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Abstract: This paper concerns the event-triggered distributed cross-dimensional formation control problem of
heterogeneous multi-agent systems (HMASs) subject to limited network resources. The central aim is to design an
effective distributed formation control scheme that will achieve the desired formation control objectives even in the
presence of restricted communication. Consequently, a multi-dimensional HMAS is first developed, where a group of
agents are assigned to several subgroups based on their dimensions. Then, to mitigate the excessive consumption of
communication resources, a cross-dimensional event-triggered communication mechanism is designed to reduce the
information interaction among agents with different dimensions. Under the proposed event-based communication
mechanism, the problem of HMAS cross-dimensional formation control is transformed into the asymptotic stability
problem of a closed-loop error system. Furthermore, several stability criteria for designing a cross-dimensional
formation control protocol and communication schedule are presented in an environment where there is no information
interaction among follower agents. Finally, a simulation case study is provided to validate the effectiveness of the
proposed formation control protocol.
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1 Introduction

In the realm of autonomous systems, the con-
cept of formation control within multi-agent systems
(MASs) has emerged as a captivating and transfor-
mative field of study (Weimerskirch et al., 2001; Oh
et al., 2015; Rezaee and Abdollahi, 2015; Dou et al.,
2020; Ning et al., 2023). Generally, MASs are com-
posed of a collection of individual agents, ranging
from robots (Yang Y et al., 2022) and drones (Dong
et al., 2015) to autonomous vehicles (Ge et al., 2022,
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2023, 2024; Xie et al., 2024), each possessing indi-
vidual decision-making abilities and sensory capabil-
ities. The primary objective of MAS formation con-
trol is to orchestrate and coordinate a group of agents
so that they move and act collectively, and achieve
predefined spatial configurations or formations. For
this purpose, various formation control strategies,
such as leader–follower control strategies, virtual-
structure control strategies, and behavior-based con-
trol strategies, have been proposed for MASs by em-
ploying communication networks. It should be men-
tioned that most of the existing results (Weimer-
skirch et al., 2001; Dong et al., 2015; Oh et al.,
2015; Rezaee and Abdollahi, 2015; Ge et al., 2022,
2023, 2024; Yang Y et al., 2022; Ning et al., 2023;
Xie et al., 2024) are concerned with homogeneous
agents. However, in practical scenarios, agents are
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usually governed by non-identical kinetic equations.
In this sense, heterogeneous systems are more ap-
plicable than homogeneous systems. Different from
homogeneous systems, where all agents share simi-
lar characteristics, heterogeneous systems bring to-
gether a diverse ensemble of agents, each possessing
unique capabilities, roles, and attributes. This di-
versity poses great challenges for cooperation among
MASs.

In the context of heterogeneous multi-agent sys-
tem (HMAS) formation control, the challenge lies in
devising control algorithms that can seamlessly in-
tegrate agents with distinct kinematic and dynamic
properties, sensing capabilities, and communication
modalities. To handle this issue, concerted effort
has been devoted to addressing the HMAS forma-
tion control challenge in recent years (Li et al.,
2015; Meng et al., 2015). For example, the HMAS
formation control problem was studied within the
output regulation framework (Haghshenas et al.,
2015), where the dynamics of leaders were iden-
tical. Jiang et al. (2019) investigated the linear
HMAS distributed formation control problem when
the state dimension and dynamics of leaders and fol-
lowers were different. The HMAS time-varying for-
mation control problem was solved using two event-
triggered formation control schemes in Song et al.
(2022). Note that most of the existing results re-
lated to HMAS formation control (Jiao et al., 2016;
Ding and Zheng, 2017; Zhang D et al., 2018) in-
volve different system matrices but identical sys-
tem dimensions. In fact, the HMAS dynamics have
different state dimensions. In Jiang et al. (2019),
agents with different dimensions in an HMAS were
divided into two groups (a leader group and a fol-
lower group) and the dimensions in each group were
identical. However, in some special cases, such as
the tracking tasks achieved by the cooperation of
unmanned aerial vehicles and unmanned surface ve-
hicles, follower agents have non-identical state di-
mensions, which leads to a requirement to achieve
the desired formation in their own dimensions. In
this context, the communication among agents with
different dimensions will play a crucial role. Matrices
were provided to achieve cross-dimensional informa-
tion interaction among agents with different dimen-
sions (Ma et al., 2022). It should be noted that
too much information interaction among agents may
lead to network congestion, especially in large-scale

networked MASs. Thus, it is necessary to intro-
duce event-triggered control to schedule inter-agent
communication (Ju et al., 2022; Zhang XM et al.,
2023). The event-triggered mechanisms in the ex-
isting literature involve agents with the same di-
mension even if they have different dynamics (Hu
et al., 2017; Song et al., 2023), whereas, under the
cluster consensus, agents are allocated in different
groups to perform different tasks. The interactions
among agents in the same group and agents in dif-
ferent groups should be inherently different. In this
sense, Yang YP et al. (2024) designed sampled-data-
based event-triggering mechanisms by incorporat-
ing intra-cluster and out-of-cluster communication.
However, to the best of our knowledge, few studies
related to event-triggered communication of cross-
dimensional HMASs are available, which drives the
current investigation.

This study focuses on the problem of distributed
cross-dimensional formation control for an HMAS.
The main contributions are twofold:

1. A complete HMAS is proposed where, com-
pared with the partial HMAS developed in Ma et al.
(2022), the agents in the same and different groups
are all heterogeneous in the proposed HMAS.

2. A cross-dimensional event-triggered commu-
nication mechanism is designed, where the leader’s
information is included in the state response errors
among the neighboring agents in both the same and
different groups.

Notations: R
n and R

m×n stand for the n-
dimensional Euclidean space and m × n real ma-
trix space, respectively. col{·} represents a column
vector, diag{·} represents a diagonal matrix, and ⊗
denotes the Kronecker product for matrices. P ≥ 0

(or P > 0) indicates that P is positive semi-definite
(or positive definite). N denotes the non-negative
integer set. IN and 0M×N denote an N -dimensional
identity matrix and an M×N matrix with all entries
being zero, respectively.

2 Problem statement

2.1 Communication topology

Consider an MAS consisting of one leader and
N followers. The information exchange among the
N followers can be described by a digraph G =

{V , E ,A}, where V = {1, 2, . . . , N} is the index set
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of followers, E = {(i, j) : i, j ∈ V} stands for the
edge set, and A = [aij ]N×N is the weighted adja-
cency matrix. Particularly, aij = 1 if (i, j) ∈ E and
aij = 0 otherwise. In such a digraph G, self-loops are
excluded, i.e., aii = 0. Define the Laplacian matrix
of the digraph G as L = [lij ]N×N , where lij = −aij
if i �= j and lij =

∑
j �=i aij otherwise. A directed

path from follower j to follower i is a sequence
of ordered edges (j, j1), (j1, j2), . . . , (jp−1, jp), (jp, i),
where j1, j2, . . . , jp are distinct.

Let the leader be an additional node 0. Then the
weighted adjacency matrix of the leader can be de-
noted as M = diag{m1,m2, . . . , mN}, where mi = 1

(i ∈ V) if follower i can receive information from the
leader and mi = 0 otherwise. Without loss of gen-
erality, we assume that there is a directed path from
the leader to any follower in the digraph G.

2.2 Cross-dimensional formation structures

In our work, we assume that followers can be
divided into g (1 ≤ g ≤ N) groups according to their
state dimensions. In other words, agents with identi-
cal dimension are assigned in the same group. Corre-
spondingly, the node index set V can be divided into
g non-overlapping subsets, V1,V2, . . . ,Vg. Further-
more, the following is given: Vj �= ∅ (j = 1, 2, ..., g),
⋃g

j=1 Vj = V , and Vj

⋂Vk = ∅ (∀j, k ∈ {1, 2, ..., g}
and j �= k). In addition, subscripts ī and j̄ are in-
troduced to represent subsets to which agents i and
j belong, respectively. If ī = j̄, the dimensions of
agents i and j are the same, and the two agents i and
j are in the same subgroup. Moreover, denote nī as
the dimension of state vectors and mī as the number
of agents in the īth subgroup. It is not difficult to
see that

∑g
ī=1

mī = N . For the sake of simplicity,
we assume that ī ≤ j̄ if i < j (∀i, j ∈ V) and nī < nj̄

if ī < j̄. Obviously, the state vector’s dimension of
agents in the gth subgroup is higher than that of the
ones in any other subgroups. It is also assumed that
the leader’s dimension is ng, which means that the
dimension of the leader is the highest.

2.3 Dynamics of HMASs

For the addressed cross-dimensional formation
control issue, the dynamics of the leader agent are
given as follows:

{
ẋ0(t) = v0(t),

v̇0(t) = Agx0(t) +Bgv0(t),
(1)

where x0(t) ∈ R
ng and v0(t) ∈ R

ng are the position
and velocity vectors respectively, and Ag ∈ R

ng×ng

and Bg ∈ R
ng×ng are the coefficient matrices.

The dynamics of the ith (i ∈ V) follower are
described by

{
ẋi(t) = vi(t),

v̇i(t) = Aixi(t) +Bivi(t) + ui(t),
(2)

where xi(t) ∈ R
nī and vi(t) ∈ R

nī are the position
and velocity vectors respectively, ui(t) is the dis-
tributed control input vector, and Ai ∈ R

nī×nī and
Bi ∈ R

nī×nī are the known real matrices.
Remark 1 Compared with the homogeneous
MASs considered in Ma et al. (2022), the dynam-
ics of followers (Eq. (2)) developed in our work are
heterogeneous; that is, there are different system ma-
trices, even if they are in the same subgroup. In other
words, different agents have non-identical dynamics,
so the addressed dynamical model is very general
and more in line with reality.
Remark 2 We designed the subsequent cross-
dimensional formation control protocol because
higher-dimensional agents can receive global in-
formation from lower-dimensional agents, whereas
agents with lower dimensions receive only partial in-
formation from higher-dimensional agents.

2.4 Cross-dimensional formation

To describe the cross-dimensional formation
precisely, let us first introduce the following two
matrices:

Mīj̄ =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Inī
, ī = j̄,

[
Inī

0
]

nī×nj̄

, ī < j̄,
[
Inj̄

0

]

nī×nj̄

, ī > j̄,

(3)

Nīj̄ =

⎧
⎪⎪⎨

⎪⎪⎩

Inī
, ī ≤ j̄,

[
Inj̄

0

0 0

]

nī×nī

, ī > j̄.
(4)

Denote M̂īj̄ = diag{Mīj̄ ,Mīj̄} and N̂īj̄ =

diag{Nīj̄ , Nīj̄}. According to Lemma 1 in Ma et al.
(2022), we have

N̂īj̄M̂īg = M̂īj̄M̂j̄g.

Let ζi(t) = [xT
i (t), vT

i (t)]
T for i ∈ V . It can

be found that ζ0(t) ∈ R
2ng and ζi(t) ∈ R

2nī for
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agent i (i ∈ Vi). Define fi(t) = [fT
ix(t), f

T
iv(t)]

T with
fiv(t) = ḟix(t) as the time-varying formation pattern
of agent i. Then a definition of cross-dimensional
formation of an HMAS consisting of Eqs. (1) and (2)
is given as follows:
Definition 1 For any given bounded initial state,
cross-dimensional formation is achieved if the follow-
ing condition holds:

lim
t→∞

{
ζi(t)− fi(t)− M̂īgζ0(t)

}
= 0, ∀i ∈ Vi. (5)

Remark 3 An illustrative example of the consid-
ered cross-dimensional formation of HMASs is pro-
vided in Fig. 1. Based on Definition 1, if condition (5)
holds, it means that

lim
t→∞{ζi(t)− ζj(t)− (fi(t)− fj(t))} = 0

for i, j ∈ Vī, which reduces to the forma-
tion formed by agents with the same dimen-
sion (Ge and Han, 2017). Furthermore, if{
ζi(t)− fi(t)− M̂īgζ0(t)

}
→ 0 as t → ∞, we have

Nīj̄(ζi(t)− fi(t))−Mīj̄(ζj(t)− fj(t))

= Nīj̄(ζi(t)− fi(t))−Mīj̄(ζj(t)− fj(t))

− N̂īj̄M̂īgζ0(t) + M̂īj̄M̂j̄gζ0(t)

because of N̂īj̄M̂īg = M̂īj̄M̂j̄g. This further means

Nīj̄(ζi(t)− fi(t)−Mīgζ0(t))

− Mīj̄(ζj(t)− fj(t)− M̂j̄gζ0(t)) → 0

for i ∈ Vī, j ∈ Vj̄ (̄i �= j̄). In addition, from a math-
ematical perspective, the term M̂īgζ0(t) in condi-
tion (5) can be regarded as a projection of higher-
dimensional vectors onto a lower-dimensional plane.

Z

X

Y

Agent 1 Agent 2

Agent 3

Agent 5
Agent 6

Agent 4
Leader

f6(t)
f4(t)f5(t)

Fig. 1 Cross-dimensional formation of seven agents

Therefore, matrices (3) and (4) can be expressed
as the information interactions among agents with
different dimensions and thus have more theoretical
significance.

2.5 Event-triggering mechanisms

In our work, an event-based data transmission
scheme is exploited to mitigate the excessive con-
sumption of communication resources, as shown in
Fig. 2. Now, let us show such a scheme.

Denote tikh as the kth event release instant of the
ith agent. Then the event-triggering time sequence
can be described as {ti0h, ti1h, . . . , tikh, . . .} with tik ∈
N, k ∈ N, and ti0h = 0. The next event-triggering
instant of the ith agent can be calculated as

tik+1h = tikh+ {ϑh|�i(tikh+ ϑh) > 0}, (6)

where the event function is selected as

�i(t
i
kh+ ϑh) = eTi (t

i
kh+ ϑh)Φiei(t

i
kh+ ϑh)− Υ,

with the weighting matrix Φi > 0, the measurement
error between the last event-triggered data and the
current data

ei(t
i
kh+ ϑh)

=ζi(t
i
kh+ ϑh)− fi(t

i
kh+ ϑh)− (

ζi(t
i
kh)− fi(t

i
kh)

)
,

(7)

and the threshold-related parameter

Υ =
∑

j∈Vi

σjīρ
T
j (t

i
kh)Ωjīρj(t

i
kh)

+

g∑

j̄=1,j̄ �=ī

∑

j∈Vj

σjj̄ ρ̂
T
j (t

i
k
′
j

h)Ωjj̄ ρ̂j(t
i
k
′
j

h).

Here, Ωjī > 0 and Ωjj̄ > 0 are the designed weight-
ing matrices, σjī, σjj̄ ∈ (0, 1) are the threshold pa-
rameters to be given, and ρ(tikh) denotes the state
error between agent i and its neighbors in the same
subgroup at tikh with the following form:

ρj(t
i
kh)

=aij

(

ζi(t
i
kh)−fi(t

i
kh)−

(
ζj

(
ti
k
′
j

h
)
−fj

(
ti
k
′
j

h
)))

+mi

(
ζi(t

i
kh)− fi(t

i
kh)− M̂īgζ0(t

i
kh)

)
.

(8)
However, when the dimensions of agent i and its
neighbors are different, the corresponding state error
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Fig. 2 Event-triggered distributed formation control for agent i

at tikh is given by

ρ̂
(
ti
k
′
j

h
)
=aij

(

− M̂īj̄

(
ζj

(
ti
k
′
j

h
)
− fj

(
ti
k
′
j

h
))

+ N̂īj̄

(
ζi(t

i
kh)−fi(t

i
kh)

)
)

+mi

(
ζi(t

i
kh)

− fi(t
i
kh)− M̂īgζ0(t

i
kh)

)
.

Remark 4 Note that compared with the IIC-
SDETM (Eq. (5) in Yang YP et al. (2024)), the
term containing leader’s information in Eq. (8),
mi

(
ζi(t

i
kh)−fi(t

i
kh)−M̂īgζ0(t

i
kh)

)
, is added in our

work. This term can be considered as the disagree-
ment vector between the ith agent and the leader at
tikh. If limt→∞

{
ζi(t) − fi(t) − M̂īgζ0(t)

}
= 0, the

control tasks are said to be achieved. This term
is also considered in some existing works on the
event-triggered control strategies for MASs (Zhao
et al., 2018; Xia et al., 2023). Moreover, the intro-
duction of this term effectively avoids the fact that
ΛET

25L̃
TΩL̃E25 cannot be calculated due to the ir-

reversibility of L̃. Also, the dimensions of all agents
in Yang YP et al. (2024) are identical, while those in
this study are not exactly the same.

2.6 Control protocol

In this subsection, a distributed formation con-
trol protocol is developed as follows:

ui(t) = ci(t)+Ki

(
∑

j∈Vi

aij

(

N̂īj̄

(
ζi(t

i
kh)− fi(t

i
kh)

)

− M̂īj̄

(
ζj

(
ti
k
′
j

h
)
− fj

(
ti
k
′
j

h
)))

+mi

(
ζi(t

i
kh)− fi(t

i
kh)− M̂īgζ0(t

i
kh)

)
)

,

(9)

where t ∈ [tikh, t
i
k+1h) for i ∈ Vi, ζj

(

ti
k
′
j

h

)

is the

latest transmitted measurement of the neighbor of
agent i with

ti
k
′
j

h = argmin
k
′
j

{
lh− ti

k
′
j

h|l > ti
k
′
j

, ti
k
′
j

∈ N

}
,

Ki stands for a gain matrix to be designed, and
ci(t) = ḟiv(t) − [Ai, Bi]fi(t) is the formation com-
pensation signal vector determined by fi(t) with
fiv(t) being differentially derivable.

Substituting the above designed controller (9)
into agent i’s dynamics, we have

ζ̇i(t) =Giζi(t) +Hīci(t)

+HīKi

(
∑

j∈Vi

aij

(

N̂īj̄

(
ζi(t

i
kh)− fi(t

i
kh)

)

− M̂īj̄

(
ζj

(
ti
k
′
j

h
)
− fj

(
ti
k
′
j

h
)))

+mi

(
ζi(t

i
kh)− fi(t

i
kh)− M̂īgζ0(t

i
kh)

)
)

.

(10)
In addition, the leader’s dynamics (1) can be rewrit-
ten as follows:

ζ̇0(t) = G0ζ0(t), (11)
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where

Gi =

[
0nī×nī

Inī

Ai Bi

]

, Hī =

[
0nī×nī

Inī

]

,

for i = 0, 1, . . . , N and ī = 1, 2, . . . , g.
Letting

θi(t) = ζi(t)− fi(t)− M̂īgζ0(t),

we have

θ̇i(t) =Giθi(t) +HīKi

( ∑

j∈Vi

aij

(
Nīj̄θi(t

i
kh)

−Mīj̄θi

(
ti
k
′
j

h
))

+miθi(t
i
kh)

)

.

(12)

In what follows, define �ikh = tikh + ϑh with ϑ ∈
{0, 1, ..., tik+1 − tik − 1} and ei(t

i
kh+ ϑh) = ζi(t

i
kh+

ϑh) − fi(t
i
kh + ϑh) − (ζi(t

i
kh) − fi(t

i
kh)). The dy-

namics (12) can be reconstructed as

θ̇i(t) =Giθi(t) +HīKi

( ∑

j∈Vi

aij

(
N̂īj̄(θi(�

i
kh)

− ei(�
i
kh))− M̂īj̄

(
θj(�

i
kh)− ej(�

i
kh)

) )

+mi

(
θi(�

i
kh)− ei(�

i
kh)

)
)

.

(13)
Introduce an artificial time delay τ(t) = t− �ikh.

Obviously, τ(t) is a discontinuous function satisfying
τm ≤ τ(t) ≤ τM + h, where τM and τm are the upper
and lower bounds of time delay τ(t), respectively.
Therefore, one can express Eq. (13) as

θ̇i(t) = Giθi(t) +HīKi

( ∑

j∈Vi

aij
(
N̂īj̄(θi(t− τ(t))

− ei(t− τ(t))) − M̂īj̄(θj(t− τ(t))

− ej(t− τ(t)))
)
+mi(θi(t− τ(t))

− ei(t− τ(t)))

)

.

(14)
For the sake of simplicity, define

θ(t) =
[
θT
1 (t), θ

T
2 (t), ..., θ

T
N (t)

]T
,

e(t− τ(t)) =
[
eT1 (t− τ(t)), eT2 (t− τ(t)),

..., eTN (t− τ(t))
]T

.

L̃ is defined as an N × N block matrix where its
(i, j)th block is

∑N
j=1 aijNīj̄ if i = j and −aijMīj̄

otherwise (Ma et al., 2022). The following closed-
loop error system can be obtained:

θ̇(t) = Gθ(t) +HKD̃θ(t− τ(t))

−HKD̃e(t− τ(t)),
(15)

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

G = diag{G1,G2, . . . ,GN},
H = diag{Im1 ⊗H1, Im2 ⊗H2, . . . , Img ⊗Hg},
K = diag{K1,K2, . . . ,KN},
M̃ = diag{m1I2n1̄

,m2I2n2̄
, . . . ,mgI2ng},

D̃ = L̃+ M̃ .

3 Main results

In this section, some sufficient criteria are
presented for asymptotic stability of the result-
ing closed-loop error system (15) under the pro-
posed cross-dimensional event-triggered communi-
cation protocol (9). First, consider the following
Lyapunov–Krasovskii functional (LKF):

V (t, θ, θ̇) =θT(t)Pθ(t) +

∫ t

t−τm

θT(s)Q1θ(s)ds

+

∫ t−τm

t−τM

θT(s)Q2θ(s)ds

+ τm

∫ 0

−τm

∫ t

t+θ

θ̇T(s)R1θ̇(s)dsdθ

+ δ

∫ −τm

−τM

∫ t

t+θ

θ̇T(s)R2θ̇(s)dsdθ,

(16)
where

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

P = diag{P1,P2, . . . ,PN},
Q1 = diag{Q11,Q12, . . . ,Q1N},
Q2 = diag{Q21,Q22, . . . ,Q2N},
R1 = diag{R11,R12, . . . ,R1N},
R2 = diag{R21,R22, . . . ,R2N},

with Pi > 0, Qai > 0, Rai > 0 for a = 1, 2, i =

1, 2, ..., N , and δ = τM − τm.
Theorem 1 For given scalars σi ∈ [0, 1),
τm, τM, and ρa > 0, the resulting closed-
loop error system (15) under the proposed cross-
dimensional event-triggered communication proto-
col (9) is asymptotically stable, if there are real ma-
trices P̂i = P̂T

i > 0, Q̂ai = Q̂T
ai > 0, R̂ai = R̂T

ai > 0,
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Φ̂i = Φ̂T
i > 0, Ω̂i = Ω̂T

i > 0, Ŝi, and K̂i (i ∈ V and
a = 1, 2) with appropriate dimensions such that

[
R̂2 Ŝ

ŜT R̂2

]

> 0, (17)

⎡

⎢
⎣

Θ̂ τmΓ̂
T δΓ̂T

∗ −2ρ1P̂ + ρ21R̂1 0

∗ ∗ −2ρ2P̂ + ρ22R̂2

⎤

⎥
⎦ < 0, (18)

where

Θ̂ =ET
1

(
GP̂E1 +HK̂E2 −HK̂E5

)

+
(
GP̂E1 +HK̂E2 −HK̂E5

)TE1

+ ET
1 Q̂1E1 − ET

3 (Q̂1 − Q̂2)E3 − ET
4 Q̂2E4

+ ET
13R̂1E13 − ET

5 Φ̂E5 +ΛET
25Ω̂E25

−
[E24

E32

]T [
R̂2 Ŝ

ŜT R̂2

][E24

E32

]

,

Γ̂ =[P̂G, HK̂, 0, 0, −HK̂],

with P̂ = diag{P̂i}N , Q̂a = diag{Q̂ai}N , R̂a =

diag{R̂ai}N , Ŝ = diag{Ŝi}N , and Λ = diag{σi}N .
Moreover, the formation gain matrices and event-
triggered weighting matrices can be calculated as

K =K̂D̃−1P̂−1, Φ = P̂−1Φ̂P̂−1,

Ω =(D̃T)−1P̂−1Ω̂P̂−1D̃T.
(19)

Proof Define ξ(t) = col{θ(t), θ(t − τ(t)), θ(t −
τm), θ(t−τM), e(t−τ(t))} and let E ij = Ei−Ej where
E i represents the ith row elements of 10nx × 10nx

identity matrix with nx being the dimension of the
position/velocity vector of the MASs (2) satisfying
nx =

∑g
ī=1

mīnī. In what follows, taking the time
derivative of V (t, θ, θ̇) yields

V̇ (t, θ, θ̇)

=ξT(t)ET
1

(
PGE1 +HPKD̃E2 −HPKD̃E5

)
ξ(t)

+ξT(t)
(
PGE1+HPKD̃E2−HPKD̃E5

)T

E1ξ(t)

+ξT(t)
(
ET
1 Q1E1−ET

3 (Q1−Q2)E3−ET
4 Q2E4

)
ξ(t)

+θ̇T(t)
(
τ2mR1+δ2R2

)
θ̇(t)−τm

∫ 0

−τm

θ̇T(s)R1θ̇(s)ds

− δ

∫ t−τm

t−τM

θ̇T(s)R2θ̇(s)ds.

(20)
By virtue of Jensen’s inequality, we have

−τm

∫ 0

−τm

θ̇T(s)R1θ̇(s)ds ≤ ξT(t)ET
13R1E13ξ(t).

(21)

Applying Lemma 1 in Ge and Han (2015) renders

− δ

∫ t−τm

t−τM

θ̇T(s)R2θ̇(s)ds

≤− ξT(t)

[E24

E32

]T [
R2 S

ST R2

] [E24

E32

]

ξ(t),

(22)

where S is a real matrix with appropriate dimension
satisfying [

R2 S

ST R2

]

> 0. (23)

Moreover, it follows from Eq. (7) that

eT(t− τ(t))Φe(t − τ(t))

≤ ΛξT(t)ET
25D̃

TΩD̃E25ξ(t),
(24)

where
⎧
⎪⎨

⎪⎩

Φ = diag{Φ1,Φ2, . . . ,ΦN},
Ω = diag{Ω1,Ω2, . . . ,ΩN},
Λ = diag{σ1, σ2, . . . , σN}.

Combining expressions (20)–(24) leads to

V̇ (t, θ, θ̇) ≤ ξT(t)
(
Θ + ΓT(τ2mR1 + δ2R2)Γ

)
ξ(t),

(25)
where

Θ =ET
1

(
PGE1 +HPKD̃E2 −HPKD̃E5

)

+
(
PGE1 +HPKD̃E2 −HPKD̃E5

)T

E1

+ ET
1 Q1E1 − ET

3 (Q1 −Q2)E3 − ET
4 Q2E4

+ ET
13R1E13 − ET

5 ΦE5 +ΛET
25D̃

TΩD̃E25

−
[E24

E32

]T [
R2 S

ST R2

] [E24

E32

]

,

Γ = [G, HKD̃, 0, 0, −HKD̃].

By using the Schur complement, if the following
inequality

⎡

⎣
Θ τmΓ

T δΓT

∗ −R1 0

∗ ∗ −R2

⎤

⎦ < 0 (26)

is satisfied, then we have

Θ + ΓT(τ2mR1 + δ2R2)Γ < 0.

This implies that V̇ (t, θ, θ̇) < 0 is guaranteed. Fi-
nally, to obtain protocol gain matrices and event-
triggering parameters, one employs P̂ = P−1,
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Q̂a = P̂QaP̂ , R̂a = P̂RaP̂ , Φ̂ = P̂ΦP̂ , Ω̂ =

P̂ D̃TΩD̃P̂ , Ŝ = P̂ SP̂ , and K̂ = P̂KD̃. Pre and
post multiplying both sides of inequalities (23) and
(26) by

diag{P̂ , P̂ , P̂ , P̂ , P̂ ,−R1,−R2}

and considering that the inequality

−P̂RaP̂ ≤ −2ρaP̂ + ρ2aR̂a

holds for a = 1, 2, one can derive inequalities (17)
and (18), which completes the proof.

4 An illustrative example

In this section, to illustrate the effectiveness
of the above-mentioned results, the proposed cross-
dimensional event-triggered formation control proto-
col is applied to a group of eight agents consisting of
three autonomous unicycle-type mobile robots, four
quadrotors, and one leader agent.

Indices 1, 2, and 3 stand for the three mobile
robots, while 4, 5, 6, and 7 represent the four quadro-
tors. The index of the leader is denoted as 0. For
convenience, we denote xi(t) = col{xi1(t), xi2(t)}
and vi(t) = col{vi1(t), vi2(t)} if i ∈ {1, 2, 3},
while xi(t) = col{xi1(t), xi2(t), xi3(t)} and vi(t) =

col{vi1(t), vi2(t), vi3(t)} if i ∈ {0, 4, 5, 6, 7}. Thus, it
is determined that xi(t) ∈ R

2, vi(t) ∈ R
2 if i=1, 2,

3; xi(t) ∈ R
3, vi(t) ∈ R

3 if i=0, 4, 5, 6, 7.
Next, we make the leader and four quadrotors

(followers) fly in a cubical space with three coordi-
nate axes (X , Y , and Z), while the three robots (fol-
lowers) move in the X−Y plane with Z = −50. The
employed communication digraph is expressed in
Fig. 3. For the sake of simplicity, we consider the case
where there is no information interaction between
follower agents with different dimensions. Thus, we

0

2

3

4 5

7 6

1

1 1

1

1 1

1

1

1

1

Group 1 Group 2

1 2n 2 3n

Fig. 3 Communication topology

have diagonal matrix L̃ = [L1⊗I2n1̄
,L2⊗I2n2̄

] with

L1 =

⎡

⎣
2 −1 −1

−1 1 0

0 −1 1

⎤

⎦ , L2 =

⎡

⎢
⎢
⎣

1 0 0 −1

−1 1 0 0

0 −1 2 −1

−1 0 0 1

⎤

⎥
⎥
⎦ .

Then, when the damping terms (Ma et al., 2022)
are involved (damping matrices are nonzero), the
system matrices of the three unicycle robots and four
quadrotors can be given as

A1 =−
[
0.3 0

0.01 0.07

]

, A2 = −
[
0.2 0

0.03 0.06

]

,

A3 =−
[
0.4 −0.1

0.02 0.04

]

, A4 = −
⎡

⎣
0.3 0 0

0.01 0.07 0

0.05 0 0.4

⎤

⎦ ,

B1 =−
[
0.5 0.1

0.4 2

]

, B2 = −
[
0.4 0.2

0.5 3

]

,

B3 =−
[
0.6 0.15

0.3 2.5

]

, B4 = −
⎡

⎣
0.5 0.1 0

0.4 2 0

0 0 0.6

⎤

⎦ ,

A5 =−
⎡

⎣
0.4 −0.1 0

0.02 0.06 0

0.03 0 0.2

⎤

⎦ ,

A6 =−
⎡

⎣
0.2 −0.2 0

0.02 0.04 −0.01

0.04 0 0.2

⎤

⎦ ,

A7 =−
⎡

⎣
0.3 0 0

0.01 0.07 0

0.05 0 0.4

⎤

⎦ ,

B5 =−
⎡

⎣
0.7 0.2 −0.1

0.3 1 0

0 −1 0.5

⎤

⎦ ,

B6 =−
⎡

⎣
0.6 0.2 0

0.5 2.5 −0.1

0 −0.3 0.6

⎤

⎦ ,

B7 =−
⎡

⎣
0.4 0.2 −0.02

0.3 3 0

−0.1 0 0.4

⎤

⎦ .

The time-varying formation patterns of the
MAS are set as fi(t) = col{−50 cos(0.2t +
2(i−1)π

3 ),−50 sin(0.2t + 2(i−1)π
3 ), 10 sin(0.2t +

2(i−1)π
3 ),−10 cos(0.2t + 2(i−1)π

3 )} for i =

1, 2, 3; f4(t) = col{0, 0, 30, 0, 0, 0}; fj(t) =

col{−50 cos(0.4t + bπ
3 ),−50 sin(0.4t + bπ

3 ), 10,
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20 sin(0.4t+ bπ
3 ),−20 cos(0.4t+ bπ

3 ), 0} for j = 5, 6, 7

and b = 1, 3, 5. The initial states of the eight agents
are listed in Table 1.

Table 1 Initial conditions of agents (including posi-
tions and velocities)

Agent index i xi(0) (m) vi(0) (m/s)

0 (60, 150, 20) (1, 2, 1)
1 (100, −40) (0.1, −3)
2 (−80, 50) (−0.2, −0.1)
3 (0, 60) (0.2, 0.21)
4 (30, 90, 50) (0.1, 0.3, 0.4)
5 (50, 30, 40) (0.3, 0.2, 0.1)
6 (80, 30, 70) (0.3, −0.7, 0.3)
7 (20, 25, 50) (0.3, 0.4, 0.5)

The other parameters are chosen as τm = 0.01 s,
τM = 0.04 s, ρ1 = 0.01, ρ2 = 0.02, σ1 = 0.03, σ2 =

0.02, σ3 = 0.15, σ4 = 0.07, σ5 = 0.09, σ6 = 0.09, and
σ7 = 0.08. Using Theorem 1, the following formation
control protocol gain matrices are derived:

K1 =

[−0.0258 −0.0091 −0.0632 −0.0103

−0.0321 −0.1671 −0.0049 −0.1777

]

,

K2 =

[−0.0224 −0.0085 −0.0666 −0.0065

−0.0227 −0.1672 0.0023 −0.1333

]

,

K3 =

[−0.0434 −0.046 −0.0954 −0.0296

−0.0345 −0.4661 −0.0107 −0.4106

]

,

K4 =
[
K41, K42

]
, K5 =

[
K51, K52

]
,

K6 =
[
K61, K62

]
, K7 =

[
K71, K72

]
,

where

K41 =

⎡

⎣
−0.0266 −0.0093 0.0004

−0.0330 −0.1707 −0.0007

0.0023 0.0007 −0.0206

⎤

⎦ ,

K42 =

⎡

⎣
−0.0650 −0.0105 0.0017

−0.0051 −0.1815 0

0.0038 0.0009 −0.0479

⎤

⎦ ,

K51 =

⎡

⎣
−0.0163 −0.0122 0.0026

−0.0148 −0.0812 −0.0066

0.0021 0.0295 −0.0211

⎤

⎦ ,

K52 =

⎡

⎣
−0.0342 −0.0077 0.0063

0.0062 −0.1481 −0.0139

0.0064 0.0033 −0.0572

⎤

⎦ ,

K61 =

⎡

⎣
−0.0874 −0.1336 0.0086

−0.0901 −0.5584 0.0137

0.0092 0.0373 −0.0768

⎤

⎦ ,

K62 =

⎡

⎣
−0.1792 −0.0804 0.0141

−0.0682 −0.4557 −0.0012

0.0235 0.0137 −0.1798

⎤

⎦ ,

K71 =

⎡

⎣
−0.0476 −0.0266 0.0014

−0.0497 −0.5008 −0.0013

0.0079 0.0005 −0.0331

⎤

⎦ ,

K72 =

⎡

⎣
−0.1340 −0.0179 0.0013

−0.0073 −0.4036 −0.0001

0.0053 0.0005 −0.0976

⎤

⎦ .

The simulation results of implementing the pro-
posed cross-dimensional formation control proto-
col and event-triggered communication protocol are
shown in Figs. 4–6. Specifically, the trajectories of
the three unicycle robots and four quadrotors are
shown in Fig. 4. The first two-dimensional velocity
responses of the seven follower agents, including the
unicycle mobile robots and quadrotors, are shown
in Fig. 5. Fig. 6 illustrates the triggering time in-
stants for each follower agent. There are totally 500

data packets within t=25 s, and only 32, 26, 30,
29, 36, 38, and 37 data packets respectively on fol-
lowers 1–7 are transmitted through the communica-
tion network, which saves limited network resources.
From Figs. 4–6, we can see that the desired formation
pattern is achieved under the proposed formation
control protocol and event-triggered communication
protocol.
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Fig. 4 Trajectories of followers and the leader

5 Conclusions

The problem of event-triggered distributed
HMAS cross-dimensional formation control is tack-
led in our work.
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To save limited communication resources, a
cross-dimensional event-triggered data transmis-
sion protocol has been proposed to schedule com-
munication among agents with different dimen-
sions. Leveraging the proposed cross-dimensional
event-triggered communication protocol, the cross-
dimensional formation of an HMAS has achieved
the asymptotic stability of a closed-loop error sys-
tem. Then, to facilitate the design of a cross-
dimensional formation control protocol and event-
triggered weighting parameters when there is no in-
formation interaction between follower agents with
different dimensions, several criteria have been pro-
posed. Finally, a simulation study case has been
implemented to substantiate the efficacy of the de-
signed protocol.
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