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Abstract For the normalized Fourier coefficients of Maass cusp forms A(n)
and the normalized Fourier coefficients of holomorphic cusp forms a(n), we
give the bound of )’ A(m2 + m3 + m3)A(m? + m3 + m3) and

>3 ema<e A(m +m3 + m3)A(mF +m3 + m3).

m% +m% +m§ <z
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1 Introduction

The ternary quadratic form m? + m3 + m3 is significant in the number theory
and draws the attention of many researchers. Suppose that x is a large positive
real number. Vinogradov [10] and Chen [2] independently studied the well-
known sphere problem about the number of lattice points in the 3-dimensional
ball u? + u2 + ug < z and proved the asymptotic formula

Z 1= %wx3/2+0(x2/3).

m%+m%+m§<w
m ;€7 (j=1,2,3)

The exponent 2/3 was improved to 29/44 by Chamizo and Iwaniec [1], and to
21/32 by Heath-Brown [6].

Recently, several authors studied some problems connected with the ternary
quadratic form by different methods. Friedlander and Iwaniec [3] studied the
number of prime vectors among integer lattice points in the 3-dimensional ball.
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They proved that the number 7m3(z) of integer points

(mlam2am3) € Z3

with
mi+mi+mi=p<a
satisfies
A x3/2
m3(x) ~ —
3( ) 3 loga?’

which can be viewed as a generalization of the prime number theorem.
Let A(n) stands for the function of von Mangoldt. Guo and Zhai [4] studied

Z A(m? 4+ m2 4+ m2) = 8C3 13232 + O(23/? log™ z), (1.1)

m% +m§ +m§ <z

where A > 0 is a fixed constant and

+o00
1

Cy = Zm Z G3(a,0,q)Cy(—a),

q=1 0<a<q

(a,q)=1
+o0 1 3l

I3 = H(2)dz, H(z) = </ e(u2z)du> / e(—uz)du.

—00 0 0

Let A(n) and a(n) denote the normalized Fourier coefficients of Maass cusp
forms and holomorphic cusp forms, respectively. We can easily obtain

>° a(mitmi+mPAmT +md+md) = 0@@:™) (1)
m%—l—m%-ﬁ-m%ix
by the Ramanujan conjecture and the result of (1.1). But for the A(n), the
bound of
Z A2 +m3 + m2)A(m3 +m3 +m2) (1.3)

m% +m§ +m§ <z

ia not trivial. In this paper, we will use the classical circle method to study
(1.3) and improve the result of (1.2). Our main results are the following.

Theorem 1 Define
mA(T) = Z A(m? +m3 4+ m2)A(m2 +m3 +md).
m%+m§+m§<m

We have
maale) = 0(z*?log” ),

where ¢ > 0 is a fized constant.
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Theorem 2 Define
o 2 2 2 2 2 2
Ta,A(T) 1= Z a(mi +mjz + m3)A(m1 +m3z + m3).
m%+m§+m§<:p

We have ,
aa(@) = O log” x),

where ¢ > 0 is a fized constant.

Notation Throughout the paper, the letter ¢ denotes a positive constant
which is arbitrarily small but may not the same at different occurrences. For
any real number ¢, [t] denotes its integer part, {t} its fractional part, and

1

Gt =t— 10— 5, It =min({t}, 1 - {2})

The functions v (u) (j > 2) are defined by
V() = 031(0) = [ (00,
) 0 i1
/ Yjt1(u)du =0,
0

Finally, G(a,b, q) denotes the quadratic Guass sum

G(a,b,q) = Ze(Lz; br>’

r=1
where e(z) = exp(27iz).
2  Outline of method

For any o € R and y > 1, define

Si(ayy) = Z e(m?a), Sy(a;y) := Z e(m?a), (2.1)

1<m<y Im|<y
T(oy) = Z A(n)A(n)e(na).
1<n<y
It is easily seen that
Sa(asy) =251(asy) + 1. (2.2)

By (2.2) and the well-known identity

1 1, u=0,
/ e(ua)da =
0 0, 0+#uc€Z,
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we have
1
male) = [ S3aiva)T(-asa)da
1 1
—8/0 S3(a; vV )T (—a; x)da—|—12/0 S2(a; V& )T (—a; x)do
1 1
+6 Sl(a;\/E)T(—a;a:)doz—i-/o T(—a;z)da

=8 [ S¥(a;vz)T(—a;z)da + O(zlog z)
0

1—L
= / ¢ S3(a; /2 )T (—a;z)da + O(zlog z). (2.3)

In order to apply the circle method, we set
P=log’z, Q=uxlog %z (2.4)
By Dirichlet’s lemma on rational approximation, each a € [-1/Q,1 — é]
may be written in the form
1
aQ’
for some integers a, ¢ with 0 < a < ¢ < P and (a,q) = 1. We define the major
arc ./ and minor arc € (M) as follows:

a
OZZ——{—Z, |Z|<
q

=[5+ )
M= ) U A9, €M)= [—%,1—%} \ A
1Sq<P fease
Then for @ > 0,
mA(2) = 881 (x) +855(x) + O(z log x), (2.5)

where

Si(x) = //// S3(a; vx)T(—a;x)da,  Sa(x) = [K(M) S3(a; x )T(—a; z)da.

3 Some lemmas

Before working on the substantive parts of the proofs of Theorem 1 and 2, we
need present a number of estimates which we will use in the following sections.
Lemmas 3.1 and 3.4 are well known.
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Lemma 3.1 Suppose that b, € C (n > 1) are such that their summation
function B(u) can be written as

=Y bn = M(u) + E(u),

n<u

where M (u) is continuously differentiable on (0,400). Suppose that f(u) is
continuously differentiable on [uq,us], where uy > 0. Then we have

> baf(n) /fM’ du—i—/de

up<n<uz

Lemma 3.2 [5] For any H > 2, we have

nw= ¥ e;:z>+o<mm<1m>,

1<|h\<H
min f(h
( " Hllu H> j{:
log H 1 H
f(0) < i f(h)<<1nn1(|h‘ h2>
Lemma 3.3 [8] For fized | > 1, we have

Yoy (u l 12 ) cos(2mu),

+oo 2

Va1 (u 1) 12 @ sin(27u),

where j(u) (j = 2) are defined in Section 1.
Lemma 3.4 Suppose q,r € N. Then we have

ﬁéeﬁz):{q, gl

Pt q 0, otherwise.

Lemma 3.5 [7] Suppose ¢ € N, a,b € Z, q > 3, (a,q) = 1. Then the Guass

sum satisfies
q

G(a,b,q) = Ze(a}ﬂqf—{_bh) < \/q.

h=1
Lemma 3.6 [8] Suppose a € R. Then we have

. 1
Z e(na) < min (y, m)

1<n<y
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Lemma 3.7 [8] Suppose o = %—1— z with (a,q) = 1, ¢ > 3, and |z| < 1/¢%
Then we have

Z min (y, m) < (y+qlogq)(1+ %)

n<N

4 Estimation of Sy (a;+/T)

The exponential sum Si(a;+/z) is of importance in the proof of Theorem 1.
We will give the asymptotic formula of Sj(a;+/x) on the major arc and the
estimate on the minor arc.

4.1 Estimate of S;(a;+/z ) on major arc

For a = ¢ +z € .4 with |z < ﬁ, (a,q) =1, we have

2

Si(a; V) = Z e<n2<g+z>>—zq:e<g> Z e(n?z). (4.1

1<n<\/5 4 1<n<VT
n=r (mod q)

> Y -] — gt on ()

n<un=r (mod q)

Since

using Lemma 3.1 and taking

u—r 1

we have

1<n<VT
n=r (mod q)

=[] (12)

By the change of u = \/z v, we get

Ze(%) /1 = W \/5/01 e(zzv?)dv. (4.3)

r=1
Let
g(u) = e(u?z),

and let [ > 1 be a fixed positive integer to be determined later. Repeated
partial integration gives
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NG
0

= zl:(—l)jqjg(j)(uwjﬂ (u ; T)

VT _
_ 1)+t U o+
+(-1) +y /0 11)1+1< . >g +1 (u)du. (4.4)

Thus, we have

> (5 -

r=1 J

+ (=1 /0\/5 Y41 (u ; r) Eq: 6(%)g(l+1)(u)du. (4.5)

NG
0

l (~1)igigD ()3 e(%)zﬁjﬂ (u - T)
=0

r=1 q

r=1
We now show for any fixed j > 0 and uniformly for 0 < u < \/x that

ie(%)ibﬁl(u;r) < {g’log((ﬂrl)’ j;(l)’ (4.6)

Estimate (4.6) is trivial for ¢ = 1,2. Suppose now ¢ > 3 and j = 0. Taking
H = ¢? in Lemma 3.2, we can write

() = ST &

1

r=1

where

21: - Ze(%) 2 2771ih e(h(uq_ T)>’

r=1 1</l <q?
. 1
2= ;O(mm (- F=7an)):

Z - Z e(;:g]) G(a,—h,q) < \/qlogg. (4.8)
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For ) ,, by the second expression in Lemma 3.2 and Lemma 3.4, we get

Z<<Zf ( )ie(—%) <qY_|f(h)| < logg. (4.9)

heZ
qlh

From (4.7)—(4.9), we see that (4.6) holds for j = 0. Similarly, the case j > 1
follows from Lemmas 3.3 and 3.5.
Now, we bound g(u) for 0 < u < /z. We shall show that for any fixed
k > 0, the estimate
Vv

o < (Y5)" (4.10)

holds uniformly for 0 < u < /z. Let f(u) = 4miuz. Obviously, (4.10) holds for
k = 0. Since ¢'(u) = g(u) f(u), we see that (4.10) holds for k = 1. For k > 1, by
Leibniz’s formula, we get

9"V (w) = (f(w)g()® = fu)g™ (u) + kf'(u)g" = (u),

and hence,

9"V ()] < 1f (w)g™ ()| + KLf (u)g" " (w)]
<4mvz 2] g™ (w)] + dkl2] |g* Y (w)]. (4.11)

Now, (4.10) follows from (4.11) by

1 LA

<)
Inserting (4.6) and (4.10) into (4.5), we get
! ra \/5 I+1
26(7)/<flogq+ —l—fZ( > (6) )

r=1

Taking [ = [2/¢] and using the value of @, we get

Y (LY <y v (L) <1

From the above two estimates, we have

Zq:e(r%) /2 < g log(g +1). (4.12)

r=1

From (4.1)—(4.3) and (4.12), we get the following lemma.
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Lemma 4.1 Fora =g+ 2z € /4 with |z < ﬁ and (a,q) = 1, we have

1
Sy (s /) = GWTOQ) \/5/ e(zz20*)dv + O(y/G log(q +1)).  (4.13)
0
4.2 Estimate of S;(a;+/z ) on minor arc

For a = ¢ + 2z € C(A) with [z] < ﬁ and (a,q) = 1, we have

[Si(asvE)P = Y elm®—n’)a) = [Vo -+ T(a) +T(Va), (4.14)

where

By Lemmas 3.6 and 3.7, we have

TWE) = Y ellm+n)m—n)a)

1<n<m<y/x
= e(va) Z e(2nvar)
1<v<y/a-1 1<n<V/T—v
1
< min (ﬁ, —)
Lvass 1200
1
< min (ﬁ, —)
2 ol
w2V

< (\/E—i—qlogq)(l + ?)
< zq '+ qlogq + 7 logg. (4.15)
From (4.14) and (4.15), we get the following lemma.

Lemma 4.2 For a= ¢+ 2z € C(A) with |z| < ﬁ and (a,q) = 1, we have

Si(o; vz ) < a2q7 Y2 4 ¢ 1og? g + 2V 1ogh? g < V2PV,

5 Estimation of T'(—a; x) on major arc

Suppose a = %—G—z € M with |z| < é and (a,q) = 1. Applying the [9, Theorem
1], we have

Z r(n)A(n)e(ne) < x'V2(xq 2 + 122 + 25/6)10g®
1<n<Lz
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where 7(n) is Ramanujan’s 7-function and ¢; is a suitable constant.
Because A(n) is the normalized Fourier coefficients of Maass cusp forms, we
can get the following lemma by normalizing 7(n).

Lemma 5.1 Suppose o= ¢ +z € M with |z| < é and (a,q) = 1. Then

T(—o;x) < (xq 2 + 2'2¢12 4 27/6) 1og™ 2, (5.1)

where ¢1 is a suitable constant.

6 Proofs of Theorems 1 and 2

Proof of Theorem 1 We first treat the integral on the major arc. We have

2+
[ stasviramia= ¥ 5 [T sievaT-asa

1<q<P 0<a<a ¥ g qQ
(a,q)=1

(6.1)

By Lemmas 4.1 and 5.1, after some simplification we get
St Vo )T (~asz)
GS 0 1 3
< [a?:i/QM </ e(xzv2)dv>
0

q
+ O<x% log(q+ 1) ( /01 e(a:zv2)dv>2>
+0 (a;l/2G(a, 0, ) log2(q + 1) /0 1 e(xzv2)dv>

+0(¢*?log® (¢ + 1))} (2q~ Y2 + 22¢1 % 4 25/6)10g® &
< 292472 10g x + ¢ log® ! & + 2%/?1og ! & + zqlog™ T 2.

Thus,

Si(es V)T (- z)da

< $5/2q_3Q_1 logcl x + xgq_QQ_l logcl—l—l T
+2%2¢71Q  og® M 2 + 2Q M logt ! z. (6.2)

Combining (6.1) and (6.2), we get

/ 530 v )T(~ 0 2)da
M
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< Z Z ($5/2q73Q71 10g01$+x2q72Q71 10g01+1$

1<q<P 0<a<q
(a,q)=1

+x3/2q_1Q_1 logcl—l—l x+ I'Q_l logcl—‘,—l $)
< x5/2Q71 logcl T _{_xZQfl 10g01+1$
+232PQ Nog ! x + 2P2Q M log® ! 2. (6.3)

Inserting (2.4) into (6.3), we can get
/ S3 o )T (—o; ¢)de < 2%/% log® (6.4)
where ¢ = ¢; + 6 is a fixed constant.

Now, we study the integral on the minor arc. By Cauchy’s inequality, we
have

| stasva)r-ainda
(M)

< e [S1(s V) / 181 (05 V) PIT(~as.2)])da
ac? (M

1/2
<<a£%>ﬂc4)|sl<a;ﬁ>|</o i V)| da) (/ T(-ai)fda

1/2 1/2
<<a§}6})1\(4)‘51(a;\/§)|< > 1) < > /\Q(H)AQ(H)>

1<n<Lz

1/2

2 2_,,2 2
m1+m2—m3+m4
1<my,mg,m3,my<VzT

1/2 1/2
< max |51 (a \/_)|< > 2 1) <Z /\2(n)A2(n)>

m2 2 1<n<Lz

1<my,mg,m3,my<VT

< max ERe <Zd2 )1/2< > )\2(n)A2(n)>1/2

7m§:m —m3

n<a 1<n<e
< max |51(o; V)| log®?
< 232p~1210g%2 ¢, (6.5)
where we use Lemma 4.2 and the well-known estimates
ZdQ ) < zlog? z, Z)\2 n) < xlog? .
n<a n<z
From (2.4), (6.4), and (6.5), the proof is complete. O

The proof of Theorem 2 is similar to Theorem 1, because we can also deal
with the normalized Fourier coefficients of holomorphic cusp forms a(n) by
normalizing 7(n). So we omit it here.
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