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Abstract: The state space explosion, a challenge analogous to that encountered in a Petri net (PN), has constrained the extensive
study of fuzzy Petri nets (FPNs). Current reasoning algorithms employing FPNs, which operate through forward, backward, and
bidirectional mechanisms, are examined. These algorithms streamline the inference process by eliminating irrelevant components
of the FPN. However, as the scale of the FPN grows, the complexity of these algorithms escalates sharply, posing a significant
challenge for practical applications. To address the state explosion issue, this work introduces a parallel bidirectional reasoning
algorithm for an FPN that utilizes reverse and decomposition strategies to optimize the implementation process. The algorithm
involves hierarchically dividing a large-scale FPN into two sub-FPNs, followed by a converse operation to generate the reversal
sub-FPN for the right-sub-FPN. The detailed mapping between the original and reversed FPNs is thoroughly discussed. Parallel
reasoning operations are then conducted on the left-sub-FPN and the resulting reversal right-sub-FPN, with the final result
derived by computing the Euclidean distance between the outcomes from the output places of the two sub-FPNs. A case study is
presented to illustrate the implementation process, demonstrating the algorithm’s significant enhancement of inference efficiency
and substantial reduction in execution time.
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1 Introduction
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widely utilized for modeling, simulating, and exe-
cuting diagnostic tasks within complex manufactur-
ing systems, leading to fruitful results. This is primarily
attributable to two key characteristics of FPNs (Zhou
and Zain, 2016; Seatzu, 2019; Liu et al., 2022; Wang
et al., 2022). First, the FPN maintains the PN’s ability
to describe asynchronous concurrency and provides a
graphical representation. Second, it offers a formal
modeling approach for managing fuzzy and uncer-
tain information within knowledge-based systems.
This sets FPN apart from the opacity and black-box
nature of deep learning, as FPNs can explicitly de-
scribe the states, events, and transitions within the
system, thereby enhancing the interpretability and
explainability of the inference process (Rudin, 2019).
Recently, more high-level PNs with fuzzy factors
have been introduced to represent knowledge effec-
tively and accommodate the diverse constraints in-
herent in real engineering issues. Notable examples
include probabilistic linguistic PNs (Shi et al., 2024),
Z-number PNs (Shi et al., 2022), spherical linguistic
PNs (Mou et al., 2022), and linguistic PNs (Liu et al.,
2022).

As knowledge-based systems increase in size, their
corresponding FPNs grow in scale (Zhou et al., 2019).
This scaling phenomenon, known as the state explo-
sion problem, poses a substantial challenge to the con-
struction and application of FPNs (Valmari, 1998;
Grobelna and Karatkevich, 2021). To address the
state explosion problem, researchers have developed
a suite of decomposition algorithms and reasoning tech-
niques. These methods ensure that the resulting sub-PNs
preserve the consistency of the original PN, thereby
reducing the model’s scale. Chen SM (2000) pro-
posed a fuzzy “AND/OR” graph via FPN backward
reasoning, which constructs an “AND/OR” graph from
target places and reduces the model size. This approach
also allows for the flexible evaluation of the truth
degree for any user-specified proposition. Zaitsev
(2004) discussed functional sub-PNs based on struc-
tural properties and presented a decomposition algo-
rithm of polynomial complexity O(n’) that maintains
the properties of the original PN. Lakos and Petrucci
(2011) introduced a modular PN with dynamic pri-
orities, considering transitions and the current mark-
ing rather than only the firing mode. Their approach
modularizes the state space, thereby solving the state

space explosion problem. Zeng et al. (2012) employed
time-scale decomposition to reduce the state space in
continuous-time Markov chains and decomposed a sto-
chastic PN into several sub-level models with consis-
tent transition rates. Liu et al. (2013) introduced a fault
diagnosis and cause analysis model that uses fuzzy
evidence inference within a dynamic adaptive FPN.
The model achieves reverse cause analysis through
a reverse operation and enhances fault diagnosis accu-
racy by integrating fuzzy evidence inference into the
FPN framework. Nishi and Matsumoto (2015) pro-
posed a method for decomposing large-scale PNs into
multiple sub-PNs capable of capturing the behavior
of each system component. This method reduces the
computational complexity of discovering near-optimal
scheduling solutions, enhances solution efficiency, guar-
antees the prevention of deadlocks, and facilitates the
achievement of acyclic scheduling. Shen et al. (2013)
proposed a method for solving the state explosion
problem of PN using matching theory. This method
reduces the PN by fusing transitions with maximum
weight values and eliminating redundant positions,
resulting in a compressed and reduced PN. Salum
(2015) introduced a novel PN analysis tool, the super-
position chain, which employs superposition opera-
tors to define triggering semantics. This allows transi-
tions to be fired in any order through superpositions,
enabling the superposition chain to define an acyclic
PN that can be checked in parallel or via superposi-
tions, thus avoiding state explosion and enhancing
the efficiency of PN analysis. Zhou et al. (2015a) dis-
cussed a bidirectional decomposition algorithm to
divide a large-scale FPN into a series of sub-FPNs.
However, the practical application of this approach is
challenged by the difficulty of implementing infer-
ence on each sub-FPN. Subsequently, they developed
a bidirectional adaptive inference algorithm based on
intrinsic inference paths (Zhou et al., 2018) to overcome
the state explosion problem by managing the dimen-
sions of the operation matrix. Despite this advance-
ment, the proposed bidirectional reasoning still pre-
dominantly operates with forward inference on the
original FPN and backward reasoning on the simpli-
fied FPN, which means that it does not employ an accu-
rate parallel reasoning mechanism. Bai et al. (2023)
introduced a decomposition algorithm for the q-rung
orthopair fuzzy reversed PN using place and transition
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vectors. This algorithm was able to avoid interference
from unrelated propositions and decrease the com-
plexity of inference. Yang (2023) addressed the state
explosion issue of PN by proposing a polynomial
decomposition algorithm via P-invariants. This algo-
rithm decomposes complex workflow network models
into simple subnet classes, which were effective for
describing the process of business case handling.

Researchers focusing on inference in large-scale
FPNs commonly employ various mechanisms to simp-
lify the original FPN and enhance reasoning efficiency.
These mechanisms include using forward or backward
search to identify the most straightforward reasoning
path between input and output places (Jiang et al.,
2022). The core of this approach is the individual
implementation of forward and backward inference
mechanisms. Although backward reasoning from output
places can effectively capture inner inference paths
and directly reduce the complexity of the matrices
involved in the forward reasoning operation, the overall
complexity remains substantial. In contrast, actual bidi-
rectional reasoning involves executing simultaneous
forward and backward reasoning—one starting from
the initial state and the other from the goal state—with
the expectation that they will converge in the middle
(Russell and Norvig, 2009). However, at the current
stage, the bidirectional reasoning approach fails to meet
the demand for parallelism. Thus, it can be considered a
hybrid reasoning technique that integrates forward and
backward reasoning. Moreover, when evaluated from a
parallel perspective in knowledge reasoning, the exist-
ing FPN inference method does not comply with the
criteria for a ‘true’ bidirectional reasoning method.

Building on the above findings, this paper intro-
duces a parallel bidirectional reasoning approach utiliz-
ing a hierarchical FPN enabled by a reversible and dy-
namic decomposition mechanism (PBR-HFPN-RDD).
This method aims to achieve parallel fault diagnosis
and mitigate the state explosion issues encountered in
the following aspects:

1. By analyzing the clear mapping relationship
between an FPN and its reverse (Re-FPN) elements,
this paper delves into the Re-FPN generation algorithm
and associated concepts in depth.

2. By exploring potential reasoning error sources,
this paper develops a dynamic decomposition algorithm
to partition two sub-FPNs of varying scales by leverag-
ing the properties of the incidence matrix.

3. The PBR-HFPN-RDD is applied to conduct par-
allel reasoning operations on the derived left-sub-FPN
and the Re-FPN, utilizing the obtained right-sub-FPN
to achieve the final diagnosis result.

Furthermore, a case study is conducted to validate
the correctness of the proposed PBR-HFPN-RDD. The
experimental results indicate that PBR-HFPN-RDD
can diminish the scale of matrix operations within the
FPN reasoning process, thereby mitigating the state
explosion issue and enhancing the efficiency of model
reasoning.

The remainder of this paper is structured as fol-
lows. Section 2 revisits the relevant concepts, includ-
ing FPN, fuzzy production rules (FPRs), formal infer-
ence mechanisms, and the properties of the incidence
matrix. Section 3 investigates the mapping relation-
ship between the original FPN and its corresponding
Re-FPN and introduces the algorithm for generating
the Re-FPN. Section 4 analyzes the potential sources of
reasoning error in a parallel fault diagnosis algorithm
utilizing the Re-FPN and discusses a dynamic decom-
position algorithm that segments the entire FPN, along
with a detailed presentation of the PBR-HFPN-RDD.
Section 5 demonstrates the feasibility and correctness
of the proposed PBR-HFPN-RDD through a case
study. Finally, Section 6 provides a summary of the
entire paper.

2 Related notions

This section reviews the fundamental definitions
of an FPN, an FPR, and their related notions based on
the references (Yeung and Ysang, 1998; Chen SM,
2002; Zhou et al., 2015b; Yu et al., 2023).

2.1 Fuzzy Petri net

Definition 1 (FPN) An FPN can be defined as a
9-tuple.

FPN(2)=(P, T, F, M, W, Th, CF, I, O), where:

(1) P={p,, p,, -** , p,} 1s a finite set of places;

(2) T={¢, t,, --- , t,,} is a finite set of transitions;

(3) F2(P*xT)U(TxP) is a set of directed arcs rep-
resenting the flow relations between P and T;,

(4) M=(m,, m,, ---, m,)" is a vector to record
the truth degree of the corresponding place p, (i=1,
2, ---, n) and me[0,1]. The initial marking is denoted
by M,;
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(5) W=(W,)) s is a matrix to record the weight
from p, to £, w,€(0,1];

(6) Th=Cu,, u,, -++, )" is a vector to record each
transition’s threshold 7, (=1, 2, ---, m) and p,e(0,1];

(7) CF=(CE,),.,
tainty factor from ¢ to p,, CF,e(0,1] (i=1, 2, ---, n; j=
1,2, ,m);

(8) I=(U(p;» 1)), 1s an input matrix, where I(p,
t) (i=1,2, -+, n; j=1, 2, ---, m) represents a directed arc
exists from p, to £, and I(p,, t,)=w,,,; otherwise, I(p,, £)=0;

(9) 0=(O(;; 1)), 1s an output matrix, where
O(p,, t) represents a directed arc exists from ¢ to p,
and O(p,, t)=CF, (i=1, 2, ---, n; j=1, 2, -+-, m); other-
wise, O(p,, t)=0.
Definition 2 (Pre-set and post-set) For an FPN, x=
{V|(y, x)eF} is the pre-set of x, and x={y|(x, y)eF} is
the post-set of x (x, ye(PUT)).
Definition 3 (Input place and output place)

is a matrix to record each cer-

Input
place is a set of places that fulfill {peP|'p=0 and p'#
&}, output place is a set of places that fulfill {peP|p=
& and p'=}.

Definition 4 (Enable and fire) For a given FPN with
a marking M, the transition ¢ enables, denoted as M|>,
once the property that all input places pe’t fulfills the
following condition:

2M(p)<W(i,j)zu(t;). (M

Once, and only if, a transition is enabled, the transi-
tion fires and produces a new marking M’, denoted
as M|>M'. The new marking M’ could be calculated
as follows:

0, pe’t=t,

M'(p)= (M (p)*w(p,t))*CF(t,p), pet’-'t,
M(p), pe'tUt.

2)

Definition 5 (Incidence matrix) An incidence matrix
H is used to represent the entire flow relationships
between P and T of the FPN, the element of which
satisfies

-1, if pel(s),p,eP, t,eT,

1, if p,eO(t,),p,eP,t,eT
h, = pe0(t),p j 3)
' (i=1,2,-,n;j=1,2,:+,m),

0, otherwise.

Definition 6 (Route of place and the longest route of
FPN) For a given nxm FPN, the transition string ¢,
t,, -+, 1, can be fired in order. For a given place p, if p
can obtain the token from the input place, the transition
string 7, 1,, -*-, ¢, is called a route of place p, and the
length /; of route / of place p is defined as [=|r|=h,,
where £ is the number of the transitions of this route 7,.
If p is the output place, there are k routes of p
from the input place r,, r,, -, r;, and the correspond-
ing path length of each route is /,, /,, ---, /,, respec-
tively. The longest route of the FPN is /_, =|max(/,,
by ey DI
Definition 7 (Immediate reachability set and reach-
ability set) If p,e’s, and p,et;’, then p; is said imme-
diately reachable from p, The set of places that are
immediately reachable from a place p, is called the
immediate reachability set of p, and is denoted by
IRS(p,). The set of places that are reachable from place
p; is called the reachability set of p, and is denoted by

RS(p).

2.2 Fuzzy production rules

max

Definition 8 (FPR) An FPR is generally defined
below.

If D(Z), then QO (CF, u, w), where:

(1) D is a finite set of preconditions D= {D,,
D,, D,

(2) Q is a finite set of conclusions O={Q,, O,, ---,
0.}

(3) CFe(0,1] is the belief strength of a rule to indi-
cate the confidence of the related conclusions derived
by conditions;

(4) ne(0,1] is the threshold value of the rule;

(5) we(0,1] is the weight of each precondition.

An FPR is a type of production rule that de-
scribes the interior relationship between pre-positions
and conclusions with fuzzy parameters. FPRs can be
classified into three types: simple rules, “AND” rules,
and “OR” rules.

(1) Simple rule

If D(A), then Q (CF, i, w=1).

If A>u exists, then the rule can be fired. The cor-
responding FPN of a simple rule is generated as shown
in Fig. la, and the result after being fired is m(p,)=
m(p,)xwxCF (Fig. 1b).

(2) “AND” rule

If D,(4,) and D,(4,) and --- and D,(4,), then O
(CF, 1, Zw;=1).
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u u m=mxwxCF
o ReJos 0
pi t P P t 7
(a) (b)

Fig. 1 Fuzzy Petri net (FPN) corresponds to the simple rule:
(a) before transition fired; (b) after transition fired

If > w,xA>u exists, then the rule can be fired.
The corresponding FPN of the “AND” rule is gener-
ated as shown in Fig. 2a, and the result after being
fired is m(p,)=2 (m(p,) *w,) xCF (Fig. 2b).

14 w.

P
1 1]
H M
t Py P2 t Py
n Wy

P2
w,

Pn Pn
(a) (b)

Fig. 2 FPN corresponds to the “AND” rule: (a) before being
fired; (b) after being fired

(3) “OR” rule

If D,(4,) or D,(4,) or --- or D,(4,), then Q (CF, g,
w;=1).

If w, x>y, exists, then the rule can be fired. The
corresponding FPN of the “OR” rule is generated as
shown in Fig. 3a, and the result after being fired is
m(p,)=max(m(p,)*w,) <CF, (Fig. 3b).

H1 M
@ @
b cF, b cF,

P P+

2 2 7
o CF,
Hn
ww%(p,rmax(m(p,)xw,>x0F,
Pn t
(a) (b)

Fig. 3 FPN corresponds to the “OR” rule: (a) before being
fired; (b) after being fired

2.3 Incidence matrix

An incidence matrix of a given FPN records the
flow relationships between places and transitions. Speci-
fically, the incidence matrix is used to delineate different

FPRs. Consequently, the function and associated anal-
ysis of the incidence matrix are discussed below.

A specific FPN is illustrated in Fig. 4. The inci-
dence matrix H corresponding to Fig. 4 is given in

Eq. (4).

t
t

o+
~
~
0
~
w
~
N
~
w
~
=
~
N

Po(-1 0 0 -1 0 O O O
p|1 -1 -1 0 0 0 0 O
p,/0 1 0 O -1 0 0 O
ps|0 0 1 O -1 -1 0 O
H= 4
PO O O I O O -1 O
ps| 0O 0 O O I O O O
Ps/] O O O O O I 1 -1
P10 O O O O O O 1
psO O O O O O 0 1

According to the incidence matrix H, the rules are
interpreted as follows:

(1) If a column contains multiple elements with a
value of —1, this indicates that the corresponding transi-
tion has numerous inputs in the FPN, and the FPR
represents an “AND” rule. For example, the column
corresponding to #, in the incidence matrix H exemp-
lifies this.

(2) If a row contains multiple elements with a
value of 1, it indicates that the corresponding place is
the output of several different transitions in the FPN,
and the corresponding FPR is an “OR” rule. For exam-
ple, the row corresponding to p, in the incidence matrix
H exemplifies this.

(3) If a column contains multiple elements with a
value of 1, it indicates that the corresponding transition
has multiple outputs in the FPN, which corresponds
to the FPN with the disjunctive conclusion rule. For
example, the column corresponding to z, in the inci-
dence matrix H exemplifies this.
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(4) If a row contains multiple elements with a
value of —1, it indicates that the place has multiple
outputs in the FPN, which corresponds to the FPN with
the disjunctive conclusion rule. For example, the row
corresponding to p, in the incidence matrix H exem-
plifies this.

2.4 General reasoning algorithm using FPN and
related operational operators

According to the references (Gao et al., 2003;
Yuan et al., 2008), six operators are frequently used
in reasoning using FPN below.

®: C=A D B=c,~max(a,,
C are all nxm fuzzy matrices with «
their elements, respectively;

X: C=4AQ® B:>c,.j=112ka5)l<(aik'b,g. ), where A, B,

b,

b;), where A, B, and
b;, and ¢, being

i

and C are nx/, [xm, and nxm fuzzy matrices with a
and c; being their elements, respectively;
O: =4O B=c;~a,b, where 4, B, and C are

[j!

i

all nxm fuzzy matrices with a;, b, and c; being their
elements, respectively;
c,=l,a;2b;
©: C=A0B= 7 where A, B, and C
¢;=0,a,;<b,

b,

are all nxm fuzzy matrices with a;, b,
their elements, respectively;

V: C=AVB =c,=min(a,, b,), where A, B, and C
are all fuzzy matrices with a,, b, and ¢; being their
elements, respectively (more importantly, the elements

of matrix B are all 1);

and ¢, being

ij?

, where A is an nxXm

fuzzy matrix.
The general reasoning algorithm using FPN is ill-
ustrated in Algorithm 1.

3 Reversed FPN (Re-FPN) and related
operations

This section introduces the related concepts of

the Re-FPN and the corresponding mapping between
the original FPN and Re-FPN. Definitions of reverse
nets and Re-FPN are illustrated below.
Definition 9 (Reverse PN (Hu et al., 2011)) Let 2=
(P, T, F)) and 2,=(P,, T,, F,) be two PNs; 2, is the
corresponding reverse PN of 2| if F,={(x, »)|(y, x) €
F} exists.

Algorithm 1 Formal reasoning algorithm by FPN

Input: Initial fuzzy token value M|, input matrix I, output matrix
0, and threshold vector Th.

Output: Final token value M of the places.

Step 1 Initialize the input variables and the number of iterations
k=0.

Step 2 Calculate the equivalent fuzzy input token value vector E
for each transition:

E=(I"<M,)VB, (5)

where B is an m-dimensional column vector with all elements
of 1.

Step 3 Compare the acquired token value vector and threshold
vector Th, and remove the input items that cannot fire transitions:

G=EO(EQOTh). (6)
Step 4 Calculate the token value of the fuzzy output places:
S=(0® G)VB, (7

where B is an m-dimensional column vector with all elements
of 1.
Step 5 Calculate the token value for all currently obtained places:

M, =M,DS. (3)

Step 6 If M,
the reasoning ends, and output token value M,,, and the number
of iterations k.

#M,, make k++ and move to Step 2; otherwise,

According to Definition 9, the formalism of the
Re-FPN could be given.
Definition 10 (Re-FPN) Let2\=(P,, 1|, F,, M, W,,
Th,, CF, I, O0) and 2,=(P,, T,, F,, M,, W,, Th,, CF,,
L, 0,) be two FPNs; 2, is the corresponding Re-FPN
of X, if P,=P,, T,=T,, and F =F," exist.

3.1 Correspondence between original FPN and
Re-FPN

To derive the corresponding Re-FPN from the orig-
inal FPN, some key points are considered from various
perspectives, including the Re-FPN that corresponds
to the simple rule, the Re-FPN that corresponds to the
“AND” rule, the Re-FPN that corresponds to the “OR”
rule, the Re-FPN with disjunctive conclusions, and
the Re-FPN with conjunctive conclusions. Addition-
ally, during the generation of the Re-FPN, a potential
issue arises where the input and output arc weights
may exceed 1, following reversal operations. To con-
struct a Re-FPN that mirrors the forward reasoning
rule, two new matrices are considered, which are the
weight matrix of the input place In and the weight
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matrix of the output place Out. These matrices are
designed to maintain consistency within the trans-
formed net system with the definition of the FPN.

Definition 11 (Weight matrix of the input place In) In=
(a(p;> 1)), 1s used to record the weights associated
with the input places. a(p,, t)=w, when there is a
=1L 2, m);

%
directed arc from p, to ¢, (i=1, 2, -

otherwise, a(p,,1,)=0.
Definition 12 (Weight matrix of the output place
Out) Out=(B(p;1)),., is used to record the CF;
associated with the output places. f(p,,7)=CF, when
there is a directed arc from ¢ to p, (=1, 2, ---,
-, m); otherwise, B(p,,t)=0.
The corresponding Re-FPN generation for the five

n; j=1,

different types of FPRs is detailed as follows:
(1) Re-FPN corresponding to the simple rule
The Re-FPN corresponding to the simple rule is
shown in Fig. Sa. If m(p,)x(CF'xf)>u exists, the tran-
sitions can be fired, and the result after being fired is
. 1
m(p)=m(p;) *(CF'xB)x(axw;) (Fig. 5b), where a=""
=1, CF'=1 =——(=1,2, -, n).
W=l CF=l,and f = o (=1,2, -, )

x(CF'xB)x(axw])

()w,,ICFﬁ. .('MG)ICF[S).

(b)

Fig. 5 Re-FPN corresponds to the simple rule: (a) before
transition fired; (b) after transition fired

(2) Re-FPN corresponds to the “AND” rule
The Re-FPN corresponding to the “AND” rule is
shown in Fig. 6a, where the new output weight is w/=

%. The transitions can be fired if m(p;) * (CF' x B)=u
exists. The result after being fired is m(p,) :m(p_/.) x
(CE'xp)x(a,xw!) (Fig. 6b), where o, —i w) ——, CF'=

1 andﬁ— (z 1,2, -, n).

3) Re-FPN corresponds to the “OR” rule

The Re-FPN corresponding to the “OR” rule is
shown in Fig. 7a. The transitions can be fired if
m(p,) X(CF/xB)zu, exists. The result after being fired
is m(p,)=m(p;)*(CF}xf,)x (a xw') (Fig. 7b), where a,=
Wi w=1, CF=1, and/;’—— (=1,2, -, n).

i

(b)

Fig. 6 Re-FPN corresponds to the “AND” rule: (a) before
being fired; (b) after being fired

m(p)=m(p)*(CF/xB)x(a, w/)

u
@ i, ang
P1 t
M2

. (W3, @) I
t,

%By) . (w;, ) I (CFixB,)

Ps t, Pn

Fig. 7 Re-FPN corresponds to the “OR” rule: (a) before
being fired; (b) after being fired

(CF;

M2
< } (ws, az) I

P &

(4) Re-FPN corresponding to FPN with disjunctive
conclusions

The FPN model with disjunctive conclusions
could be understood as consisting of several simple
rules with the same preconditions as shown in Fig. 8.
Its result after firing in the simple rule way is m(p,)=
m(p,)*wxCF,. The corresponding Re-FPN is shown in
Fig. 9a. The transitions can be fired if m(p,) x(CF!xf)=u,
exists. Moreover, if multiple transitions can be fired
simultaneously, the fired result takes the maximum value
of each output m(p,) =max(m(p,) x (CFx B,) x (a,xw)))

. I U _ 1
(Fig. 9b), where a, W Vi 1, CF=1, and f3, CF, (@
1,2, -, n).

m(p;)=m(p)*wxCF,

Hi
/ =
2 t P
M2
XA~
Py
e

Fig. 8 FPN with disjunctive conclusion
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M M1

 (CFixB)
wi.a) /4 e 2
Z(CFéxﬁz) 2
t, P 2 P2
N\i o\ |

(CFxB) .
b

b Pn oS
m(p)=max(m(p;)*(CF;xB)x(a; w;))
(a) (b)

Fig. 9 Re-FPN corresponds to Fig. 8: (a) before being fired;
(b) after being fired

(5) Re-FPN corresponding to the FPN with con-
junctive conclusions

The FPN with conjunctive conclusions can be
understood as being composed of several simple rules
with the same precondition as shown in Fig. 10. Its
result after firing in the simple rule way is m(p,)=
m(p,) *wxCF,. The corresponding Re-FPN is shown
in Fig. 11a. The transitions can be fired; the fired
result is m(p)=(Em(p,)x(CFxB))*(wixa,) if Zm(p,) *
(CF!x p)=u, exists (Fig. 11b), where a[=wi, wi=1,
CF{=%, and £, :CLF, (=1, 2, -+, n). To satisfy the
condition that the sum of the weights of the indi-
vidual preconditions of the “AND” rule is 1, it needs
to normalize the input weights after the reverse opera-

. 1
tion CF/=—.
n
m(p)=m(p)xwxCF,
CF, P1
M4
Pj b CF, P2

Pn

Fig. 10 FPN with the conjunctive conclusion

3.2 Re-FPN generation algorithm

Due to the mapping relationship, the Re-FPN gene-
ration algorithm is demonstrated in Algorithm 2.

(CFixB,)
H1 M1
Qﬂ)_l @ W, a)
P b P f

(CF:xB,)

Pn Pn
m(p))=(Em(p)*(CF/xB))x(w/xa)

(a) (b)

Fig. 11 Re-FPN corresponds to Fig. 10: (a) before being
fired; (b) after being fired

Algorithm 2 Re-FPN generation algorithm
Input: FPN(2)=(P,, T, F,, M, W, Th,, CF, I,, 0,), incidence

matrix H.

Output: Re-FPN’s places P,, transitions T, flow relationship
F,, threshold vector Th,, confidence matrix CF,, input matrix
I,, output matrix 0,, weight matrix of the input place In, and
weight matrix of the output place Out.
Step 1 P,=P,, T,=T,, F,=F}".

Step 2 1=[,=H®O,.

Step 3 In=®0,.

Step 4 T'={t|count(H(:,i)>0)>1} (=0, 1, --

transition set with the “conjunctive conclusion” rule. Moreover,

-, m—1) represents the

count(H(:,i)>0) denotes the number of elements greater than 0
in column 7 of the incidence matrix H.

13 (l,])

Step 5 If 1T, num=count(H(:, /)>0), I, (i,j)= S

(=
0,1, --+, n—1); otherwise, move to Step 6.

Step 6 0,=0,=H®DI,.

Step 7 Out =®1,.

Step 8 7'={t|count(H(:,i)>0)>1}(i=0, 1, ---, m—1) represents the
transition set with the “AND” rule. Moreover, count(H(:,7)<0)
denotes the number of elements less than 0 in column i of the

incidence matrix H.
4 — . . ERNE R . 03(131) :
Step 9 If EI(/ET , nhum=count(H(:,7)<0); O, (i,j)= Er— (=0,

1, ---, n—1); otherwise, move to Step 10.

Step 10 Threshold vector Th,=Th,.

Step 11 Confidence matrix CF,=0,.

Step 12 Output Re-FPN’s places P,, transitions 7,, flow
relationship F,, input matrix 1,, output matrix O,, threshold
vector Th,, confidence matrix CF,, weight matrix of the input
place In, and weight matrix of the output place Out.

In general, assuming that the FPN has » places
and m transitions, the time complexity of Algorithm 2
is O(nm).
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4 Parallel bidirectional reasoning algorithm

The main stages of the proposed PBR-HFPN-RDD
algorithm are outlined as follows:

(1) Obtain the hierarchical FPN (HFPN) for sub-
sequent decomposition operations;

(2) Decompose the HFPN into two sub-FPNs
(left-sub-FPN and right-sub-FPN);

(3) Generate the Re-right-sub-FPN for the right-
sub-FPN;

(4) Execute parallel reasoning between the left-
sub-FPN and the Re-right-sub-FPN.

4.1 Hierarchical FPN

In some cases, the affiliation relationship between
places and transitions in FPNs is not clear. This could
lead to confusion regarding the hierarchical structure
of the FPN and make it difficult to determine the
sub-FPNs to which the places and transitions belong
when decomposing the original FPN. To address this
issue, this study employs the hierarchical algorithm by
reverse search (HFPN-RS) to obtain the HFPN (Xiang
et al., 2023).

4.2 Dynamic decomposition of HFPN

For the FPN depicted in Fig. 12, assume that the
initial marking is M,=(0.4, 0.6, 0)". The result of enabling
and firing based on the “AND” rule is M,=(0.4, 0.6,
0.437)". Conversely, the initial marking of the Re-
FPN corresponding to the “AND” rule is M,=(0, 0,
0.437)", and the result after enabling and firing ac-
cording to the reverse rule is M,=(0.3286, 0.7667,
0.437)". Clearly, the token values of places p, and p,
obtained through reasoning in the Re-FPN do not align
with the original FPN.

(0.5,0.7)
(0.5,0.37)

4
(1,0.957) .

(a) (b)

Fig. 12 Example of FPN: (a) FPN corresponds to the “AND”
rule; (b) Re-FPN corresponds to Fig. 12a

Due to the inability to determine the exact weights
of the FPN corresponding to the “AND” rule after

reversal, it is impractical to obtain fuzzy token values
for the Re-FPN that are consistent with the original
FPN. This inconsistency becomes the primary source of
error in the reasoning process of the Re-FPN. Conse-
quently, we propose a dynamic decomposition strategy
for the HFPN to mitigate the errors in the reasoning
process of the Re-FPN. For instance, Fig. 13 illus-
trates three decomposition strategies for the HFPN.
After executing the HFPN-RS, the sets of transitions
for each layer are defined as T'\={¢,, t,, t,}, T,={t,, t,,
ts}, Ti={ts, ;}, and T;={1}.

Strategy 1 Strategy 2

‘1 —-I»O 9'0 4—I>0 8 l ‘@1
* -’I~0 8" -—IO 93 0.7;'40'95

.O 5>l0 9‘1 —-i/:))j"!»1—~l 0. 9{53 ‘
@

Strategy 3

Fig. 13 Different decomposition strategies

Based on the method of distinguishing between
different rules, if there are multiple inputs for z, within
the set 7\={t,, t,, ,}, this indicates that the rule corre-
sponds to the “AND” rule. Similarly, the number of
“AND” rules within the set 7, is 1, the number of
“AND” rules within the set 7, is 0, the number of
“AND” rules within the set 7, is 1, and the number
of “AND” rules within the set 7, is 1.

If the subsequent set 7 is used as the basis for
decomposition, as in decomposition strategy 1 shown
in Fig. 13, it is divided into a left-sub-FPN and a
right-sub-FPN. In the right-sub-FPN, as depicted in
Fig. 14, there are two “AND” rules.

o Hollo
EQ-®
03 Zollos How B0
(a) (b)

Fig. 14 Hierarchical FPN (HFPN) model decomposition
schematic diagram: (a) left-sub-FPN; (b) right-sub-FPN

()i 4-|° SONIE
03 I-o g‘
OF PRI o

409
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If the subsequent set T, is used as the basis for
decomposition, as in decomposition strategy 2 shown
in Fig. 13, it is divided into a left-sub-FPN and a
right-sub-FPN, with the right-sub-FPN containing two
“AND” rules.

If the subsequent set 77, is used as the basis for
decomposition, as in decomposition strategy 3 shown
in Fig. 13, it is divided into a left-sub-FPN and a
right-sub-FPN, with the right-sub-FPN having only
one “AND” rule.

In summary, dynamically decomposing the FPN
according to practical needs, such as the size of the
FPN or the types of rules in the sub-FPNs, can reduce
errors in the reasoning process. Based on the above
analysis, the proposed dynamic decomposition algo-
rithm is given in Algorithm 3.

Algorithm 3: Dynamic decomposition algorithm of
HFPN

Input: HFPN input matrix /, output matrix O, incidence matrix
H, the set of variants for each layer T,={T\, T, ---, T}}.
Output: left-sub-FPN, right-sub-FPN, the input matrices I,, 1,,
the output matrices O,, O,, and the threshold vectors Th,, Th,.
Step 1 Initialize parameters A[k]={0}, C[k]={0}.

Step 2 If k=1, then the FPN does not need to be decomposed
and exits.

Step 3 Count the number of “AND” rules in each level of the
transition set A: If t].eTl.U (count(H(:, j)<0)>1) (j=0, 1, ---, m—1;
i=1, +--, k), then A[i]=A[i]+1.

Step 4 Count the number of “AND” rules in the left-sub-FPN

under different decomposition strategies:

C[i]:zA[j] (i=1,2, k). 9)

Step 5 The decomposition strategy is determined according to

the principles of the minimum number of “AND” rules and

the maximum number of layers in the right-sub-FPN (Rrsg,

and R, denotes the number of layers of the right-sub-FPN);
. . . |k
mmlndex:argmm(C[k]—C [ ])(IZ[EJ, ~~',k—l), (10)

where argmin( ) represents returning the index corresponding
to the variable that achieves the minimum value.

Step 6 The elements of the left-sub-FPN are composed of
layers 7,—T,

minIndex

and the pre-set and post-set places of each

layer, and the elements of the right-sub-FPN are composed of
layers T, —T, and the pre-set and post-set places of each layer.

minlndex

Assuming that the HFPN has n places and m
transitions, the time complexity of Algorithm 3 is
O(nm).

4.3 Proposed PBR-HFPN-RDD algorithm

The detailed steps of the PBR-HFPN-RDD algo-
rithm are shown in Algorithm 4.

Algorithm 4 PBR-HFPN-RDD algorithm

Input: Initial marking M, input matrix I, output matrix O,

and threshold vector Th.

Output: The fuzzy token value of the predicted initial places

p, and the error value E.

Pre-processing: If there exists a loop structure of FPN, the

PBR-HFPN-RDD will be exited automatically.

Step 1 Initialize the input variables, and make the number of

iterations i=0.

Step 2 Judge whether the hierarchical algorithm is needed for

a given FPN and implement the hierarchical operations. Then,

update the input matrix I’, output matrix O’, and Th'.

Step 3 Use Algorithm 3 to obtain the left-sub-FPN and right-

sub-FPN, the input matrices I, and I,, the output matrices O,

and O,, and the threshold vectors Th, and Th,.

Step 4 Generate the Re-right-sub-FPN corresponding to the

right-sub-FPN by Algorithm 2 and obtain the related I, O,

Th',, In, and Out.

Step 5 Implement Algorithm 1 on the left-sub-FPN to obtain

the inference result 6, and final value of the output place(s) of

the left-sub-FPN V.

Step 6 Obtain the equivalent weighted input and output

place matrices of the Re-right-sub-FPN, which are I,=I, © In

and 0,=0’,0 Out, respectively. The input place set P, of the Re-

right-sub-FPN is also obtained, where P, ={p, p,, -, p,.,} and

the number of input places is y.

Step 7 Initialize the initial token value of the Re-right-sub-FPN

pt()):(or 0= ) O)T

Step 8 Make the initial token value of the input place p, equal

to 1 and implement Algorithm 1 on the Re-right-sub-FPN to

obtain the inference result in 6” and the final value of the output

place(s) of the right-sub-FPN V.

Step 9 Calculate the error in the output places between the

| k

left-sub-FPN and Re-right-sub-FPN as E,= | > (V) -V, ),
N J=1

where £ is the number of the output places of sub-FPN.

Step 10 If ##y—1, make i=i+1 and move to Step 7; otherwise,

output £ =min(E, E,, -

. E, ) and p'®. The corresponding in-
put place which fulfills m(p )=1 is the final result of the whole

reasoning.

4.4 Algorithm analysis

Assuming that there is an FPN without a loop with
n places and m transitions, the reasoning executes /+1
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times under the worst conditions, where / is the number
of transitions of the longest path in the FPN.

At the identical time ~<m, the time complexity is:
O(nm*) for formal reasoning using FPN; O(m(n+
m)) for the hierarchical algorithm, and the size of the
FPN increases from nxm to (n+r)x(m+r) after per-
forming the hierarchical operation, where r is the
number of virtual-place—virtual-transition pairs to be
added; O(nm) for the HFPN decomposition algorithm;
O(nm) for the generation of the Re-right-sub-FPN;
max[O(gl*), O(sx(n+r-g)(m+r-I))] for executing bidi-
rectional reasoning, where g, /, s, x are the left-sub-
FPN place number, left-sub-FPN transition number,
right-sub-FPN reasoning loop times, and right-sub-FPN
execution formal reasoning algorithm cycle times,
respectively.

Hence, the entire time complexity of the proposed
PBR-HFPN-RDD algorithm is

O{m(n+m)+nm+nm+
max[ O (gl*), 0 (sx(n+r-g)
“(m+r=1))]1}<O{m(n+m)+nm+nm+
max [0 (gl?),0(s(m+r)n+r-g)
“m+r=)) <O (sm+r)m+r)*).

To summarize, for a given FPN with n places and
m transitions, in the worst case, the time complexity
of PBR-HFPN-RDD is O(s(n+r)(m+r)*), where s is
the number of output places and r is the number of
virtual-place—virtual-transition pairs to be added.

5 Experiment and analysis

Fault diagnosis plays a crucial role in industrial
manufacturing equipment and production processes.
It is a critical maintenance activity that aims to detect
and identify problems in equipment or production lines
in a timely manner to reduce downtime, increase pro-
duction efficiency, and ensure product quality. In this
section, an experimental case of fault diagnosis is used
to verify the correctness of the proposed algorithm.

The assumed rules from the fault diagnosis rule
base are listed below.

R,: IF d, THEN d; (1=0.3, CF=0.9, w=1).

R,: IF d, THEN d, (1=0.2, CF=0.8, w=1).

R,: IF d, AND d, AND d, THEN d, (u=0.3, CF=
0.9, w,=0.3, w,=0.5, w,=0.2).

R;: IF d, AND d, THEN d, (©=0.3, CF=0.8, w=
0.6, w,=0.4).

R,: IF d, THEN d, (4=0.1, CF=0.95, w=1).

Ry IF d, THEN d, AND d,, (©=0.2, CF=0.9,
CF,=0.7, w=1).

Rg: IF dy AND d, THEN d,, (u=0.3, CF=0.9, w,=
0.7, w,=0.3).

R.: IF d,, THEN d,, AND d,; (u=0.2, CF=0.9,
CF,=0.8, w=1).

R¢: IF d,;, AND d,, THEN d,, (©=0.4, CF=0.95,
w,=0.7, w,=0.3).

Ry: IF d\; THEN d|, (14=0.3, CF=0.8, w=1).

The corresponding FPN model is generated as
shown in Fig. 15.

0803

OF MO HoW

oot
oF Mos Eon Rofl
jof B0

Fig. 15 Corresponding FPN of the given rules

o ®

5.1 FPN hierarchical phase

The input matrix I, output matrix O, and thres-
hold vector Th of Fig. 15 are given in Eqgs. (11)—(13).

1 0 0 0 00 0 O 0 O
01 03 0 0O O O 0 O
0 005 0 00 0 O 0 O
0 002 0 0O O O O O
0 0 0 06 00 0 0 0 O
0 0 0 04 00 0 0 0 O
0 0 0 0O 1 0 0 0 0 O
- 0 0 O 0o 01 0 0 0 O (1D
0 0 0 0 0 0 07 0 0 O
0 0 0 0 0 0 03 0 0 O
0 0 0 0 00 0 1 0 O
0 0 0 0 00 0 0 07 O
0 0 0 0 00 O O0 03 0
0 0 O 0 00 O 0 0 1
0 0 O 0 00 O O 0 O
0 0 O 0 00 O O 0 O
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0000 0 000 0 0
00000000 0 0
0000 0000 0 0
00000000 0 0
00000 000 0 0
090 00 0 000 0 0
0 %0000 0000 0 0

0= 6 0 6008 0 00 0 o o U2
000 009090 0 0 0
0000 00700 0 0
0000 0 0090 0 0
0000 0 00090 0
0000 0 00080 0
0000 0 00 00950
0000 0 000 0 08

Th=(0.3,0.2,0.3,03,0.1,0.2, 03,02, 0.4, 0.3)". (13)

The FPN is translated into HFPN with a clear struc-
ture by executing a hierarchical algorithm to increase
the virtual place p ¢ and the virtual transitions #,, with
three decomposition strategies, as shown in Fig. 16.
The threshold of virtual transitions is 0, and the virtual
transitions to the post-set place have a confidence
degree of 1, i.e., CF(z, ') =1.

0 Strategy 1

(».) 1‘—1*(P|s

to

03

1 »lo 9@0 4\l»0 8*’ 403
3
02

1~!08..—1 »Io 9 SIO 95'

Strategy 2 Strategy 3
I

}i/

030 0.

o 5}!309-@1 I/°7‘1 —»l\o 9{

020h

l \Gw 13!?0.8

Q/{

Fig. 16 FPN with hierarchical structure

The input matrix I, output matrix O’, and thres-
hold vector Th' of the HFPN are given by Eqgs. (14)-(16).

10 0 0 00 0 0 0 00
0103 000000 00
0005 0 00 0 0 0 00
0002 0 00 0 0 0 00
00 0 0 00 0 0 0 01
00 0 0400 0 0 0 00
00 0 0 10 0O OO0 00
00 0 0 01 0 0 0 00
I'sfl000 0 0 00070 0 0 0](14)
00 0 0 00030 0 00
00 0 0 00 O 1 0 00
00 0 0 00 0O 00700
00 0 0 00 0O 00300
00 0 0 00 0O 0 O 10
00 0 0 00 O 0O O 00
00 0 0 00 O 0 O 00
00 0 0600 0 0 0 00

06000 00 0 0 0 00
06000 OO0 0 O 0 00
0 000 OO 0 O0 0 00O
60 000 OO0 0 O0 0 00O
06000 0O 0 0 O0 0 00
090 0 0 0 0 00 0 00
0080 0 0 O OO O OO
0 0090 0 0 0 O 0 00O
O={0 0 008 0 0 0 0 0 O0O0f.
0 0 0 0095090 0 0 00
0 000 0070 0 0 00
0 0 00 0 0090 0 00O
0000 0O 0 009 0 00
0 000 0O 0 008 0 00
0 000 O 0O 0 009 00
0000 0O 0 0 0 0 080
0 000 0 0 0 0 0 01
(15)

Th'=(0,0.3,0.2,0.3,0.3,0.1,0.2,0.3,0.2,0.4,0.3)". (16)

5.2 HFPN decomposition phase and Re-FPN
generation phase

To reduce the error in the reasoning, the right-
sub-FPN with fewer “AND” rules is obtained using
the decomposition strategy 2, and the decomposition
results are shown in Figs. 17a and 17b. The input

0

- —1——(P1e\

040408‘ o @

aiore ™ e
OF-O PO f® @
(a) (b)

0

1‘ —1-—(/95\\
06 5
O @oFor- @, g
0.9
1"IOSPIOQ o (05,0.7)

509 (05,031

0§| *&1~I/°7'1~I\°90 ® @
B @

(c) (d)
Fig. 17 HFPN decomposition process: (a) left-sub-FPN;

(b) right-sub-FPN; (c) left-sub-FPN; (d) Re-right-sub-FPN

0.4(1,095")

to
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matrix I;, output matrix O,, and threshold vector Th,
of the left-sub-FPN are given by Egs. (17)—(19).

1 00 0 0 0O0 0 O
010 0 0 00 0 0
00103 0 00 0 0
00005 0 00 0 0
00002 0 00 0 0
000 0 06 00 0 0
000 0 0400 0 O

I=lo oo 0 0 10 0 0 (17
000 0 O 01 0 0
000 0 0 00 07 0
000 0 0 00 03 0
000 0 0 0O0 0 1
000 0 0 0O0 0 O
000 0 0 0O0 0 0
000 0 0 0O0 0 O
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 O
00 0 0 0 0 0 0 0
00 0 0 0 0 0 0 0
10 0 0 0 0 0 0 O
009 0 0 0 0 0 0 O

0=0 008 0 0 0 0 0 0/ (18
00 0090 0 0 0 0
00 0 008 0 0 0 O
00 0 0 0 09509 0 0
00 0 0 0 0 07 0 0
00 0 0 0 0 0 09 0
00 0 0 0 0 0 0 09
00 0 0 0 0O 0 0 08

Th,=(0,0.3,0.2,0.3,0.3,0.1, 0.2, 0.3, 0.2)". (19)

Then, the right-sub-FPN will be transformed into
a corresponding Re-right-sub-FPN by executing Algo-
rithm 2, and the results are shown in Fig. 17d. The
input matrix I, output matrix 0%, given by Egs. (17)—
(19), input places weight matrix In, and output place
weight matrix Out of the right-sub-FPN are obtained

as follows:
1 0 0 0
0 1 0 0
=0 0]} 3= 0.5 0},
0 0 05 0
0 0 0 1
0.95" 0 0 0
0 0.87" 0 0
In=| 0 0 |, Out=|07" 0/ (20)
0 0 03" 0
0 0 0 1

5.3 Parallel reasoning phase

Assume that the starting vector M, for the given
left-sub-FPN is M=(0.5, 0.85, 0.7, 0.75, 0.7, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0)". The final result of running the reasoning
algorithm is M=(0.5, 0.85, 0.7, 0.75, 0.7, 0.5, 0.765,
0.56, 0.6525, 0.4848, 0.587 25, 0.456 75, 0.463 982,
0.411 075, 0.3654)"; the final result of executing the
formal reasoning algorithm is (0.463 982, 0.411 075,
0.3654)".

Assume that the initial token value of the Re-right-
sub-FPN is p=(1, 0, 0, 0, 0)", where p, has the maxi-
mum probability of fault. The final result of running
the reasoning algorithm on the Re-right-sub-FPN could
be gained as p=(1, 0, 0.793 651, 1, 0)".

The final token value of the output places of
Re-right-sub-FPN is (0.793 651, 1, 0)". The final error
value of the token value is

k
E= [ -V, )=0.737070.
i=1

Next, assume that the initial token value of the
Re-right-sub-FPN is p©=(0, 1, 0, 0, 0)", where p, has the
maximum probability of fault. The final result of running
the reasoning algorithm on the Re-right-sub-FPN could
be gained as p=(0, 1, 0, 0, 1)". The final token value of
the output places of the Re-right-sub-FPN is (0, 0, 1)".

The final error value of the token value is

k

E,= | (V) -V, ) =0.887 118.

(/)
NJj=1

Because of the error value E <E,, it further indi-
cates that the initial place p, has a greater probability.
The reasoning is terminated, and the result is obtained.

Since the time complexity of the formal reason-
ing algorithm and the bidirectional reasoning algorithm
are both related to the matrix dimension, the larger
the matrix dimension, the greater the time complexity.
Table 1 lists a simple comparison among the scale of
matrices of various FPNs.

Table 1 Matrix dimension comparison

Type of FPN Related matrices Scale of matrix
Original FPN IAND O 16x10
HFPN I' AND O’ 17x11
left-sub-FPN I, AND 0, 15%9
Re-right-sub-FPN I, AND 0}, 5%2
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In Table 1, it is easy to find that the scale of the
operation matrix is compressed; the scale of the original
FPN matrix is 16x10, the scale of the left-sub-FPN
matrix is 15x9, and the scale of the Re-right-sub-FPN
matrix is 5%2 after executing the PBR-HFPN-RDD
algorithm. Therefore, when performing bidirectional
parallel reasoning, the matrix sizes of both the left-
sub-FPN and the Re-right-sub-FPN are smaller than
the size of the original FPN matrix, which effectively
compresses the dimensionality of the operation matrix,
reduces the time complexity of the algorithm, and im-
proves the reasoning efficiency.

6 Conclusions and future work

In this paper, a bidirectional parallel reasoning
algorithm for FPN with a focus on time complexity
is proposed. Initially, the correspondence between each
element of the Re-FPN and the original FPN is ex-
plored from the perspective of the fuzzy production
rules. The enabling and firing rules specific to the
Re-FPN are discussed in depth, and an algorithm for
generating the Re-FPN (Algorithm 2) is introduced.
Subsequently, a dynamic decomposition algorithm
(Algorithm 3) is employed to mitigate the presence
of excessive “AND” operations in the right-sub-FPN
and decrease the reasoning error within the FPN. Finally,
a PBR-HFPN-RDD algorithm (Algorithm 4) is devel-
oped based on the aforementioned algorithms to facili-
tate a bidirectional parallel inference mechanism,
addressing the challenge of state explosion. The case
study demonstrates that the proposed algorithm signifi-
cantly solves the state explosion problem and enhances
reasoning efficiency by diminishing the size of the FPN.
The reasoning algorithm presented in this paper offers
a novel approach to enhancing the decision-making effi-
ciency of large-scale fault diagnosis systems.

While the proposed PBR-HFPN-RDD algorithm
provides a genuine parallel inference method using
the FPN to resolve the state explosion issue and yields
favorable outcomes, several aspects deserve future
investigation. First, in FPNs, the “AND” rule neces-
sitates the concurrent satisfaction of all input tran-
sitions to trigger an output transition. Variations in
weights signify different levels of influence of input
transitions on output transition triggering. Due to this

attribute, a discrepancy may arise between the token
values of places activated by transitions in the reversed
net and those in the original net during reasoning.
Consequently, our ongoing research aims to employ
techniques such as soft computing to refine parame-
ters, including the weights of directed arcs, thereby
minimizing reasoning errors. Second, the develop-
ment of more adaptable, potent, and user-friendly
tools to illustrate bidirectional reasoning processes is
necessary. Third, the proposed bidirectional reasoning
algorithm should be applied to other types of high-
level network systems to broaden its application scope.
Finally, the efficacy and validity of the proposed algo-
rithm should be further tested within more complex
rule-based systems.
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