for all

k € N, there exist positive constants C(;) and C(3), depending on k, such that,
for almost all y, z € R"™,

Clr) Xp< |Z/—Z|2)

‘(%kpt vz ‘\ kEr" Cpt

see [33, Theorem 6.16]. From this, the semigroup property, the definition of a,
and the Holder inequality, we deduce that, for all j € NN [5,+00),

Lz = sup - [AMe M b(y)|
yEB(z,t), t>29"2rp
o\NM a
= sup <(9_) ‘s:ﬂe SAb(y)‘
yEB(x,t), t>291—2rp S
sup t_(2M+")/ exp( ly—2f )\b(z)\dz
yEB(a,t), t>2002rp n Cyt?

(2997 )~BMH ]| 1 gy

<
< (2‘”7“3) (2M+n) T'2BM|B|1/q |B|1/q
S

9—aj(2M+n) lxs HZ;(R")‘

N

||XBHZ;(Rn)

Combining these two inequalities, we find that, for all j € NN [5,400) and
r € R,
(@) (@) S (277N 4 gmad CMEY g -

By this, we conclude that, for all j € NN [5, +00),

2

| o A
LSS B2 gy IXBI Dign 129 BP/ |20 B 7P/ 12090m o (B, 20—
15 3 Il Il gy (2B 2B (B o)

% {2fpij[n+(lfa)N} +27ajm(2M+n)}

2

. _ : . Al
< 2](q0n—pz[n+(1—a)N])+2J[q0n—apz(2M+”)] © Bv|7 ,
;{ J ( HXBHLw(Rn)>
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which, together with the facts that
p2 <p1, p2ln+(1—a)N|>qmn, ap2(2M +n)> qon,

implies that

Yoo i)
2T S e/

From this and (3.6), we deduce (3.5), which further implies the desired inclusion
relation that
Hy, A(R™) N L*(R™) C Hy, y;, (R™) N L*(R™).

Step 2 Prove
Hy 4 (R") N L*(R™) C Hy gz, (R™) N L*(R™).
Observe that, for all f € L?(R"),
Pnf < Mf.
By this fact, we conclude that, for all f € H, 4 (R™)N L2(R"™),
feH,q,R"), |flu,qm,w) <Ifla, . @)

which further implies the desired conclusion.
Step 3 Show

Hy g, (R") N LAR"Y) C Hy 2, (R™) N L*(R™).

From the subordination formula (3.4), it follows that, for all f € L?(R")
and z € R",

+oo e U +o0o e U

C |a—t?A/(4u) A
pfa) Ssup [ ol O @) u < 01 (2) /0 = du S Af ()

which further implies that, for all f € H, », (R") N L*(R"),
f€Hpn,RY), fllb, @) SIflH, 2, @)

From this, we deduce the desired inclusion relation.
Step 4 Prove

Hopap(R) N IX(RY) C Hoyop (RY) (1 L2(RY).
By [26, (2.12)], we know that, for any ¢ € (0,1) and x € R",

Np fla) S [ (%P f19) (2)])1, (3.7)
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where . f denotes the Hardy-Littlewood maximal function of f as in (2.1).
Using this fact, Lemma 2.1 (ii), Lemma 2.3 (vi), Definition 1.2, and arguing as
the proof of [42, (7.17)], we conclude that, for all f € L?(R"),

NP e LARY),  Npf € LPRY), | AMpfllne@n ~ 1407 Fll Lo @n)-

This, together with (3.7), Definition 1.2, Lemma 2.1 (ii), Lemma 2.3 (vi), and
an argument similar to [42, (7.16)], further implies that, for all f € H, %, (R™)N
L*(R"),
1/4
| A5 f o) ~ 145" Fllomn) S 120 fllogn)-
By this, we obtain the desired inclusion relation.
Step 5 Show
Hy,1n(R") N LA (R") C Hp,5,(R") N L*(R™).

By an argument similar to that used in the proof of [42, Proposition 7.6], we
see that, to prove the desired inclusion relation, it suffices to show that there
exist positive constants C' and gp € (0,1) such that, for all v € (0,1], \,e, R €
(0,400) with e < R, f € H,_4,(R™) N L*(R™), and ¢ € (0, 400),

/{ n. 36 R,1/20 (P(x,t)dx
z€R™: Sp F(@)>2\, Np f(2) <A}

< C”yeo/ o(x, t)dx. 3.8
{zeRn: S5 2 5 (2)> ) (#:1) (3:8)

P

To this end, fix 0 < e < R < 400, v € (0,1], and A € (0,+00). Let
feH, , ®)NIZRY), O:={xecR": 5552 f(2)> A}

Then O is an open subset of R™. Let O = UpQ be a Whitney decomposition
of O such that {Qg}x has disjoint interiors,

2Qr C O, 4QrN(R™\ O) #0.

By O = UiQy and {Qg } is disjoint mutually, to show (3.8), it suffices to prove
that, for each k,

o(z, t)dr < 750/ o(z, t)dz. (3.9)

/{mer: S0 p ()20, Np f(2)<yA) Qr

Denote by ¢ the side length of Q. Observe that, if x € Q, then
see [42, (7.8)]. It follows, from (3.10), that, if ¢ > 10¢, then

{v € Qi SFYPf(2) > 2\, Mpf(2) <A} =0,
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and hence, (3.9) holds true. When e < 104, by (3.10) and the fact that

~e,R,1/20 ~e,10£1.,1/20 ~10¢5,,R,1/20
Sp/fgSPk/erSP" /]c7

it remains to show that there exists gy € (0,1) such that, for all ¢t € (0, 4+00),

oz, t)der < 750/ o(x, t)dz. (3.11)

/{erk L S5O0 ) S X, M @) <A} Qk

Let
F:={zxeR": Mpf(x) <yA}.

Then we claim that (3.11) can be deduced from the following inequality that

/Q IS e S (02IQu (3.12)

Indeed, if (3.12) holds true, we first deduce, from the Tchebychev inequality,
that

{a € Qen F: 557% 2 r () > A} < 4%|Qul. (3.13)

On the other hand, by the fact that ¢ € Ay (R™) and Lemma 2.3 (v), we
conclude that there exists r € (1, +00) such that ¢ € RH, (R"), which, together
with (3.13) and Lemma 2.3 (vii), implies that, for all ¢ € (0, +00),

) /
- - oz, t)dx
P(Qk>t) Jizeunr: 551012 f(my5)

P
_ [\{x € QpnF: S5m0 () > )\}|](T’—1)/r
~ Q|

S ,.)/2(7’—1)/7’.

Let
2(r —1)

r

Ep ‘=

Then we have

< ~F0
/{Z’EQWF s -y PO OIS TR

P

which implies (3.11). Thus, the claim holds true.

Now, we show (3.12). If ¢ > 5/, then, by the definitions of g;,lozk,l/%f
and F, together with Lemma 3.2, we conclude that

[ P S [ efa)Pde S GOPIQ
QrNE QiNF
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Assume that ¢ < 5¢;,. Let

Gy, = {(%t) €R" x (g,10;): Wy (y) == dist(y,Qr N F) < ;_0}

By the definition of gfglogk’lpof, we see that
n+1 dudt
S lthee VA F ()P

| et s [
QrNF G k=1

n+1
~ [ Yt )Paya.
G

k k=1

Let
t
Ey = {y € R™: there exists t € (¢,10;) such that Uy (y) < %}

Then we claim that Ej C 2Q%. Indeed, if y € Ej, then there exists ¢ € (e, 10¢y)
such that (y,t) € Gg. Furthermore, we see that there exists x € Qp N F' such
that | — y| < ¢/20. By t < 10¢, we know that |x — y| < ¢}/2, which implies
that Ey C 2Qp, and hence, the claim holds true.

Let

~ n € ) t
Gy = {(y,t) € R" x (3,40&)- Ti(y) < E}‘
Then, for any (y,t) € Gy,
[uly, D) = le™ £ (y)] <A
Indeed, for any (y,t) € Gy, there exists € Q N F such that |z — y| < ¢t and

t € (¢/5,40¢y). This implies that (y,t) € I'(x), where I'(x) is as in (1.8). Thus,
from the definitions of F' and Ap(f), it follows that, for all (y,t) € T'(z),

VA ()] < Ap(f)(x) < YA
Let

Gri = {(y,t) € R" x (2,20@; Uy (y) < lt—o}

Then, by [41, Lemma 3.6], we see that there exists a function
€ €
£ e O™ (R” x (5,20@)) N C(R” x [5,20@})

such that supp(§) C Gi1, 0 < <1, =1 on Gy, and IVE(y, )] < tL for any
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(y,t) € R™ x (£/2,200;). By 0 < £ < 1 and £ =1 on Gj, we conclude that

n+1

S 43 e A Py

ko k=1

n+1
< / / £S5 [Lre ™A (y) Py, Hdydt
R” X (0,+00)

k=1
n+1

Z//G tLyu(y, t)Lyu(y, t) €(y, t)dydt
~ Re { "i:l//G tLiu(y,t) Lk(U{)(y,t) (gD a%(i;t)}dydt}.

From integration by parts, the fact that, for fixed ¢,

62

Au('> t) - w

u(-,t) =0

in L2(R™) and the definition of A, it follows that

//Gm th-i—lU(y,t)mdydt}

——re{ [ [t i)+ P o e
—Re { //le [tAU(yJ)U(y,t)i(y,t) + augi’ ‘) mﬁ(y,t)} dydt}
— Re { Zn://G thu(y,t)Wdydt}

1 OJu(y, 1)
//le tlu(y, )PV (y)(y, t) + 5 o g(y,t)}dydt,

Since &,V > 0, from this fact, integration by parts, the choice of &, and the
Cauchy-Schwarz inequality, we further deduce that

n+1

// £y 1Lee” VA S () Pdyd
Gk k=1
> oy, t)] | 1 2 0y, 1)
S //le { —Re[;mu(y,t)u(y,t) . }+§|u(y,t)| T}dydt

n+1
N // [Z | Liu(y, t)uly, t)] + t_1|u(y,t)|2} dydt
Gr,1\Gg

k=1
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n+1
s S tnatPades [ ¢l oPdy
G Gr1\Gk

kNG —1

=:J1+ Jo.
We first estimate Jo. By the fact that G 1 C ék, we conclude that
|U(y,t)| < ’YA7 V(y,t) € Gk,l \ Gk

Moreover, we write

Gii\ Gr < {(5,1) € B x (5, 206) % <U(y) < f—o}
U {(y,t) €R" x (g,mﬁk): Ui (y) < 1t_0’ g <t< 5}
U {(y,t) €R" x (%,20@): Ui(y) < 1t_0’ 100, < t < 2oek}

From these facts, we deduce that

L dydt
5 < / / (e
Gr1\Gg
200}, 200, ()
o [ ([ e [
Hey Uepz U Jiog, 100, (y) ¢

S (7>‘) |Hk,1|>

where

Hy = {y € R™: there exists t € <§,20€k> such that (y,t) € Gk,l}-

Moreover, we claim that Hj 1 C 5Q4. Indeed, for any y € Hj , there exists
t € (¢/2,20¢;) such that (y,t) € Gj 1. From this and the definition of Gy, 1, it
follows that there exists © € QN F such that vt —y| < ¢/10 and t € (¢/2,20¢).
This implies that |z —y| < 2¢k, and hence, y € 5Qk. Thus, the claim holds true,
from which it follows that

[J2] S (VN[ @xl-
To estimate Jy, for any (y,t) € (Gy,1 \ G) and 6 € (0,1), let

E(y,t) = B((y) t)) T)

with r := dt, and E(y,t) := B((y,t),2r). Take § small enough such that, for any
(yat) € (Gk,l \ Gk)a

Eyy C {(z,s) e R" x (5 30€k> 0 < Wp(z) < %}

1
U{( ) eR" (;,30«%) \Ifk(z)<§,§<3<g}
U {( ) € R™ (2,30&) Up(2) < g 50, < s 30«%}

= Gk72.
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By the Besicovitch covering lemma, we know that there exists a subsequence
{E(y;.i,) s of balls such that

(Gk,l \ Gi) C UE(yj,tj)

J
and {E(,, ;.1}; has bounded overlap. Observe that, for any j and (y,?) € Ej,
t~ tj ~ 7"]‘.
From this, the fact that G2 C ék, and Lemma 3.1, we deduce that

n+1
Ji < Z// > t[Lyu(y, t)*dydt

Ej k=1

S Y5 [[ tutoPaya
7 7 J

1
S ;T—j o avar

< Z (’M) |Ej]

// dydt
dydt
sw? / /G i
k,2
2e dt 304y, dt 4091 (y) dt
sovt [ (LS L o F
Hy 2 50 100, (y) 1

5 (’Y)‘) |Hk,2‘7

where
Hy o := {y € R™: there exists t € (%,30&) such that (y,t) € Gk’Q}.

By an argument similar to that used in the estimate of Hj, 1, we find that

|Hy 2| < 1Qk],

which implies that

Ji S (0A)?|Qxl.
This shows (3.12) when € < 5¢j,.
Step 6 Prove

H, s, (R™) N L*(R™) C Hy 4(R™) N LAR").
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To this end, for all [ € L2(R1+1) with compact support and = € R™, define
T 2 \MAL 124 dt
Iy A(f)(x) := Cou) ; (AT e A () (@)
where C(y) is a positive constant, depending on M, such that

Heo e dt
C(M)/O £2(M+2) 2t2? — 1.

It was shown that ITy 4 is bounded from T (R} 1) to L?(R™) in [25, Proposition
4.2 (i)] and from T,(R"™) to Hy, 4(R™) in [5, Proposition 4.5 (ii)], where, for
any measurable function g on ]R’ffl and x € R",

)@ ={ [ o0 1

ToRE) = {7 19l gy = 197/ (@)l| oy < +00},
TRRY) = {07 19llggqans) = 11/ (9) o my < +oo}.

Let f € Hy 5,(R™) N L%(R™). Then we have
Spf € LP(R™) N L*(R™),
which implies that
VA VA e TRV N TEHRY.
On one hand, by the H,.-functional calculus, we see that
f=Cly A(tVAe YA f)

in L2(R™). This, together with the boundedness of Iy 4 from T,(R"™) to
H, A(R™), further implies that f € Hy a(R™), which, combined with the
inclusion relations in Steps 1-5, completes the proof of Theorem 1.6. O

4 Proof of Theorem 1.8

This section is devoted to th2e proof of Theorem 1.8. To this end, we first recall
that the semigroup {tLrpe " 4}ug for k € {1,2,...,n} satisfies the following
Davies-Gaffney estimates, which was established in [26, Lemma 3.1].

Lemma 4.1 There exist positive constants C and C such that, for all t €
(0, 4+00), disjoint closed sets E, F C R", and f € L*(R"™) with supp(f) C E,

[dist(E, F)]?

o )HfXE||L2(Rn)-

n

_ 42 ~
E IxFtLie ™" A fll L2 gn) < Cexp ( -
=1
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Proof of Theorem 1.8 Since r(¢) > 2/[2 — I(p)], we see that [r(¢)]'I(y) < 2
and, by Lemma 2.5,
Hy a(R") = H L (RT).

By Lemma 2.6, to prove Theorem 1.8, it suffices to show that, for any k €
{1,2,...,n}, A € C, and (p, 2, M) g-atom « associated with a ball

B := B(xp,rp)

for some zp € R"™ and rp € (0, +00),
[ oA P00 @has S o (B —r—). @)
n x5l Lo ®mm)

We first write

+o00
/ oz, LAV 2(Za)(2)])dz = Z/ z, | Ly A2 (M) (2)))da

= ZLJ
7=0

Recall that L; A~'/? is bounded on LP(R") for any p € (1,2]; see [13]. Using
this fact and an argument similar to (3.6), we find that, for j € {0,1,2,3,4},

B
L;<o(B,—2 ),
i S ||><B\|L¢<Rn>)

Now, we turn to the case when 7 > 5. As in the proof of Theorem 1.6, since
Y € Ay ( "), from (1.3), (1.4), (2.2), and Lemma 2.3 (iii)—(v), it follows that
there exist gy € (q(¢),+0), p2 € (0,i(¢)], and p; € [I(¢),1] such that ¢ is
of uniformly upper type p; and of uniformly lower type p2, ¢ € Ay (R™), and
¢ € RH(y/p, ) (R™). Recall that

—1/2 _ / A dt dt
NG

see [16,33]. From this, together with the fact that ¢ is of uniformly upper type
p1 and of uniformly lower type p2, the Holder inequality, and the fact that
¢ € RHy/p,y (R™) and ¢ € Ay (R™), we deduce that, for all j € NN [5,+00),

2
L % 30 o len / oy P P IRB Iz A @) )

2

pi/2
< Ialaend [ " LA e ) P
i=1 J
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<Pl )|
"lIxBllLe@ny/ 1LCPY (5;(B))
>~ oo @)
< i -
~ XB n / ‘Lk/ e a)(x dt‘ dx}
i=1 b S;(B) 0
X \2j3|pi/z/ o, N x5l gy
5(B)
i » “+o0 24 ) 1/2 Di
S S lalound [ ][ et A@wPad
i=1 “E o S;(B)
o A
x |27 B| pz/223qon(p<3’7>
X8l Le @)
b —t2A 2 12 P
- ZHXB‘,y Rn {/ [/ |Lre "4 () ()| dx] dt}
Sj(B)
/9 |A|
x |27 B P1/22]q0n@<B’7>
IXBl Lo @n)
+00 24 ) 1/2 Di
+ZHXBHM o [T e @@t ar
B 5j(B)
[ 2 —pi/20g0m Al
x 20 B|7Pi/29i%0 ¢<B’ )
||XBHL¢(RH)
2
== ZH]"Z‘.
i=1
For Hj 1, by Lemma 4.1, the definition of o, and py < p1, we see that
2 B (2rp)? dt
i B
105 S sl { o (= O el § |
[ 2 —pi/20ddomn Al
x 20 B|~Pil29i%0 ¢<B’ )
||XBHL¢(RH)
2 rB Pi
. . t \2Mdt
1 7 2 B
< 3 sl 1P ol [ (~3) " )
o A
x |27 B| pz/223qon¢<3’7)
X Bl Lo ®r)
< 271<p2<2M+%>7qon>¢< B, ¢)
X Bl Le ®r)

where M is large enough such that pa(2M + %) > gon.
To estimate H; o, we write

tLp(BPAMe A = L e A2 (12 )M 1PA/2
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Recall that the semigroup {(t2A)Me*A},, satisfies the Davies-Gaffney
estimates (see [20, Proposition 3.1]). Then, using [21, Lemma 2.3] and Lemma
4.1, we find that {tLy(t2A)Me"4},.o also satisfies the Davies-Gaffney
estimates. By this fact, the Holder inequality, and the Minkowski inequality,
we obtain

2 ; e t2A A M 2 12 P
Hjo ~ ZHXBH%VJ(R@{/ [/ |Lpe " 2 AMb(z)| dx} dt}
i=1 TB S;(B)
2 +o00 (ij )2 dt pi
S ZHXB|§(F(RTL){/ eXp<_ 7>”bHL2(Rn)t2]\4—H}
i=1 B
J R|—Pi/297iq0m Al
< BB )
2 +o0o _ pi
. t \2M-1 dt
$ Sl [ ()" e
B e 9 ian [A|
< BB I gy 2B P20 (B, )
< 2*1[?2(2M71+%)*QO”]()0(B’ ¢>
~ X Bl Le ®r)

where M is large enough such that p2(2M — 1+ 5) > gon. Thus, if we choose
M satisfying pa(2M — 1+ %) > qon, then we have (4.1). This finishes the proof
of Theorem 1.8. U
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