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Abstract We give a new definition of geometric multiplicity of eigenvalues of
tensors, and based on this, we study the geometric and algebraic multiplicity
of irreducible tensors’ eigenvalues. We get the result that the eigenvalues with
modulus p(«7) have the same geometric multiplicity. We also prove that two-
dimensional nonnegative tensors’ geometric multiplicity of eigenvalues is equal
to algebraic multiplicity of eigenvalues.
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1 Introduction

FEigenvalue problems of nonnegative tensors, especially, the largest eigenvalue
of a nonnegative tensor, have attracted special attention in the recent years, see
[4,5,7,9,12,14,15]. In particular, the Perron-Frobenius theorem for nonnegative
tensors is related to measuring higher order connectivity in linked objects and
hypergraphs [1,2]. From the matrix theory, we know that the largest eigenvalue
of a nonnegative irreducible matrix is geometrically simple and the
eigenvalues with modulus p(A) are equally distributed on the spectral circle.
But the geometric and algebraic multiplicity for a higher order tensor becomes
complicated.

In the literature, the geometric simplicity of the largest eigenvalue (here
we call it the spectral radius) of a nonnegative irreducible tensor was studied
by Chang et al. [4], where some conditions were proposed to ensure the real
geometric simplicity of the spectral radius. Pearson [13] defined essentially
positive tensors and proved that the spectral radius of an essentially positive
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tensor with order even is real geometrically simple and the modulus of any other
eigenvalue of the essentially positive tensor with even order is smaller than the
unique positive eigenvalue. Chang et al. [6] showed the modulus of any other
eigenvalue of the primitive tensor is smaller than the unique positive eigenvalue.
In [19], it was proved that the spectral radius is complex geometrically simple
for any positive tensors. The real geometric simplicity of an even order non-
negative irreducible tensor can be deduced from a conclusion of [20]. In [3], the
real geometric simplicity of the spectral radius of an even order nonnegative
irreducible tensor was proved in totally different way from that of [20].

This paper is organized as follows. In Section 2, we recall some definitions
and well-known results. In Section 3, we give the new definition of geometric
multiplicity of tensor’s eigenvalues, and based on this, we study the geometric
and algebraic multiplicity of irreducible tensors’ eigenvalues. We get the result
that the eigenvalues with modulus p(%7) have the same geometric multiplicity.
The eigenvalues \e2™/k (j =1,...,k) of an order m dimension n nonnegative
weakly irreducible tensor have the same algebraic multiplicity. Although this
result can be deduced from [16], the idea of our analysis is totally different
from that of [16]. In Section 4, we prove that for two-dimensional nonnegative
tensors, the geometric multiplicity is equal to the algebraic multiplicity.

We first add a comment on the notation that is used in the sequel.
Vectors are written as lowercase letters (z,v, . ..), matrices correspond to italic
capitals (4, B,...), and tensors are written as calligraphic capitals (<7, %4, ...).
The entry with row index ¢ and column index j in a matrix A, (A);;, is
symbolized by a;; (also, (& )i,...i,.j1-j, = @iy-ip,jr-j,)- Lhe symbol |- | used on
a matrix A (resp. tensor /) means that (|A]);; = |ai;| (vesp. (|97 |)iy iy, g1y =
|y iy jiojg])- RY (resp. R’ ) denotes the cone {x € R™ | 2; > (resp. >) 0, i =
1,...,n}. The symbol A > (>, <, <) B means that a;; > (>, <, <) b;; for every
1,7 and it is the same for rectangular tensors.

2 Preliminaries

First, we recall some known definitions and results, and then we give some new
definitions and remarks.

A tensor is a multidimensional array, and a real order m dimension n tensor
&/ consists of n'™ real entries:

Ay oy, € Rv

where i; = 1,...,n for j = 1,...,m. Like the square matrix, setting this class
of tensors can be regarded as “square” tensors. If there are a complex number A
and a nonzero complex vector x that are solutions of the following homogeneous
polynomial equations:

P i )\x[mfl]’

then A is called the eigenvalue of o7 and x the eigenvector of o7 associated with
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A, where @721 and 2™~ are vectors, whose ith component are

n
(™) = Z QijigerigTiz Ty (@) = 27,

i25eim=1

respectively. This definition was introduced by Qi [14] where he assumed that
&/ is an order m dimension n symmetric tensor and m is even. If X\ and = are
restricted in the real field, then (A, z) is called an H-eigenpair. Independently,
Lim [11] gave such a definition but restricted x to be a real vector and A to be a
real number. Here, we follow the definition due to Chang et al. [4], where they
gave the general definition as above.

In the following analysis, the notions below will be used.

Definition 1 [19, Definition 2.2] The spectral radius of tensor <7 is defined
as
p(«7) = max{|A|: A is an eigenvalue of <}.

Definition 2 [11] A tensor € = (¢, - - - ¢;,,) of order m dimension n is called
reducible, if there exists a nonempty proper index subset I C {1,...,n} such
that

cil...im:O, Vii €1, Vig, ..., im g[

If € is not reducible, then we call € irreducible.

Definition 3 [6, Definition 2.6] An order m dimension n nonnegative
irreducible tensor .« is called primitive, if T, does not have a nontrivial
invariant set S on OP. ({0} is the trivial invariant set.)

Definition 4 [8, Definition 2.1] A tensor ¢ = (¢, ---¢i,) of order m
dimension n is called essentially positive, if 2™ ! > 0 for any nonzero x > 0.

Definition 5 [10, Definition 2.1] A nonnegative matrix M (<) is called the
majorization associated to nonnegative tensor <7, if the (i,7)-th element of

M (/) is defined to be a;j.; for any i,j € 1,...,n. &/ is called weakly positive

Definition 6 A tensor D(</) = (b;;...;,,) is called induced to the tensor &7 =

(ail"'im)7 lf

g i s igz---:im:i,i:L...,n,
biy iy = .
0, otherwise,
for any i; € {1,...,n}. & is called a degenerated tensor, if &/=D(</).
In the next section, we will give some results about degenerated tensor.

Definition 7 [10, Definition 2.2] Suppose that <7 is a nonnegative tensor of
order m and dimension n.
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(1) We call a nonnegative matrix G(</) the representation associated to
the nonnegative tensor o7, if the (i, j)-th element of G(&) is defined to be the
summation of 7, ;) with indices {iz---in} > j.

(2) We call the tensor .&# weakly reducible, if its representation G(&) is a
reducible matrix, and weakly primitive, if G(</) is a primitive matrix. If o is
not weakly reducible, then it is called weakly irreducible.

Definition 8 An order m dimension n tensor <7 is called strongly irreducible
(resp. primitive) tensor, if D(47) is irreducible (resp. primitive) tensor.

Lemma 1 D(&) is irreducible (resp. primitive) tensor if and only if M (<)
is irreducible (resp. primitive) matriz.

Proof 1t is obvious by Definitions 5 and 6.
Definition 9 [13, Definition 3.4] For any vector x € R" | we define

(2 [1/ =Dy, _ 1/ 0m=1)

Z‘ = .
Let o7 and £ be two order m dimension n nonnegative tensors. Let
W= (ﬂxmfl)[l/(mfl)] e R™
We define the composite of the tensors for z € R™ to be the function (not

necessarily a tensor) (% o o)z = Buw™ L.

Definition 10 [4, Definition 3.1] Let A be an eigenvalue of
A" = Aglm1,

We say that A has geometric multiplicity ¢, if the maximum number of linearly
independent eigenvectors corresponding to A equals ¢. If ¢ = 1, then \ is called
geometrically simple.

We follow [14] to define the characteristic polynomial ¥(\) of A by
P(\) = Res((oZ/2™ 1)) — )\x[lm*”, (™Y = Az,

where Res(Py, ..., P,) is the resultant of n homogeneous polynomials Py, ..., P,.
For each A, such #(\) is unique up to an extraneous factor.

Definition 11 [4, Definition 3.1] Let A be an eigenvalue of A\. We say that A
has algebraic multiplicity p, if A is a root of ¥(\) of multiplicity p. And we call
A an algebraically simple eigenvalue, if p = 1.

Theorem 1 [18, Theorem 3.6] Let o/ and % be order m dimension n tensors
satisfying |B| < o, and let o/ be weakly irreducible. Let 3 be an eigenvalue of
AB. Then

(1) 18] < p(«);
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(2) if B = p()e'?, then there erists a diagonal matriz D with modular-1
diagonal entries such that

m—1

. —_—
o =e¥g.p-(m-1) .'D...D.

Theorem 2 [18, Theorem 3.7] Let &7 be an order m dimension n nonnegative
weakly irreducible tensor. Suppose (N, y) is an eigen-pair of & with modulus of
A equal to p(), i.e., |N\| = p(Z). Then |y| is the unique positive eigenvector
corresponding to p(<f).

Theorem 3 [19, Theorem 3.1] Let o/ be a nonnegative irreducible tensor and
it has k different eigenvalues with modulus p(?). Then these eigenvalues are
p(e?)e?™ilk 5 =1, ... k.

Theorem 4 [6, Theorem 4.5] Let o/ be primitive. If A is an eigenvalue with
Al = p(), then X = p().

Theorem 5 [13, Theorem 3.7] If o/ is an order m dimension n nonnegative,
essentially positive tensor with even m, then the modulus of any other
eigenvalue of </ is smaller than the unique positive eigenvalue; moreover, the
unique positive eigenvalue is real geometrically stmple.

3 Geometric multiplicity of tensors’ eigenvalue

As we have known, for a matrix, the set of eigenvectors corresponding to an
eigenvalue A is linear space, so we can call the maximum number of linearly
independent eigenvectors the geometric multiplicity of A. If a set is not linear
space, the dimension is not meaning for this set. But if the set have property
similar to linear space, we should give definitions. By Theorem 8 below, the set
of eigenvectors corresponding to p(/) for an irreducible tensor have property
of
G=GU---UGpy, p<(m—1)0nb

where
Gj={kz#0| plm=17] _ ‘$|[(m71)r]’ ke€}, GiNG;=0,1<ij<p.

Thus, we give a new definition of geometric multiplicity.
Before we proceed with the new definition of geometric multiplicity, we use
three examples to preview some of the main ideas of the definition.

(i)
G:{x#0|x:k(kz1$1+k2x2), ]CE%, kl,kg,kl—i-kgzoor 1}.

We think that the multiplicity of G is 2 and B = {x;,22} C G is the set of
extreme directions.
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G = {.T 75 0 | Tr = k[klxl + ]CQ.TQ + kg(xl + 3%2)],
k€%, ki,ko, ks, k1 + ko + ks =0 or 1}.

We think that the multiplicity of G is 3 and B = {z1,x2,21 + 3z2} C G is the
set of extreme directions.

(iii)
G={x#0| 2=k + ka(ka1z2 + kaoxs),
ki,ko € (g, ko1, koo, ko1 + koo = 0 or 1}.

We think that the multiplicity of G is 3 and B = {11, %21, z22} C G is the set
of extreme directions.

In order to make the definition of geometric multiplicity easy to be
understood, we give the following definition and corollary.

Definition 12 If
ANB=0, C={kix+ky#0|Vre A Vy€ B, ky,ky €%}

Then we say that C' is the general direct sum of A and B, and write it as
C=A@B.

Corollary 1 We have

{x#O‘x—Zk‘ (kaxw> ka—l kij=0or 1, z;; € B, k; E‘K}

=1 7j=1

GB{UAU}

=1

where
Aij={y #0|y=kizi; #0, zi; € B, k; € ¢}

Proof For any
Ji J1
s j=1

we have z = k;x;;. Then x € U?;lAij. And for z € U?;lAij, we have z = k;x;;,
and then we get (3.1). Hence,

L J ji
{kz(Zlkwiﬁzg> £ 0‘ Zlkij =1,k € ‘5} = U Ayj.
Jj=1 j=1 e

And by Definition 12, we have

i1 Ji
{JJ#O‘%ZZ/@JJ“JJ@‘E{UAZ‘J'},]CZ‘E%} {UA”}
i=1 j=1 1

1=
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which gives the desired result. O
Definition 13 Let

G={x#0| 2™ = x\glm1}

be the set of eigenvectors corresponding to eigenvalue A of the tensor <. If

1 Ji
G:@{ Aij}a Aij ={y |y =kijzi; #0, 25 € B, ki € €}
j=1

i=1

(or
i1 Ji J1
G = {33 #O‘QSZ Z&(Z&ﬂu) Zkz‘j =1,
i=1 j=1 Jj=1
k‘ij:()or 1, .I'Z‘jGB, kze%}

by the Corollary 1). If g is the minimum of 221:1 ji, then we say that A has
geometric multiplicity ¢ and we call B = {z1,...,24} C G the generalized base
corresponding to A; if ¢ = 1, then A is called geometrically simple.

Remark Definition 13 is given based on the geometric multiplicity of non-
negative irreducible tensors and two-dimensional nonnegative tensors. Although
we cannot find a counter-example for the unreasonable of the definition for non-
negative tensors, we should use the definition for the nonnegative irreducible
tensors and two-dimensional nonnegative tensors only. From Theorems 7 and 8
below, we can get that geometric multiplicity of A with modulus p(<7) in
Definition 13 < (m — 1) Y. From Theorem 16 below, for an order m
dimension two nonnegative weakly irreducible tensor, the geometric multiplicity
of A with modulus p(</) is equal to the algebraic multiplicity of it. The
difference from the definition before is that the extreme direction corresponding
to A can be linearly dependent. For example,

G=GU---UG, q< (m_l)r(n—l)7
where
Gj={kx#0| lm=17] _ ‘$|[(m71)r}’ keC}, GinG;=0, 1<i,j<p,

and thus,

q q
G:{x#O‘x:kaixi,Zkizl,kizoorl,xiEB,k‘EC}.

i=1 i=1
Then the extreme direction of G is B = {z1,...,z4}. If 1,..., 2, are linearly
dependent and

(@1 r2g) = (@1, 2,) (0] 0F -0,
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then z1,...,2, cannot be worked out G without a; ;,a} ;- a;. And the
geometric multiplicity in Definition 11 is r, but the geometric multiplicity in
Definition 13 is g. Obviously, r < ¢. Then we will give a general result about
these two definitions.

Corollary 2 Geometric multiplicity in Definition 11 < complex geometric
multiplicity in Definition 13.

Proof Suppose that
B={r |1<i<i;, 1<j<ji}CG

is the generalized base corresponding to A and By = {z1,...,z,} is the
maximum linearly independent group of B. Then ¢ < "', j; and

ByCB
cG
i1 J1 Ji
= {x#O‘xzzkz‘(Zkijxij)’ Zkij =1,

kijZOOI‘ 1,1‘@'63, ,ICZE%}
q

C {x#O‘x:Zkixi, kie%}.
j=1

So ¢ is geometric multiplicity in Definition 11. And 221:1 ji is geometric
multiplicity in Definition 13. Hence, geometric multiplicity in Definition 11
< complex geometric multiplicity in Definition 13. (]

Remark If

q
Boz{xl,...,xq}CG1CG2C{.T#O‘ZC:ZICZ‘JL‘Z‘, k‘iECg},

j=1

then G1 and G5 have the same geometric multiplicity in Definition 11. But this
is different in Definition 13. For example,

By = {x1, 22}
c Gy
={x #0| 2z = kl[kiz1 + koxs], k € €, k1,ko, k1 + ko =0 or 1}
C Gy
={x # 0|z = k[kiz1 + kexo + k3(x1 + 3x2)], k € €,
k1, ko, ks, k1 + ko + ks =0or 1}
C{x #0|x = kixy + koxo, k1,ks € €},
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G1 and Gy both have the geometric multiplicity 2 in Definition 11, but G;
has the geometric multiplicity 2 in Definition 13 and G has the geometric
multiplicity 3 in Definition 13.

Theorem 6 Let &/ be an order m dimension n nonnegative strongly
irreducible tensor, and let G be the set of eigenvectors corresponding to p(<f).

If x € G, then

x[m—l] _ eiG‘$|[m—1].
Moreover, p(4) is real geometrically simple when m is even.

Proof Because ¢/ is a nonnegative strongly irreducible tensor, M (</) is a
nonnegative irreducible matrix. Suppose that

Jdx € A, :C[m_”;éeig\:c“m_l], y:<|x1|,|$—1x2,...,@xn).
X T

Then ylm=1 #£ |y|lm=1 and
dy"t = p( )y |y = p(e) |yl

Suppose

—0, 1<j<i
[m—1] _  [m—1]y ’
(|y‘ Yy )J{#()’ ir1<

Then
Re(|yi2""|yim‘ _yi2"'yim) > 0, 141 gig,...,’im <n,
Re(ly;|™ 1 —y!" )y >0, i+1<j<n

So
Re[p(«)(|y|™ Y — yIm= 1] = Re(er [y — oy™ )

> Re[M (&) (|y|" " =y~ 1)]
= M(a/)Re(|y|" 1 = ylm=1),
And we also have
(A y™ =y =0, 1<k<i.
Thus, we can get
agj.; =0, 1<k<i,i+1<j<n

Hence, D(<7) is a nonnegative reducible tensor, which contradicts that D(%)
is a nonnegative reducible tensors. Then

x[m—l] _ eiG‘$|[m—1].

Clearly, p(</) is real geometrically simple when m is even. O
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Theorem 7 Let o/ be an order m dimension n nonnegative irreducible tensor,
and let G be the set of eigenvectors corresponding to p(<Z). If x € G, then

2lm=1"T _ e19‘33|[(m*1)’“]7
where 0 relies on x, and v is the number of PTM(A)P irreducible blocks.
Moreover, p(4) is real geometrically simple with m even.

Proof Suppose
PTM(A)P = (Dij)i<i j<rs

where P is an n X n permutation matrix, D, ¢ = 1,...,r, are irreducible
matrices. Let

Sm=1] _ pT [m-1] _ (ngfll ’Zimfl])T.

PRI

Since

p(ﬂ)(m[m_” — ™Y = || — ™
we have
Re[p(«)(|z|m1 — =1 > Re[M (&) (|z|m~Y — zlm=1])).
Thus,

Re[p(g{)(PT‘l:“m—l] _ PTx[m—l])]

> Re[PTM () P(P|a| 1) — PTalm1))
Re[p(s#) (|| = 2l=1)] >

Re[PT M
Re[PTM (o) P(|z|m—1 — 2lm=1])].
Hence,

Re[p()(|2|" 7 = 2] > Re[Dy (|21 = 2, 1<

Then, by the proof of Theorem 6, we can get

-1 i0; -1 .
ZZ-[m ]:elel\z|£m ], 1<i<r.

Suppose that

[m—1]

z=Pla=(2,...,2), % :eigi\z|£m_1], 1<i<r,

and z; contains p elements. Next, we will prove that if x € G, then

2[m=1] — 0| [(m=1)"]

by inductive method.
Case 1 When r =2, let

y=rz2=(21,2), €=PT1,...,n)".
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Then Y; = T¢,. Since &7 is a nonnegative 1rreduc1ble tensor, 3 a;, .., > 0, 22, .
i € {&,...,&}, p is the side of #, and 7, € {&v1, - 60} Then we have

n
i0 1
S gy T = (g
j2,---,jm:1
n
1
S0 Gzl @] = el ™
J2,-jm=1
n n
Z a21]2]m|x]2‘ o ‘x]m‘ = Z a’;ljg---jmij e x]m Y
J25Jm=1 J2sejm=1
CL’;L-“ I A 5 26192(];7 = ‘l*q« |.’13~ |’
1°tm 12 Im 11" lm 12 Tm
ei(mfl)élaﬁm_} ‘l‘” ‘mfl . |x~' |m71 — ei(mfl)q‘)g |x | m—1 ‘l‘” ‘m,1
11l 2 tm i im .

Since az ~ > 0, we have
i1t

ei(m71)91 _ ei(mfl)Gg

Thus,

Lm=1)2] _ ei9‘z|[(m*1)2}'
Then

x[(m—l)Q] — ei("x|[(m—1)2]'
Case 2 When

r=k, z=Plo=(z,...,2), zi[m_l} = eiei\z|£m_1], 1 <<k,

we have . .
x(mfl) :elé‘$|(m71) )

Case 3 Whenr=%k+1, let

y=z= (21, s zp1), A D=l 1<i<h 4,
¢=PT(,....n)7T.

Then Y; = x¢,. Since &/ is a nonnegative irreducible tensor, 3 a;,...;,, > 0, 22, .

i € {&,...,&}, p is the side of z, i € {&+1, - 60} and z; s the
component of z;. Then we have

n

0. B
Z agle...jmij cr g, = e 7p($27)|.1‘;1 ‘m 17
j27---7jm:1
n

N @l ] = el

J2se-Jm=1
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n n

Z aquQ...ij]’z‘ ‘Jjjm‘ = E A jaejm Tiz " Lim |5
J25ejm=1 J2y-jm=1
a~> ~ Xz - :elejaﬁ ~ |,’L‘~“x~ "
11 tm 12 Tm 11 tm 12 im
ei(m—l)ﬂlavmfl . |m—1 . ‘% ‘m—l — ei(m—l)Gjavmfg . ‘m—l . |xﬁ7 |m—1
i1 12 im i1im 02 im
Since a;;...;,, > 0, we have
el(m=1)01 _ i(m=1)0;
Thus,
[(m=1)?] _ i), |[(m—1)? [(m=1)] _ i), ([(m—1)2
2 = |z | (=7 % —¢ ‘Zj‘[( )*]
Let
(21,25), i1=1,
w=(wy,...,wg), w;=1 Z, 2<i<j -1,
Zit1, JH1<i<k
Then
112 . _12 )
r=k w=Px= (wi,. .., wg), wz[m ] :e‘gz\zwﬂ ] , 1<i<k.
Thus, we have
_1\k+1 : _1\k+1
x(m 1) _ ele‘x|(m 1) )
Moreover, p(47) is real geometrically simple when m is even. O

Corollary 3 If
Go = {a | 2=Vl = g|lm=D"y Gy = {& | 2l(m=D] = )| [(m=D"T}
then .
Gy = {9 V"4 | 2 € Gy}

Moreover, if & is an order m dimension n nonnegative irreducible tensor and
G is the set of eigenvectors corresponding to p(<f), then the side of G is not
more than (m — 1)" up to a multiplicative constant.

Proof For any z € Gy, we have

2lm=17] — 0| [(m=1)"],

Then _
i8-‘,—2]1# i9+2jn7r
2 = (@0 [y, T [z
i 1] i 2j17m i 2jn T
T (T [y, S DT o).
Since

i 2j ™ i 2jnm
(e =07 |zq],...,e =07 |z,|) € Gy,



New definition of geometric multiplicity of eigenvalues of tensors 1135

we have o,
Gy ={e' D"z |z € Go}.

The side of Gy is not more than (m — 1)", so the side of G is not more than
(m —1)" up to a multiplicative constant by Theorem 7. O

Lemma 2 Let o/ be an order m dimension n nonnegative irreducible tensor,
and let G be the set of eigenvectors corresponding to p(<f). If x,y, kix + koy €

G, kiks # 0, then
ot or == -1 e‘g,

Yi N Yj T
and _
0 _ B
k2 k‘g

Proof Since x,y € G, |y| = k|z| by Theorem 2. Since k1z + koy € G, we have

|k1x 4 koy| = plx|.

Thus,
plzj| = [k1z; + kay;).
Hence,
p ‘ ko yj‘ ,
—=1+—==|, 1<j<n,
|1 | ki /
and the desired result follows. |

Theorem 8 Let o/ be an order m dimension n nonnegative irreducible tensor,
and let G be the set of eigenvectors corresponding to p(</). Then

G=GU---UG,, p<(m—-1)y0b (3.2)
where
G ={kx # 0| glm=VT = |gm=V"T gL reCy, GinNG; =0, 1<i,j<p.

Hence, {x1,...,2,} C G is the generalized base of p(a/) and p(«/) has
geometric multiplicity p.

Proof We get (3.2) by Theorem 7 and Corollary 3. From (3.2), we can get the
result that V x € G, x = pg Zlepixi, 2, €Gi, 1 <i<p,p€C,{pi,1 <i<
p}, does not have more than one nonzero element. Suppose that the geometric
multiplicity of p() is ko < p. Then we have

G =By U---UBy,,
where

Bj={kx #0 |2l = gm0 £k e C}, BNB;=0, 1<i,j < ko,
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by Lemma 2. Then we get that there exist ig and jo such that 1 < ig,j0 <
p, Gi, = Gj,, which contradicts that G; NG, =0, 1 < 4,5 < p. So we get the
conclusion that for 0 # z; € Gj, 1 < j <p, {z1,..., 2} C G is the generalized
base of p(</) and p(<7) has geometric multiplicity p by Definition 13. O

Lemma 3 Suppose that G is the set of eigenvectors corresponding to A\ and
Go is the set of eigenvectors corresponding to As. If Gy is isomorphic to Go
and the geometric multiplicity of A1 is finite, then A1 and Ao have the same
geometric multiplicity.

Proof Because (G; is isomorphic to G2 and the geometric multiplicity of Ay
is finite, we can suppose that {z1,...,zx} C G; is the base of G and there
exists isomorphism ¢, which satisfy {¢(x1),...,¢(2p)} C G2 and G2 can not
only be linear represented by {¢(x1),...,¢(zp)}, but also can be worked out
by {¢(z1),...,¢(xp)}. Thus, the geometric multiplicity of Ay is finite and the
geometric multiplicity of A9 is not more than the geometric multiplicity of A;.
Thus, the geometric multiplicity of A; is not more than the geometric
multiplicity of Ay by the same proof. Therefore, A\; and Ay have the same
geometric multiplicity. O

Theorem 9  Let o7 be an order m dimension n nonnegative irreducible tensor.
Suppose that p(<?) and p(<f)el are eigenvalues of o/. Then these eigenvalues
have the same geometric multiplicity.

Proof Suppose
;nym_l — p(;zf)ewy[m_”, of gL — p(&zf)l‘[m_l},

D:diag(ﬂ,...,y—n)
‘y1| ‘yn|
Then
m—1
. pum——
o =e W .D"D.D...D.

Thus,

n

Z Aijig- iy, Lig " " Loy,

i2yeeim=1
n 1
e S (&)*W’ﬂ...yﬂ.m .
— 1,02 im 7 Tm
i2,---,im:1 ’ ‘yl‘ ‘yZQ‘ ‘ylm‘ :
Lo Y\ ") O Yi Yi
= e 19(_) a--...'m—Q m B o xm
il 222@2 R 7 B T

= p( )z,
and then

. Yi Yi yi o\l

i im 6 7
Qi oy STy ey, = p(A)e (—x) .
D Giiin e i i = p)e0 (g

12,..,im=1
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Letting
_ ( Y1 Yn )
z=(—"—"—2x1,...,— Tn |,
|1 |Yn]
we have
ol 7l = p(ﬂ)eigz[m*”.
For

fU:(fCh---axn)GGm y:(y1>'--ayn)€Gla

where Gy is the set of eigenvectors corresponding to p(&7) and G is the set of
eigenvectors corresponding to p(.«)e'?, define project ¢ as follows:

80('1‘) =z = (ﬂxlv"'vy—nxTZ)‘
|y1‘ ‘yn|

Then, Vz,z’ € Ag, x # 2/, we have p(x) # ¢(2'). So ¢ is an injection from Gy
to G1. In addition, for y € G, since

ﬂym_l _ p(ﬂ)eiey[m—l}’

we have .
Ay = plal)e g,

where 7 denotes the dual of y. Let

Dl = dlag(%aa@)
91| (Y|
Then
m—1

N p— —
o =l D™D Dy Dy
Thus, for any z € Gy,

n
Z Aijo-jmZja """ Zjm
j27---7jm:1
n _ — —
1) Y, 7(77’7,71) Y Y.
oserim=1 Yi Yja Yjm
e N\ —(m—1) n U U,
- ele (%) Z i 5o im ‘—3'2‘ T ‘—J'm‘ " Zjo T Bhm
Yi J2seenfm=1 Y3 Yjm

= p(e )2,

and then

n

Y Y 7. m—1
D Gijein |%]2| ‘%]m| “Zjy B = P(ﬂ)<#zi) .
G2 yeefm=1 Yja Yijum
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Letting

(@ (B

o™ = p(at )™,

So for any z € G, there exists

T = ((%)21,,(%)%) € Gy

such that ¢(x) = z, and then ¢ is a surjection. And we also have

we have

o(k1z+koa') = (‘z—h (kiz+koa')1, ..., éj—”‘ (klx—l—kzgx')n) = k1o(z) + koo(2').
So Gy is isometry to G7. Then p(«/) and p(/)el’ have the same geometric
multiplicity by Theorem 8 and Lemma 3. (]

Theorem 10 Let </ be an order m dimension n monnegative irreducible
tensor, which has k different eigenvalues with modulus p(</). Suppose that G
1s the set of eigenvectors corresponding to p(ﬂf)e%ij/k, 7 =1,....k. Then these
etgenvalues have the same geometric multiplicity.

Proof Take 0 =2mj/k, 7 =1,...,k. Then the conclusion follows immediately
from Theorem 9. (]

Theorem 11 Let &/ be an order m dimension n monnegative irreducible
tensor, which has k different eigenvalues with modulus p(</). Suppose that G
is the set of eigenvectors corresponding to A\e* /% § =1, .k, and y is an
eigenvector corresponding to p(ng)e%i/k. Then Gj, j = 1,...,k, are isometry
each other and

Gp = {zEC”‘x e G, z= ((ﬂ)pxl,...,< Jin )pxn)}, p=1,...,k—1.
Y11 Y1n|

Proof The conclusion is easily obtained from Theorem 9. (]

Theorem 12 Let </ be an order m dimension n mnonnegative irreducible
tensor, which has k different eigenvalues with modulus p(<7), and let A, be the

set of eigenvectors corresponding to p(<?)e*™P/k p =1,.. k. If z € Gp, y €
Aj., then

j j
5 ((ﬂ) xl(y—n> x”) €Ay, jEZp=1,... k
|y Y|

Proof Suppose that
of el — p(;z{)e%ip/kx[m_l], szym_l — p(ﬁ)y[m_l],

D:dlag<£>7y—n)> D1:diag<gj01,...,%jon).
‘y1| |yn| ‘yjol‘ |yjon‘
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Then
m—1 m—1
—N— A —_———
A = D" V. D D=o D"V . Dy D).
Thus,
n
Z ai,iz---im$i2 Ty,
12,...,tm=1
- yi \~m1 v, Yinm
n
Yi )_(m_l) Yiy Yip
(|:l/z'| 22%: R 77 B VT
_ p(ﬂ)GQWip/kx;ﬁfl’
and then
Z a’i,ig"'im 22 “e tm . xi2 oo xlm — p(ﬂ)eZﬂ-lp/k <_Z xZ) .
Letting
_ ( Y1 Yn )
M= \7T77%L---s7 7%n),
v |yn]
we have .
%Z’lﬂ_l = p(%)e%lp/kzgmfu.
Repeating the procedure above, we have
(HEECIED
Zj = — ) L1y \ 7T Tn ),
‘y1| |yn‘
which satisfies .
;zfz;”*l = p(;z%)e%‘p/kzj[-m_u, jeN.
With the same progress, we can get
%z}”fl = p(ng)e%ip/kzj[-mfl], jeN.
Thus, z; € Gp, j€Z, p=1,... k. (|

Corollary 4 Let &/ be an order m dimension n nonnegative irreducible
degenerated tensor, and let G be the set of eigenvectors corresponding to p(<f).
Then

complex geometric multiplicity of p(</) = algebraic multiplicity of p(</)

= (m — 1)"_1.
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Proof Suppose that G is the set of eigenvectors of p(/). Because & is a
nonnegative irreducible degenerated tensor, M(<7) is an irreducible matrix.
Then

p(2 )™ = M()alm= Y = p(a)alm 1,

Thus,
el =gl G =GrUGa U UG gye,

where

Gy = {kx #0 | 2l = [z[n-1"] ) € 0},
GiNnG; =0, 1<i,j<(m—-1)"1
So we establish the complex geometric multiplicity corresponding to p(&/) =
(m—1)""1 by Theorem 8. And when ) is not the root of Res(M (27) —\I) = 0,
Res(7/z™ 1 — Azlm~1])
= Res(M (& )ztm=1 — Aglm=1)
= det(M (o) — M) V" "Res(a?" a7t L2

1

= det(M(a7) — AI)m=1"

Because the side of {\ | det(M (<) — AI) = 0} is finite, for any A, we have

n—1

Res(/z™ "t — Azlm= 1) = det (M (o) — AI)mD
Then we can get the algebraic multiplicity of p(/) = (m — 1)"~!, too. Thus,
we get the desired result. O

In [4], Chang et al. pointed out that “By definition, we see complex
geometric multiplicity < algebraic multiplicity, but not equal in general”.
However, by Definition 13, we can get

geometric multiplicity of p(«7) = algebraic multiplicity of p(<7)

for some kinds of nonnegative tensors.

Corollary 5 Let </ be an order m dimension n nonnegative irreducible tensor,
which has k different eigenvalues with modulus p(/). Suppose that G is the set
of eigenvectors corresponding to )\eZ“ij/k,j =1,...,k. Then Gj,j = 1,...k,
are isometry each other.

Proof Suppose

oyt = ple)e . D= diag( ),
ly1] [Ynl
Then
m—1

— o 0 7 p=(m=1) . ..
of =e Vol - D D---D.
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Thus,

Res(/ 2™~ — Aglm=1)
m—1
. pm——
= Res(e Vo7 - D™D D Dam - Agm 1
_ (e—iG det(D))_(m_l)nRes(;z{(Dx)m_l B ei&)\(Dl,)[m—l])
= (7 det(D))*(m*l)nRes(;zfszjL - eig)\z[mfl]),

where z = Dx. Suppose
©(A\) = Res(&z™ 1 — Azlm=1]),
P(eN) = (e7¥ det(D)) == D"Res(a 2™~ 1 — elf \zm—1),

Then
eV =0, o) £0

if and only if ' .
PN =0, P 0.

Take § = 2mj/k,j = 1,...,k — 1. Then G, j = 1,...,k, are isometry each

other.

O

We should mention that, Corollary 5 can be deduced from [16, Theorem
2.4]. However, in view of the analysis, our idea is totally different from that of

[16].

4 Algebraic multiplicity for two-dimensional nonnegative tensors

In this section, we will establish the algebraic multiplicity for order m dimension

two tensors by the property of its resultant.
Suppose that <7 is a tensor, and

x = (r1,22), Y= (xT_l,xT_ng, .. ,ngl_l), B = (bij)2xm,

which satisfy

By = o/a™ 1.
Define
C= (Cij)(2m—2)><(2m—2)>
where
big, 1<ks<m,1<i1<m—-1j5j=k+1—1,
Gj=4q b, 1<k<mm<i<2m—2,j=k+i—m,

0, otherwise.
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Then we can get that the resultant of . is det(C' — AE). Thus, the algebraic
multiplicity of & can be obtained by the property of C.

Lemma 4 Assume that </ is an order m dimension two mnonnegative
irreducible tensor and bljil #0,1 <id <ry, 1< g, <m (resp. b2k‘¢2 # 0,
1 <io <71, 1 < kyy < m). Let (a,b) be the greatest common divisor of a and
b, qg=(m—1,j1 —1,...,j,, — 1) (resp. g= (m—1,ky — 1,... k., —1)). Then
C' can be divided into q same irreducible blocks.

Proof Since &7 is an order m dimension two nonnegative irreducible tensor, C
is a nonnegative matrix and by, # 0, bo; # 0.

Case 1 r=2ry, wherer=2m—2,ry =m— 1.
For b21 750,
pathai;: 1 —ri+1—1,

pathaio: 2 — ri +2 — 2,

ey

pathai,, : 1 — 2ry — ry.

Case 2 For by, #0,
(1) r = le‘Q + rs3, Where To = j1 — 1,

pathas;: 1 — 7o +1— - = kiro+1

e
— 11 + 1o — 13+ lpathay, —pyr172 — 73 + 1,
e
pathag,,: r3 — ro +r3 — -+ — kiro + r3 — 11 + ropathay,,ra,
e
pathagy,41: 73 +1 —=ro+1r3+1—--- — kyry + 73 + 1patha;;1,

_
pathagy,: ro — 2r9 — -+ — kyro 4 ropathai,y,—py4172 — 73;

(2) ro = kQT‘g + T4,

—_—
pathagy : 1pathagiry — r3 + Ipatha,,—,, 1 - - - pathag,, —gors+174 + 1,

ey

-
patha37’3—7‘4 T3 — 7“4patha2r3—r47ﬂ2 - r4patha7’2 —rg " patha2r2—(k2—2)r3—7‘47ﬂ37

-
pathaz,, r,+1: 73 — r4 + 1lpathag,, 41720 — 14

+ 1pathay,—r,+1 - - - pathag,, 1)1,

ey

pathas,, : r3pathas,,ropathas,,ro — r3pathas,, ., - - - pathag,, (ka—1)r3T4-

Continuing the process:
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(p) Tp = kaerla

e
patha,411: Ipathapirp —rpp1 +1--- pathaprp_k.prp““l,

“ ey

pathapiir, , : pp1pathagy,, 7p - - - pathas, —(k,—1)r, . "p+1,

or

—_—
patha,i11: Ipathaprpyr +1--- pathap(kp,l)rpﬂﬂrp + Ipathap,, 11,

ey

pathozpﬂrerl : rp+1pathaprp+lrppathaprprp —Tpyl - pathaprp(kp_g)TlepH.
In (1),
pathagy(m—1j, -1+, 1<i<(m—1,1—1), k(m—1,j1 —1) =51 -1,
have the same number and
Cirj = Cigj, 1 <1l < (m—1,51 —1),

where ¢; ; is the j-th line segment of the pathasy(,,—1 j,—1)4;- The same result
can be got for 0 <k < ro/(m —1,751 —1). Solet rp11 = (m—1,51 —1), by, # 0,
bo1 # 0 make C have 7,11 = (m — 1, j; — 1) same irreducible blocks.
Case 3 For by, #0, let rp, = (m — 1,42 — 1), byj, # 0,b21 # 0 in order to C'
has rp = (m — 1, jo — 1) same irreducible blocks.

In Case 2,

patha;: 1 — - =71y +1— - =1

pathaerrlZ?”p+1—>..._>27“p+1_>..._>7ap+1'

In Case 3,
patha1:1—>..-—>rk,+1_>..._>17

patha, : 7, — - — 21 — - — 1)

Then let r = (Tp+1,?”k) = (m — 1,j1 — 1,j2 — 1), bljl # 0, b1j2 75 0, b21 # 0
make C' have r same irreducible blocks.

Repeating the same procedure, let ¢ = (m — 1,51 — 1,..., 4y, — 1). Then C
can be divided into ¢ same irreducible blocks. O

Lemma 5 Assume that </ is an order m dimension two mnonnegative
irreducible tensor and byj, # 0,1 < <rm,1 < 5 < m, bak,, % 0,
1 <ig < ro, 1 < kiy < m. Let (a,b) be the greatest common divisor of a
and b, qg=(m—1,j1 —1,...,40y —L,k1 —1,... k., —1). Then C can be divided
imto q same irreducible blocks.

Proof The conclusion can be reached by the same proof of Lemma 4. U
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Theorem 13 Assume that </ is an order m dimension two monnegative
irreducible tensor and bljil £ 0,1 <ip <7 < m, bgki2 #£ 0,2 < i9 < 7o
Let (a,b) be the greatest common divisor of a and b, g = (m—1,51—1,..., 5, —
1,k1—1,...,kr, —1). Then its characteristic polynomial ¢(t) := det(tI — <) is
of the form

o(t) = {t"[t" — pM(D)[t* — 01p" ()] - [t — 6,08 ()]},

where [0| <1 for 1 <i<rifr>1, and m+rk=(2m—2)/q.

Proof (' can be divided into ¢ same irreducible blocks by Lemma 5. And every
block have order (2m — 2)/q. So every block have characteristic polynomial

o) = ([t = PP [t" = 610" ()] - [t — 60" ()],

where |§;] < 1 for 1 < i < rif r > 1, and m + rk = n. This can be deduced

from [17, Corollary 2.12]. Thus, & have characteristic polynomial ¢(t) =
det(tI — o) with the desired form. O

Theorem 14 Assume that </ is an order m dimension two monnegative
irreducible tensor and bljil £ 0,1 < i < 7y, bgki2 £ 0,1 < io < 79. Let
(a,b) be the greatest common divisor of a and b, ¢ = (j1 — 1,...,4p, — 1,m —
ki, ko —Fki, ..., ky, —k1). Then its characteristic polynomial ¢(t) := det(tl — o)
is of the form

(t) =t IR — pR (AN — a1 (A)] - [ 60" (A,

where [0| <1 for 1 <i<rifr>1 andm+rk=(m—1+j,, —ki)/q.
Proof The conclusion can be reached by the same proof for Theorem 13. [

Theorem 15 If o/ is an order m dimension two nonnegative irreducible
tensor for every eigenvalue with modulus p(<7), then its complex geometric
multiplicity = algebraic multiplicity.

Proof Since o7 is a nonnegative irreducible tensor with dimension two, we
can suppose by, # 0,1 < iy < 11, bg,, # 0,1 < dp < 72,9 = (1 — 1,
cosdr — Lym — k1,...,m — k). Assume that G is the set of eigenvectors
corresponding to p(«7). Let x = (x1,22) € A. Then

A 2" = p(at )™,

Thus,

n
j27"'7j7n:1
n
-1 X
ST iyt g, = ™ i=1,2,

J255Jm=1
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n n
J2,-esjm=1 G2yeesim=1
Hence, we can get
m—ji, Jin-1 _ [ T1\™ s —— .
bij,, ©y Ty = :c—1| |z "0 o) T, 1< iy <y
m—ki, ki,—1 Tg M1 s o )
bok, oy Cay? =5 |2 fao P 1 <y <o
19 CC2|
So we have
T )jil 1 ( 2 )le 1 .
— =|— 1< <r
) X1 X"
(\fvl\ |2
Ty "Mk 2\ kiy .
( ) = <—) , I<ig <
|21 |z2]
Then
214 = &)zl
And if

29 = e z]ld | |z| € A,

then x € A. Since

q:(jl—l,...7j7«1—1,m—]€1,...,m—km)
:(jl—l,...,jn—1,m—]€1,k2—k1,...,kr2—/{:1)7

its complex geometric multiplicity = algebraic multiplicity. O
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