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Abstract: Compared with general multi-target tracking filters, this paper focuses on multi-target trajectories in
scenarios where the detection probability of the sensor is unknown. In this paper, two trajectory Poisson multi-
Bernoulli (TPMB) filters with unknown detection probability are proposed: one for alive trajectories and the other
for all trajectories. First, an augmented trajectory state with detection probability is constructed, and then two
new state transition models and a new measurement model are proposed. Then, this paper derives the recursion
of TPMB filters with unknown detection probability. Furthermore, the detailed beta-Gaussian implementations of
TPMB filters for alive trajectories and all trajectories are presented. Finally, simulation results demonstrate that the
proposed TPMB filters with unknown detection probability can achieve robust tracking performance and effectively
estimate multi-target trajectories.
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1 Introduction mon solutions include the joint probabilistic data as-

sociation (JPDA) (Fortmann et al., 1983), multiple

Multi-target tracking (MTT) aims to estimate hypothesis tracking (MHT) (Blackman, 2004), and

the number of targets of interest in a scene as well random finite set (RFS) framework (Mahler, 2007,
as their positions and velocities based on the mea- 2014). The RFS framework models the target state
surement data containing target position, false alarm and the measurement as RFSs, thereby avoiding data
and clutter received by sensors (Mahler, 2007, 2014). association between target states and measurements.

MTT is widely used in many fields, such as au-  gypared with JPDA and MHT, the RFS frame-
tonomous driving (Chen et al., 2016; Pang et al.,
2021), missiles (Menegaz and Battistini, 2018; Yu
et al., 2018), robotics (Gao et al., 2020), radar sys-
tems (Joshi et al., 2022; Yan et al., 2022), and ship
tracking (Granstrém et al., 2015). For MTT, com- A series of MTT filters based on the RFS frame-
work has been proposed, mainly including the prob-
* Project supported by the National Natural Science Foundation abihty hypothesis denSity (PHD) filter (VO BN and
of China (No. 42374174) Ma, 2006), cardinality PHD (CPHD) filter (Vo BT
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tention from the academic community.
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et al., 2014). The Poisson multi-Bernoulli mixture
(PMBM) filter was proposed to solve the problem
of undetected targets due to obstruction (Garcia-
Fernandez et al., 2018; Granstrom et al., 2020). The
PMBM filter is defined as Poisson RFS and multi-
Bernoulli mixture (MBM) RFS (Garcia-Fernandez
et al., 2018) convolution, where Poisson RFS repre-
sents undetected targets and MBM RFS represents
detected targets. Note that the PMBM filter density
is obtained by the MBM filter when the birth model
of PMBM is multi-Bernoulli (MB) instead of Pois-
son. When MB is used to represent detected targets,
the PMBM filter density is obtained by the PMB
filter (Xia et al., 2022). Similar to GLMB, PMBM
is also a multi-target conjugate prior filter. It is im-
portant to note that the GLMB filter and LMB filter
mentioned above are considered labeled filters, while
the others are unlabeled.

Filters can be categorized as either unlabeled,
providing an estimate of the target set at the cur-
rent time, or labeled, providing information about
the target set at the current time as well as their tra-
jectories. The GLMB and LMB filters add a unique
label to each target state and form a trajectory by
associating the target state estimate with the same
label. However, the GLMB filter is only suitable for
MB birth models and not for independent identically
distributed cluster birth models (Garcia-Fernandez
et al., 2020D).

To estimate the target trajectory, Li TC et al.
(2019) proposed the continuous function of time to
model the target trajectory, and Houssineau et al.
(2021) proposed a multi-target trajectory track-
ing filter based on possibility theory. In addition
to the above trajectory filters, Garcia-Fernandez
et al. (2020b) proposed an RFS of trajectories
(TRFS) that models the trajectory state as a set.
TRFS can obtain the target trajectory without us-
ing the target label. Then, the TRFS was extended
to the PMBM filter, and the trajectory Poisson
multi-Bernoulli mixture (TPMBM) filter was pro-
posed by Granstrom et al. (2018). Garcia-Fernandez
and Svensson (2019) proposed the trajectory PHD
(TPHD) and trajectory CPHD (TCPHD) filters.
TCPHD reduces the storage space while maintaining
accuracy by adding a track window. When the track
window is L = 1, TCPHD degrades to CPHD. Gaus-
sian implementations of trajectory Poisson multi-
Bernoulli (TPMB) filters for alive trajectories and for
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all trajectories were provided by Garcia-Fernandez
et al. (2020c), where the alive trajectories represent
trajectories that are still alive in the monitored area
at the current time, and all trajectories represent the
trajectories that have been presented in the monitor-
ing area. The Gaussian implementation of TPMB
filters for alive trajectories estimates the set of alive
trajectories at each time step, whereas the other es-
timates the set of all trajectories at each time step.
In these TPMB filters, the Poisson component rep-
resents undetected trajectories, and the MB com-
ponent represents detected trajectories. Due to the
true posterior of TPMB being a TPMBM, the TPMB
filter is derived by using the Kullback—Leibler di-
vergence (KLD) minimization on a trajectory space
with auxiliary variables after each update (Garcia-
Fernandez et al., 2020c).

It is worth noting that the detection probabili-
ties of all the above filters are given as prior informa-
tion, and the detection probabilities of sensors are
assumed to be constant. However, in real-world sce-
narios, the detection probability of a sensor is often
affected by factors such as its hardware, external en-
vironment, and detection distance, resulting in an
unknown and time-varying detection probability. To
overcome the impact of unknown and time variation
detection probability on target tracking, Mahler used
a beta distribution to describe the detection proba-
bility and proposed the corresponding robust CPHD
filter and robust MB filter (Mahler et al., 2011; Vo
BT et al., 2013). An unknown detection probability
PMBM filter was proposed by Li GC et al. (2021),
and robust extended target PMBM filters were fur-
ther implemented by Wu et al. (2022) and Xie et al.
(2023). Although the above filters can achieve multi-
target estimation under unknown detection probabil-
ity, they can only estimate the multi-target state at
the current moment and cannot estimate full tar-
get trajectories. To directly estimate the trajec-
tory state, Wei et al. (2022) proposed a trajectory
RFS filter with unknown detection probability for
the first time based on the TCPHD filter. However,
the method in Wei et al. (2022) only considers the
tracking of alive trajectories within a track window
and does not account for tracking all trajectories.

In this paper, TPMB filters with unknown de-
tection probability are proposed to address the issue
of tracking alive trajectories and all trajectories. The
main contributions are as follows:
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1. This paper proposes TPMB filters that can
adaptively learn the unknown detection probability
while estimating target trajectories. One TPMB
filter estimates the set of alive trajectories, while
the other estimates the set of all trajectories, with
both accounting for unknown detection probability.
An augmented trajectory state space model is con-
structed for the trajectory kinematics and detection
probability, and they are propagated by applying the
TPMB filters. Moreover, the recursive expressions
for the proposed filters are derived.

2. The computationally feasible implementa-
tions of the proposed TPMB filters with unknown
detection probability are proposed. First, the tra-
jectory state is modeled by the beta-Gaussian (BG)
distribution, where the beta distribution is used to
model the detection probability and the Gaussian
distribution is used to model the kinematic state.
Then, closed-form solutions to the TPMB filter for
alive trajectories and all trajectories are provided
through the BG implementation.

2 Background

This section briefly reviews the TPMB filter.
TRFS is expressed in Section 2.1. The TPMBM with
auxiliary variable and TPMB approximation filter
are reviewed in Sections 2.2 and 2.3, respectively.

2.1 TRFS

Suppose that x € R™= represents the single tar-
get state, where n, denotes the dimension of the
state z and = contains the kinematic information
of the target, e.g., position and velocity of the tar-
get. Then the single trajectory state is represented
as X = (t, xl”’), where t represents the initial time
of the trajectory, ' = (wl,xQ, . ,:B”) is a finite
sequence of single target states of length v, and x*
fori e {1,2,...,v} denotes the state of the target at
time step t + ¢ — 1.

At time step k, for the trajectory X =
(t,xl”’), the wvariable (t,v) belongs to the set
I, = {(t,v):0<t<k,1<v<k-—t+1}, and
X € Ty = W myer, {t} x R where & de-
notes the union of sets that are mutually dis-
joint and x denotes a Cartesian product. The
set of trajectories up to time k is represented as

X = {Xk,lan,Qa-'-7Xk,ka} < ]:(T(k)), where
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F (T(k)) is the set of all finite subsets of T(;) and
Nx, is the number of elements in the set of trajecto-
ries Xy.

2.2 TPMBM with auxiliary variable

In this subsection, the TPMB approximation
filter is reviewed. The TPMB approximation filter
extends the single trajectory space with an auxil-
iary variable u € U, = {0,1,...,n%}, such that
X = (u,X) € Uy x T(1)(Garcia-Fernandez et al.,
2020c). The variable u = 0 denotes an undetected
trajectory and corresponds to a Poisson point pro-
cess (PPP), while the variable u = i denotes a single
trajectory corresponding to the i*" Bernoulli compo-
nent. The set of trajectories with an auxiliary vari-
able X belongs to F (Uy, x T{y)). Then the TPMBM
with auxiliary variable density at time step k can be
represented by

Fre(Xi) = Z

(&J;ZCIX}C)&J{/)C:X;C

3w T ()]

a€Ayg =1

fR (Vi)

where nj is the number of the Bernoulli com-
ponent, Y, = {(u,X) EXk:u:O}, and X}C =

{(u,X)ef(k:u:i}. Iy (X) is the
sity of Poisson RFS, representing the undetected
trajectories as follows:

den-

XY = e I [ ()X, (2)

)\k(f():)\k (u, X) = o [u] \e(X), (3)
1, A=28,

i ={ o 425 )

£29(X) is the density of the Bernoulli RFS,
representing the detected trajectories as

. 1 f_r,i’ai‘, X = a,
S8 X)) =3 pbaphe (x5 [u), X = {(u, X)},
0, otherwise,

(5)
H?:kl wz,a (6)
n 3,007
2pea, [ty wy
where wj, denotes the weight of global hypothesis a,
with a = (a',a?,...,a™), and o’ € {1,2,... A} is
the index of the local hypothesis of the i*" Bernoulli

wy =
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component. h’ denotes the number of local hypothe-
ses, wi’az denotes the weight of local hypothesis a’
related to the " Bernoulli component, and Ay, is the
set of all global hypotheses.

2.3 TPMB approximation

For the TPMBM density with auxiliary vari-
able fi (+) in Section 2.2, the TPMB approximation
density based on minimizing the KLD is defined as
follows (Garcia-Fernandez et al., 2020c):

where f2(Y},) is given by Eq. (2) and f} (X,i) is given
by Eq. (5) with a® =1, fori € {1,2,...,n%}. a* = 1
implies that the i*" Bernoulli component retains only
one local hypothesis, which is usually omitted from
the Bernoulli parameters, i.e., the existence proba-
bility and trajectory density in Eq. (5) are 7} and
ps (+), respectively. Then, the Bernoulli parameters
ri and p} (-) are obtained by

hi ) )

i _4,a" 1,0’

T} = g w gt (8)
at=1

hi _3, i i, i i, i
PSR Ll G ey

Zhi _d,at i,at
ai=1 W, Tk

_iat § 0
wk = Wy .

0cAy:0'=a?

;9

where

(10)

3 TPMB filters with unknown detec-
tion probability

Section 3.1 proposes the augmented trajectory
state space model for the set of alive trajectories
and the set of all trajectories. The recursions of the
TPMB filters with unknown detection probability
are provided in Section 3.2.

3.1 Augmented trajectory state space model

Refer to the method in the study of Wei et al.
(2022), let b € B = [0, 1] denote the single trajec-
tory detection probability space. It is worth noting
that b represents the probability that the trajectory
itself is detected by the sensor. The variable b is
augmented into the single trajectory state to obtain
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the single augmented trajectory state with an aux-
iliary variable, such that X = (u,X) € Uy x Xk,
where Uy x Xj represents the augmented trajec-
X =
(t, b, :101”’) € X} denotes the single augmented tra-

tory state space with an auxiliary variable.

jectory state, and the augmented trajectory state
space is obtained by

Xi = Wt v)el, {t} x B} x Rzn’”, (11)
and Xk e F (Xk) denotes the set of augmented
trajectories.

To address the TPMB filters with unknown de-
tection probability, we redefine three key compo-
nents: the state transition model for alive trajec-
tories, the state transition model for all trajectories,
and the trajectory measurement likelihood function,
all based on the augmented trajectory state space
model. In addition, p° (X ) represents trajectory
survival probability as shown by Garcia-Fernandez
et al. (2020c¢).

1. Transition model of the augmented trajectory
state for the set of alive trajectories

At time step k, the single alive trajectory X =
(t, bl:”,xl:”) S Xk, where t+v—1 = k and X}, is the
set of alive trajectories, from time step k to k + 1,
either survives with probability p° (X ) = p3(zY)
with the transition density

9k+1 (tyv bl:yyvxlzyy |'):5t [ty] 51/+1 [Vy] 511:“ [xl:uy—l]
. 6b1:u [bl:uy—l] Gz (!Euyl,’Bu)
R AGSIUSE
(12)
or dies with probability 1 — p° (X )
2. Transition model of the augmented trajectory
state for the set of all trajectories
At time step k, for the set of all trajectories Xk,
consider a single trajectory X = (t, b, :171”’) € Xk,
where t + v — 1 < k. The transition density from
time step k to k + 1 is defined as follows:

Grg1 (ty, 0", 70 |) = 64 [t,)

80 [y 01 [ V0] Gy [B1V], wy < k,
Bl [

Oy [bL9] (1 —pS (X)) , wy =k,

O [y O [2170 By [b10

S (X) gz (2" |2”) gp (B¥[1”), wy, =k+1,

(13)
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where w, =t, + v, — 1, and pS (X) =1.

3. Birth model of the augmented trajectory
state

At time step k, the newborn augmented tra-
jectory state is born independently following a PPP
with intensity

)\Zom (t, b, :171”’) = 0k [t] 01 [V] )\Eom ") )\gom (z¥).
(14)

Remark 1 The birth model of the augmented tra-
jectory state for the set of all trajectories is the same
as that for the set of alive trajectories.

4. Measurement model of the augmented tra-
jectory state

The measurement model of the augmented tra-
jectory state can be written in the same manner for
sets of all trajectories and sets of alive trajectories in
the same manner.

At time step k, a single (alive or all) trajec-
tory X = (t, bl:”,xl”’) € Xk is either detected with
probability

o\ W0k V], tH+v—1=k,
Pby <X> B { 0, otherwise, (15)
and generates a measurement with density
z X)z 2k|t, b7, x") Op— v
& (241 X) = 6 (anlt, 0", 2) -t [V "

= ¢ (2k]2") Op—t41 [V],
or undetected with probability 1 — pps (X ) .

3.2 Recursion of TPMB filters with unknown
detection probability

Given a real-valued function 7 (-) on the single
augmented trajectory state space Xy, its integral is

/w (X)ax= X //w (£, &) bl da.

(t,v)€ely
(17)
Since the detection probability and the kine-
matic state are independent, Eq. (17) can be rewrit-
ten as

/7T (X)at= Y /m, (£,6") dp*™

(t,v)ely

. /ﬂ-x (t,il?l:u) dI’l:U.

(18)
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Given a real-valued function 7 (-) on the set of

augmented trajectory space F (Xk) , its integral is

/ ™ (%) 6%,

(') 1 R R R N
— Z —A!/ﬂ'({Xl’XQ,...,XNXk})Xm:NXk7
Ng, =0~ Xk

(19)
where [ (Xk> 6Xy is the set integral (Mahler,
2007, 2014), and Ny, is the number of elements in
the set of trajectories Xy

The inner product of two given real-valued func-
tions f (+) and g () on the single augmented trajec-
tory state space is computed as follows:

()= [ 1(%)g(x)ax.

Based on the above, the recursion of the
TPMB filter with unknown detection probability is
proposed.

(20)

3.2.1 Prediction

Suppose that the parameters of the TPMB den-
sity for the augmented trajectory state are Ax—; and

. . A~ N —1
{T}C_l,p}c_l (X)} at time step k£ — 1. At time
i=1
step k, the predicted density is a TPMB density with
Ngjk—1 = Nk—1 and

Mior (X) = 0 (X) + (e ae(X190° ()
2

— .
~—

Tlic\k—l = 7”};—1 <p§c—1 (X> ,ps>,
gy Gk (5) o (£1)°0)
Prlk—1 (X> = ) - S . (23)
(0
where AP g, (-|-), and pS (-) are chosen depending

on the case in Section 3.1 for alive trajectories and
all trajectories.

3.2.2 Update

Suppose that the parameters of predicted
TPMB density for the augmented trajectory state
are Apjy—1 and {rilkfl,p};‘kfl}jikil at time step
k and the measurement set z; = {z},27,..., 2"}
Note that the TPMB density for the augmented
trajectory state is updated to the TPMBM density.
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The parameters of TPMBM density are obtained as
follows:
1. Missed detection for PPP

() = (10 () s (5)

For each Bernoulli component i, ¢ €
{1,2, . ..,nk|k,1}, there are h* = my, + 1 local hy-
potheses, and the mapping M (i,1+ j) = {j}, j €
{1,2,.. '
measurement set zjp corresponding to the local hy-

(24)

.,my} denotes the measurement z] in the

pothesis 1 + j of the i*" Bernoulli component.
2. Missed detection for the Bernoulli component

w?;’l =1- Tlic\k—l <P§c|k—1 (X> » PDk (X)>,

i1 Tf“““*l <p§“““*1 (X) 1 — ok (X)

(

o )

’ 1= Tlic\k—l <p§c|k—1 (X> » PDE (X)%’
o (e () (5)
) e ) - ()

where the local hypothesis is obtained by M (i,1) =
.

3. Update for the detected Bernoulli component

w]ic,1+j — Tfe|k71 <p§;‘k,1 (X) » DDk (X) ¢ (Zﬂ)? )
28)
Pl (29)

Pams (X) pon (X) ¢ (<41
<p§;‘k,1 (X) 7pDk(X)¢ (Zﬂ) >(’30)

obtained by

pit+i (X) _

where the local
M (i, 1+35) = {j}.

4. New Bernoulli component for the first time

hypothesis is

According to Garcia-Fernandez et al. (2020c),
each measurement generates a new Bernoulli com-
ponent. Let the new Bernoulli component be i =
Nilk—1 + 4, J € {1,2,...,my}, which is caused by
measurement z;. The number of local hypotheses
for the i** Bernoulli component is h; = 2, with

M (i,1) =@, wy' =1,ry" =0, and M (4,2) = {5},

ol =% (a) + Queraon () o (1))

(31)

o </\k\k71apDk (X) ¢
b (zi) + <)\k|k—1,pDk (X> ¢ (Zﬂ) >(32)

o (o /\k\kquk(X)
Py (X

) _ o)
G vrme (8)0 (4]}

where A® is the clutter density.

The set of global hypotheses is expressed as fol-
lows (Garcia-Fernandez et al., 2020c):

nk
Ak{(al, a2y ..., 0n,) ¢ a; € Npi, U M (i,a;)=Np,,,
i=1

M (i) (VM i) =0, ¥i £,
(34)
where N, = {1,2,...,mp}, and ng = ngjp—1 +ms.
After the above Bernoulli updates, the TPMB
density is updated to the TPMBM density. To en-
sure a closed form of the recursion, the TPMBM
density should be approximated to the TPMB den-
sity (Garcia-Fernandez et al., 2020c).

4 BG TPMB filters

This section introduces the BG implementation
of the TPMB filters with unknown detection proba-
bility. It provides the prediction and update steps for
both alive and all trajectories. The BG implementa-
tion for alive trajectories is obtained in Section 4.1,
and the BG implementation for all trajectories is ob-
tained in Section 4.2.

The beta distribution for a single trajectory’s
detection probability is defined as follows:

1v. - N _ | B plvir a,v), t=T1,v =1,
B (t,6"7,8,9) = { O,(otherwise,)
(35)
where @,v € R, [ is the length of the trajectory,
and ¢ is the initial time of the trajectory. The beta

distribution is presented as follows:

bel(1— )"t
Jybe=t(1—b)"""db
N ()

- Bu,v)

B (b;u,v) =
(36)

where 0 < b <1,u > 1,and v > 1. The expectation
of B (b;u,v) is p = u/ (u+ v), and the covariance of
B (b;u,v) is 0% = uv/ ((u+v)2 (ut+v+ 1))
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The Gaussian distribution for the kinematic
state of a single trajectory is expressed as follows:

10— N (v 1,2,P), t=1,v =1,
N (ta™ 7.2, P) = {0, E)therwise, )

(37)
where Z € R'™ is the mean vector and P € RI*xIne
is the covariance matrix.

Thus, the trajectory BG function is obtained as

follows:
BG (X, T, g) =B (bl”j; T,ﬂ,l_)) N (xl”j;T,j, P) ,
(38)
where ¢ = (u,v,z, P).

In addition, the following assumptions are

made:

1. The survival probability of a single trajectory
is p° (2") = p°.

2. gz (-|z¥) = N (;Fz¥,P), and ¢, (-|z¥) =
N (;Hz", R).

3. The Poisson intensity of birth at time step k
is as follows:

born
k

b O born, . _born,q -born,
ARt (X): E wy, qBG(X,k,uk 10,0,

q=1

—born,q born,q
Zy , Py ) ,

(39)
where n}go"‘ is the number of components at time
step k, wzom’q is the weight of the ¢! component,

thormd — [k ig the start time, ﬂzom’q and ﬂl‘zom’q are
the beta distribution parameters, fzom’q is the mean
of a Gaussian distribution, and P,E "4 i the covari-
ance matrix of a Gaussian distribution.

4. The Poisson intensity at time step k — 1 is as
follows:

P
-1

v — P, . 4P =Pd =DPyq
Ak_1 (X) = g wk_lBG<X,tk_1,uk_1,vk_1,
qg=1

B ),

(40)
where n}_; is the number of components, w}'% is the
weight of the ¢'" component, t7°9, is the start time,
uy?, and v, are the beta distribution parameters,
zp9) is the mean of Gaussian distribution, and P9

is the covariance matrix of Gaussian distribution.
4.1 BG implementation for alive trajectories

In the BG implementation for alive trajectories,

the density of the single alive trajectory of the 7!
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Bernoulli component at time step k-1 is considered
as follows:

p?c—l <X> =BG (Xv ti’ a}.c—la @Iic—lv j;.c—lv Pli—l) )
(41)
where t* is the start time, @}_, and 9% _, are the beta
distribution parameters, Z% , is the mean of Gaus-
sian, and P,i_l is the covariance matrix of Gaussian.
dim (ﬂ2—1) = dim (T),i_l) = dim (i:}'c_l) /ng is the
length of trajectory, where dim (-) denotes the di-
mensions of the variables. t'+dim (z}_,) /ns—1 =k
implies that the trajectory is alive at time step k.
The prediction and update steps for alive tra-
jectories are given by the following propositions.
Proposition 1 Suppose that at time k — 1,
the updated parameters of the TPMB filter are

{)\k—17{7“z,1,p271 (X)} kil}, where Ap_1 and

i=1
i (X) are given in Egs. (40) and (41). The pre-
diction step of the BG implementation for alive tra-
jectories is divided into two parts, PPP and MB, as
follows:
1. PPP

P
M1

Moot (X) =p° 30 wbBG (KR adid .
q=1

=P>4 7P,q D,q born [ v
Uk\k—l’xk\k—vpmk—l) + A (X> )

(42)
where ARorn (X ) is given by Eq. (39), and
=P.q [ ba pa |
Upp—1 = _“kllvuk\’k—l} . (43a)
- T

it = [hobi] (43b)

_ - 77T
it = e (Ratr) ] (130

[ pp4 pra pT
ppa | k-1 B k—1"1 43d
R RRYY, BRIGET + Q} Y
F; = [01,pa-1,1] @ F, (43e)

: p(l—p)
v}zlgil = ( o 1) (1—p), (43f)
: p(l—p)
UZ‘Z,l = <T - 1) M, (43g)
u
= 43h
h= (43h)
2 uv .
=p ) (431)
(u+v)° (u+v+1)

U = [Ol,va‘Jfl» 1] ﬂZflv (43])



2372
(43K)

v =[01p0-1,1] 0%,

where ® denotes the Kronecker product, [P7 =
dim (i};fl)/nz, Om,n I8 an m X n zero matrix, and
p > 11is a constant.

2. MB
r;dkfl :pSTi—la (44a)
s (X) =BG (%1
ﬂ;c\kflvl_)lic\kflvj?dkflvpliwcfl) ) (44b)

where ﬁ};‘k 1,17,i|k 1,:3};“6 1» and P,i 41 are calcu-

lated by replacing ), fD_}zfl, Ii};fl, and P_,f;ql
of Eq. (43) with @} _,,vi ,,zi ;, and P}_,,
respectively.

Proof
the supplementary materials.
Proposition 2 Suppose
the predicted parameters of
MNk|k—1
{)‘k\k 17{7"1@\1@ 1 Phjk— 1} _
and pk|k71 are obtained in Egs. (44a) and (44b),
Ni|k—1 = Nk—1, and A j_1 are obtained by Eq. (42),
and Mgz is rewritten as

The proof of Proposition 1 is provided in

that at time &k,
TPMB

i
}, where Thlk—1

are

P
Thelk—1

) — P, . 4Psd  =Pq
Akfk—1 (X = > Wi BG (X,tk_l,uk‘kfl,
q=1

—P>4q +Ps4d P,q
Vklk—1° Th|k— 1’Pk\k 1)

(45)

P born
where M -1

=ng_y g
The update density can be derived from four
cases, which are obtained as follows:

1. Missed detection for PPP

ny
(8) - St (o napn )
q=1
(46)
where
R (47a)
k klk=14p,q 4 yp.a’
=101, (47b)
up = “k\zfp (47¢c)
0Pt = (Lm0 1,0 @O0, (47d)

+ [01,ipoa—1, 1]T (VP9 +1),

=gt (47¢)
PPl = PR, (47f)
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b,q
klk—1)"

tained by Egs. (43j) and (43k) using uglz 1

and v}'7, respectively. Here,

where [P = dim (u uP? and vP? are ob-

and
175"271 instead of @)%,
A® B represents the matrix dot product, that is, the
multiplication of the corresponding elements of the
matrices A and B.

2. Missed detection for the Bernoulli component

B

7,1 7 u
w =1—-r, 4 — 48a
k Klk—1 07 1 g (48a)
i _v'
klk—1ui+v?
pil o _Hko1WTRT (48h)
k 1yt w7
Tk|k71 ui+v?

i (X) =BG (it

where

—i,1 —7,1 _14,1 3,1
uk 7vk awk 7Pk )a (486)

Uy = Uy, (49a)

o = [11,11'—170]T © Vg + [Oni-1, 1]T (v +1),

(49b)
T = Thpe s (49¢)
Pyt =P, (494)

where [* = dim (ﬂ;ﬂk—l)' u® and v* are obtained by
Egs. (43j) and (43k) using ﬂ};‘k_l and @,ilk_l instead
of ay?, and v}'%, respectively.
3. Update for the detected Bernoulli component
For the i*" Bernoulli component and the ;%™
measurement zi,

i

i1+ i u i. s ¢
wk _rk|k71 1+’U1N ZkvzzaSz y

zl+] i —1 A4 =145 2,145 pil+j
py (X ) BG( AN O, 3L Py ),

(50a)

(50b)
_1 ] T s
Uk71+-7 — [ll,liflﬂ 0] @ uk‘k—l
4 [000o1,1]) " (W 1), (50¢)
TR s
p klk—1 50d
Zi = Hl.’fz, (506)
S; = HPj,_ H' +R, (50f)
Hi = I:Ol,li—lv 1] ® H7 (5Og)
7 = j;ldkfl + P1i|k71ﬁ;r5f1 (Zi - 51') )
(50h)
Pt = Pip1 — Pl H ST VH Py,
(50)
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where R represents the measurement noise covari-
ance matrix and H denotes the measurement matrix.

4. New Bernoulli component for the first time

For the new Bernoulli component ¢ = ng,_1 +j
generated by measurement zj,j € {1,2,...,mg}.
The component is updated from the predicted Pois-
son density and corresponds to a new trajectory. The
BG component with the highest weight is selected,
and the parameters of the new Bernoulli component
are initialized with wi’l =1, TZ’l =0, and

klk—1
wi? = AC (4) + 3 s (51a)
g=1
"E\k
) gl
ry? = Z‘I—;Q : (51b)
Wy
i’ (X) — BG (X;tgig*_l,a;2,@,32,@22,13,j’2) :
(51c)

where

—1,2 ) T —P,q*
ay” = [Ligi-1, 0] oy,

+ [01,0i-1, 1]T (u? +1), (52a)

o =0, (52b)
5 =l + PR ATSE (- ) (520)
)

)

.2 _ pp,g"  _ pp.ax T o-1z
Pym =Py Pk\k—lHq*Sq*

- _ 7 b
Zq* = Hq*xk“cfl’ (
where ¢* = argmax, (s7) ,q € {1, 2,.. .,nz‘k 1} and
s7 is defined as

ul .
54 — o qu (zi;z’q,Sq) , (53a)
Zq = qugiz 1’ (53b)

Hq = [Ol,lpvqfl, 1] ® H, (53C)
Sq=H Pl H + R, (53d)

where P4 = dim (ﬂg"il), u?, v? are obtained by
Eqs. (43) and (43k) using @)},
of up?; and o;’%, respectively.

Proof  The proof of Proposition 2 is provided in
the supplementary materials.

=Pa
and Uk lk—1 instead

Remark 2 After the above undating process. the
predicted TPMB density is updated to the TPMBM
density. Then, the TPMBM density is approximated
to a TPMB filter. Considering that the single trajec-
tory density after the measurement update is a BG
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mixture, this paper adopts the minimization of the
KL divergence to approximate it as a BG distribu-
tion. Before merging Bernoulli components, the dis-
tance between two BG distributions needs to be cal-
culated. However, the purpose of target tracking is
to detect and track, not to calculate the detailed de-
tection probability. Therefore, it is necessary to de-
termine the distance between the two Gaussian dis-
tributions. The BG mixture is then merged using cri-
teria similar to those for Gaussian mixtures (Bishop,
2006; Mahler, 2007; Garcia-Fernandez et al., 2020c).

The results are provided in the supplementary
materials.

4.2 BG implementation for all trajectories

In the BG implementation for all trajectories,
we focus on all trajectories that have been detected.
Suppose the single trajectory denmsity of the i*®
Bernoulli component at time step k — 1 is defined

as follows:

k—1

Ph—1 (X) = Z Bi—1 () BG(X§tzvak71 (¢)
p=t*
Tt (), 7o (9) Pisa (9) ),

(54)
where ¢ is the start time of the single trajectory,
Bi_, (¢) denotes the probability that the corre-
sponding single trajectory terminates at time step
¢ (Garcia-Fernandez et al., 2020c), @i _, () € R,
U1 () ERL, T4y (9) €RM=, Py () € RIMwxIne,
I=¢—ti+1and 2070 By (p) = 1.

The prediction and update steps for all trajec-
tories are obtained by the following propositions.
Proposition 3 Suppose that at time k —
1, the wupdated parameters of TPMB are

{)\k—17{7“;i€,1,p271 (X)}:tl}, where Ap_1 and
pi_ (X) are defined in Egs. (40) and (54).
Akjk—1 1is obtained by Eq. (42) and Ti\kq

L. The BG parameters of Eq. (54), for
¢ € {t',....,k—1}, are ﬂ};lkfl (o) = ai_, (o),
7711\#1(90) = T (), i};lk% () = Th_y (9),
and Py, () = Piy(9) For ¢ =k,
U1 () Tppy (9, Tppp_y (), and Pl_i|k71 (¢)
are obtained from Proposition 1. Then £, (¢)
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is presented as

6}2—1 (QO), Y e {tzvtl—’— 17
k-2,
(1-P®) By (w) p=k-1
Psﬁ;@ﬂ(k 1) =

Bijr—1 (¥) = _
k.
(55)

The proof of Proposition 3 is similar to the proof
of Proposition 1. Since a detailed proof is provided
for Proposition 1, the proof for Proposition 3 is omit-
ted for brevity.
Remark 3 Following Garcia-Fernandez et al.
(2020c), the single trajectory density and termina-
tion probability remain unmodified for a trajectory
considered dead (¢ < k—2). For a trajectory consid-
ered to have died (¢ = k—1), B}, _, () is calculated
using (1 — P%) and B]_, (¢), while its BG trajectory
parameters are not propagated. For an alive tra-
jectory (¢ = k), the BG trajectory parameters are
propagated as in the case of alive trajectories (see
Proposition 1), and 6,i|k_1 () is calculated using PS
and B, (¢).
Proposition 4 Suppose the predicted density of
TPMB, pz‘kfl and Agj—1 are defined in Eqs. (54)
and (45). The missed detection of PPP intensity A
is obtained by Eq. (46). The misdetection hypothesis
for the i** Bernoulli component has the following

parameters:
wlkl =1- 7’2|k—151ic|k 1 (k) Py, (56a)
Jil Thotk—15k -1 (k) pby, (56b)
g L =71 Bre—1 (k) Phx”
i1 () = Bipor (9), €t 41,k — 1},
1= pbiBijp-1 (9) s ¥=F,
(56¢)
i u' (k)
Por = W)+ (k) (56d)
u' (k) = [0y, 1] f_ (K), (56e)
’Ul (k) = I:Ol,li717 1] 1_);;}—1 (k) 5 (56f)
where ' = dim (a_, (k)).

The BG parameters of the trajectory density are
as follows:

—1,1

ay (p) = gy (#), (57a)
2yt () = Thyy_y (9), (57b)
Pyt () =Pl (9), (57c)
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TN fa};llk_l (p), pe {titi+1,... k—1},
v, (p) = il .
vy (9), v =k,
where ¢ € {ti, cee k}, 17,2’1 (k) is obtained by substi-
tuting 17};“671 (k) into Eq. (49b).
For the Bernoulli component ¢ and measurement

(57d)

J
i

1+ i % 9 J. =
wy ™ =11 Be—1 (K) popN (Zk, Zis Si) ;

(58a)
r =1, (58b)
i’w(@):{ (1), ziiﬁ,t%l,...,kl},
| | (58¢)
P (X) =BG (%4,
azlﬂ'?17]1;,1+j7j;'€,1+j’P]z‘,1+j> : (58d)
where %, S;, uzlﬂ, 1—)]7;1-‘!-]’ i,zl-‘m? and P]z,l-&-j

are given by substituting uklk—l (k), @,ilk_l (k),
:E};lkfl (k), and Pk|k 1 (k) into Egs. (50¢)—(50d) and
Egs. (50h)-(50i), and p%), is given by Eq. (56d). The
new Bernoulli component ¢ € {nk‘k,l —|—j} is the
same as the new Bernoulli component in the TPMB
for the alive trajectories described above, but only
the Poisson intensity of the alive trajectories is con-
sidered in this section. Then, for the new Bernoulli
component i, 8% (p) is set to By% (k) = 1 and
By% (p) = 0 for all ¢ # k.

In addition, the Bernoulli merge for all trajec-
tories is the same as for alive trajectories, obtained

by

_ hi wi,ai Ti,ai
PICT S s

al= 17"Zkal>0 k

g’ <¢>] :
(59)

le{t't'+1,... k}.

For ¢ = k, the proof of Proposition 4 is the
same as that of Proposition 2, and for ¢ # k, the
trajectory state is not updated. Therefore, the proof
of Proposition 4 is omitted in this paper.

4.3 Estimation

According to Garcia-Fernandez et al. (2020c),
the trajectory estimation of the updated posterior in
Proposition 2 for alive trajectories at time step k is
{(¢,b",2%) : r{ > I';}. This set denotes the starting
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times, the mean of beta, and the mean of the Gaus-
sian distributions of Bernoulli components whose %
is satisfied with r,i > I';. The mean of beta is esti-
mated as follows:

_. az
a4l (60)
For the trajectory estimation of
the updated posterior in  Proposition 4
for all trajectories at time step k is

{07 (1*), 2 (1)) : vl > Iy, 1" = argmax; 8 (1) }.
This set denotes the starting times, the mean of
beta, and the mean of the Gaussian distributions
of Bernoulli components with existence probability
greater than I;. b' (I*) is obtained by substituting
a' (1*) and 9* (I*) into Eq. (61). This paper assumes
that all locus source observations are generated
at the same time according to the same detection
probability. Then, the final output of the detection
probability estimation can be averaged over all
selected Bernoulli components. Thus, the detection
probability is estimated as follows:

L
bk:T Eia

where N, is the number of estimated trajectories,

(61)

that is, the number of Bernoulli components whose
existence probability is greater than I'y.

Finally, since TPMB filters with unknown de-
tection probabilities use the same filter recursion for
live and all trajectories, Algorithm 1 is used to dis-
play the pseudocode for TPMB filters with unknown
detection probability.

5 Simulation results

This section analyzes the performance of the
proposed two BG-TPMB filters based on the sce-
nario used by Garcia-Fernandez et al. (2020c) and
compares them with the BG-TPHD filter (Wei et al.,
2022) and the standard TPMB. In standard TPMB,
the detection probability is known and provided as
a prior. The scenario considers four targets, whose
true trajectories are shown in Fig. 1. The target kine-
matic state is denoted as © = [py, Dy, Dy, Dy], Where
[p2,py]" is the two-dimensional position vector and
[Pz, Py is the corresponding velocity vector.

Consider the detection probability state b =
[u,v]. All targets in the scenario follow a nearly
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Algorithm 1 Pseudocode for TPMB filters with un-
known detection probability

Input: A} ., 7t |, pi ()A()7 ng—1, and zx
Prediction:
For alive trajectories: apply Proposition 1.
For all trajectories: apply Proposition 3.
Update:
For alive trajectories: apply Proposition 2.
For all trajectories: apply Proposition 4.
Merge the Bernoulli components:
for i =1 to ny do ‘
Compute ri® and @}* using Egs. (8)—(10).
For alive trajectories: compute @}, o5, %, and
P* using Eqs. (S14)—(S21).
For all trajectories: compute S (k), s (k),
og (k), Zi (k), and P} (k) using Egs. (S22)-(S30).
end for
Output: A}, ri, pi, and ny

220
200 ¢
Trajectory 4 Tra 3
180l / rajectory
T 160 ©
NS

140¢ Trajectory 2
120+ Trajectory 1 \ .

100+

>

80 . . . . . . . . .
90 100 110 120 130 140 150 160 170 180 190
x(m)

Fig. 1 True trajectories: four truth trajectories are
shown in different colors. The circle indicates the
starting position of the trajectory, and the triangle in-
dicates the vanishing position of the trajectory. Ref-
erences to color refer to the online version of this
figure

constant velocity model, with the kinematic state
transition matrix and process noise covariance pre-
sented as follows, respectively:

T3/3, T2/2

F:I2®[ T2/2, T

1’ T:|7Q:q-[2®|:

- | 2

where I is the identity matrix of order 2, T' = 1 is
the sampling interval, and ¢ = 0.01. The trajectory
survival probability is set to p = 0.99. The mea-
surement generator matrix and measurement noise
covariance are defined as follows, respectively:

1, 0, 0, 0
0

10 (63)

:| ,R: 0'12%12,
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where 0122 = 1. The number of clutter measurements
follows a Poisson distribution with a mean of A¢ =
10, and the clutter is uniformly distributed over the
region [0, 300] x [0, 300].

The Poisson birth intensity for trajectories is
a BG mixture with 2" = [100,0,100,0]", P}" =
diag ([100, 1,100, 1]), weight w)" =1 for k = 1, and
wZ’l = 0.005 for k # 1. The values of uZ’l and vZ’l
are discussed in more detail later.

The maximum number of hypotheses of the BG—
TPMB filters is set to N, = 200, the pruning thresh-
olds is I't = 107° for PPP weight, and I, = 107°
for MB components, with L = 5. The performance
of the proposed filters is measured by the root mean
square (RMS) d (-) for the trajectories set, i.e.

1 ch _
Nunck 2 (X X},
i=1

d(k) = (64)

where d (-, ) is the linear programming metric with
p =2,c=10, and v = 1. Ny is the number of
Monte Carlo runs, k indicates the time step, X is
the truth set of trajectories, and X is the estimation
of X (Garcia-Fernandez et al., 2020a).

5.1 Scenario 1

To verify the influence of initial beta parame-
ters on the TPMB filters, five different initial beta
parameters are set. The initial parameters of the
beta distribution are set to u = [9,8,7,6,5] and
v = [1,2,3,4,5]. The detection probability of the
sensor is constant at pp = 0.9, the total time step is
Ng =81, and Ny, = 100.

Fig. 2 shows the detection probability estima-
tions of TPMB for all trajectories under different
beta parameters. In Fig. 2, “Truth” represents the
true trajectory detection probability pp = 0.9, “9-1-
TPMB?” represents the BG-TPMB filter for all tra-
jectories with initial beta parameters v = 9 and v =
1. It can be seen from Fig. 2 that the proposed
filter effectively estimates the detection probability.
The initial beta parameters are related to the rate
at which the sensor’s trajectory detection probabil-
ity converges to the true detection probability. The
closer the initial beta parameters are to the detec-
tion probability of the sensor, the faster the detec-
tion probability converges to the true probability of
the sensor.

Fig. 3 shows the trajectory metric error of the
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0.95
0.90
20.85
£ 0.80 ——9-1-TPMB
s ——8-2-TPMB
5 075 —+—7-3-TPMB
c —+— 6-4-TPMB
g 0.70 5-5-TPMB
L0.65 — Truth
a
0.60
0.55
030540 20 30 40 50 60 70 80 90

Time step

Fig. 2 Estimation of detection probability for all tra-
jectories under different beta parameters

TPMB filter for all trajectories under different ini-
tial beta parameters. “Standard-TPMB” represents
the TPMB filter that gives the detection probability
as prior information. Fig. 4 presents the decompo-
sition of the trajectory metric error. From Figs. 3
and 4, during the first 41 time steps, the trajectory
error is inversely correlated with the initial detection
probability and the initial parameters of the beta dis-
tribution; that is, the initial detection probability is
approximately close to the true detection probabil-
ity, and the error is smaller. After the time step 41,
the error is positively correlated with the initial de-
tection probability. In addition, when the trajectory
disappears, the error increases. This is due to the
slow iteration of beta parameters, which leads to a
delay in determining the trajectory’s disappearance.

14k ——9-1-TPMB |
| ——8-2-TPMB
12)“ —+—7-3-TPMB |
5| —+—6-4-TPMB
=Sl 5-5-TPMB
2 101 Standard-TPMB
- |
o 8] ]
=
72

[o)]
T

N
:

50 52 54 56 58

fiae o

30 40 50 60 70 80
Time step

Fig. 3 Trajectory metric errors for all trajectories
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RMS LP error: missed targets
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()

Fig. 4 Decomposition of trajectory metric errors for
error; (d) switch error

The performance of the proposed filter is fur-
ther analyzed by setting different clutter rates and
detection probabilities. The detection probabilities
are set to pp = 0.9 and 0.85, respectively. The closer
the initial beta parameter is to the true value of the
detection probability, the smaller the error. There-
fore, the initial beta distribution parameters are set
to u = 8 and v = 2 for BG-TPMB and BG-TPHD.

Moreover, the clutter rate is set to three dif-
ferent values, A\c = 10, 20, and 30. The detection
probability of standard PMB is set as above. Tables
1 and 2 show the resulting RMS error considering all
time steps, calculated as follows:

From Table 1, it can be seen that in the case
of unknown sensor detection probability, the per-
formance of the proposed filter is not significantly
different from that of the standard TPMB. This in-
dicates that the proposed filter in this paper can
effectively estimate the target position when the de-

2025 26(11):2365-2381 2377
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(d)

all trajectories: (a) local error; (b) false error; (c) miss

tection probability is unknown.

As shown in Table 2, as the clutter Poisson rate
increases, the errors of all filters increase. With the
same detection probability and clutter Poisson rate,
the total error of the BG-TPMB algorithm is al-
most the smallest, while the BG-TPHD filter has
the largest error. The overall error of the BG-TPMB
filter is smaller than that of the standard TPMB fil-
ter. However, in terms of false detection error, the
standard TPMB filter outperforms the BG-TPMB
filter when pp=0.85.

The average running times of one MC are: 1.18
s (BG-TPMB) and 0.64 s (BG-TPHD). It can be
seen that the proposed BG-TPMB filter has better
performance than BG-TPHD, but its computational
cost is higher. This is always the case with standard
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Table 1 Comparison of filter performance under different detection probabilities and clutter rates (all
trajectories)
- BG-TPMB Standard TPMB
(pD, AC)
Total Local False Miss Switch Total Local False Miss Switch
(0.9,10) 2.45 1.40 0.68 1.88 0.21 2.45 1.39 0.56 1.93 0.22
(0.9,20) 2.62 1.41 0.81 2.04 0.22 2.62 1.41 0.73 2.08 0.22
(0.9, 30) 2.82 1.45 1.08 2.15 0.21 2.74 1.44 0.81 2.18 0.21
(0.85,10) 2.67 1.46 0.70 2.11 0.22 2.68 1.47 0.64 2.13 0.22
(0.85,20) 2.90 1.51 0.91 2.29 0.21 2.90 1.50 0.84 2.33 0.21
(0.85, 30) 3.17 1.51 1.25 2.48 0.22 3.09 1.50 0.97 2.52 0.21

BG: beta-Gaussian; TPMB: trajectory Poisson multi-Bernoulli; Total: total error, calculated from local, false, miss, and switch
errors using Eq. (64); Local: local error; False: false error; Switch: switch error

Table 2 Comparison of filter performance under different detection probabilities and clutter rates (alive

trajectories)

( o) BG-TPMB Standard TPMB BG-TPHD

PD,AC Total Local False Miss Switch Total Local False Miss Switch Total Local False Miss Switch
(0.9,10) 5.43 1.82 347 3.74 0.18 558 1.84 3.51 393 0.18 7.37 193 3.78 6.03 0.19
(0.9,20) 5.55 1.85 353 3.86 0.18 569 1.86 3.57 4.02 0.18 761 194 3.84 6.28 0.18
(0.9,30) 5.55 1.85 356 3.84 0.18 569 1.8 354 4.04 0.18 774 195 393 6.37 0.19
(0.85,10) 5.54 1.87 3.51 3.85 0.18 555 1.88 3.49 3.87 0.18 707 195 3.78 6.50 0.19
(0.85,20) 5.68 1.91 3.56 3.99 0.17 566 190 3.51 4.00 0.17 8.07 198 3.92 6.77 0.18
(0.85,30) 5.72 1.88 3.61 4.02 0.18 573 1.88 3.56 4.07 0.18 8.41 2.04 4.05 7.08 0.18

BG: beta-Gaussian; TPMB: trajectory Poisson multi-Bernoulli; Total: total error, calculated from local, false, miss, and switch
errors using Eq. (64); Local: local error; False: false error; Switch: switch error

TPMB and standard TPHD.

5.2 Scenario 2

In scenario 1, the detection probability is fixed
throughout the process, while the sensor tends to
reduce the detection probability as the continuous
working time becomes longer in actual work. In this
section, the detection probability is set as follows:

0.9, k<41,
Pa(k) = {

0.8, k>41.

The initial beta parameters are set tou = 8,v =
2. The clutter rate is Ao = 10. The error of the set
for alive trajectories is compared with that of the
TPHD filter. The results are shown in Figs. 5-7.
The reason for not comparing all trajectories with
the TPHD filter is that the TPHD filter does not
handle this problem.

Compared to the BG-TPHD filter, the proposed
BG-TPMB filter for alive trajectories demonstrates

(65)

Z i

8 o6l ——BG-TPMB

s v —«—BG-TPHD

S o5l Truth

S

S 041 1

B

0 03} |
0.2} 1
0.1 1
0 L L L L L L L L

0 10 20 30 40 50 60 70 80 90
Time step

Fig. 5 Estimation of detection probability for alive
trajectories

better performance, higher sensitivity to abrupt
changes in detection probability, and improved ac-
curacy in estimating detection probability. The tra-
jectory error increases after time step 41, a point
where the detection probability and trajectory count
change simultaneously. The altered detection prob-
ability affects the measurement generation and the
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Fig. 6 Trajectory metric error for alive trajectories

clutter profile, which can cause a dead trajectory to
be misclassified as alive. Such misclassification, com-
bined with incorrect associations between trajecto-
ries and clutter, consequently leads to the observed
rise in estimation errors. Additionally, the proposed
filter’s error rises when a track is lost, which is con-
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225 G l
®©
N
@
(_r.)>2.0—
215}
(0]
5
c/)1.0'
=
4
0.5
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60 70 80 90
Time step
(@)
15 : : : : : : : ;
——BG-TPMB
—*—BG-TPHD

RMS LP error: missed targets

0 10 20 30 40 50 60 70 80 90
Time step

(c)
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sistent with the case of the standard TPMB filter for
alive trajectories.

The performance of the proposed filter is further
analyzed by assigning different detection probabili-
ties to each trajectory. The detection probability of
trajectory 1 is 0.95, that of trajectory 2 is 0.9, and
that of trajectory 3 and trajectory 4 is 0.8. More-
over, the detection probability of standard TPMB is
set to 0.95, and the initial beta parameters are set to
u=_8,v=2.

As shown in Fig. 8, the filter proposed in this
paper can maintain effective tracking in the face of
different detection probabilities for each trajectory.
Compared with the standard TPMB, which uses
fixed prior-known detection probabilities, the pro-
posed filter achieves better tracking performance.

6 Conclusions

This paper proposes two trajectory TPMB fil-
ters that perform robustly when the detection prob-
ability is unknown. These filters are implemented

——BG-TPMB
——BG-TPHD

RMS LP error: false targets

0 10 20 30 _40 50 60 70 80 90
Time step

(b)

——BG-TPMB
—+—BG-TPHD|

RMS LP error: track switches
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(d)

o

Fig. 7 Decomposition of trajectory metric errors for alive trajectories: (a) local error; (b) false error; (c) miss

error; (d) switch error
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Fig. 8 Trajectory metric error of different detection probabilities for each trajectory: (a) all trajectories error;

(b) alive trajectories error

using the BG mixture method, known as BG-TPMB
filters. Specifically, the Poisson intensity is approxi-
mated as a BG mixture form, and the spatial proba-
bility density of each Bernoulli component is approx-
imated as a single BG form. Furthermore, detailed
recursive solutions are derived for TPMB filters with
unknown detection probability and closed-forms for
the BG implementation of alive trajectories and all
trajectories are obtained. Finally, simulation re-
sults demonstrate that the proposed TPMB filters
can adjust to the unknown detection probability and
changes in detection over time.

Contributors
Xiangfei ZHENG designed the research. Xiangfei
ZHENG and Hongwei LI processed the data. Xiangfei

ZHENG drafted the paper.
helped organize the paper.

Kaidi LIU and Hongwei LI
Xijangfei ZHENG, Kaidi LIU,
and Hongwei LI revised and finalized the paper.

Conflict of interest

All the authors declare that they have no conflict of

interest.

Data availability
The data that support the findings of this study are
available from the corresponding author upon reasonable

request.

References

Bishop CM, 2006. Pattern Recognition and Machine Learn-
ing. Springer, New York, USA.

Blackman SS, 2004. Multiple hypothesis tracking for multi-
ple target tracking. IEEE Aerosp Electron Syst Mayg,

19(1):5-18.
https://doi.org/10.1109/MAES.2004.1263228

Chen TT, Wang RL, Dai B, et al., 2016. Likelihood-
field-model-based dynamic vehicle detection and track-
ing for self-driving. IFEE Trans Intell Transp Syst,
17(11):3142-3158.
https://doi.org/10.1109/TITS.2016.2542258

Fortmann T, Bar-Shalom Y, Scheffe M, 1983. Sonar tracking
of multiple targets using joint probabilistic data associ-
ation. IEEE J Oceanic Eng, 8(3):173-184.
https://doi.org/10.1109/JOE.1983.1145560

Gao L, Battistelli G, Chisci L, 2020. Random finite set
based distributed multirobot SLAM. IEEFE Trans Robot,
36(6):1758-1777.
https://doi.org/10.1109/TRO.2020.3001664

Carcia-Fernandez AF, Svensson L, 2019. Trajectory PHD
and CPHD filters. IEEE Trans Signal Process,
67(22):5702-5714.
https://doi.org/10.1109/TSP.2019.2943234

Garcia-Fernandez AF, Williams JL, Granstrom K, et al.,
2018.  Poisson multi-Bernoulli mixture filter: direct
derivation and implementation. IEEE Trans Aerosp
Electron Syst, 54(4):1883-1901.
https://doi.org/10.1109/TAES.2018.2805153

Garcia-Fernandez AF, Rahmathullah AS, Svensson L, 2020a.
A metric on the space of finite sets of trajectories for
evaluation of multi-target tracking algorithms. I[EEE
Trans Signal Process, 68:3917-3928.
https://doi.org/10.1109/TSP.2020.3005309

Garcia-Fernandez AF, Svensson L, Morelande MR, 2020b.
Multiple target tracking based on sets of trajectories.
IEEE Trans Aerosp Electron Syst, 56(3):1685-1707.
https://doi.org/10.1109/TAES.2019.2921210

Carcia-Fernandez AF, Svensson L, Williams JL, et al., 2020c.
Trajectory Poisson multi-Bernoulli filters. IEEE Trans
Signal Process, 68:4933-4945.
https://doi.org/10.1109/TSP.2020.3017046

Granstrom K, Natale A, Braca P, et al., 2015. Gamma
Gaussian inverse Wishart probability hypothesis density
for extended target tracking using X-band marine radar
data. IEEE Trans Geosci Remote Sens, 53(12):6617-
6631. https://doi.org/10.1109/TGRS.2015.2444794



Zheng et al. / Front Inform Technol Electron Eng 2025 26(11):2365-2381

Granstrom K, Svensson L, Xia YX, et al., 2018.
multi-Bernoulli mixture trackers:
random finite sets of trajectories.
on Information Fusion, p.1-5.
https://doi.org/10.23919 /ICIF.2018.8455849

Granstrom K, Fatemi M, Svensson L, 2020. Poisson multi-

Poisson
continuity through
Proc 215% Int Conf

Bernoulli mixture conjugate prior for multiple extended
target filtering. IEEE Trans Aerosp Electron Syst,
56(1):208-225.
https://doi.org/10.1109/TAES.2019.2920220
Houssineau J, Zeng JJ, Jasra A, 2021. Uncertainty modelling

and computational aspects of data association. Stat
Comput, 31(5):59.
https://doi.org/10.1007/s11222-021-10039-1

Joshi SK, Baumgartner SV, Krieger G, 2022. Tracking

and track management of extended targets in range-
Doppler using range-compressed airborne radar data.
IEEE Trans Geosci Remote Sens, 60:5102720.
https://doi.org/10.1109/TGRS.2021.3084862

Li GC, Kong LJ, Yi W, et al., 2021. Robust Poisson multi-
Bernoulli mixture filter with unknown detection proba-
bility. IEEE Trans Veh Technol, 70(1):886-899.
https://doi.org/10.1109/TVT.2020.3047107

Li TC, Chen HM, Sun SD, et al., 2019.
and tracking based on continuous-time target trajec-
tory function fitting. IEEE Trans Autom Sci Eng,
16(3):1476-1483.
https://doi.org/10.1109/TASE.2018.2882641

Mahler RPS, 2007. Statistical Multisource-Multitarget In-
formation Fusion. Artech House, Boston, USA.

Mahler RPS, 2014. Advances in Statistical Multisource-
Multitarget Information Fusion. Artech House, Boston,
USA.

Mahler RPS, Vo BT, Vo BN, 2011. CPHD filtering with
unknown clutter rate and detection profile. IFEE Trans
Signal Process, 59(8):3497-3513.
https://doi.org/10.1109/TSP.2011.2128316

Menegaz HMT, Battistini S, 2018. Switching multiple model
filter for boost-phase missile tracking. IEEE Trans
Aerosp Electron Syst, 54(5):2547-2553.
https://doi.org/10.1109/TAES.2018.2822118

Pang S, Morris D, Radha H, 2021. 3D multi-object track-
ing using random finite set-based multiple measure-

Joint smoothing

ment models filtering (RFS-M3) for autonomous vehi-
cles. Proc IEEE Int Conf on Robotics and Automation,
p-13701-13707.
https://doi.org/10.1109/ICRA48506.2021.9561852
Vo BN, Ma WK, 2006. The Gaussian mixture probability
hypothesis density filter. IEEE Trans Signal Process,
54(11):4091-4104.
https://doi.org/10.1109/TSP.2006.881190

2381

Vo BN, Vo BT, Phung D, 2014. Labeled random finite sets
and the Bayes multi-target tracking filter. IEEE Trans
Signal Process, 62(24):6554-6567.
https://doi.org/10.1109/TSP.2014.2364014

Vo BT, Vo BN, 2013. Labeled random finite sets and multi-
object conjugate priors. IEEE Trans Signal Process,
61(13):3460-3475.
https://doi.org/10.1109/TSP.2013.2259822

Vo BT, Vo BN, Cantoni A, 2007. Analytic implementations
of the cardinalized probability hypothesis density filter.
IEEE Trans Signal Process, 55(7):3553-3567.

https://doi.org/10.1109/TSP.2007.894241
Vo BT, Vo BN, Cantoni A, 2009. The cardinality balanced

multi-target multi-Bernoulli filter and its implementa-
tions. IEEE Trans Signal Process, 57(2):409-423.
https://doi.org/10.1109/TSP.2008.2007924

Vo BT, Vo BN, Hoseinnezhad R, et al., 2013. Robust multi-
Bernoulli filtering. [IEEE J Sel Top Signal Process,
7(3):399-4009.
https://doi.org/10.1109/JSTSP.2013.2252325

Wei SX, Zhang BX, Yi W, 2022. Trajectory PHD and CPHD
filters with unknown detection profile. IEEE Trans Veh
Technol, 71(8):8042-8058.
https://doi.org/10.1109/TVT.2022.3174055

Wu SY, Zhou YS, Xie Y, et al.,, 2022. Robust Poisson
multi-Bernoulli mixture filter using adaptive birth dis-
tributions for extended targets. Digit Signal Process,
126:103459. https://doi.org/10.1016/j.dsp.2022.103459

Xia YX, Granstrom K, Svensson L, et al., 2022.
multi-Bernoulli approximations for multiple extended

IEEE Trans Aerosp Electron Syst,

Poisson

object filtering.
58(2):890-906.
https://doi.org/10.1109/TAES.2021.3111720

Xie XX, Wang Y, Guo JQ, et al., 2023. PMBM filter for
multiple extended targets with unknown clutter rate
and detection probability. IEEE Sens J, 23(15):17133-
17147. https://doi.org/10.1109/JSEN.2023.3285885

Yan B, Paolini E, Xu LP, et al., 2022. A target detection
and tracking method for multiple radar systems. IEEE
Trans Geosci Remote Sens, 60:5114721.
https://doi.org/10.1109/TGRS.2022.3183388

Yu M, Gong LY, Oh H, et al., 2018. Multiple model ballistic
missile tracking with state-dependent transitions and
Gaussian particle filtering. IEEFE Trans Aerosp Electron
Syst, 54(3):1066-1081.
https://doi.org/10.1109/TAES.2017.2773258

List of supplementary materials

1 Proof of Proposition 1
2 Proof of Proposition 2

3 beta-Gaussian mixture merging



	Introduction
	Background
	TRFS
	TPMBM with auxiliary variable
	TPMB approximation

	TPMB filters with unknown detection probability
	Augmented trajectory state space model
	Recursion of TPMB filters with unknown detection probability
	Prediction
	Update


	BG TPMB filters
	BG implementation for alive trajectories
	BG implementation for all trajectories
	Estimation

	Simulation results
	Scenario 1
	Scenario 2

	Conclusions

