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Motivation 

Distributed scheduling (scheduling game) and the price of anarchy 
 Scheduling game: motivated by practical engineering scenarios in which 

heterogeneous resources serve users with different privileges.  
 In distributed scheduling environments, decisions are made by selfish jobs (i.e., 

players in scheduling games) that are only interested in achieving their 
objectives without any concern for the global optimal outcome for the game. 

 The objective of each job: minimizing its completion time.  
 Global social objective: minimizing the maximum completion time across all 

machines. 
 Mechanism design: provides a powerful framework for mitigating equilibrium 

inefficiency by guiding selfish job behaviors toward desirable system outcomes.  
 Nash equilibrium: a schedule where no job has a unilateral incentive to switch to 

another machine. 
 Price of anarchy (PoA): the ratio between the social objective value of the worst-

case Nash equilibrium and the optimal social objective value. 
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Motivation 

Parallel processing policy v.s. makespan policy  
 Several classical and well-studied policies: ShortestFirst, LongestFirst, 

randomized policy, and makespan policy.  
 Parallel processing hybridizes two classic policies: ShortestFirst and makespan.  
 Under the makespan policy, the completion time of a job is equal to the 

completion time of the machine on which it is processed.  
 Under parallel processing, only the largest job on a machine incurs a completion 

time equal to the machine load, which substantially complicates equilibrium 
analysis.  

 Intuitively, the parallel processing policy should be superior to the makespan 
policy because it divides the time horizon into tiny time slots of equal length and 
processes all currently unfinished jobs in parallel.  

 Key question: Whether the parallel processing policy reduces PoA under the 
makespan policy.  
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Problem statement 
Scheduling game Q2|GoS|Cmax under parallel processing  
 Uniform machines: 𝑚𝑚 machines 𝑀𝑀𝑡𝑡 with speed 𝑠𝑠𝑡𝑡 , certificate 𝑔𝑔 𝑀𝑀𝑡𝑡 , 1 ≤ 𝑡𝑡 ≤ 𝑚𝑚.  
two machines 𝑀𝑀1with  speed 1,  𝑔𝑔 𝑀𝑀1 = 1  and   𝑀𝑀2 with speed 𝑠𝑠, 𝑔𝑔 𝑀𝑀2 =2 (s is the 
speed ratio)  
 Independent selfish jobs: 𝑛𝑛 jobs, 𝐽𝐽𝑖𝑖 = (𝑝𝑝𝑖𝑖 ,𝑔𝑔𝑖𝑖) where 𝑝𝑝𝑖𝑖   and 𝑔𝑔𝑖𝑖 ∈ {1,2} denote the size 

and class of 𝐽𝐽𝑖𝑖 , 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, respectively.  
 Hierarchical scheduling:  job 𝐽𝐽𝑖𝑖 can be executed on machine 𝑀𝑀𝑡𝑡 only when 

𝑔𝑔𝑖𝑖 ≥ 𝑔𝑔(𝑀𝑀𝑡𝑡). 
Class 1 only on 𝑀𝑀1  and class 2 on either machine  
 Global social objective: Minimize makespan 𝐶𝐶max 

 
 

 
 
 

Parallel processing (EQUI) policy 
Each machine splits its timeline into equal slots and serves all unfinished jobs round-
robin. 
Completion time of the kth job on machine 𝑡𝑡: 

𝐶𝐶𝑘𝑘𝑘𝑘 =
𝑛𝑛𝑖𝑖−𝑘𝑘 𝑝𝑝𝑘𝑘𝑘𝑘+� 𝑝𝑝𝑗𝑗𝑗𝑗

𝑘𝑘

𝑗𝑗=1

𝑠𝑠𝑡𝑡
. 

Key property: machine load = completion time of the largest job 
Lemma 1 (Yu et al., 2010)    A Nash equilibrium always exists under the parallel 
processing policy. 
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Upper bound of PoA 

PoA upper bound derived via case analysis on Nash equilibria 
 Theorem 1 (upper bound) 
 
      Under parallel processing, the PoA for 𝑄𝑄2|GoS|𝐶𝐶max is at most: 

𝑓𝑓 𝑠𝑠 = min 1 + 𝑠𝑠, max 2+𝑠𝑠
1+𝑠𝑠

 1+2𝑠𝑠
1+𝑠𝑠

. 

 Proof sketch: classify by which machine is the bottleneck, then consider subcases 
on whether class-1 load exceeds the  largest class-2 job, and further classify by 
𝑠𝑠 ≥ 1 or 𝑠𝑠 < 1. 

 
 

 
 

 
 
 

Key Lemma: In any Nash equilibrium, suppose that 𝐽𝐽𝑘𝑘1 = (𝑝𝑝𝑘𝑘1, 2)  is the last-ranked 
maximum-size job in the job set  𝛼𝛼 ⊆ 𝐺𝐺21 and 𝑡𝑡(𝐺𝐺1) > 𝑝𝑝𝐵𝐵1. Then, the completion time 
of job 𝐽𝐽𝑘𝑘1 satisfies 𝐶𝐶𝑘𝑘1 > 𝑡𝑡 𝛼𝛼 + 𝑝𝑝𝑘𝑘1. 
𝐽𝐽𝐵𝐵1 = (𝑝𝑝𝐵𝐵1, 2): the largest class 2 job scheduled on machine 𝑀𝑀1; 
𝑡𝑡 δ : the total size of the jobs in any job set 𝛿𝛿; 
𝐺𝐺1: the set of class 1 jobs; 
𝐺𝐺21: the set of class 2 jobs assigned to machine 𝑀𝑀1. 
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Lower bound of PoA 

Tight instance constructions match the upper bound 𝑓𝑓 𝑠𝑠   
 Theorem 2 (lower bound) 
        For every speed ratio 𝑠𝑠 > 0, there exists a scheduling game instance under  
parallel processing whose PoA equals 𝑓𝑓 𝑠𝑠 . 
 
Each construction is verified as a Nash equilibrium: no job can reduce its 
completion time by unilaterally switching machines. Combined with Theorem 1, this 
proves that the bound is exact. 
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Main Results 
The exact price of anarchy as a piecewise function of speed ratio 𝑠𝑠 

 Theorem 3 (exact PoA for Q2|GoS|Cmax under parallel processing) 

 

 

 

 
 

𝑓𝑓 𝑠𝑠 =

1 + 𝑠𝑠, 0 < 𝑠𝑠 ≤
5 − 1

2 ,

2 + 𝑠𝑠
1 + 𝑠𝑠

,
5 − 1

2 < 𝑠𝑠 ≤ 1,

1 + 2𝑠𝑠
1 + 𝑠𝑠

, 𝑠𝑠 > 1.

 

Corollary 1 
 
For identical machines 𝑠𝑠 = 1, 
the PoA for 𝑃𝑃2|GoS|𝐶𝐶max under 
parallel processing is exactly: 

PoA = 3
2
. 

The PoA curve of parallel processing always lies 
above or coincides with that of makespan for all 
𝑠𝑠 > 0, implying that parallel processing cannot 
outperform makespan in terms of equilibrium 
efficiency loss. Therefore, equal time-slice 
allocation does not reduce selfish inefficiency for 
hierarchical scheduling games. 
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Generalization 

Extension to m uniform machines with two hierarchy levels 

Generalized model 
 
k machines with service certificate 1 (speed 1): 
𝑀𝑀1,𝑀𝑀2 … ,𝑀𝑀𝑘𝑘 
m–k machines with service certificate 2 (speed 

s): 𝑀𝑀𝑘𝑘+1,𝑀𝑀𝑘𝑘+2 … ,𝑀𝑀𝑚𝑚 
Class 1 jobs only on certificate-1 machines; 

class 2 jobs can use any machine 
 
Lower bound construction 
We construct a concrete instance, yielding 

PoA ≥ 𝑓𝑓(𝑘𝑘, 𝑠𝑠) = �
1 + 𝑠𝑠, 0 < 𝑠𝑠 ≤

𝑚𝑚 − 𝑘𝑘 − 1
𝑚𝑚 − 𝑘𝑘

,

2 −
1

𝑚𝑚− 𝑘𝑘
, 𝑠𝑠 >

𝑚𝑚− 𝑘𝑘 − 1
𝑚𝑚 − 𝑘𝑘 .

 

Open problems 
 
The exact PoA for general m 

machines remains open 
Multiple hierarchy levels (more 

than 2) introduce substantial 
obstacles 
Heterogeneous machine speeds 

require tailored case analysis ENGINEERING Inform Technol Electro
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Conclusions 

We have derived the exact PoA for a two-uniform-machine scheduling game with 
hierarchical service levels under the parallel processing policy. PoA follows a 
clean piecewise form depending on the machine speed ratio. 

For identical machines, PoA is exactly 3/2. We also extend to the general m-
machine case with a lower bound, though the exact PoA for more than two 
machines remains an interesting open direction. 

The equal time-slice allocation does not reduce selfish inefficiency for 
hierarchical scheduling games. 

The parallel processing policy cannot reduce PoA under the makespan policy.  
 ENGINEERING Inform Technol Electro

n Eng



Yong WU received the M.S. and Ph.D. degrees in operational 
research and cybernetics from Zhejiang University, Hangzhou, 
China, in 2006 and 2009, respectively. He is currently a professor 
at Ningbo University of Finance and Economics. His research 
interests include algorithm design and analysis, scheduling 
problems, and scheduling games. He was awarded the honorary 
title of Leading and Top Talent in Ningbo. 

Qi WEI received the M.S. degree in operational research and 
cybernetics from Zhejiang University, Zhejiang, China, in 2006 
and the Ph.D. degree in operational research and cybernetics 
from Shanghai University, Shanghai, China, in 2015. He is 
currently a professor at Ningbo University of Finance and 
Economics. His research interests include computational 
complexity, algorithm design, game theory, and scheduling. He 
has presided over two national research projects in China, was 
awarded the honorary title of Leading and Top Talent in Ningbo, 
and was selected for the Leading and Top-notch Talent Project of 
Colleges and Universities in Zhejiang Province. 

ENGINEERING Inform Technol Electro
n Eng


	Exact price of anarchy for �a two-uniform-machine scheduling game �under parallel processing
	Motivation
	Motivation
	Problem statement
	Upper bound of PoA
	Lower bound of PoA
	Main Results
	Generalization
	Conclusions
	幻灯片编号 10


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Gray Gamma 2.2)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages false

  /CreateJobTicket false

  /DefaultRenderingIntent /Perceptual

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams true

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts false

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /Warning

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 600

  /ColorImageDepth 8

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.01667

  /EncodeColorImages true

  /ColorImageFilter /FlateEncode

  /AutoFilterColorImages false

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /Warning

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 600

  /GrayImageDepth 8

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 2.03333

  /EncodeGrayImages true

  /GrayImageFilter /FlateEncode

  /AutoFilterGrayImages false

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.40

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.76

    /HSamples [2 1 1 2] /VSamples [2 1 1 2]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 15

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /Warning

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 2400

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<





    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /ESP <>

    /ETI <>

    /FRA <>







    /HUN <>

    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>





    /SKY <>



    /SUO <>

    /SVE <>

    /TUR <>



    /DEU <>

    /ENU <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

  >>

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [595.276 841.890]

>> setpagedevice





