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Abstract: This article investigates the event-triggered adaptive neural network (NN) tracking control problem
with deferred asymmetric time-varying (DATV) output constraints. To deal with the DATV output constraints,
an asymmetric time-varying barrier Lyapunov function (ATBLF) is first built to make the stability analysis and
the controller construction simpler. Second, an event-triggered adaptive NN tracking controller is constructed by
incorporating an error-shifting function, which ensures that the tracking error converges to an arbitrarily small
neighborhood of the origin within a predetermined settling time, consequently optimizing the utilization of network
resources. It is theoretically proven that all signals in the closed-loop system are semi-globally uniformly ultimately
bounded (SGUUB), while the initial value is outside the constraint boundary. Finally, a single-link robotic arm
(SLRA) application example is employed to verify the viability of the acquired control algorithm.
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1 Introduction

Over the past few decades, the adaptive track-
ing control problem due to its scientific and tech-
nological importance has garnered worldwide inter-
est (Elmokadem et al., 2017; Zhang TP et al., 2017;
Guerrero et al., 2020; Qiao and Zhang, 2020). Be-
sides, when uncertainty arises in nonlinear systems,
this may introduce serious invisible hazards to engi-
neering systems while they are in use. Plenty of the-
oretical research in nonlinear systems has been pro-
vided in recent years (Xiang et al., 2018; He et al.,
2019; Peng et al., 2019; Zhang JJ and Sun, 2020;
Qiu et al., 2022). The backstepping technique com-
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bined with the neural network (NN) or fuzzy-logic-
based approximation theory gave a novel perspective
for stabilizing an uncertain nonlinear system (Xiang
et al., 2018; Zhang JJ and Sun, 2020).

Most engineering systems are closely related to
the output constraint problem, which may degrade
the tracking performance of nonlinear systems and
even cause system instability because of the con-
straints of internal factors in the physical devices
and also external conditions.

Taking into account the aforementioned issues,
several relevant theoretical accomplishments have
been reported (Zhang S et al., 2018; Zhao and Chen,
2020; Du et al., 2021; Hu et al., 2021; Wang XJ et al.,
2021; Zong et al., 2021; Liu Y et al., 2022; Zhang JM
et al., 2022). An innovative solution to managing the
issue confronting nonlinear systems was presented by
the integration of the adaptive control method with
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the NN technique (Zhang S et al., 2018; Du et al.,
2021), and the adaptive NN control law was em-
ployed to resolve the asymmetric output constraints
for the flexible spacecraft (Liu Y et al., 2022). It is
important to note that the above results are valid
only if the system’s initial tracking error fulfills spe-
cific needs. This suggests that the selection of de-
sign parameters is entirely contingent on the pre-
cisely known initial tracking error. However, in en-
gineering applications, where the system may begin
with a different initial condition each time, the initial
tracking error of the system may vary greatly. For
example, the single-link robotic arm (SLRA) system
may run from an unconstrained area for a time before
moving into a tighter area to accomplish the track-
ing mission, rendering the above-mentioned manage-
ment approaches ineffective in certain cases. As a re-
sult, when the initial value was outside of the bound-
aries, a rate function was used to solve the problem
(Zhou et al., 2020; Zhao et al., 2022). Although these
control schemes had achieved good control perfor-
mance, they did not account for the restrictions of
the deferred asymmetric time-varying (DATV) out-
put constraints, which limited their practical use.

On one hand, time-triggered control (TTC) in-
volves updating the system controller at predeter-
mined time during regular operation. This leads to a
significant use of unnecessary computation and com-
munication resources. On the other hand, due to
its benefits in minimizing the number of times for
data transformation and conserving resources, event-
triggered control (ETC) applications have found
widespread use in reality (Tabuada, 2007; Heemels
et al., 2008; Henningsson et al., 2008). However,
the control schemes in Tabuada (2007) and Heemels
et al. (2008) were established based upon the as-
sumption that the system satisfied the input-to-state
stability (ISS), which was not easy to implement.
In Adaldo et al. (2015), the event-triggered pinning
control of complex nonlinear network systems was
investigated, and the ISS assumption was avoided.
Inspired by Adaldo et al. (2015), the idea of the
fixed-threshold ETC (FETC) mechanism was used
for nonlinear systems (Li ML et al., 2020; Li XM
et al., 2020; Ma et al., 2020; Cao et al., 2021). Never-
theless, it is not possible to adjust the event-triggered
threshold online in reaction to changes in the control
input. Recently, a novel approach to stabilizing un-
certain nonlinear systems (Wang AQ et al., 2020;

Zhang CH and Yang, 2020) using finite-time control
and networked control was developed. The burden of
data transmission was decreased by Wang AQ et al.
(2019) by using a simultaneous update approach to
constructing ETC. Despite extensive research con-
ducted on the ETC for nonlinear systems, the DATV
output constraint problem has received less atten-
tion. This gap motivated our present research.

The present paper proposes an event-triggered
adaptive NN control approach with DATV output
constraints, which was motivated by the discussions
described above. The major contributions in this
field are listed below, comparing them to the existing
research:

1. An adaptive NN tracking controller based
on the event-triggered mechanism, together with an
error-shifting function, is proposed for the SLRA sys-
tem with uncertain initial values and DATV output
constraints, which assures one that all the signals in
the closed-loop system are semi-globally uniformly
ultimately bounded (SGUUB).

2. In contrast to Zhao and Chen (2020), Du
et al. (2021), and Liu Y et al. (2022), the proposed
controller combines an error-shifting function not
only to attain the predetermined convergence time
but also to overcome the barrier Lyapunov function
(BLF)’s initial constraint condition. This enhances
the practical use of the SLRA.

3. The designed ETC strategy is incorporated
into the SLRA system, which not only improves
the tracking performance of the SLRA but also pro-
gresses the engineering feasibility in the real world.
Besides, it reduces the number of times for data
transformation from the controller to the actuator
and saves communication resources.

2 Problem formulation and preliminar-
ies

2.1 Problem statement

Consider the strict-feedback nonlinear systems:

⎧
⎪⎪⎨

⎪⎪⎩

ẋi(t)=Gi(x̄i)xi+1+fi(x̄i)+di(x̄i, t),

i = 1, 2, . . . , n−1,

ẋn(t) = Gn(x̄n)u+ fn(x̄n) + dn(x̄n, t),

y = x1(t),

(1)

subject to DATV output constraints where the sys-
tem output is unconstrained when t < T and is
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restricted with DATV constraint boundaries starting
from t = T . Here, x̄i = [x1(t), x2(t), . . . , xi(t)]

T ∈
R

i (i = 1, 2, . . . , n), u, and y are the system
state, control input, and system output, respectively.
fi(x̄i) is an unknown smooth function and Gi(x̄i)

means an unknown continuous control gain function
(i = 1, 2, . . . , n). di(x̄i, t) is the unknown bounded
time-varying disturbance.

The control aim is to design an event-triggered
adaptive NN controller with the DATV output con-
straints such that the tracking error e1(t) = x1(t)−
yd(t) converges to an arbitrarily small neighborhood
of the origin, and the DATV output constraints are
not violated after the settling time T .

To achieve the control objective, the following
assumptions are employed:
Assumption 1 The following inequality holds:

Gi ≤ Gi(x̄i) ≤ Ḡi, i = 1, 2, . . . , n, (2)

with positive constants Gi and Ḡi. Without loss of
generality, it is assumed that Gi ≥ 0.
Assumption 2 The reference signal yd(t) is a
bounded and continuous function of degree n.
Assumption 3 The following inequality holds:

di(x̄i, t) ≤ d̄i, i = 1, 2, . . . , n, (3)

with unknown constant d̄i.

2.2 Error-shifting function

To overcome the adverse effects of bounded ini-
tial values, an error-shifting function is adopted:

ϕ(t) =

⎧
⎪⎪⎨

⎪⎪⎩

t2

eT−t(T − t)2 + εt2
, 0 ≤ t < T,

1

ε
, t ≥ T,

(4)

where T denotes the predetermined settling time and
ε (ε∈(0, 1]) is a pre-given positive constant.
Remark 1 The error-shifting function (4) improves
the transit and steady-state system performance by
modifying T and ε. The smaller the T and ε, the
higher the control cost. Therefore, how to strike a
balance between the convergence rate and control
cost is crucial.

From Eq. (4), it is readily derived that ϕ(t) has
three properties, which are summarized in Lemma 1.
Lemma 1 The constructed error-shifting function
ϕ(t) has the following characters:

(1) ϕ(t) is strictly increasing for t ∈ [0, T ] with
ϕ(0) = 0;

(2) ϕ(t) reaches 1/ε at t = T and remains stable
for t ≥ T ;

(3) ϕ(t) and ϕ̇(t) are continuous and bounded
for t ∈ [0,∞).

Proof From Eq. (4), when t approaches the left
limit of T , we obtain

lim
t→T−

ϕ(t) = lim
t→T−

t2

eT−t(T − t)2 + εt2
=

1

ε
,

lim
t→T+

ϕ(t) = lim
t→T+

1

ε
=

1

ε
.

Hence, we can infer that ϕ(t) is continuous for t ≥ 0.
Next, we prove that ϕ̇(t) exists at the time instant
T . From Eq. (4), one has

ϕ̇−(t) = lim
t→T−

− eT−t(T − t)2

ε(eT−t(T − t)2 + εt2)
= 0,

ϕ̇+(t) = lim
t→T+

1/ε− 1/ε

t− T
= 0.

Therefore, the derivative of ϕ(t) is

ϕ̇(t) =

⎧
⎪⎨

⎪⎩

teT−t(T−t)(−t2+t(T+2)+2)

(eT−t(T−t)2+εt2)2 , 0 ≤ t < T,

0, t ≥ T.

(5)
It is easy to see that ϕ̇(t) > 0 for t ∈ [0, T ), which
indicates that ϕ(t) is strictly increasing for all t ∈
[0, T ). We can learn that ϕ(0) = 0 and ϕ(t) remains
to be 1/ε for t ≥ T . From Eq. (5), ϕ̇(t) is continuous
and bounded. This completes the proof.

2.3 Radial basis function neural network
(RBFNN)

The RBFNN is used in this subsection to resolve
the unknown continuous function Ψnn(x) ∈ R:

Ψnn(x) =W
Tψ(x), (6)

where x ∈ Ωx ⊂ R
p is the input vector, W =

[W1,W2, . . . ,Wq]
T ∈ R

q denotes the weight, and
ψ(x) = [ψ1(x), ψ2(x), . . . , ψq(x)]

T ∈ R
q is the

Gaussian function satisfying

ψi(x)=exp

[−(x− μi)
T(x− μi)

τ2i

]

, i=1, 2, . . . , q,

(7)

with μi = [μi1, μi2, . . . , μip]
T denoting the neural cell

center and τi the Gaussian function width. From the
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universal approximation property of RBFNN, one
has

Ψnn(x) = (W ∗)Tψ(x) + δ(x), (8)

where W ∗ is the ideal constant weight and δ(x) be-
ing the approximation error meets

|δ(x)| ≤ δ̄ <∞, x ∈ Ωx, (9)

with δ̄ being an unknown bounded constant.

2.4 Asymmetric time-varying barrier Lya-
punov function (ATBLF)

To overcome the problem of DATV output con-
straints, the ATBLF is constructed as given below:

Va =
kb(t)k̄b(t)ν

2
1 (t)

(kb(t) + ν1(t))(k̄b(t)− ν1(t))
, (10)

where the upper boundary k̄b(t) and the lower
boundary kb(t) are positive barrier functions respec-
tively, satisfying −kb(0) < ν1(0) < k̄b(0). To realize
−ka(t) < x1(t) < k̄a(t) after the settling time T ,
kb(t) and k̄b(t) should satisfy

kb(t) = ka(t)− y
d
, k̄b = k̄a(t)− ȳd, (11)

where ka(t) and k̄a(t) are positive functions, and ȳd
and y

d
denote the maximum and minimum values of

yd(t) respectively.

3 Main results

3.1 Controller design and adaptive laws

From Eq. (4), we define

e1(t) = x1(t)− yd(t), (12)

ei(t) = xi(t)− αi−1, i = 2, 3, . . . , n, (13)

νj(t) = ϕ(t)ej(t), j = 1, 2, . . . , n, (14)

where αi is the virtual control signal.
For t∈ [tk, tk+1), the virtual controller and the

actual controller are constructed as follows:

α1 =
1

G1

(− k1e1(t)− γ1Λ1ν1(t)ϕ(t)θ̂1Ψ1

− γ1κ
2
2Λ1e1(t) + γ1ϕ̇

2(t)Λ1e
3
1(t)

)
, (15)

α2 =
1

G2

(− k2e2(t)− γ2ν2(t)ϕ(t)θ̂2Ψ2

− γ2ϕ̇
2(t)e32(t)

)
, (16)

αi =
1

Gi

(−kiei(t)−γiνi(t)ϕ(t)θ̂iΨi−γiϕ̇2(t)e3i (t)
)
,

i = 3, 4, . . . , n− 1, (17)

ς(t) =
1

1− ε

(

− 1

Gn

(knen(t) + γnϕ(t)νn(t)θ̂nΨn

+γnϕ̇
2(t)e3n(t))−

1

2
νn(t)ϕ(t)Ḡ

2
n

)

, (18)

u = ς(tk), (19)

where tk is the triggering time instant satisfying t0 =

0. ki and γi (i = 1, 2, . . . , n) are design parameters, ε
indicates the triggering threshold, and adaptive laws
are designed as

˙̂
θ1 = γ21ϕ

2(t)Λ2
1ν

2
1 (t)Ψ1 − σ1θ̂1, (20)

˙̂
θ2 = γ22ϕ

2(t)ν22 (t)Ψ2 − σ2θ̂2, (21)
˙̂
θi = γ2i ϕ

2(t)ν2i (t)Ψi − σiθ̂i, i = 3, 4, . . . , n− 1,

(22)
˙̂
θn = γ2nϕ

2(t)ν2n(t)Ψn − σnθ̂n, (23)

where σi is a positive design parameter, and θ̂i and
θi mean the estimate of θi and unknown bounded
parameter for i = 1, 2, . . . , n with θ̂i = θi − θ̃i and
θ̂i(0) > 0 respectively.
Remark 2 It is not difficult to deduce from
Eqs. (4), (13), and (14) that any bounded initial
value of the error variable is transformed into a new
error variable with zero initial value, and the trans-
formed error turns into a new error with adjustable
parameter ε for t > T . As a result, the nonlinear sys-
tem’s tracking performance can be changed online.
This feature solves the problem of constrained initial
values in traditional methods.

3.2 Event-triggered mechanism

The defined measurement error is

e = |ς(t)| − |u|, t ∈ [tk, tk+1), (24)

along with the event-triggered condition being con-
structed as

tk+1 = inf {t > tk|�(e, ς(t), t) ≥ 0} , (25)

where �(e, ς(t), t) = e−ε|ς(t)|−m0 with m0 > 0 and
0 < ε < 1.

While the event occurs at t = tk, the input sig-
nal ς(tk) is sent to the actuator, and then it updates
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the current value. When t ∈ [tk, tk+1), the actua-
tor maintains the current value. Therefore, the data
update frequency between the controller and the ac-
tuator is effectively reduced by the ETC approach.
Remark 3 For the purpose of avoiding the Zeno
behavior, take note that m0 in Eq. (25) is positive.
However, it is not the only one. Other alternatives
are available, for instance, n0e

−n1t with n1 > 0.

3.3 Stability analysis

The design process will be carried out in n steps
in this subsection, and the effectiveness of the estab-
lished controller will be theoretically verified.

Step 1: From system (1) and the definition of
tracking error e1, one has

ż1 =G1(x̄1)x2 + f1(x̄1) + d1(x̄1, t)− ẏd(t)

=G1(x̄1)(e2(t)+α1)+f1(x̄1)

+ d1(x̄1, t)− ẏd(t). (26)

Then, from Eq. (14), we have

ν̇1(t) =ϕ̇(t)e1(t) + ϕ(t)G1(x̄1)(e2(t) + α1)

+ ϕ(t)
(
f1(x̄1) + d1(x̄1, t)− ẏd(t)

)

=ϕ̇(t)e1(t)+ϕ(t)G1(x̄1)α1+G1(x̄1)ν2(t)

+ ϕ(t)
(
f1(x̄1) + d1(x̄1, t)− ẏd(t)

)
. (27)

Consider the Lyapunov function candidate

V1 = Va +
1

2γ1
θ̃21, (28)

where γ1 > 0 is the design parameter, and θ̃1 =

θ1 − θ̂1 denotes the estimation error. Define κ2 =

(k̇b(t)k̄b(t)ν1(t)(2kb(t)k̄b(t) + ν1(t)(k̄b(t) − 2kb(t) −
ν21 (t))) +

˙̄kb(t)kb(t)ν1(t)(2kb(t)k̄b(t) + ν1(t)(2k̄b(t)−
kb(t)) − ν21(t)))(2kb(t)k̄b(t)(k̄b(t)kb(t) + 3

2 (k̄b(t) −
kb(t)))ν1(t)) and Λ1 = (2kb(t)k̄b(t)(kb(t)k̄b(t) +
3
2 (k̄b(t) − kb(t))ν1(t)))/((kb(t) + ν1(t))(k̄b(t) −
ν1(t)))

2.
Thereby, its derivative is

V̇1 = Λ1ν1(t)(ν̇1(t) + κ2)− 1

γ1
θ̃1

˙̂
θ1

= Λ1ν1(t)
(
e1(t)ϕ̇(t) + ϕ(t)G1(x̄1)e2(t)

+ ϕ(t)G1(x̄1)α1 + ϕ(t)
(
(W ∗

1 )
Tψ1(x̄1)

+ δ1(x̄1)− ẏd(t)
)
+ κ2

)
− 1

γ1
θ̃1

˙̂
θ1. (29)

Young’s inequality combined with Assumption 3 re-
sults in

Λ1ν1(t)κ2 ≤γ1Λ2
1ν

2
1 (t)κ

2
2+

1

4γ1
, (30)

Λ1ν1(t)ϕ(t)δ1(x̄1)≤γ1ϕ2(t)Λ2
1ν

2
1 (t)δ̄

2
1+

1

4γ1
,

(31)

Λ1ν1(t)e1(t)ϕ̇(t) ≤γ1ϕ̇2(t)Λ2
1ν

2
1 (t)e

2
1(t) +

1

4γ1
,

(32)

Λ1ν1(t)ϕ(t)ẏd(t) ≤γ1ϕ2(t)Λ2
1ν

2
1 (t)ẏ

2
d(t) +

1

4γ1
,

(33)

Λ1ν1(t)(W
∗
1 )

Tϕ(t)ψ1 ≤γ1ϕ2(t)Λ2
1ν

2
1 (t)‖W ∗

1 ‖2‖ψ1‖2

+
1

4γ1
. (34)

Let Ξ1 = γ1ϕ
2(t)Λ2

1ν
2
1 (t)θ1Ψ1 with

θ1 = max
{‖W ∗

1 ‖2, δ̄21 , 1
}
, (35)

Ψ1 = ‖ψ1(x̄1)‖2 + 1 + ẏ2d(t), (36)

where Ψ1 is a calculable function. Then,

V̇1≤Λ1ν1(t)ϕ(t)(G1(x̄1)e2(t)+G1(x̄1)α1)+γ1ϕ
2(t)

·Λ2
1ν

2
1 (t)θ1Ψ1+γ1Γ

2
1 ν

2
1 (t)(κ

2
2 + e21(t)ϕ̇

2(t))

+
5

4γ1
− 1

γ1
θ̃1

˙̂
θ1. (37)

Substituting Eqs. (15) and (20) into inequality (37)
leads to

V̇1 ≤− Λ1k1ν
2
1 (t)+G1(x̄1)Λ1ν1(t)ν2(t)

− σ1θ̃
2
1

2γ1
+Δ1, (38)

where Δ1 =
5

4γ1
+

σ1
2γ1

θ21.

Step 2: The derivative of ν2(t) is ν̇2(t) =

ϕ̇(t)e2(t) +ϕ(t)(G2(x̄2)e3(t) +G2(x̄2)α2 + f2(x̄2)−
α̇1). Then, one has

ν2(t)ν̇2(t)=ν2(t)ϕ̇(t)e2(t) + ν2(t)ϕ(t)G2(x̄2)e3(t)

+ν2(t)ϕ(t)G2(x̄2)α2+ν2(t)ϕ(t)F̄2

(39)

with F̄2 = f2(x̄2)− α̇1. Given that F̄2 contains some
unknown nonlinear terms, F̄2 = (W ∗

2 )
Tψ2(x̄2) +

δ2(x̄2) is approximated by an RBFNN. Therefore,
Eq. (39) is transformed into

ν2(t)ν̇2(t)=ν2(t)ϕ̇(t)e2(t)+ν2(t)ϕ(t)G2(x̄2)e3(t)

+ ν2(t)ϕ(t)G2(x̄2)α2 + ν2(t)ϕ(t)

· ((W ∗
2 )

Tψ2(x̄2) + δ2(x̄2)
)
. (40)
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Choose the Lyapunov function V2 as

V2 = V1 +
1

2
ν22(t) +

1

2γ2
θ̃22. (41)

From Eqs. (40) and (41), one has

V̇2 ≤− Λ1k1ν
2
1 (t)−

σ1θ̃
2
1

2γ1
+G1(x̄1)Λ1ν1(t)ν2(t)

+Δ1 + ν2(t)ϕ̇(t)e2(t) + ν2(t)ϕ(t)G2(x̄2)e3(t)

+ν2(t)ϕ(t)G2(x̄2)α2+ν2(t)ϕ(t)

· ((W ∗
2 )

Tψ2(x̄2)+δ2(x̄2)
)
. (42)

Similar to inequalities (30)–(34), one has

Ξ2 = γ2ν
2
2(t)ϕ

2(t)θ2Ψ2, (43)

θ2 = max
{‖W ∗

2 ‖2, δ̄22 , Ḡ2
1

}
, (44)

Ψ2 = ‖ψ2(x̄2)‖2 + 1 + Γ 2
1 e

2
1(t), (45)

where Ψ2 is a calculable function. Then,

V̇2 ≤− Λ1k1ν
2
1(t)−

σ1θ̃
2
1

2γ1
+ ν2(t)ϕ(t)(G2(x̄2)α2

+ γ2ν2(t)ϕ(t)θ2Ψ2 +γ2ϕ̇
2(t)e32(t))+G2(x̄2)

· ν2(t)ν3(t)− 1

γ2
θ̃2

˙̂
θ2 +Δ1 +

1

γ2
. (46)

Substituting Eqs. (16) and (21) into inequality (46)
gives rise to

V̇2 ≤−Λ1k1ν
2
1 (t)−k2ν22(t)−

2∑

j=1

σj θ̃
2
j

2γj

+G2ν2(t)ν3(t) +Δ2, (47)

where Δ2 = Δ1 +
1

γ2
+
σ2θ

2
2

2γ2
.

Step i (i = 3, 4, . . . , n−1): Similar to step 2, one
has

νi(t)ν̇i(t) =νi(t)ϕ̇(t)ei(t) + νi(t)ϕ(t)Gi(x̄i)ei+1(t)

+ νi(t)ϕ(t)
(
(W ∗

i )
Tψi(x̄i) + δi(x̄i)

)

+ νi(t)ϕ(t)Gi(x̄i)αi, (48)

Vi =Vi−1 +
1

2
ν2i (t) +

1

2γi
θ̃2i . (49)

From expressions (47)–(49), we obtain

V̇i ≤− Λ1k1ν
2
1 (t)− k2ν

2
2 (t)− . . .− ki−1ν

2
i−1(t)

−
i−1∑

j=1

σj θ̃
2
j

2γj
+Gi−1(x̄i−1)νi−1(t)νi(t) +Δi−1

+ νi(t)ϕ̇(t)ei(t) + νi(t)ϕ(t)Gi(x̄i)ei+1(t)

+ νi(t)ϕ(t)Gi(x̄i)αi + νi(t)ϕ(t)
(
(W ∗

i )
T

· ψi(x̄i) + δi(x̄i)
)
− 1

γi
θ̃i
˙̂
θi. (50)

Similar to inequalities (30)–(34), one has

Ξi = γiν
2
i (t)ϕ

2(t)θiΨi, (51)

θi = max
{‖W ∗

i ‖2, δ̄2i , Ḡ2
i−1

}
, (52)

Ψi = ‖ψi(x̄i)‖2 + 1 + e2i−1(t), (53)

where Ψi is a calculable function, and we obtain

V̇i ≤− Λ1k1ν
2
1 (t)− k2ν

2
2 (t)− . . .− ki−1ν

2
i−1(t)

−
i−1∑

j=1

σj θ̃
2
j

2γj
+ νi(t)ϕ(t)(Gi(x̄i)αi + γiνi(t)

· ϕ(t)θiΨi + γiϕ̇
2(t)e3i (t))Gi(x̄i)νi(t)νi+1(t)

− 1

γi
θ̃i
˙̂
θi +Δi−1 − 1

γi
. (54)

Then, one has

V̇i ≤− Λ1k1ν
2
1 (t)−

i−1∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
j

2γj

+Gi−1(x̄i−1)νi−1(t)νi(t) +Δi, (55)

where Δi = Δi−1 +
1

γi
+
σiθ

2
i

2γi
.

Step n: Take the following Lyapunov function:

Vn = Vn−1 +
1

2
ν2n(t) +

1

2γn
θ̃2n. (56)

Its derivative in t ∈ [tk, tk+1) satisfies

V̇n ≤− Λ1k1ν
2
1(t)−

n−1∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
j

2γj
+Δn−1

+ νn(t)(ϕ(t)Gn(x̄n)u+ ϕ(t)((W ∗
n )

Tψn(x̄n)

+ δn(x̄n)) + ϕ̇(t)en(t)) − 1

γn
θ̃n

˙̂
θn

≤− Λ1k1ν
2
1(t)−

n−1∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
j

2γj
+Δn−1

+ γnϕ̇
2(t)ν2n(t)e

2
n(t) + νn(t)ϕ(t)Gn(x̄n)u

+ γnν
2
n(t)ϕ

2(t)θnΨn +
1

γn
− 1

γn
θ̃n

˙̂
θn
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≤− Λ1k1ν
2
1(t)−

n−1∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
j

2γj
+Δn−1

+γnϕ̇
2(t)ν2n(t)e

2
n(t)+νn(t)ϕ(t)Gn(x̄n)(ς(t)−e)

+ γnν
2
n(t)ϕ

2(t)θnΨn +
1

γn
− 1

γn
θ̃n

˙̂
θn

≤− Λ1k1ν
2
1(t)−

n−1∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
j

2γj
+Δn−1

+ γnϕ̇
2(t)ν2n(t)e

2
n(t) + νn(t)ϕ(t)Gn(x̄n)ς(t)

+ νn(t)ϕ(t)Gn(x̄n)(ε|ς(t)|+m0) + γn

· ν2n(t)ϕ2(t)θnΨn +
1

γn
− 1

γn
θ̃n

˙̂
θn. (57)

Combining Eq. (18) with Young’s inequality leads to

V̇n≤−Λ1k1ν
2
1(t)−

n∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
n

2γj
+γnϕ

2(t)

·ν2n(t)θ̃nΨn− 1

γn
θ̃n

˙̂
θn+Δn−1+

1

γn
+
1

2
m2

0.

(58)

Substituting Eq. (23) into inequality (58) leads to

V̇n ≤−Λ1k1ν
2
1 (t)−

n∑

j=2

kjν
2
j (t)−

n∑

j=1

σj θ̃
2
j

2γj
+Δn,

(59)

where Δn = Δn−1 +
1

γn
+

1

2
m2

0 +
σnθ

2
n

2γn
.

The main findings from the discussions above
can be summed up as follows:
Theorem 1 For the nonlinear system (1) with
DATV output constraints, the virtual control sig-
nals (15)–(17), the actual control input signals (18)
and (19), and the adaptive laws (20)–(23) are con-
structed under Assumptions 1–3; then, SGUUB is
ensured for all signals of the closed-loop system.

Proof Note that θ̃j θ̂j ≤ −1

2
θ̃2j +

1

2
θ2j , j =

1, 2, . . . , n, and −kb(t) < ν1(t) < k̄b(t). We have

kb(t)k̄b(t) +
3

2

(
k̄b(t)− kb(t)

)
ν1(t)

≥kb(t)k̄b(t) +
(
k̄b(t)− kb(t)

)
ν1(t)− ν21 (t)

= (kb(t) + ν1(t))
(
k̄b(t)− ν1(t)

)

>0. (60)

Due to the fact that kb(t) and k̄b(t) are positive func-
tions, we have

Λ1ν
2
1(t) >

2kb(t)k̄b(t)ν
2
1 (t)

(
(kb(t) + ν1(t))(k̄b(t)− ν1(t))

)2 . (61)

Then,

V̇n ≤−Λ1k1ν
2
1(t)−

n−1∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
n

2γj
− knν

2
n(t)

− σnθ̃
2
n

2γn
+Δn−1 +

1

γn
+

1

2
m2

0 +
σnθ

2
n

2γn

≤− k1ν
2
1(t)−

n−1∑

j=2

kjν
2
j (t)−

n−1∑

j=1

σj θ̃
2
n

2γj
− knν

2
n(t)

− σnθ̃
2
n

2γn
+Δn−1 +

1

γn
+

1

2
m2

0 +
σnθ

2
n

2γn

≤− ιVn + η̄, (62)

where ι = minj=1,2,...,n {2kj , σj} > 0 and η̄ =

Δn−1 +
1

γn
+

1

2
m2

0 +
σnθ

2
n

2γn
.

Solving inequality (62) leads to

0 ≤ Vn ≤
(
Vn(0)− η̄

ι

)
e−�t +

η̄

ι
. (63)

Furthermore,

lim
t→∞ ≤

√

2
η̄

ι
. (64)

Thus, we obtain Vn ∈ l∞, which indicates that
νi(t) and θ̂i (i = 1, 2, . . . , n) are bounded. This
also infers that ν1(t) satisfies kb(t) < ν1(t) < k̄b(t)

the whole time. From Eqs. (4) and (14), e1 is
bounded for t ∈ (0,∞). Since e1(t) and yd(t) are
bounded, x1 is bounded. Considering α1 and θ̂1,
we can learn that α1 ∈ l∞ and θ̂1 ∈ l∞. From
ν2(t) = ϕ(t)e2(t), x2(t) = α1 + e2(t), we can de-
duce that x2(t) is bounded. Furthermore, we have
that xi(t) (i = 3, 4, . . . , n), αj (j = 2, 3, . . . , n − 1),
θ̂i (i = 2, 3, . . . , n), and u are bounded. As a result,
all the signals of the closed-loop system are bounded.
Therefore, the proof is completed.
Remark 4 It should be noted that in engineer-
ing systems, users can alter parameters to enhance
control precision and system performance. In this
study, increasing ki, γi, or decreasing σi can adjust
the tracking error. These parameters are theoret-
ically optional. Larger γi and smaller σi, on the
other hand, might lead to larger adaptive parame-
ters, while greater parameter ki frequently results in
extreme system overshoot. Therefore, how to bal-
ance the steady-state and transient processes is crit-
ical in the actual world.
Remark 5 The output y from inequalities (62)–
(64) is relevant to Δ̄ (a bounded constant). In the-
ory, altering the positive parameter m0 reduces the
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system output y. However, a lower m0 shall increase
the times of ETC. Therefore, how to balance tracking
performance and ETC times is critical in application.

Next, the Zeno behavior with the designed ETC
during regular operation will be analyzed.
Theorem 2 Consider the nonlinear system (1),
control inputs (18) and (19), adaptive laws (20)–(23),
and event-triggered condition (25), the Zeno behav-
ior is circumvented during the routine operations.
Proof Define

ĕ = ς(t)− u, t ∈ [tk, tk+1). (65)

Take the derivative of the above equation:

d

dt
|ĕ| = d

dt

√
ĕ2 ≤ | ˙̆e| =

∣
∣
∣
∣
dς(t)

dt

∣
∣
∣
∣ . (66)

Since ς(t) is a C1 function, then
dς(t)

dt
is continuous.

From Eq. (18), we know that
dς(t)

dt
is the function of

νi(t), ei(t), and θ̂i (i = 1, 2, . . . , n). Thereby, we find

a positive constant M satisfying
∣
∣
∣
∣
dς(t)

dt

∣
∣
∣
∣ ≤M . From

inequality (66), we have

d

dt
|ĕ| ≤M. (67)

Combining inequality (67) with comparison lemma
yields

|ĕ| ≤M(t− tk), t ∈ [tk, tk+1). (68)

From Eq. (24), one has

|ĕ| ≥ ||ς(t)| − |u|| ≥ e. (69)

Let ζk be the lower bound of tk+1–tk. We obtain

ζk = m0/M > 0. (70)

Hence, the proof of Zeno behavior is completed.
Remark 6 This study is predicated on the assump-
tion that cyberattacks and network delays are not
discussed. When the following problems arise, they
might cause engineering system instability. There-
fore, we shall investigate network security-control
strategies in the following study.
Remark 7 Unlike the existing TTC and ETC
schemes, the relative threshold event-triggered mech-
anism is designed to replace the fixed one to bal-
ance system stability and communication cost. The

nonlinear controller requires stronger control effects
when the tracking error rapidly changes, and the
control input should be updated in time and get a
smaller threshold. When the tracking error is close
to zero, which means that the control input has not
obviously changed, m0 is chosen to rule out infinite
triggering time if ε|ς(t)| is smaller than m0. There-
fore, the proposed control strategy can effectively re-
lieve the SLRA system’s controller-to-actuator data
transfer burden and advance engineering feasibility
in the real world.
Remark 8 Inspired by Gao et al. (2022), the
heuristic optimization algorithm can be applied to
the motion control and attitude control of the robotic
arm. The objective function of multiple optimiza-
tion indicators, such as tracking accuracy and con-
vergence time, is designed to improve the transient
and steady-state responses of the manipulator by op-
timizing the parameters and input signals of the con-
troller to obtain the optimal solution of the param-
eters and achieve higher response speed and better
motion smoothness. Therefore, how to combine per-
formance constraints with intelligent algorithms is a
meaningful topic.

4 Simulation results

We consider the following SLRA from Liu YJ
and Tong (2016) to demonstrate the efficacy of the
presented approach:

Mp̈+
1

2
mgl sin p+Nṗ = τ, (71)

where the angular rotation, velocity, and acceleration
are denoted as p, ṗ, and p̈, respectively. τ is the con-
trol torque. For Eq. (71), Table 1 lists each symbol’s
physical meaning and parameter values. Defining
x1(t) = p, x2(t) = ṗ, and u = τ with the bounded
external time-varying disturbances, one has
⎧
⎨

⎩

ẋ1(t) = x2(t) + d1(x̄1, t),

ẋ2(t)=−mgl sin(x1(t))
2M

− N

M
x2(t)+

u

M
+d1(x̄2, t).

(72)
Choose the appropriate design parameters as

follows: k1 = 12.8, k2 = 21, γ1 = 16, and
γ2 = 20. The output constraint boundary func-
tions are set as kc(t) = 0.25 + 0.02 sin(2t) and
k̄c(t) = 0.25 + cos(0.5t). The desired signal
is given as yd(t) = 0.21 cos t, and the external
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time-varying disturbances are d1(x̄1, t) = 75 +

18 sin(0.5t)+15 cos (0.2t+ π/4) and d2(x̄2, t) = 86+

14 sin (0.2t+ π/6). The RBFNN includes 25 nodes,
the centers of which are distributed in a 3D space
with x ∈ [−4, 4], y ∈ [−4, 4], and z ∈ [−4, 4]; the
Gaussian function widths are σ1 = 4 and σ2 = 50.
The ETC parameters are ε = 0.0025 and m0 = 0.5,
the settling time is T = 2, and the pre-given positive
constant is ε = 0.82. To verify the effectiveness of the
control strategy, simulation results with two initial
values x(0) = [0.24, 0.13]T and x(0) = [0.28, 0.13]T

are displayed, separately.
Case 1: States are within the constraints before

a given time T .
Case 2: States violate the constraints before a

given time T .
The simulation results are shown in Figs. 1–

6. From these results, the performance analysis
and comparison results of Scheme I (the designed
method) and Scheme II (Zhao et al., 2022) are shown.
In Fig. 1, the curves of x1 and yd(t) are displayed
with Schemes I and II under cases 1 and 2. It is easy
to know from Figs. 1 and 2 that x1 and e1(t) do not
exceed the boundaries after the preset time T , and
we can find that Scheme I realizes smaller tracking
errors compared to Scheme II. Fig. 3 gives the con-
trol input of TTC, ETC (the designed method), and

Table 1 System description

Symbol Physical meaning Value
M Inertia moment 50 kg/m2

m Link quality 35 kg

g Acceleration of gravity 9.8 m/s2

l Link length 1 m

N Damping coefficient 1 N ·m · s
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Fig. 1 Curves of x1 and yd(t) with Schemes I and II
under cases 1 and 2 (Scheme I: the designed method;
Scheme II: Zhao et al. (2022)’s method)

FETC (Li ML et al., 2020). In Fig. 4, we show the
results of triggering instants and inter-event inter-
vals under case 1, and the triggering times are 413
and 446 for ETC and FETC respectively. Similarly,
the results under case 2 are shown in Fig. 5, and
the triggering times are 421 and 459 for ETC and
FETC respectively. Finally, Fig. 6 shows the curves
of adaptive laws θ̂i (i = 1, 2), displaying that the
designed θ̂i is bounded.

5 Conclusions

The problem of event-triggered adaptive NN
tracking control has been solved in this study. To
address the DATV output constraints, an ATBLF
has first been built. In addition, an event-triggered
adaptive NN tracking controller has been con-
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Fig. 2 Curves of the tracking error e1(t) with
Schemes I and II under cases 1 and 2 (Scheme I:
the designed method; Scheme II: Zhao et al. (2022)’s
method)
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Fig. 3 Curves of the control input under cases 1
and 2 (ETC: event-triggered control; FETC: fixed-
threshold ETC; TTC: time-triggered control)
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under case 2 (ETC: event-triggered control; FETC:
fixed-threshold ETC)
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structed by adding an error-shifting function to in-
crease the usefulness of network resources. It has
rigorously been proved mathematically that the ini-
tial values can fall beyond the constraint boundary,

and that all the signals in the closed-loop system
were SGUUB. The viability of the acquired control
strategy has been demonstrated using an SLRA ap-
plication example.
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