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Abstract: Transformer-based models like large language models (LLMs) have attracted significant attention in
recent years due to their superior performance. A long sequence of input tokens is essential for industrial LLMs to
provide better user services. However, memory consumption increases quadratically with the increase of sequence
length, posing challenges for scaling up long-sequence training. Current parallelism methods produce duplicated
tensors during execution, leaving space for improving memory efficiency. Additionally, tensor parallelism (TP)
cannot achieve effective overlap between computation and communication. To solve these weaknesses, we propose
a general parallelism method called memory-efficient tensor parallelism (METP), designed for the computation of
two consecutive matrix multiplications and a possible function between them (O = f(AB)C), which is the kernel
computation component in Transformer training. METP distributes subtasks of computing O to multiple devices
and uses send/recv instead of collective communication to exchange submatrices for finishing the computation,
avoiding producing duplicated tensors. We also apply the double buffering technique to achieve better overlap
between computation and communication. We present the theoretical condition of full overlap to help instruct the
long-sequence training of Transformers. Suppose the parallel degree is p; through theoretical analysis, we prove
that METP provides O(1/p3) memory overhead when not using FlashAttention to compute attention and could
save at least 41.7% memory compared to TP when using FlashAttention to compute multi-head self-attention. Our
experimental results demonstrate that METP can increase the sequence length by 2.38–2.99 times compared to other
methods when using eight A100 graphics processing units (GPUs).

Key words: Distributed learning; Large language model (LLM); Long sequence; Machine learning system;
Memory efficiency; Tensor parallelism
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1 Introduction

Training language models with long sequences is
crucial for handling long-context tasks such as docu-
ment summarization, dialogue systems, and tech-
nical writing (Beltagy et al., 2020; Kaddour et al.,
2023; Tarassow, 2023). This is because the context

‡ Corresponding author
* Project supported by the National Natural Science Foundation
of China (Nos. 62025208 and 62421002)

ORCID: Peng LIANG, https://orcid.org/0000-0002-5590-5179;
Dongsheng LI, https://orcid.org/0000-0001-9743-2034
c© Zhejiang University Press 2025

length determines the maximum word count a lan-
guage model can handle, and longer sequences im-
prove contextual understanding and semantic coher-
ence, allowing models to generate more coherent and
contextually appropriate text (Achiam et al., 2023;
Huang et al., 2023). However, it requiresO(s2) mem-
ory for a sequence with s tokens to complete the at-
tention computation in Transformer models. This
memory limitation makes it challenging for language
models to calculate extremely long sequences during
training. Additionally, training with long sequences
costs O(s2) time for attention computation, bringing
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computation challenges to a single device.
To address these challenges, researchers pro-

posed various techniques such as tensor parallelism
(TP) (Narayanan et al., 2021a), fully sharded data
parallelism (FSDP) (Zhao et al., 2023), sequence par-
allelism (SP) (Li SG et al., 2023; Jacobs et al., 2024),
and pipeline parallelism (PP) (Huang et al., 2019;
Narayanan et al., 2021b; Liu ZM et al., 2023) to dis-
tribute computation and memory costs across multi-
ple devices. These techniques can reduce the mem-
ory cost of training large language models (LLMs)
to O(1/p), where p denotes the parallel degree.
Since these methods are orthogonal to each other,
using multiple parallelism methods simultaneously,
such as 3D parallelism (Narayanan et al., 2021a; Lai
et al., 2023), can reduce the memory footprint to
O(1/(ptpdpp)), where pt, pd, and pp represent the
parallel degrees of TP, data parallelism (DP), and
PP, respectively. However, 3D parallelism could only
reduce memory footprint to Ω(1/#device). This
work aims to find a 1D parallelism method that can
achieve memory usage lower than Ω(1/#device).

FlashAttention (Dao et al., 2022) achieves high
memory efficiency by employing tiling techniques to
optimize the attention computation process, which
comprises two matrix multiplications interleaved
with a Softmax operation. This method divides the
query, key, and value matrices into submatrices and
calculates attention scores for each query submatrix
by iterating over all the key and value submatrices,
avoiding the significant memory overhead of storing
the query@key. As a result, it reduces the memory
footprint of computing attention from O(s2) to O(s),
where s represents the sequence length.

Motivated by FlashAttention, we propose an
approach called memory-efficient tensor parallelism
(METP), which focuses on reducing the memory
footprint of computation with a form of O =

f(AB)C by distributing and scheduling the sub-
tasks across devices. METP can reduce the memory
usage of computing attention for long sequences to
O(1/p3). Additionally, it is orthogonal to DP and
PP.

The main contributions of this paper are
three-fold:

1. We propose a method named METP, which
decomposes the computation tasks by tiling to han-
dle the large memory overhead problem of training
LLMs with long sequences.

2. We present a detailed theoretical analysis of
the memory and communication overhead of METP
and a detailed comparison with TP, FSDP, and SP.
We investigate the conditions to achieve the best
performance for METP and prove that METP can
reduce the memory consumption of attention scores
to 1/p3 when not using FlashAttention and other
intermediate results by at least 41.7%, where p is the
parallel degree of METP.

3. Experimental results demonstrate that
METP can achieve memory savings ranging from
8% to 70% for sequences longer than 32k while pre-
serving computational efficiency.

2 Background and related works

2.1 Components of memory consumption in
training LLMs

Memory usage in training neural networks with
backward propagation algorithms consists of two
main components: model states and intermediate
results (Rajbhandari et al., 2020). Model states in-
clude the model parameters, gradients of the model
parameters, and optimizer states. When training
with the Adam optimizer (Kingma and Ba, 2015), a
widely used optimizer in LLM training, the memory
required for model states is approximately four times
the size of the model. Intermediate results are gener-
ated during the forward and backward propagation.
Some intermediate results participate in the compu-
tation of backward propagation and thus must be
stored until used. During execution, devices need to
have enough memory to store the model states and
the generated intermediate results. Therefore, peak
memory usage often occurs when forward propaga-
tion is about to end or when backward propagation
starts.

As the latest models scale towards billions of
parameters, parallel and distributed training is re-
quired to divide the model states and intermediate
results across computing devices so that they fit into
each graphics processing unit (GPU)’s memory and
enable training within a realistic time.

2.2 FlashAttention

To train Transformers faster, Dao et al. (2022)
proposed FlashAttention, an input/output (IO)-
aware exact attention algorithm that uses tiling to
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reduce the number of reads/writes between GPU’s
high bandwidth memory (HBM) and GPU’s on-
chip static random-access memory (SRAM). This
approach exploits the asymmetric GPU memory hi-
erarchy to bring significant memory savings and
speedups compared to optimized baselines. Addi-
tionally, it reduces the memory consumption of at-
tention computation to O(s), demonstrating great
potential for training long-context tasks. Fur-
thermore, Dao (2024) proposed FlashAttention-2
to achieve better parallelism and work partition-
ing. This is done by further optimizing the work
partitioning between different thread blocks and
warps on the GPU, resulting in a 2× speedup com-
pared to FlashAttention on the Ampere architecture.
FlashAttention-3 (Shah et al., 2024), tailored for the
Hopper architecture, enhances the utilization rate
from 35% to 75% on the H100 GPU. Inspired by
FlashAttention-2, we distribute submatrices of K

and V across different devices to achieve memory
efficiency.

2.3 Intra-operator parallelism

As shown in Fig. 1, intra-operator parallelism
methods, such as FSDP, SP, and TP, distribute ten-
sors within an operator across several devices. They
usually result in a larger communication volume than
inter-operator parallelism and thus are often applied
to devices connected with high-speed interconnects
(Liang et al., 2023).

2.3.1 FSDP

FSDP, an implementation of ZeRO (Rajbhan-
dari et al., 2020), is a method aimed at optimizing the
memory footprint of model states. By partitioning
the model states, it achieves an O(1/p) memory cost
while retaining low communication volume and high
computational granularity. Due to FSDP’s signifi-
cant memory savings, these preserved resources en-
able training LLMs with extended input sequences.
However, FSDP can only shard the data along the
batch-size axis, which limits its ability to handle very
long sequences.

2.3.2 SP

Initially, SP divides a long input sequence into
several subsequences and distributes them across dif-
ferent GPUs.

Li SG et al. (2023) applied a ring self-attention
(RSA) algorithm to use the tokens from different
ranks. Although this approach partitions the se-
quences, it still needs to store the complete O(s2)

results of query@key, resulting in poor scalability.
To address the issue of ZeRO/FSDP’s inabil-

ity to process long sequences, Jacobs et al. (2024)
proposed Ulysses, which uses AllToAll to transpose
the tensors before and after attention computation,
making FSDP partition inputs along the sequence
axis.

Motivated by the RSA algorithm, we design an
enhanced ring algorithm and apply it to METP to
handle subtasks in computing attention.

2.3.3 TP

Narayanan et al. (2021a) proposed TP, which
partitions model states and activations to improve
training efficiency. Subsequently, they integrated
SP (Korthikanti et al., 2023) into their framework.
Different from the vanilla SP (Li SG et al., 2023),
their SP employs the communication methods of
ReduceScatter and AllGather, both before sequence
partitioning and after computation completion. Ad-
ditionally, parallel implementations are applied to
Dropout (Srivastava et al., 2014) layers and Layer-
Norm (Xu et al., 2019) layers. To simplify the expla-
nation, we assume that the TP from Megatron-LM
works in conjunction with this specific form of SP
(Korthikanti et al., 2023).

In Section 3, we provide the overhead analy-
sis of the abovementioned intra-operator parallelism
methods to compare with METP.

3 METP

We develop a general method called METP for
the computation of O = f(AB)C, where A, B,
and C are matrices and f is a function consisting
of element-wise operators such as Gaussian error lin-
ear unit (GeLU) and Dropout. In METP, we si-
multaneously partition three matrices A, B, and C.
Specifically, matrices A and C are divided in a row-
wise manner, and matrix B is split in a column-wise
manner. METP reduces the memory overhead of
intermediate result values while obtaining the cor-
rect results by carefully scheduling computation and
communication subtasks.

Suppose the parallel degree is p, and the shapes
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Fig. 1 Intra-operator parallelism methods: (a) fully sharded data parallelism; (b) Ulysses sequence parallelism;
(c) tensor parallelism; (d) ring self-attention sequence parallelism; (e) memory-efficient tensor parallelism
(MHA: multi-head self-attention. b: batch size; s: sequence length; h: hidden size; p: parallel degree; n:
number of heads)

of matrices A, B, and C are m × k1, k1 × k2, and
k2 × n, respectively, where m, k1, k2, and n are
appropriate integers. Subsequently, we split matrices
A, B, and C into p submatrices and distribute them
to each rank. On rank i, submatrix A(i,:) has a
shaped of (m/p) × k1, submatrix B(:,i) assumes a
shape of k1 × (k2/p), and submatrix C(i,:) takes the
form of (k2/p) × n. Each submatrix O(i,:) of O is
calculated by

O(i,:) =

p−1∑

r=0

f(A(i,:)B(:,r))C(r,:). (1)

Each rank i is responsible for computing the re-
sults of O(i,:). Given that the submatrices of B and
C are distributed across various ranks, communica-
tion is required to acquire them for the computa-
tion of A(i,:), B(:,r), and C(r,:). We implement the
communication using peer-to-peer (P2P) primitives,
which sends B(:,r) and C(r,:) to the next rank and re-
ceives B(:,r+1) and C(r+1,:) from the previous rank.

Fig. 1e illustrates the forward execution of

METP, where the parallel degree p is 2. In step 1,
each rank i calculates the partial result of O(i,:) while
concurrently sending its held submatrices of B and
C. In step 2, the computation is completed using the
received submatrices. The general forward and back-
ward passes of METP are detailed in Algorithms 1
and 2, respectively.

Considering the computation of the Trans-
former, we find that METP can be applied to the
calculation of the feed-forward network (FFN):

Z = GeLU(XWin)Wout, (2)

where X is the input, Z is the output, and Win

and Wout are the weights corresponding to the in-
projection and out-projection layers, respectively.

Taking FFN computation as an example, we
now analyze the memory consumption and commu-
nication overhead of METP and compare them with
those of Megatron-LM, RSA, and FSDP/ZeRO+
Ulysses. We first derive the general form of the
overheads using the previously defined notations m,
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Algorithm 1 METP forward pass
1: Prepare Ai ∈ R

(N/p)×d1 , B
(0)
i ∈ R

d1×(d2/p), and
C

(0)
i ∈ R

(d2/p)×d3 for rank i

2: Initialize Oi

3: Annotate rji = (i+ j)%p

4: for j = 0 to p− 1 do
5: Tij ← AiB

(j)
i

6: Dij ← f(Tij)

7: Oi ← Oi +DijC
(j)
i

8: Send B
(j)
i and C

(j)
i to rank rj−1

i

9: Receive B
(j)
i+1 and C

(j)
i+1 from rank rj+1

i

10: B
(j+1)
i ← B

(j)
i+1, C

(j+1)
i ← C

(j)
i+1

11: end for
12: Return Oi

Algorithm 2 METP backward pass
1: Prepare Ai ∈ R

(N/p)×d1 , B(0)
i ∈ R

d1×(d2/p), C(0)
i ∈

R
(d2/p)×d3 , and ΔOi ∈ R

(N/p)×d3 for rank i

2: Initialize ΔAi, ΔB
(0)
i , and ΔC

(0)
i

3: Annotate rji = (i+ j)%p

4: for j = 0 to p− 1 do
5: Tij ← AiB

(j)
i

6: Dij ← f(Tij)

7: ΔDij ← ΔOi

(
C

(j)
i

)T

8: ΔC
(j)
i ← ΔC

(j)
i +DT

ijΔOi

9: ΔTij ← f ′(Tij)ΔDij

10: ΔAi ← ΔAi +ΔTij

(
B

(j)
i

)T

11: ΔB
(j)
i ← ΔB

(j)
i +AT

i ΔTij

12: Send B
(j)
i , C(j)

i , ΔB
(j)
i , and ΔC

(j)
i to rank rj−1

i

13: Receive B
(j)
i+1, C

(j)
i+1, ΔB

(j)
i+1, and ΔC

(j)
i+1 from

rank rj+1
i

14: B
(j+1)
i ← B

(j)
i+1, C

(j+1)
i ← C

(j)
i+1

15: ΔB
(j+1)
i ← ΔB

(j)
i+1, ΔC

(j+1)
i ← ΔC

(j)
i+1

16: end for
17: Return ΔAi, ΔBi, and ΔCi

k1, k2, n, and p. Then, we compute the overhead
results for each method applied to the Transformer’s
FFN layer (i.e., Eq. (2)) and record them in Table 1.
Specifically, we set m = bs, k1 = h, k2 = 4h, and
n = h, where b, s, and h represent the batch size,
sequence length, and hidden size, respectively.

3.1 Memory consumption analysis

To store the submatrices of A, B, and C,
METP needs a total amount of (mk1+k1k2+k2n)/p

memory. Calculating A(i,:)B(:,r) consumes mk2/p
2

intermediate memory. To obtain the final result, we
need additional mn/p memory. Finally, the total
memory consumption of METP is (mk1 + k1k2 +

k2n+mn)/p+mk2/p
2.

Additionally, if B and C are parameters that
require training, additional memory (3×) is needed
to store gradients and optimizer states (i.e., momen-
tum and variance) for them. In this case, the memory
cost is (mk1 + 4k1k2 + 4k2n+mn)/p+mk2/p

2.
To prove the memory efficiency of METP, we

investigate the memory consumption of other meth-
ods. Referring to Li SG et al. (2023), Table 1 lists
the memory consumption of Megatron-LM and RSA.
For FSDP/ZeRO+Ulysses, each rank stores 1/p of
the model states and handles inputs with shape
(b, s/p, h). Therefore, the static memory consump-
tion is (32h2 + 5bsh)/p. Given that ZeRO needs
to collect parameters using the AllGather operator
before execution, the peak memory consumption is
4h2 + (28h2 + 5bsh)/p.

According to Table 1, when compared to
Megatron-LM, we have

32h2

p
+

bsh

p
+

4bsh

p2
<

32h2

p
+ bsh+

4bsh

p
. (3)

This proves that our method is always more
memory-efficient than Megatron-LM. When com-
pared with RSA and FSDP/ZeRO+Ulysses, we have
the same conclusion.

3.2 Communication overhead analysis

In this subsection, we analyze the communica-
tion overheads of METP and other methods for bet-
ter comparison.

3.2.1 METP

In each iteration of calculating O(i,:), the com-
munication volume generated by P2P communica-
tion between the submatrices of B and C equals
their size (i.e., (k1k2 + k2n)/p). The forward prop-
agation process iterates p times, thus producing a
total communication volume of k1k2 + k2n. Since
the forward pass evicts intermediate results to save
memory, we recompute them in the backward pass.
Therefore, we must again communicate the subma-
trices of B and C. Additionally, the backward pro-
cess communicates for the gradients of B and C to
accumulate the gradient information for each rank.
Thus, the communication volume generated by the
backward propagation amounts to 2(k1k2 + k2n).
Cumulatively, the overall communication volume is
3(k1k2 + k2n). Since each rank i already holds B(:,i)
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Table 1 Peak memory overhead and communication volume of FFN during training

Method Operation Shape of matrix 1 Shape of matrix 2 Shape of output

Megatron-LM (TP+SP) AG(X)+XWin b× (s/p)× h h× (4h/p) b× s× (4h/p)

Y Wout+RS(Z) b× s× (4h/p) (4h/p)× h b× (s/p)× h

RSA XWin b× (s/p)× h h× 4h b× (s/p)× 4h

Y Wout b× (s/p)× 4h 4h× h b× (s/p)× h

FSDP/ZeRO+Ulysses AG(Win)+XWin b× (s/p)× h (h/p)× 4h b× (s/p)× 4h

AG(Wout)+Y Wout b× (s/p)× 4h (4h/p)× h b× (s/p)× h

METP (ours) P2P(Win)+XWin b× (s/p)× h h× (4h/p) b× (s/p)× (4h/p)

P2P(Wout)+Y Wout b× (s/p)× (4h/p) (4h/p)× h b× (s/p)× h

Method Memory Peak memory Communication volume

Megatron-LM (TP+SP) 32h2

p
+ 5bsh

p
32h2

p
+ 4bsh

p
+ bsh 5 p−1

p
bsh

RSA 32h2 + 5bsh
p

32h2 + 5bsh
p

0

FSDP/ZeRO+Ulysses 32h2

p
+ 5bsh

p
4h2 + 28h2+5bsh

p
24 p−1

p
h2

METP (ours) 32h2

p
+ bsh

p
32h2

p
+ bsh

p
+ 4bsh

p2
24 p−1

p
h2

b: batch size; s: sequence length; h: hidden size; p: parallel degree. Memory: the memory overhead after executing forward
propagation. Peak memory: the peak memory overhead during forward propagation. AG: AllGather; RS: ReduceScatter; P2P:
peer-to-peer. Note: SP does not produce communication during FFN computation (Li SG et al., 2023)

and C(i,:), we can reduce each P2P communication
to p − 1 times, resulting in a communication vol-
ume of 3 p−1

p (k1k2 + k2n). When applying METP to
Eq. (2), the communication volume is 24 p−1

p h2.

3.2.2 Megatron-LM

Megatron-LM employs TP and its version of SP
in training. Fig. 1c illustrates that during the for-
ward process, Megatron-LM performs an AllGather
operation on A(i,:) to form A. Once the computa-
tion is complete, ReduceScatter operation is applied
to the partial output result of O to obtain O(i,:).
For a tensor of size N , the communication volume
generated by AllGather and ReduceScatter opera-
tions is (p − 1)N and p−1

p N , respectively. Given
that the shapes of A(i,:) and O are (m/p) × k1
and m × n, respectively, the communication vol-
ume produced during the forward pass amounts to
p−1
p (mk1 + mn). During the backward propaga-

tion process, the AllGather operation is executed on
ΔO(i,:) and A(i,:), while ReduceScatter operation is
executed onΔA, leading to a communication volume
of p−1

p (2mk1 +mn). Consequently, the overall com-
munication volume for the TP used in Megatron-LM
amounts to p−1

p (3mk1 + 2mn).

3.2.3 FSDP

As shown in Fig. 1a, FSDP (Zhao et al., 2023)
partitions matrices A, B, and C in a row-wise man-

ner. During the forward propagation, FSDP uses two
AllGather operations to collect the entire matrices
B and C for computation. Once the computation
is complete, gathered parameters from other ranks
will be evicted. The two AllGather operations gen-
erate a communication volume of p−1

p (k1k2 + k2n).
During the backward propagation, FSDP recollects
matrices B and C using an AllGather operator. Ad-
ditionally, after calculating gradients of B and C,
FSDP uses a ReduceScatter operator to obtain the
complete gradient information for each rank. Thus,
the backward propagation process generates a com-
munication volume of 2 p−1

p (k1k2 + k2n). Therefore,
the total communication volume for FSDP amounts
to 3 p−1

p (k1k2 + k2n).

3.2.4 RSA sequence parallelism

As shown in Fig. 1d, RSA partitions matrices
A and C in a row-wise manner and partitions B

in a column-wise manner. It also applies P2P com-
munication to send and receive submatrices of B

and C from other ranks, which produces a com-
munication volume of p−1

p (k1k2 + k2n). After the
execution of ring AB, during the backward propa-
gation, RSA performs AllReduce on ΔB and ΔC

and P2P on submatrices of B and C, which pro-
duces an accumulative communication volume of
3 p−1

p (k1k2 + k2n). Thus, the total communication
volume is 4 p−1

p (k1k2 + k2n). RSA only partitions
multi-head self-attention (MHA) in this way. For
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FFN, it partitions only the input A along the se-
quence axis and does not generate communication
overhead.

3.2.5 Ulysses SP

Like RSA, Ulysses incurs communication over-
head only during the computation of attention. It
employs an AllToAll operator to reorganize the lay-
out of tensors Q, K, and V , transforming them from
a sequence-axis partition to a head-num-axis parti-
tion. After attention computation, another AllToAll
operation is applied to switch back to the sequence-
axis partition layout. During the backward propaga-
tion, there are also two AllToAll operators. Overall,
the communication overhead of Ulysses is 8 p−1

p2 bsh.
We summarize the communication volume of

different methods applied to FFN in Table 1 and find
that our method achieves the same communication
cost as FSDP/ZeRO+Ulysses during the training of
Transformer’s FFN layers while offering better mem-
ory efficiency. It is important to note that RSA does
not produce any communication during FFN com-
putation, according to Li SG et al. (2023).

3.3 Overlap between computation and com-
munication

Eq. (1) reveals that O(i,:) is derived from A(i,:)

matrix-multiplied by multiple B and C submatrix
pairs. Given that there is no data dependency be-
tween the computation of A(i,:) and different B and
C submatrix pairs, we can use the double buffering
technique to achieve overlap between computation
and communication. While calculating with sub-
matrices B(:,j) and C(j,:), we can concurrently send
them to the buffer of the subsequent rank. To explore
the extent of overlap between computation and com-
munication, we calculate the arithmetic intensity of
METP as follows:

I =
Computation amount

Communication volume
. (4)

Based on the matrix multiplication computation for-
mula, the computation performed by our method
in each forward pass iteration on each device is
2mk1k2/p

2 + 2mk2n/p
2. According to our previous

analysis and additionally considering the size of the
16-bit floating point (FP16), the communication vol-
ume in each iteration on each device is 2

p (k1k2+k2n).

Then we have

IF1 =
2mk1k2/p

2 + 2mk2n/p
2

2(k1k2 + k2n)/p
=

m

p
. (5)

The FP16 peak performance of A100 is 312 TFLOPS
(trillion floating point operations per second), and
the speed of NVLINK is 300 GB/s. Therefore, theo-
retically, the computation-to-communication bound
is equal to

312 TFLOPS
300 GB/s

= 1040 FLOPs/byte,

where FLOPs means floating point operations.
Therefore, the computation can be well over-

lapped with communication when we have m/p >

1040. When considering training a Transformer layer
on eight A100 GPUs, setting the batch size to 1
would require the sequence length to be >1040×8 =

8320.
According to Algorithm 2, the arithmetic inten-

sity of the backward pass of METP is

IB1 =
5mk1k2/p

2 + 4mk2n/p
2

4(k1k2 + k2n)/p
> IF1, (6)

which means that the forward pass bounds the over-
lap condition.

4 Two-level METP for MHA

MHA consists of four main matrix multiplica-
tions and some other element-wise operations, which
are

(Q,K,V ) = XWqkv, (7)

A = Softmax
(
QKT
√
d

)
V , (8)

O = AWproj. (9)

Eq. (8) has the form of O = f(AB)C. How-
ever, Softmax is not an element-wise operator, so we
cannot use Eq. (1) to compute it. Thus, we cannot
directly apply Algorithm 1 to it. To serve attention
computation, we adapt Algorithms 1 and 2 to cre-
ate a corresponding version for METP Attention,
which involves the online and safe Softmax (Dao
et al., 2022) to ensure mathematical equivalence.
The details of the forward and backward passes of
METP Attention are presented in Algorithms 3 and
4, respectively.

As for the computation of Eqs. (7) and (9), we
view A in Eq. (8) as a function f this time. Since
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we also want to apply METP to Eq. (8), which has
a similar form like O = f(AB)C, we need to revise
the METP algorithm and form a two-level version
here.

As depicted in Fig. 2, we propose a two-level
METP scheme for MHA, which consists of two loops.
The outer loop is responsible for computing Q,K,
and V for different heads and generating partial fi-
nal results. Meanwhile, the inner loop completes
the computation for given heads. The forward and

Algorithm 3 METP Attention forward pass (inner
loop)

1: Prepare Qi, K(0)
i , and V

(0)
i for rank i

2: Initialize Ai and Li

3: Annotate rji = (i+ j)%p

4: for j = 0 to p− 1 do

5: Eij ← exp

(
Qi

(
K

(j)
i

)T

√
d

)

6: Li ← Li + rowsum(Eij)

7: Ai ← Ai +EijV
(j)
i

8: Send K
(j)
i and V

(j)
i to rank rj−1

i

9: Receive V
(j)
i+1 and K

(j)
i+1 from rank rj+1

i

10: V
(j+1)
i ← V

(j)
i+1, K

(j+1)
i ←K

(j)
i+1

11: end for
12: Ai ← Ai �L−1

i

13: Return Ai

Algorithm 4 METP Attention backward pass (in-
ner loop)

1: Prepare Qi, K(0)
i , V (0)

i ∈ R
b×(s/p)×(h/p), ΔAi, Ai ∈

R
b×(s/p)×h, and Li ∈ R

b×(s/p) for rank i

2: Initialize ΔQi, ΔK
(0)
i , and ΔV

(0)
i

3: Annotate rji = (i+ j)%p

4: Di ← rowsum(ΔAi �Ai)

5: for j = 0 to p− 1 do

6: Sij ← Qi

(
K

(j)
i

)T

√
d

7: Aij ← exp(Sij)�L−1
i

8: ΔAij ← ΔAi

(
V

(j)
i

)T

9: ΔV
(j)
i ← ΔV

(j)
i +AT

ijΔAi

10: ΔSij ← Aij � (ΔAij −Di)

11: ΔQi ← ΔQi +ΔSijK
(j)
i

12: ΔK
(j)
i ← ΔK

(j)
i +ΔST

ijQi

13: Send K
(j)
i , V (j)

i , ΔV
(j)
i , and ΔK

(j)
i to rank rj−1

i

14: Receive V
(j)
i+1, K

(j)
i+1, ΔV

(j)
i+1, and ΔK

(j)
i+1 from

rank rj+1
i

15: V
(j+1)
i ← V

(j)
i+1, K

(j+1)
i ←K

(j)
i+1

16: ΔV
(j+1)
i ← ΔV

(j)
i+1, ΔK

(j+1)
i ← ΔK

(j)
i+1

17: end for
18: Return ΔQi, ΔKi, and ΔVi

backward passes of METP MHA are detailed in Al-
gorithms 5 and 6, respectively. Similar to TP, we
split Wqkv in a column-wise manner and Wproj in a
row-wise manner. To ensure that the subsequence
on each device uses the same head during attention
computation, we use broadcast instead of send/recv
to transmit the submatrix Wqkvi from rank i in the
ith iteration. After each head completes the atten-
tion calculation, the results are fed into the projec-
tion layer and multiplied with Wproj to produce the
partial results of MHA. Broadcasting Wproj is nec-
essary to ensure across-device uniformity. Finally,
we compute the results of MHA by aggregating all
partial results, each computed with different Wqkv

and Wproj.
Referring to Li SG et al. (2023), we extend their

table describing memory cost and communication
cost of MHA of different methods and present our
findings in Table 2. We provide a detailed analysis

Algorithm 5 METP MHA forward pass (outer
loop)
1: Prepare Xi ∈ R

b×(s/p)×h, Wproji ∈ R
h×(3h/p), and

Wproji ∈ R
(h/p)×h for rank i

2: Initialize Oi ∈ R
b×(s/p)×h

3: for j = 0 to p− 1 do
4: From rank j, broadcast Wqkvj and Wprojj
5: (Qij ,Kij ,Vij)←XiWqkvj
6: Aij ← METP_Attention(Qij ,Kij ,Vij)

7: Oi ← Oi +AijWprojj

8: end for
9: Return Oi

Algorithm 6 METP MHA backward pass (outer
loop)
1: Prepare Xi, ΔOi, Ai ∈ R

b×(s/p)×h, Wqkvi ∈
R

h×(3h/p), Wproji ∈ R
(h/p)×h, and Li ∈ R

b×(s/p)

for rank i

2: Initialize ΔXi ∈ R
b×(s/p)×h

3: for j = 0 to p− 1 do
4: From rank j, broadcast Wqkvj and Wprojj

5: ΔWprojj ← AT
ijΔOi

6: (Qij ,Kij ,Vij)←XiWqkvj
7: ΔAij ← ΔOiW

T
projj

8: (ΔQij ,ΔKij ,ΔVij)← METP_Attention_
Backward(Qij ,Kij ,Vij ,Aij ,ΔAij ,Li)

9: ΔXi ← ΔXi + [ΔQij ,ΔKij ,ΔVij ]W
T
projj

10: ΔWprojj = XT
i [ΔQij ,ΔKij ,ΔVij ]

11: Reduce ΔWqkvj and ΔWprojj to rank j

12: end for
13: Return ΔXi, ΔWqkvi, and ΔWproji
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Fig. 2 METP for MHA (b: batch size; s: sequence length; h: hidden size; p: parallel degree; n: number of
heads. Note: h/n=head_size. QKV will be transposed, reshaped, and split to obtain Q,K,V before they are
fed into the inner loop. The workflow of the inner loop is similar to Fig. 1e)

of the results below.

4.1 Memory consumption

In this subsection, we analyze the memory con-
sumption of our method in training MHA layers.

4.1.1 Model states

Each MHA layer consists of two projection
weight matrices: a QKV projection matrix with a
shape of h× 3h and an attention-out-projection ma-
trix with a shape of h × h. Therefore, the total
memory consumption for these weight matrices is
4h2 + 4h, where the additional 4h represents the
number of bias parameters. Additionally, for each
parameter matrix, we need to store its gradient ma-
trix and corresponding optimizer states. The Adam
optimizer holds momentum and variance for each
parameter, costing 2× memory cost of the param-
eter. Thus, using the Adam optimizer requires 4×
memory consumption of weight matrices. We evenly
distribute the model parameters across all devices
in the communication group. Finally, each Trans-
former layer’s model state memory consumption is
(16h2 + 16h)/p on each device.

4.1.2 Intermediate results

According to Algorithm 6, we store the input
X in Eq. (7) and the attention results of Eq. (8) for
backward propagation, resulting in a memory cost of
2bsh/p.

During the computation of MHA without
FlashAttention, the maximum memory cost happens

when computing attention scores. We need to pre-
pare Qij , Kij , and Vij for each inner loop. Note
that the sequence lengths of Q, K, and V are the
same during training. Since the shapes of matri-
ces Qij , Kij , and Vij are b × n/p × s/p × h/n,
the memory cost of temporarily storing them is
3b(s/p)(n/p)(h/n) = 3bsh/p2. To compute the
subresult of attention scores Eij in line 5 of Al-
gorithm 3, whose shape is b × n/p × s/p × s/p, it
requires additional bns2/p3 memory. Finally, the
intermediate result consumption of METP MHA is
2bsh/p + 3bsh/p2 + bns2/p3. Accumulatively, we
obtain the result recorded in Table 2. Note that
we omit the small overheads like bias and rowsum.
When s >> h, the memory consumption of our
method is O(s2/p3), whereas those of the others are
O(s2/p). This shows a p2 memory optimization com-
pared with other methods. FlashAttention can re-
duce the memory consumption of attention scores
because it uses shared memory instead of HBM for
computing attention scores. With FlashAttention,
the peak memory overhead of METP’s intermediate
results is 2bsh/p + 3bsh/p2. When comparing the
peak memory of intermediate results with TP, we
have

r =

3bsh
p2 + 2bsh

p

4bsh
p + bsh

=
3 + 2p

p(4 + p)
, (10)

where r is the ratio of peak memory of METP to TP.
It means that the peak memory consumption of a sin-
gle layer’s intermediate results of METP is at least
41.7% (p=2) less than that of TP. As for the inter-
mediate result memory consumption after forward
propagation, we can easily obtain that METP saves
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Table 2 Memory overhead and communication volume of an MHA layer during training

Method Operation Shape of matrix 1 Shape of matrix 2 Shape of output

Megatron-LM (TP+SP) AG+Q/K/V b× (s/p)× h h× (h/p) b× (n/p)× s× (h/n)

QKT b× (n/p)× s× (h/n) b× (n/p)× s× (h/n) b× (n/p) × s× s

AV b× (n/p)× s× s b× (n/p)× s× (h/n) b× (n/p)× s× (h/n)

Linear+RS b× (n/p)× s× (h/n) (h/p)× h b× (s/p)× h

RSA Q/K/V b× (s/p)× h h× h b× n× (s/p)× (h/n)

Ring-QKT b× n× (s/p)× (h/n) b× n× (s/p)× (h/n) b× n× (s/p)× s

Ring-AV b× n× (s/p)× s b× n× (s/p)× (h/n) b× n× (s/p)× (h/n)

Linear b× n× (s/p)× (h/n) h× h b× (s/p)× h

FSDP/ZeRO+Ulysses AG+Q/K/V b× (s/p)× h (h/p)× h b× n× (s/p)× (h/n)

A2A+QKT b× n× (s/p)× (h/n) b× n× (s/p)× (h/n) b× (n/p) × s× s

AV +A2A b× (n/p)× s× s b× (n/p)× s× (h/n) b× n× (s/p)× (h/n)

AG+Linear b× n× (s/p)× (h/n) (h/p)× h b× (s/p)× h

METP (ours) Broadcast-Q/K/V b× (s/p)× h h× (h/p) b× (n/p)× (s/p)× (h/n)

P2P-QKT b× (n/p)× (s/p)× (h/n) b× (n/p)× (s/p)× (h/n) b× (n/p)× (s/p)× (s/p)

P2P-AV b× (n/p)× (s/p)× (s/p) b× (n/p)× (s/p)× (h/n) b× (n/p)× (s/p)× (h/n)

Broadcast-Linear b× (n/p)× (s/p)× (h/n) (h/p)× h b× (s/p)× h

Method Memory Peak memory Communication volume

Megatron-LM (TP+SP) 16h2

p
+ 5bsh

p
16h2

p
+ 4bsh

p
+ bns2

p
k + bsh 5 p−1

p
bsh

RSA 16h2 + 5bsh
p

16h2 + 5bsh
p

+ bns2

p
8 p−1

p
bsh

FSDP/ZeRO+Ulysses 16h2

p
+ 5bsh

p
3h2 + 13h2

p
+ bns2

p
k + 5bsh

p
12 p−1

p
h2 + 8 p−1

p2
bsh

METP (ours) 16h2

p
+ 2bsh

p
16h2

p
+ 3bsh

p2
+ bns2

p3
k + 2bsh

p
12(log2 p)h

2 + 6 p−1
p

bsh

b: batch size; s: sequence length; h: hidden size; p: parallel degree; n: number of heads. If flash attention is used, k = 0;
otherwise, k = 1. Memory: the memory overhead after executing forward propagation. Peak memory: the peak memory overhead
during forward propagation. Note: we ignore the reshape and transpose operations in this table. For example, the result of
AG+Q/K/V in TP should be first reshaped to b × s × (n/p) × (h/n), and then transposed to b × (n/p) × s × (h/n). AG:
AllGather; RS: ReduceScatter; A2A: AllToAll; P2P: peer-to-peer

60% of memory. As p enlarges, METP could save
more peak memory. When the number of layers is L,
the actual ratio becomes

r̄ =
r

L
+

2

5

L− 1

L
. (11)

Thus, we can save at least 41.7% of the memory when
computing MHA.

4.2 Communication overhead

4.2.1 Forward pass

During the outer loop of the computation of
MHA, the QKV projection needs to broadcast a
matrix of dimension h × (3h/p). This results in a
communication volume of 3(log2 p)h2/p. Repeating
this process over p iterations, we obtain an overall
communication volume of 3(log2 p)h2. Similarly, the
total communication volume for the out projection
is (log2 p)h2.

The inner-loop computation follows the com-
munication style consistent with METP. Each itera-
tion results in the communication volume of 2bsh/p2

for K and V . According to Section 3.2.1, we need
only to do p − 1 times communication, resulting in
2 p−1

p2 bsh communication volume for each outer loop.
Since outer loops iterate p times, each device has an
accumulated communication volume of 2 p−1

p bsh for
K and V .

Thus, the overall communication volume of the
forward pass is 4(log2 p)h2 + 2 p−1

p bsh.

4.2.2 Backward pass

In the backward computation process of MHA,
according to Algorithm 6, we need to compute
the gradients for the output of METP Attention
and the input of MHA, which requires broadcast-
ing the QKV projection and out projection weight
matrices, resulting in a communication volume of
4(log2 p)h

2. Additionally, to compute the gradients
of each submatrix of weights, we use the Reduce
operation to gather the gradients from each rank,
which incurs another 4(log2 p)h2 communication vol-
ume. Similarly, in the computation of gradients
for the input of METP Attention, communication
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of submatrices of K and V is required in the in-
ner loop, resulting in a communication volume of
2 p−1

p bsh. Furthermore, as shown in Algorithm 4,
during the gradient calculation process for K and V ,
the transmission of gradients ΔK and ΔV is neces-
sary. Each iteration generates a communication vol-
ume of 2bsh/p2, resulting in a total communication
volume of 2 p−1

p bsh. Finally, the overall communica-
tion volume of the backward pass of METP MHA is
8(log2 p)h

2 + 4 p−1
p bsh.

Table 2 summarizes the communication volume
compared with other methods.

4.3 Overlap between computation and com-
munication

Fig. 3 shows the overlap execution of an METP
MHA layer with p = 4. Before each outer loop it-
eration i, we launch a broadcast to prepare the cor-
responding WQKVi and Wouti for it. In the inner
loop, which is performed by Algorithm 3, we overlap
the computation with P2P send and receive opera-
tions. Similarly, we can overlap the Broadcast and
Reduce operations of the (i+1)th iteration with the
calculation of the ith iteration.

To illustrate the possibility of overlap, we com-
pute the arithmetic intensity of the METP MHA
forward pass.

4.3.1 Outer loop

The computation amount of Eqs. (7)–(9) is ap-
proximately 6bsh2, 4bs2h, and 2bsh2, respectively.
The total amount is about 8bsh2/p+ 4bs2h/p. The
communication volume of FP16 forward propaga-
tion of each outer loop iteration is 2(4(log2 p)h2/p+
p−1
p2 2bsh). Thus, the arithmetic intensity is

IF2 =
8bsh2 + 4bs2h

(log2 p)8h
2 + p−1

p 4bsh
>

8bsh+ 4bs2

(log2 p)8h+ 4bs
.

(12)
Supposing that we have p = 8, b = 1, we can simplify
the inequality as follows:

IF2 >
4s(2h+ s)

24h+ 4s
>

4s(2h+ s)

12(2h+ s)
=

s

3
. (13)

When s
3 > 1040, i.e., s > 3120, the computation and

communication can be theoretically fully overlapped
within an A100 server.

For the backward pass, the communication vol-
ume is twice that in the forward pass, and the com-

Outer loop
B1

IL0
B2

IL1
B3

IL2 IL3

Inner loop
S1

MA0
S2

MA1
S3

MA2 MA3

Broadcast Inner loop Send/Recv METP Attention

Communicate
Compute

Communicate
Compute

B0

Fig. 3 Overlap between communication and compu-
tation in METP MHA

putation amount is more than twice due to recom-
putation. Thus, the arithmetic intensity of the back-
ward pass is greater than that of the forward pass.
Therefore, the condition is bounded by the forward
pass.

4.3.2 Inner loop

Since we form the inner loop like Algorithm 3,
we follow the condition in Section 3.3. Finally, for
METP MHA, we require a sequence length to be
>8320 for full overlap.

5 Evaluation

5.1 Experimental setup

1. Environments
We conducted experiments on a machine with

eight NVIDIA A100-SXM4-80 GB GPUs intercon-
nected through NVLink. The CPU is an Intel�

Xeon� Platinum 8369B CPU @2.90 GHz. The
software environment includes PyTorch 2.0, com-
pute unified device architecture (CUDA) 11.8, and
flash_attn 2.2.5.

2. Implementation
We implemented two versions of the METP

Transformer using PyTorch and flash_attn library.
We implemented the attention calculation in the first
version using PyTorch Aten operators. The second
version used the FlashAttention-2 kernel because
FlashAttention-3 is compatible only with the Hop-
per architecture, and we conducted our experiments
on the Ampere architecture. We carefully man-
aged the online Softmax outside the kernel to make
these two implementations mathematically equiva-
lent. The first version was used in environments that
do not support FlashAttention. Since A100 supports
FlashAttention-2, our evaluations below are primar-
ily based on the second version.
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3. Models
We conducted experiments to evaluate the per-

formance of METP in training large-scale models
with a large number of parameters, including BERT-
Large (Devlin et al., 2019), LLaMA-7B, LLaMA-70B
(Touvron et al., 2023), and GPT-175B (Brown et al.,
2020). The hyper-parameters of our chosen models
are shown in Table 3. We examined all the four
model types’ memory consumption and the maxi-
mum sequence length that they can reach. Given
that the entire LLaMA-70B (Touvron et al., 2023)
and GPT-175B (Brown et al., 2020) cannot fit in
one server with eight cards and are required to train
with PP, we tested the throughput for one PP stage
(Narayanan et al., 2021a) and ignored the pipeline
bubbles that occurred in multiple stages. This means
that we evaluated only a few layers of LLaMA-70B
(Touvron et al., 2023) and GPT-175B (Brown et al.,
2020).

4. METP setting
We applied the original METP from Section 3

for the Transformer’s FFN layer and the two-level
METP for MHA from Section 4, following the parti-
tion schemes listed in Tables 1 and 2.

5. Comparison methods
We chose TP implemented by Megatron-LM

and Ulysses (Jacobs et al., 2024) implemented by
DeepSpeed (Rasley et al., 2020) as our comparison
methods. TP was combined with SP (Korthikanti
et al., 2023) in our experiments, while Ulysses was
used with ZeRO from DeepSpeed. By applying
FlashAttention, the memory overhead of training
Transformers increased linearly with the increase of
sequence length. Since RSA-SP is inherently incom-
patible with FlashAttention, it quickly exceeded the
memory limit as the sequence length grew. Although
we have analyzed this in the previous sections, we
did not include it in our comparisons. We compared
these three methods in terms of memory consump-
tion and model FLOPS utilization (MFU) (Chowd-

hery et al., 2022) under various settings.

5.2 Correctness evaluation

To check whether extra communications affect
the precision, we compared our implementation with
the naive implementation of TransformerEncoder-
Layer in PyTorch. Then, by inputting different in-
puts and comparing the output and gradient results
of forward and backward propagation, we verified
the correctness of our implementation. Moreover,
we tested the METP MHA function and METP
FFN function individually. Our experimental re-
sults showed that the average error of each element
was <10−5, which means that our implementation is
mathematically equivalent to the naive implementa-
tion in PyTorch.

5.3 Memory efficiency evaluation

To evaluate the memory efficiency of METP, we
measured the memory consumption using different
methods, using TP as the baseline. We calculated
the ratios of memory consumption for each method
relative to TP. As illustrated in Fig. 4, the ratio
of METP to TP decreased as the sequence length
increased, indicating that METP becomes more effi-
cient than TP with longer sequences. For example,
in GPT-175B training, METP reduced the memory
consumption for training long sequences by up to
64% (i.e., in the 512k case). This significant reduc-
tion highlights its potential for larger batch sizes and
larger sequence lengths.

5.4 MFU evaluation

We investigated the MFU of each setting, which
is proportional to throughput. MFU is computed via

MFU =
Model FLOPs per iteration

iter_time × Hardware FLOPS
, (14)

which indicates the efficiency of using computing
resources.

Table 3 Model configuration

Model Hidden size Number of heads Number of layers Number of layers per device

BERT-Large 1024 16 24 24
LLaMA-7B 4096 32 32 32
LLaMA-70B 8192 64 80 5
GPT-175B 12 288 96 96 1

LLaMA configurations are from https://github.com/aws-neuron/neuronx-nemo-megatron; GPT-175B configuration is from
Narayanan et al. (2021a)
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Fig. 4 Memory usage of different methods at different sequence lengths on eight A100 GPUs: (a) BERT-Large;
(b) LLaMA-7B; (c) LLaMA-70B; (d) GPT-175B. Above each bar, we give their ratios compared to TP. OOM:
out-of-memory

Simultaneously, we set the batch size for each
configuration to its maximum value without exceed-
ing the memory limit, as larger batch sizes can
more effectively leverage GPU resources. Given
that METP is designed for long-sequence train-
ing, we limited the sequence length to at least
32k in this subsection. Fig. 5 illustrates the MFU
and corresponding batch sizes for various models
trained with different methods across multiple se-
quence lengths. Our results showed that the MFU
of METP outperformed that of TP in most cases
and that METP can train the model with longer
sequences than TP and Ulysses. METP outper-
formed TP because TP has communication that can-
not be overlapped. Ulysses outperformed METP
in BERT-Large, LLaMA-70B, and GPT-175B be-
cause it caches the model parameters, avoiding heavy
parameter AllGather communication in ZeRO. In
these cases, Ulysses performed much less commu-

nication than TP and METP. However, once the
model slices were too big on a device, as shown
in Fig. 5b, Ulysses may suffer from performance
degradation.

5.5 Scalability evaluation

In this subsection, we measured the scalability
of different methods by accounting for the maxi-
mum sequence lengths under various degrees of par-
allelism. For each kind of model, we first measured
the maximum sequence length they can reach on a
single device during training and used it to normal-
ize the results in the scaling experiment. LLaMA-
7B was not included in this subsection because it
encountered an out-of-memory (OOM) problem in
the single device case. Fig. 6 shows each method’s
normalized maximum sequence length on different
parallel degrees. The results showed that TP and
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Fig. 5 MFU and the corresponding batch size for different models: (a) BERT-Large; (b) LLaMA-7B;
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Ulysses followed a linear scalability while METP had
a superlinear scalability. According to our mem-
ory consumption analysis in Tables 1 and 2, METP
reduced the overhead of most activation values to
O(1/p2), whereas the overheads of TP and Ulysses
were still O(1/p). This can explain why METP
has better and superlinear scalability than other
methods.

LLaMA-70B consumed a significant amount of
model state memory, especially when the number
of devices was limited. As the number of devices
increased, the memory overheads were distributed
across each rank, allowing more space for each rank
to store sequences. Consequently, the normalized
values were much larger than those of BERT-Large
and GPT-175B.

Given this good scalability, METP achieved a
more considerable maximum sequence length (in-
creased by 2.38× to 2.99×) compared to other meth-
ods among all models on eight A100 GPUs.
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Fig. 6 Scaling sequence length by increasing the num-
ber of devices. Results are normalized by the maxi-
mum sequence length that a single device can achieve
for each model setting

5.6 Overlap evaluation

We investigated the gain and condition of over-
lapping by running METP synchronously and asyn-
chronously. In Fig. 7, “Comp” and “Comm” represent
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the ratios of computation and communication time
in a synchronous setting. “Async” is the ratio of the
asynchronous setting compared to the synchronous
setting when applying a double buffering technique
for overlapping. Fig. 7 shows that the asynchronous
setting outperformed the synchronous setting in all
our experiments. Additionally, as the sequence
length increased, the difference between “Async” and
“Comp” became smaller.

6 Discussion

6.1 Interpretation of results

Fig. 4 illustrates that METP exhibits slightly
higher memory consumption than TP in the 4k se-
quence length case for LLaMA-7B. This is attributed
to METP maintaining a double buffer for communi-
cation, which adds to the memory overhead. Ad-
ditionally, Ulysses appears less memory-efficient in
short-sequence scenarios because ZeRO gathers and
caches all model parameters, leading to higher mem-
ory usage. However, as the sequence length in-

creases, the primary memory consumption shifts
to activations, and Ulysses becomes more memory-
efficient than TP.

Fig. 5 shows that in short-sequence cases,
METP is slightly worse than TP and Ulysses. One
reason is that METP recomputes Q, K, and V dur-
ing running Algorithm 6, whereas TP and Ulysses do
not, which brings additional computation overheads.
Another reason is that METP splits the computation
task into p3 tiles, which might lead to poor streaming
multiprocessor (SM) efficiency when the tiles are too
small. We claim that METP is designed for long-
sequence training, which is acceptable to us.

Based on our prior analysis, the sequence length
must exceed 8320 to achieve overlap between com-
putation and communication. Our overlap experi-
ments indicate that once the sequence length sur-
passes 8k, the overlap performance essentially stabi-
lizes. However, this does not work for Fig. 7a. This
is because our analysis related to the computation-
to-communication bound is idealized. Memory-
bound element-wise operators may reduce overall
computational performance in the real environment.
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Additionally, when the sequence length is small, the
GPU is hard to be fully used with limited threads, re-
sulting in poor performance. Consequently, we can-
not simply use the peak device performance to deter-
mine the critical threshold of overlap. Moreover, the
communication via NVIDIA Collective Communica-
tion Library (NCCL) follows the alpha-beta model
(Li A et al., 2020). When the data volume is too
small, the actual bandwidth decreases sharply. For
instance, according to our testing, the bandwidth for
sending and receiving 1 MB of data is only 37 GB/s.
Additionally, our current implementation considers
only the overlap within a layer, where the first Broad-
cast and the last Reduce operations cannot overlap
with computation, resulting in a subtly more signif-
icant difference between “Async” and “Comp.”

6.2 Integration with other methods

METP is orthogonal to DP, FSDP, and PP.
Thus, we could combine METP with them to train
LLMs without modification. We now explain why
they are orthogonal. METP partitions tensors along
different axes from DP, making them naturally or-
thogonal. Although both FSDP and METP split
parameters, they operate at different stages of layer
execution. Specifically, FSDP prepares parameters
before a layer’s execution begins, while METP is
integrated directly within the layer’s execution pro-
cess. Therefore, FSDP and METP are orthogonal.
PP splits the model into multiple stages, and METP
is used within the stages. Therefore, PP and METP
are orthogonal.

METP can also work with TP with a few mod-
ifications. We can treat the partitioned parameter
matrices as non-partitioned ones for METP and ap-
ply METP to them. After the execution of METP,
we can finish the AllReduce operation of TP to finish
the execution.

6.3 Possible scenarios to use METP

1. Hybrid parallelism. METP generates
higher communication volume to achieve lower
memory consumption, making it particularly
suitable for deployment on high-speed intercon-
nects. Recent new clusters, such as DGX GB200
NVL72 (https://www.nvidia.com/en-us/data-
center/gb200-nvl72/) and DGX H100 SuperPOD
(https://docs.nvidia.com/https:/docs.nvidia.com/

dgx-superpod-reference-architecture-dgx-h100.pdf),
apply NVLink switch that supports high-speed
and simultaneous communication among dozens of
GPUs. This allows users to apply hybrid parallelism
methods (Lai et al., 2023) consisting of more intra-
operator parallelism methods to avoid bubble and
load-balance problems in inter-operator parallelism
during training. Applying METP to these servers
can achieve lower memory usage while possibly
performing better.

2. Long-sequence scenarios. In addition to lan-
guage models, recent applications like video gener-
ation (Liu YX et al., 2024) rely on long-sequence
data. For instance, generating a 2-s video of 720p
resolution can produce one million tokens accord-
ing to the setting of Open-Sora (https://github.com/
hpcaitech/Open-Sora).

3. Limited memory cluster. In clusters with
limited-memory GPUs like 24 GB GPU GeForce
RTX 4090, using METP can enable them to train
or infer long-sequence data. From Fig. 4, we know
that memory usage can easily exceed the limit. Ap-
plying METP can relieve us from buying expensive
GPUs with larger memory.

6.4 Related works

Latest works such as Ring Attention (Liu H
et al., 2023) and DeepSpeed-Ulysses (Jacobs et al.,
2024) also aim to optimize the long-sequence com-
putation of Transformers. Ring Attention applies
send/recv to handle attention computation similar
to our work. However, it achieves only up to 35%
MFU, whereas ours achieves up to 48%. Differ-
ent from their work, METP is a general parallelism
method designed for O = f(AB)C, whereas we
have specifically designed a two-level scheme for at-
tention computation.

6.5 Limitations and future work

Our current implementation decomposes atten-
tion computation tasks into p3 tasks, which leads to
poor SM efficiency when the sequence length is small.
Moreover, we do not consider overlap between layers
yet. By implementing the METP CUDA kernel or
using techniques like compiling (Chen et al., 2018),
we may overcome these and achieve better perfor-
mance in the future. Moreover, the MFU evaluation
experiment reveals that METP is not universally
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optimal. However, as shown in Tables 1 and 2, METP
shares the same partitioning form with other meth-
ods. Given this, we are currently developing al-
gorithms to dynamically select the most appropri-
ate parallelism method based on varying sequence
lengths.

7 Conclusions

In this paper, we introduce a parallelism scheme,
namely METP, and present the detailed parallel al-
gorithms for the generalized matrix multiplication
computation O = f(AB)C. Our theoretical anal-
ysis demonstrates that METP can significantly re-
duce the memory consumption of attention to an
O(1/p3) degree and reduce memory overheads of
other intermediate results by at least 41.7%, which
enables us to enlarge sequence length during train-
ing. Furthermore, we employ METP to address the
memory problems encountered when training Trans-
former models with long sequences and provide im-
plementations of METP MHA and METP FFN de-
signed for Transformers. The experimental results
demonstrate that our method outperforms existing
strong baselines.
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