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Abstract: Graph neural networks (GNNs) have achieved remarkable performance in a variety of graph-related tasks.
Recent evidence in the GNN community shows that such good performance can be attributed to the homophily
prior; i.e., connected nodes tend to have similar features and labels. However, in heterophilic settings where the
features of connected nodes may vary significantly, GNN models exhibit notable performance deterioration. In this
work, we formulate this problem as prior-data conflict and propose a model called the mixture-prior graph neural
network (MPGNN). First, to address the mismatch of homophily prior on heterophilic graphs, we introduce the
non-informative prior, which makes no assumptions about the relationship between connected nodes and learns
such relationship from the data. Second, to avoid performance degradation on homophilic graphs, we implement a
soft switch to balance the effects of homophily prior and non-informative prior by learnable weights. We evaluate
the performance of MPGNN on both synthetic and real-world graphs. Results show that MPGNN can effectively
capture the relationship between connected nodes, while the soft switch helps select a suitable prior according to
the graph characteristics. With these two designs, MPGNN outperforms state-of-the-art methods on heterophilic
graphs without sacrificing performance on homophilic graphs.
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1 Introduction tasks, such as node classification, link prediction,
and graph classification (Grover and Leskovec, 2016;
Ying et al., 2018; Zhang MH and Chen, 2018; Chiang

et al., 2019; Wu ZH et al., 2020).

Graphs are used to represent structured data
in a variety of real-world scenarios, including social
networks, biological networks, and citation networks
(Tang et al., 2009; Wang et al., 2016; Ma et al., 2019;
Zhang ZW et al., 2022). In recent years, graph neu-
ral networks (GNNs) (Hamilton et al., 2017; Kipf and
Welling, 2017; Velickovié¢ et al., 2018) have demon-
strated remarkable success in various graph-related

There is a key prior in the design of most
GNN models, the homophily prior (McPherson
et al., 2001; Ciotti et al., 2016), which posits that
nodes with similar features or the same class labels
are more likely to be connected in the graph. For

example, papers from the same area tend to cite each

¥ Corresponding author other in citation networks. The homophily prior
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provides a strong regularization that prevents GNN
models from overfitting when the amount of training
data is limited. Consequently, incorporating such
an assumption into GNN models boosts their
performance on homophilic graphs significantly.
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It should be noted, however, that graphs in the
real world can be heterophilic (Pei et al., 2020). In
these heterophilic settings, connected nodes typically
share dissimilar features and labels. In transaction
networks, scammers prefer to link to normal cus-
tomers to conceal their activities. In dating graphs,
people tend to connect with someone of the oppo-
site gender. As demonstrated in Zhu et al. (2020),
the mismatch between the prior knowledge and the
data characteristics leads to suboptimal GNN per-
formance in heterophilic settings. In some cases,
even a multilayer perceptron (MLP) model (which
ignores the graph structure and makes predictions
exclusively based on the features of the nodes) could
outperform most existing GNNs.

In this paper, we focus on solving such prior-
data conflicts in GNNs. Because the conflict stems
from the inconsistencies between the homophily prior
and the uncertain graph characteristics, our first
attempt is to remove the homophily prior in the
model. Therefore, instead of using the homophily
prior, which assumes strong similarity between con-
nected nodes, we introduce a non-informative prior
to capture the relationship between connected nodes.
Specifically, we formulate the relationship as a la-
tent variable and incorporate it into the networks.
Starting with a non-informative prior, we apply the
expectation-maximization (EM) algorithm to learn
the model parameters and the inter-node relation-
ship simultaneously. This design enables our method
to discover the arbitrary relationship between con-
nected nodes beyond the assumption of the ho-
mophily prior.

However, adopting the above non-informative
prior alone results in poor performance on ho-
mophilic graphs. Due to the non-informative prior,
no assumptions are made about the relationships be-
tween connected nodes, which can result in a broader
posterior distribution and less precise estimates of
model parameters. In contrast, an informative prior
can narrow the posterior distribution and provide
more precise estimates, especially when the sample
size is small. Therefore, instead of simply discard-
ing the homophily prior, we design a model with
mixed priors. Specifically, we combine two priors in
the model: (1) a homophily prior, which assumes
that connected nodes in the graph are similar to one
another; (2) a non-informative prior, which makes
no assumptions about the relationship between con-

nected nodes and learns the relationship from the
data using the EM algorithm. The challenge is, then,
how to determine the weight for each prior based
on the characteristics of the graphs. Particularly,
the model should put most of its weight on the ho-
mophily prior when tackling a homophilic graph, and
vice versa. A straightforward way is to check which
prior can better fit the training data. However, be-
cause most current GNNs are over-parameterized,
the models can easily “memorize” all the training
data even with a false prior (Arpit et al., 2017; Zhang
CY et al., 2017; Feldman, 2020). To overcome this
problem, we design a soft switch module. The in-
tuition behind the soft switch is that models with
proper priors will fit the training data faster in the
early stages of training. Therefore, instead of train-
ing the model until it memorizes all the training data,
the soft switch monitors which prior fits the train-
ing data better in the warm-up stage and then puts
more weight on the suitable prior. Combining all

these designs, we propose the mixture-prior GNN
(MPGNN).

The contributions of this paper can be summa-
rized as follows:

1. To address the prior-data conflicts of GNNs
in heterophilic settings,
informative prior in the model by formulating the
relationship between connected nodes as a learnable

we incorporate a non-

transition matrix, thus enabling the inter-node rela-
tionship and the model parameters to be optimized
simultaneously through an EM algorithm.

2. We adopt a scheme of mixture priors and
implement a soft switch module to adjust the weight
of the priors according to the characteristics of the
graphs. Such a design allows the model to converge
quickly to the proper prior without requiring much
training data.

3. Combining these two designs, we propose
the MPGNN model and evaluate it on both syn-
thetic and real-world benchmarks. Results show
that: (1) MPGNN can effectively capture the re-
lationship between connected nodes and the soft
switch can choose the suitable prior adaptively; (2)
MPGNN achieves state-of-the-art performance on a
range of heterophilic graphs without sacrificing its
performance on homophilic graphs.
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2 Related works

2.1 Graph neural networks

GNNs normally adopt a message-passing mech-
anism, where nodes in the graphs aggregate messages
from their neighbor and are updated based on the ag-
gregated messages. Generally, the message passing
in layer [ can be formulated as

m{) = AGGREGATE ({th-U Lue N(v)}) . (1)

h() = UPDATE (th), mg>) , (2)

where hg ) denotes the representation of node u in
layer I, and N'(v) denotes the neighbors of node
v.  Different choices of the AGGREGATE and
UPDATE functions yield a variety of GNNs. Graph
convolutional network (GCN) (Kipf and Welling,
2017) aggregates the message from the neighbors and
averages the aggregated and ego messages. Graph-
sage (Hamilton et al., 2017) uses more aggregation
methods, such as sum and long short-term mem-
ory (LSTM) (Hochreiter and Schmidhuber, 1997).
Graph attention network (GAT) (Velickovié¢ et al.,
2018) calculates the attention score of each edge
and assigns it as the edge weight during aggrega-
Jumping knowledge network (JKNet) (Xu
et al., 2018) concatenates the node representations in
each layer to capture information in different neigh-
boring hops. Adaptive diffusion convolution graph
neural net (ADC-GNN) (Zhao et al., 2021) uses the
adaptive diffusion convolution layer, which automat-
ically learns the optimal neighborhood size from the
data. There are some other works that attempt to
separate the feature transformation step with the

tion.

propagation step. Approximated personalized prop-
agation of neural predictions (APPNP) (Klicpera
et al., 2019) propagates the information of each node
via personalized PageRank (Jeh and Widom, 2003).
C&S (Huang et al., 2021) adopts an error correlation
step and a prediction correlation step to enhance the
propagation performance. Propagation then train-
ing adaptively (PTA) (Dong et al., 2021) uses the
pseudo labels from the label propagation and assigns
an adaptive weight to each pseudo label. From the
spectral perspective, most GNNs can be regarded as
low-pass filters (Wu F et al., 2019). As a result, these
models implicitly assume that high-frequency com-
ponents are noise and should be ignored. However,

in heterophilic settings, it is possible for the high-
frequency components to carry meaningful informa-
tion, which hinders the generalization of traditional
GNNSs on heterophilic graphs.

2.2 Graph neural networks with heterophily

Recent advances in GNNs attempt to improve
the performance of GNNs in heterophilic settings.
Geom-GCN (Pei et al., 2020) computes the graph
structure based on the unsupervised node embed-
dings and aggregates messages in a bi-level man-
ner. Homophily and heterophily GCN (HyGCN)
(Zhu et al., 2020) makes targeted designs to boost
the accuracy of GNNs under heterophily, such as
the separation of ego and neighbor embeddings,
higher-order neighborhoods, and multi-layer combi-
nation. Compatibility propagation GNN (CPGNN)
(Zhu et al., 2021) introduces a compatibility ma-
trix in GNN to model the level of heterophily or
homophily in the graph. Generalized PageRank
GNN (GPR-GNN) (Chien et al., 2021) first learns
the embedding for each node and then propagates
the embeddings through the generalized PageRank.
Universal graph convolutional network (UGCN) (Jin
et al., 2021) fuses the information from 1-hop, 2-
hop, and K-nearest neighbors (KNN) networks via
a discriminative aggregation. Graph pointer neural
network (GPNN) (Yang et al., 2022) uses a pointer
network to select the most relevant nodes, sorts them
into a sequence, and learns from the sequence using
LSTM (Hochreiter and Schmidhuber, 1997). Bern-
Net (He et al., 2021) constructs an adaptive filter
using an order-K approximation of the Bernstein
polynomial and determines its spectral characteris-
tics by configuring the coeflicients of the Bernstein
basis. Compared to the previous works, MPGNN is
the first work to formulate the weakness of GNNs in
heterophilic settings as a prior-data conflict prob-
lem and to solve the conflict via a mixture-prior
scheme.

3 Preliminaries
3.1 Notations and problem setting

This work focuses on the semi-supervised node
classification task in graphs. Given a graph G =
(V, &, X) with n nodes, where V is the set of nodes
{v1,v2,- v, } with |[V| = n, & is the set of edges,



372 Wu et al. / Front Inform Technol Electron Eng 2024 25(3):369-383

and X = (1,9, - ,azn)T € R™ ™ is the corre-
sponding feature matrix. The feature of each node
v € V can be denoted as an m-dimensional vector
x, € R™. The adjacency matrix A € R"*" can be
constructed by setting A;; = 1 if (v;,v;) € € and
Aij = 0 otherwise. y € VIVl denotes the ground-
truth label for each node. Our goal is to predict the
classes of unlabeled nodes.

3.2 Measure of homophily in graphs

Currently, there are mainly two metrics for mea-
suring the homophily ratio H: average node ho-
mophily Hyede (Pel et al., 2020) and average edge
homophily Hedge (Zhu et al., 2020). Hnode mea-
sures the label similarity among the neighbors of
each node, while Hcgge measures the label similarity
between the members of each connected node pair.

Definition 1 (Average node homophily) The aver-
age node homophily is defined as
1 {yo = yu : u € N(v)}]
7'[node(g) = N . (3)
P (]
Definition 2 (Average edge homophily) The aver-

age edge homophily is defined as

LS pe=wl @

Hedge(g) ) |£| (u,v)€E

These two metrics share the same trend in de-
scribing homophily. Their ranges are both [0, 1].
Higher values indicate stronger homophily. In this
paper, we use the average node homophily (Hpode)
as the measure of homophily and use H to denote it
for simplicity.

3.3 Expectation-maximization algorithm

The EM algorithm is an approach for learn-
ing maximum likelihood parameters for models with
unobserved latent variables (Dempster et al., 1977;
McLachlan and Krishnan, 1997). Instead of optimiz-
ing the latent variable and the model parameters at
the same time, the EM algorithm breaks the learning
process into two steps: estimation step (E-step) and
maximization step (M-step). First, the algorithm
initializes both the latent variables and model pa-
rameters with a set of preset values. Then it turns
into an EM loop until the learning converges. In
the E-step, the algorithm estimates the latent vari-
ables using the observed data, whereas in the M-step,

the algorithm updates the hypothesis with the la-
tent variables learned in the expectation step. Com-
monly, the basic two steps of the EM algorithm, i.e.,
the E-step and M-step, more easily converge com-
pared to the whole optimization problem, and there-
fore the EM algorithm can stabilize the training pro-
cess, especially when the labeled data is limited.

3.4 Prior-data conflicts in GNNs

Incorporating prior knowledge into machine
learning models is a well-known approach for improv-
ing the efficiency and accuracy of learning. When the
prior knowledge aligns with the true distribution of
the data, models designed based on such knowledge
can achieve high performance. For instance, in the
image processing field, the design of convolutional
neural networks (CNNSs) incorporates prior knowl-
edge of the locality and translational invariance of
image data (Krizhevsky et al., 2017). Similarly, in
natural language processing, recurrent neural net-
works (RNNs) are designed to model the sequential
correlation in text data (Hochreiter and Schmidhu-
ber, 1997). In the graph domain, traditional GNNs
incorporate the homophily prior, leading to high ef-
ficiency in homophilic settings (Kipf and Welling,
2017). However, attempting to learn all knowledge
from data using a general model can lead to a low
model learning efficiency and a high risk of overfit-
ting noise information in the data, especially with
limited data volume.

Nevertheless, when the prior knowledge does not
align with the true distribution of data, it may result
in prior-data conflicts. For example, using a model
based on homophily prior to learn heterophilic data
can significantly degrade the model’s performance
(Pei et al., 2020; Zhu et al., 2020). To address this
issue, we propose a graph model that can adapt to
both homophilic and heterophilic settings, without
the need for manual selection of the prior assump-
tions. To achieve this, there are two important chal-
lenges: (1) How to design a model that can capture
various node relationships and learn such relation-
ships from the graphs, without relying on the ho-
mophily prior? (2) How to enable the model to adopt
the suitable prior according to the characteristics of
the graphs?

To address the first challenge, we design a
non-informative propagating module that removes
the homophily assumption from traditional graph



Wu et al. / Front Inform Technol Electron Eng 2024 25(3):369-383 373

models and models the relationships between graph  ing the need for multiple training runs to select a
nodes as a learnable transition matrix, allowing the  suitable prior.

model to learn the true relationships between nodes

from the data. Although the non-informative mod- 4 Framework and designs

ule eases the conflict and improves performance on

heterophilic data, it may result in suboptimal per- In this section, we present the overall MPGNN
formance on homophilic graphs, because it is less framework. We first introduce the overall MPGNN
data-efficient compared to the homophily module in  framework in Section 4.1. In Section 4.2, we demon-
homophilic settings. strate how we integrate a non-informative prior to
formulate the relationship between connected nodes
and how such relationships can be learned by us-
ing an EM algorithm. In Section 4.3, we intro-
duce the mixture-prior scheme to avoid the per-
formance degradation caused by discarding the ho-

Therefore, it is crucial to select a suitable prior
based on the graph’s characteristics to achieve op-
timal performance, which is the second challenge of
this work. A straightforward solution is to check
which priors fit the training data better. However,
this simple fit-check method has two drawbacks: (1)
Over-parameterized models can easily “memorize” all
the training data even with a false prior; (2) Man-
ual comparison and selection of models are required,
making it difficult to achieve end-to-end learning.
To solve these problems, we design a soft switch to
select a suitable prior based on the characteristics The overall MPGNN framework is as illustrated
of the graphs. The soft switch is sensitive to the in Fig. 1. The MPGNN model is built on a gener-
initial speed of model fitting, enabling it to quickly  alized PageRank GNN (GPR-GNN) (Chien et al.,
select a prior that aligns with the data in the early =~ 2021). If we eliminate the non-informative propa-
stages of training. Furthermore, such fitting speeds  gation and soft switch components of the MPGNN
are reflected in the gradient corresponding to the model, we obtain the GPR-GNN model.
modules, which enables us to integrate it into the First, MPGNN maps the node features X into
training pipeline in an end-to-end manner, eliminat-  the node embeddings H(® e RIVIXC where C

mophily prior on the graphs with strong homophily.
Finally, some details, including the initialization and
the regularization of MPGNN, are demonstrated in
Section 4.4.

4.1 Overall framework

Homophily prior

H{), =AHO HY =AHL Y

hom hom

Sigmoid

Z =540 HO

hom ‘G" hom” "hom

HO=MLP (X)

J
/
<.

"\,

\:

non * “non

=S$H) HO
on G

H.=AHOT H@=AHGIT

Non-informative prior

Learning node representation Propagation Soft switch

Fig. 1 The overall framework of MPGNN. First, we use an MLP to obtain the representation of each node.
After that, the node representations are propagated with two priors separately: homophily prior and non-
informative prior. Finally, a soft switch is used to combine their results according to the characteristics of the
graph
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denotes the number of classes:

H© = MLP,(X). (5)

After that, MPGNN propagates the node embed-
dings with two priors: homophily prior and non-
informative prior. When propagating with the ho-
mophily prior, we assume that connected nodes tend
to share similar features and labels. Therefore, we
propagate the messages and calculate the next-layer
embedding of each node by averaging the messages
from its neighbors:

HY — AFg!Y. (6)

hom hom

Here, A denotes the normalized adjacency matrix.
Let D denote the degree matrix of A + I. A is cal-
culated as A = D~Y/2(A+T)D~Y/2 and H{" " de-
notes the node embedding after [-layer propagation.

In comparison, when propagating with the non-
informative prior, we integrate a transition matrix
T € RY%C to model the relationship between con-
nected nodes. The transition probability is given by

T = softmax(T). (7)

Tij indicates the probability that the neighbor of a
node of class ¢ is a node of class j. T is initialized with
an all-zero matrix and learned via the EM algorithm.
The detailed designs of the propagation with a non-
informative prior are described in Section 4.2. The
node embeddings in layer [ can be derived by

HY — AH-DT (8)

Here we obtain the node embedding in each layer [
with two priors Héi))m and H,[(llo),[1 To capture the
information from different hop ranges, we combine
the node embedding in each layer with the weight
~® to derive the final node representations:

L
j : l l
Zhom = }(szH}(lo)m7 (9)
=0

DOD Z ’YI]OI]HI(IZOI]7 (10>

and we can compute the loss for each propagation
method as follows:

1
D

(vi,yi)EDL

£ (softmax (Zyom), » ¥i) »

(11)

Ehom =

1
D1 Z £ (softmax (Zyon); , ¥i) »
(vi,y:)€EDL
(12)
where Dy, denotes the training dataset. Combining
the loss with homophily prior and non-informative

prior, the loss of the model with mixed priors is

Emix = XEhom + (1 - S\)Erxorn (13)

where A = sigmoid()\) denotes the weight of the ho-
mophily prior and 1 — X denotes the weight of the
non-informative prior accordingly. The value of A
depends on how homophilic the graph is. The rea-
sons that we use the sigmoid function here and how
MPGNN learns A dynamically during the training
process are illustrated in detail in Section 4.3.

The overall training pipeline of MPGNN is
demonstrated in Algorithm 1. In the training stage,
Luix is back-propagated. The MLP parameters 6,
the transition matrix T', the weight of each layer’s
embedding v, and the weight of mixed priors A are
learned via gradient descent in an alternative man-
ner. Specifically, in the E-step, MPGNN updates
only the transition matrix 7", with all other param-
eters being fixed, whereas in the M-step, MPGNN
updates the rest of the parameters with the transi-
tion matrix being fixed.

4.2 Non-informative prior

In MPGNN, propagation with the non-
informative prior is used to solve the prior-data con-
flict. Instead of following the homophily prior, we
learn the inter-node relationships by formulating the
transition probability as a latent variable T' and in-
tegrating it into the propagation process, as demon-
strated in Section 4.1. Because our task is to estimate
the model with an unobserved latent variable T', we
adopt the EM algorithm to learn the model parame-
ters and the transition matrix simultaneously. First,
we initialize T' with an all-zero matrix, which means
that nodes have the same probability of being con-
nected to nodes of any class. Then, we enter an EM
loop to learn the transition matrix and the model
parameters alternately. In the E-step, we learn the
transition matrix that minimizes £,,n, with the cur-
rent model parameters 6 and ~ being fixed:

T = argmin Loon (X, A; 0171471, T), - (14)

whereas in the M-step, the model parameters 6 and
the weights for each propagation layer ~ are updated
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with the transition matrix T" being fixed:

ol A1t = argnélin Loon(X, A; 0,7, THY.  (15)
o

Using the transition matrix, MPGNN can cap-
ture the relationships between connected nodes in
the graph, thus eliminating the prior-data conflict
that is inherent in traditional GNNs in heterophilic
settings. In the equations presented above, we specif-
ically illustrate the update of the heterophilic com-
ponent while leaving out the training process for
the homophilic component. Algorithm 1 provides
a comprehensive overview of the complete training
pipeline.

4.3 Mixed priors and soft switch

The non-informative prior and EM learning en-
hance the performance of MPGNN on the graphs
with little homophily. However, we observe a per-
formance drop when applying them to homophilic
graphs. Empirically, it is observed that although
the optimized transition matrix approaches an iden-
tity matrix in homophilic settings as is expected,
the propagation would aggregate information follow-
ing an unstable transition matrix before the identity
transition matrix is learned, resulting in sub-optimal
accuracy on homophilic graphs. Therefore, instead
of simply replacing the homophily prior with the non-
informative prior, we propose to use a mixture of
these two priors and adjust their weights dynamically
according to the intrinsic inter-node relationship of
the graph.

The most intuitive way to choose a suitable
weight is to check which prior fits the data bet-
ter. However, because most GNNs are over-
parameterized, they can easily memorize all the
training data after training (Arpit et al., 2017; Zhang
CY et al., 2017; Feldman, 2020). Fig. 2 shows the
training loss curve of models with homophily and
non-informative priors. After about 100 epochs of
training, models with either prior can fit the training
data completely (the training loss approaches zero).
Meanwhile, we observe that the model with suitable
prior fits the data faster in the early training stage.
Based on this observation, the soft switch should be
more sensitive at the initial stage and less sensitive
when the training stabilizes. In MPGNN, we adopt
the sigmoid function as the soft switch. The sigmoid
function is shown in Fig. 3. In the initial stage, the

soft switch lies in an activation region, where the
module adapts to the data quickly by adjusting the
weights to bias a suitable prior. Once the output ap-
proaches a tail of either 0 or 1, the soft switch turns
into the saturation region, where gradients vanish
and the soft switch stops learning.

Algorithm 1 MPGNN training pipeline
Require: graph G = (V, E), input features X, output

labels Y, and number of layers L.

1: Initialize the MLP parameters @, the transition ma-
trix T", the weight for each layer «, and the parameter
of the soft switch .

2: Set learning rate o and number of epochs V.

3: fort=1to N do
Compute node embeddings using the MLP layer to
derive the initial node embedding H®) according
to Eq. (5).

5. Starting from H®), propagate the node embed-
dings with homophily and heterophily priors to
derive the embeddings H}(‘Qm and H,E’O’n in each
layer according to Eqgs. (6)—(8).

6:  Combine the node embedding in each layer to de-
rive the final node embeddings Zyhom and Zyon
according to Egs. (9) and (10).

7 Compute loss according to Egs. (11)—(13) and ob-
tain the final loss Lmix-

8:  Compute the gradients VoLmix, VirLmix,
\Y (1) EmiX7 v'y”) EmiX7vT£mix~
hom non
9:  Update the parameters using the Adam optimizer.

We use the alternating training mechanism to im-
plement the EM training process. In the E-step,
MPGNN updates only the transition matrix T,
with all other parameters being fixed, whereas in
the M-step, MPGNN updates the rest of the pa-
rameters with the transition matrix being fixed.
These two steps are conducted alternately:

E step:
T+ T —avVrtLl
M step:
0« 0— aV9£
A A — aVAL
l l
’ylfxo)m — ’ylfxo)m —aV l(L) L
'Yr(xlo)n — ’Yt(llo)n - av,‘élgn‘c
10: end for

11: return MPGNN with optimized parameters.
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Fig. 2 The training loss of the models with the ho-
mophily prior and the non-informative prior on a ho-
mophilic graph (Cora) (a) and a heterophilic graph
(Chameleon) (b). References to color refer to the
online version of this figure
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Fig. 3 The sigmoid soft switch. In the early training
stage, the soft switch lies in the activation region and
A approaches a tail of either 0 or 1. After that, the
soft switch turns into the saturation region, where
gradient vanishing happens and the soft switch stops
learning. References to color refer to the online ver-
sion of this figure

4.4 Initialization and regularization
4.4.1 Initialization

MPGNN is designed to be insensitive to graph
types. It is important to avoid introducing any bias
through the initialization. The transition matrix T'
is, therefore, initialized as an all-zero matrix. The
weight v for the embedding in each layer is set to
1/L. X is initialized as zero so that the initial weight
of both priors is set to sigmoid(0) = 0.5.

4.4.2 Regularization

We adopt dropout regularization during the
MPGNN training procedure. Dropout randomly
drops a certain proportion of features during the
training stage, which prevents the learned transition
matrix from overfitting. For the node representation
learning stage, we apply weight decay to improve the
generalizability.

5 Experiments

In our experiments, we first demonstrated the
performance of MPGNN on both synthetic data
(Section 5.1) and real-world data (Section 5.2). We
showed that the non-informative design in MPGNN
can effectively learn the relationships between con-
nected nodes under both homophily and heterophily
settings in Section 5.3. An empirical analysis of the
soft switch in MPGNN is presented in Section 5.4.

5.1 Evaluation on synthetic data
5.1.1 Generation of synthetic data

For the evaluation of synthetic data, we used
¢SBM (Deshpande et al., 2018) to generate the syn-
thetic graphs and adopted the setting used in the
evaluation of GPR-GNN (Chien et al., 2021). In
this setting, the informativeness of node features
and graph structure was controlled by a parame-
ter ¢, which took a range of [—1,1]. The abso-
lute value of ¢ indicates how much information is
carried by the graph topology, while the sign of ¢
indicates whether the graphs are homophilic or het-
erophilic. Specifically, ¢ = 0 indicates that only node
features are informative, ¢ = 1 indicates a strong
homophilic graph, while ¢ = —1 corresponds to a
strong heterophilic graph. In terms of data splits, we
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considered two random splits of the data. In sparse
splitting, the training/validation/testing ratios were
2.5%/2.5%/95%, similar to the setting in Kipf and
Welling (2017). In dense splitting, the ratios were
60%/20%/20%, corresponding to the setting in Pei
et al. (2020).

5.1.2 Baseline models

On synthetic data, we compared MPGNN with
the following baseline models: MLP, GCN (Kipf and
Welling, 2017), GAT (Velickovi¢ et al., 2018), JKNet
(Xu et al., 2018), APPNP (Klicpera et al., 2019),
and GPR-GNN (Chien et al., 2021). For all baselines
except GPR-GNN, we adopted the implementation
in the PyTorch Geometric Library (Fey and Lenssen,
2019). For GPR-GNN, we used the implementation
provided by the authors.

5.1.3 Model setup

For fair comparisons, we kept the setup of
MPGNN consistent with that of GPR-GNN. Specifi-
cally, a two-layer MLLP with 64 hidden units was used
to learn the node representations, and the propagat-
ing path length L was set to 10. For the learning rate
and weight decay, we tuned them in {0.01, 0.05} and
{0, 0.0005}, respectively. For the weight of each layer
v, we used the default random initialization in Py-
Torch. As we demonstrated in Section 4.4, the tran-
sition matrix T" was initialized as an all-zero matrix.
We ran each experiment 100 times with different data
splits and random seeds.

5.1.4 Results

Table 1 shows the performance of MPGNN
and all baseline methods on ¢SBM under sparse
splitting. When tackling the heterophilic graphs
(¢ < 0), MPGNN outperformed all baselines by
a significant margin. Because GPR-GNN had the
best performance among all baselines with the het-
erophilic settings, we compared our results with
mainly the performance of GPR-GNN. Specifically,
when ¢ = —0.50,—0.75, and —1.00, indicating
strong heterophily, MPGNN outperformed GPR-
GNN by 27.42%, 7.88%, and 8.70%, respectively. We
conjecture that there are two reasons for the signif-
icant improvement. First, GPR-GNN expresses the
inter-node relationships using the sign of A\, which
therefore allows only a bi-directional relationship.

In comparison, MPGNN formulates the relationship
as a transition matrix, which captures more diver-
sified inter-node relationships. Second, compared
to GPR-GNN, in which the node relationships and
layer amplitudes are coupled in one parameter A,
MPGNN separates them and formulates the inter-
node relationships explicitly. Therefore, MPGNN is
more sensitive when capturing the relationships be-
tween nodes, leading to better accuracy under sparse
splitting. Results under dense splitting confirm the
assumption from another perspective. In Fig. 4,
we show the test accuracy of MPGNN and GPR-
GNN under dense splitting. Although both models
achieved good accuracy in the end, we observed that
the test accuracy of GPR-GNN fluctuated in the
early stage of learning and used about 200 epochs
to achieve optimal results. In comparison, MPGNN
converged faster and remained stable with high ac-
curacy in fewer than 50 epochs. However, in weak
homophilic settings, we noticed that APPNP out-
performed MPGNN when ¢ = 0.25,0.50. Under
these settings, the amount of information carried
by the graph structure was relatively small, thereby
increasing the difficulty in capturing the weak ho-
mophily between nodes with MPGNN. As a result,
MPGNN achieved a sub-optimal result compared
with APPNP, which makes a homophily assumption
on the node relationships.

1.0 4

o o
® ©

Test accuracy
o
~

0.6
0.5 — GPR-GNN
MPGNN
0.4 1
0 200 400 600 800 1000

Number of epochs

Fig. 4 The performance of MPGNN and GPR-GNN
under dense splitting (¢=-0.75). Although both
GPR-GNN and MPGNN achieved good performance
after they were fully trained, GPR-GNN experienced
instability in the early training stage. References to
color refer to the online version of this figure
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5.2 Evaluation on real-world data
5.2.1 Real-world datasets

To evaluate real-world data, we adopted three
homophilic graphs and three heterophilic graphs.
Specifically, for homophilic graphs, we chose three
citation graphs, namely Cora (McCallum et al.,
2000), Citeseer (Sen et al., 2008), and PubMed (Sen
et al., 2008). In terms of heterophilic graphs, we
chose three benchmark datasets used in Pei et al.
(2020), including Chameleon, Squirrel, and Actor.
The statistics of the datasets are summarized in Ta-
ble 2. We adopted the typical data split as in related
works, where the training/validation/testing splits
were 60%, 20%, and 20%, respectively.

5.2.2 Baseline models

On real-world data, we compared MPGNN with
For GNNs without
special designs for heterophilic graphs, we adopted
three classic models, GCN (Kipf and Welling, 2017),
GAT (Velickovié et al., 2018), and APPNP (Klicpera
et al., 2019), as the baselines. For GNNs designed for
heterophilic graphs, we adopted GEOM-GCN (Pei
et al., 2020), HoGCN (Zhu et al., 2020), UGCN (Jin
et al., 2021), BERNNET (He et al., 2021), and GPR-
GNN (Chien et al., 2021) as the baselines. For each
model, we ran the experiments 10 times and reported
the mean accuracy with standard deviation.

the following baseline models.

5.2.3 Results

The accuracices of MPGNN and all baselines
on real-world datasets are demonstrated in Table 3.
In heterophilic settings, MPGNN outperformed all
baselines by a notable margin. In particular, UGCN,
BERNNET, GPR-GNN, and MPGNN achieved bet-
ter results on the heterophilic graphs. The rea-
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son is that these four methods are designed to cap-
ture information from multi-hop neighbors, whereas
other models can only reach neighbors within a
two-hop radius. Among these methods, GPR-
GNN and MPGNN outperformed other baselines
on the heterophilic graphs, whereas compared with
GPR-GNN, MPGNN still improved the accuracy by
3.64%, 7.36%, and 1.46% on Chameleon, Squirrel,
and Actor, respectively. We noticed that the perfor-
mance of MPGNN on homophilic graphs was slightly
inferior to that of GPR-GNN. This is due to the
fact that, while the soft switch can aid the model in
selecting a suitable prior quickly, it has a slight im-
pact on the model during the warm-up period, which
makes it less effective on homophilic graphs than on
heterophilic graphs.

Overall, MPGNN performed similarly on both
synthetic and real-world datasets, with its main ad-
vantage lying in heterogeneous graph learning. Be-
cause it can adaptively learn the relationships be-
tween nodes from the data without relying on pri-
ors, it avoided the problem of prior-data conflicts
and achieved good performance. However, on ho-
mophilic datasets, especially with small data vol-
umes and insignificant homophily, MPGNN suffered
from a small performance loss. The reason for this
is that even though the soft switch can quickly se-
lect a suitable prior for MPGNN, an incorrect prior
during the warm-up phase can cause slight perturba-
tions in model optimization, ultimately resulting in
a slight decrease in performance. This loss is difficult
to avoid in practice because we cannot know which
prior the training data follows in advance unless we
conduct multi-step training to determine the data
characteristics first and select the appropriate prior
accordingly, which would introduce additional labor
and time costs.

Table 1 Results for cSBM under sparse splitting

Accuracy (%)

Model
¢= —1.00 ¢= —0.75 ¢= —0.50 ¢= —0.25 ¢=0 ¢$=0.25 ¢ =0.50 ¢=0.75 ¢=1.00
MPGNN  97.96+0.76 96.37+0.55 94.92+1.04 62.98+2.19 59.234+1.42 67.814+1.03 84.60+1.25 94.60+0.67 95.40+1.08
GPR-GNN 89.26+0.58 88.49+1.26 67.50£0.52 58.304+1.09 58.094+0.74 67.654+1.33 84.654+0.75 93.86+0.53 95.02+1.03
APPNP 49.60+0.21 51.52+0.26 56.084+0.31 59.10+0.49 60.34+1.07 68.01+1.57 85.65+1.52 94.2440.48 92.8240.63
MLP 50.03+£0.94 53.13£0.48 56.28+0.62 59.254+0.49 62.03+0.74 60.484+0.59 57.814+0.37 53.23+0.21 50.31+0.28
GCN 55.8840.50 62.544+0.75 56.324+0.44 52.334+0.51 54.384+0.32 67.03+0.35 84.38+£0.20 93.34+1.53 83.64+0.58
GAT 53.44+0.32 57.70£0.51 53.194£0.39 51.554+0.35 53.364+0.63 63.384+0.15 81.03+0.35 88.65+0.41 82.08+0.33
JKNet 51.41+0.40 58.32+0.30 52.66+0.71 50.63+0.15 52.304+0.25 65.66+0.38 84.614+0.15 93.014+0.60 90.6340.41

The highest accuracies are in bold
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Table 2 Statistics of the real-world datasets

Parameter Value
Cora Citeseer PubMed Chameleon Squirrel Actor
Number of nodes 2708 3327 19 717 2277 5201 7600
Number of edges 5278 4552 44 324 31 371 198 353 26 659
Number of features 1433 3703 500 2325 2089 7600
Number of classes 7 6 5 5 5 5
Homophily (H) 0.656 0.578 0.644 0.024 0.055 0.008
5.3 Visualization of the transition matrix
0.8
In this subsection, we visualize the learned tran- 0
sition matrix to show that the design of the non- 06
informative prior can effectively capture the relation- [ 04
ship between connected nodes. .
Fig. 5 shows the learned transition matrix on 02
¢SBM in both homophily and heterophily cases.
MPGNN could capture the corresponding relation- 0 @ 1
ships effectively. When ¢ = 1.0, the transition ma-
trix is a diagonal matrix, indicating the large proba-
bility that connected nodes belong to the same class. 0- 08
When ¢ = —1.0, the transition matrix is an anti- 06
diagonal matrix, meaning that nodes of one class
tend to connect to nodes of the other class. -04
Fig. 6 shows the learned transition matrix on 1 [ 02
two different heterophilic graphs, Chameleon and
Squirrel.  Although both graphs are heterophilic o ;
graphs, the relationships between connected nodes (b)

were quite different. On the Chameleon dataset,
MPGNN captured a block-like relationship. Specif-
ically, nodes of class 0 preferred to connect to the
nodes of class 1, and vice versa, while nodes of
classes 2-4 were more likely to be connected. As
for the Squirrel dataset, we observed that nodes of
all classes tended to connect with nodes of class
4. These learned relationships were consistent with

Fig. 5 The learned transition matrix on synthetic
dataset ¢SBM: (a) homophily, ¢=1.00; (b) het-
erophily, $=-1.00

the ground-truth relationships. For example, on the
Chameleon dataset, among edges that had one ver-
tex of class 0, 41% of them had the other vertex of
class 1, which was three times more likely than other

Table 3 Accuracy on the real-world datasets

Accuracy (%)

Model
Cora Citeseer PubMed Chameleon Squirrel Actor
GCN 87.6340.49 78.38+0.28 86.9240.43 60.964+0.78 45.6640.39 30.5940.23
GAT 87.5040.36 80.1340.30 86.3040.13 63.9040.46 42.7240.33 35.9840.23
APPNP 88.1040.29 80.3340.26 89.1540.35 51.9140.56 34.77+0.34 38.86+0.24
GEOM-GCN 85.434+0.49 78.38+0.36 86.9240.43 61.064+0.51 38.28+0.27 31.8140.24
HyGCN 87.9040.32 76.77+0.36 88.6040.31 58.38+1.76 32.33+1.94 34.49+1.63
GPR-GNN 88.65+0.26 80.0140.15 89.194+0.09 67.4840.40 49.9340.53 39.30+0.27
UGCN 87.354+0.18 79.90+0.27 87.2240.09 64.3040.57 44.8340.31 40.0940.87
BERNNET 88.5240.95 80.1040.45 88.2140.16 68.5240.43 51.3540.50 40.554+1.01
MPGNN 88.3940.28 80.38+0.20 89.1240.11 71.124+1.63 57.29+1.38 40.76+1.32

The highest accuracies are in bold
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Fig. 6 The learned transition matrix on real-world
datasets: (a) Chameleon; (b) Squirrel

On the Squirrel dataset, for nodes of all
classes, the edges that connected to nodes of class 4
occupied the largest proportion of all edges.

classes.

5.4 Analysis of the soft switch

In this subsection, we report an empirical anal-
ysis of the soft switch focusing on two aspects: (1)
Can the soft switch correctly adjust the weights ac-
cording to the degree of homophily? (2) Can the soft
switch contribute to a performance boost?

To answer question (1), we inspected the deriva-
tive of Lix with respect to A:

8£mix o a‘cmix . @
ON  ax  OA (16)
= (Lhom — Luon) - A+ (1= A).

This derivative reveals two soft switch behav-

First, because \ € (0,1), the sign of the
gradient depends on the magnitudes of Ly, and
Luon- When Lyom > Luon, the derivative is posi-
tive and the soft switch will put more weight on the
non-informative prior via gradient descent. Second,
- (1- 5\) takes the maximum at the initial point
where A = 0.5, which stands for the activation re-
gion. When A approaches a tail of either 0 or 1,
A (1-— 5\) approaches 0. The soft switch enters the
saturation region and stops learning, which meets
the design requirements we mentioned in Section 4.3.

iors.

To evaluate the performance improvement
brought by the soft switch, we tested the perfor-
mance of MPGNN with/without the soft switch on
the Cora and Citeseer datasets with sparse splitting.
As Table 4 shows, without the soft switch, training
MPGNN with a non-informative prior on homophilic
graphs led to sub-optimal accuracy, which verifies
the need to combine the homophily prior and the
non-informative prior.

Table 4 Accuracy on Cora and Citeseer under sparse
splitting

Accuracy (%)

Model
Cora Citeseer
With soft switch 80.75+0.16 67.88+0.38
Without soft switch 78.59+0.13 59.9140.26

5.5 Computational complexity and conver-
gence analysis

Because MPGNN uses GPR-GNN as the base
model, we discuss their theoretical and empiri-
cal time complexity in this subsection. Theoreti-
cally, MPGNN introduces additional overhead com-
pared to GPR-GNN in two aspects: (1) The non-
informative part of MPGNN requires an extra tran-
sition matrix multiplication during training; (2)
MPGNN needs to train the homophilic part and the
non-informative part simultaneously, which will in-
troduce extra time overhead. The former overhead
is relatively low because the transition matrix is a
small C' x C' matrix, where C' denotes the number of
classes in the data. However, the latter costs around
2x overhead because MPGNN needs to train two
sub-models. The empirical results in Table 5 con-
firmed the theoretical analysis. The non-informative
part of MPGNN costed about 1.12x time compared
to GPR-GNN, while the whole MPGNN framework
costed 2.14x time compared to GPR-GNN. Never-
theless, note that there are some potential techniques
to reduce the running time of the whole MPGNN
framework. For instance, the propagation of two
priors can be executed in parallel. Furthermore, be-
cause the soft switch will quickly disable one of the
propagation paths, we can discard the unselected
prior when the soft switch enters saturation to avoid
executing these two propagation paths simultane-
ously. This technique can be implemented using the
dynamic programming feature of PyTorch.
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Table 5 Empirical computational complexity for 1000
epochs

Computation time (s)

Model
Cora Chameleon
GPR-GNN 11.71 11.41
MPGNN (non-info)* 13.21 12.88
MPGNN 25.11 24.52

* Non-informative part of MPGNN

Another important aspect is the speed of con-
vergence. MPGNN uses the EM algorithm to learn
the model parameters and the transition matrix si-
multaneously. To address the concern about the low
convergence rate of the EM algorithm, we compared
the models with the homophily prior (Mpem) and
the non-informative prior (M, ) on both homophilic
and heterophilic graphs. The comparison metric we
used was the number of iterations required for the
model to achieve its optimal validation performance.
Results are shown in Table 6. From the results, we
can observe that M., converged more slowly than
Mhom on homophilic data. However, when dealing
with heterophilic data that did not comply with the
homophilic prior, the EM method had a higher con-
vergence rate than the one based on the homophilic
assumption.

Table 6 Number of epochs to achieve optimal valida-
tion performance

Number of epochs

Prior type
Cora Chameleon
Myom 32 154

This phenomenon can be explained by the two-
sided effect of the EM algorithm. On one hand,
the EM method requires alternating optimization of
model parameters and the transition matrix. At the
initial stage of training, the model parameters and
transition matrices are not accurate enough, lead-
ing to an inaccurate optimization direction and a
decrease in the speed of convergence. On the other
hand, the EM method can capture the relationships
between connected nodes, which helps the model
converge faster. When the homophilic prior is not
suitable for heterophilic data, the EM method can
capture the relationships between connected nodes
more accurately. Such benefits overwhelm the ini-
tial low convergence speed of the EM method, lead-

ing to a higher convergence rate on heterophilic
data.

5.6 Results on heterophilic graphs at larger
scales

To further verify the effectiveness of MPGNN
in capturing the relationships between connected
nodes, we tested the performance of MPGNN on
three larger-scale heterophilic graphs proposed in
Lim et al. (2021), namely Pokec (Leskovec and Krevl,
2014), arXiv-year (Hu et al., 2020), and snap-patents
(Leskovec et al., 2005; Leskovec and Krevl, 2014).
The statistics of these three datasets are shown in
Table 7. The experiments were run on an NVIDIA
RTX 3090 with 24 GB GPU memory. For baselines,
we followed the best-tuned hyperparameters of Lim
et al. (2021). For MPGNN, we set the learning rate
as 0.05, the weight decay as 0, and the dropout as 0.2.
The results are shown in Table 8. From the results,
we observed that MPGNN achieved state-of-the-art
performance on all three datasets. The improvement
over GPR-GNN demonstrated that MPGNN can
capture the relationships between connected nodes
effectively, which is crucial for the performance of
GNNs on heterophilic graphs.

Table 7 Statistics of the larger-scale datasets

Value
Parameter

Pokec arXiv-year snap-patents
Number of nodes 1 632 803 169 343 2 923 922
Number of edges 30 622 564 1 166 243 13 975 788
Number of features 65 128 269
Number of classes 2 5 5
(H) 0.445 0.222 0.073

(H) denotes the average edge homophily

Table 8 Performance on the larger-scale datasets

Accuracy (%)

Model

Pokec arXiv-year snap-patents
GCN 75.45+0.17 46.0240.26 45.6540.04
GAT 71.77£6.18 46.0540.51 45.37£0.44
APPNP 62.5840.08 38.1540.26 32.19£0.07
H2GCN - 49.0940.10 —
GPR-GNN 78.83£0.05 45.0740.21 40.1940.03
MPGNN 80.39+0.31 49.64+0.19 52.48+0.04

— denotes out of memory. The highest accuracies are in bold
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6 Conclusions

In this work, we demonstrate that the sub-
optimal performance of GNNs on heterophilic graphs
is due to prior-data conflicts. We propose MPGNN,
which solves such conflicts via (1) integrating a non-
informative prior and (2) using a soft switch to bal-
ance the homophily prior and non-informative prior
adaptively. The integrated non-informative prior
can effectively capture the relationships between con-
nected nodes, therefore boosting the performance of
MPGNN on heterophilic graphs. Meanwhile, the
design of the soft switch can adjust the weights of
the homophily prior and non-informative prior adap-
tively, which helps MPGNN choose a suitable prior
according to the intrinsic inter-node affinities of the
graphs. With these two designs, MPGNN achieves
state-of-the-art performance on both homophilic and
heterophilic graphs.
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