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Abstract: Complex beams play important roles in wireless communications, radar, and satellites, and have attracted
great interest in recent years. In light of this background, we present a fast and efficient approach to realize complex
beams by using semidefinite relaxation (SDR) optimization and amplitude-phase digital coding metasurfaces. As
the application examples of this approach, complex beam patterns with cosecant, flat-top, and double shapes are
designed and verified using full-wave simulations and experimental measurements. The results show excellent main
lobes and low-level side lobes and demonstrate the effectiveness of the approach. Compared with previous works,
this approach can solve the complex beam-forming problem more rapidly and effectively. Therefore, the approach
will be of great significance in the design of beam-forming systems in wireless applications.
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1 Introduction

Complex antenna beams have particular appli-
cations in wireless systems. For instance, the cose-
cant beams in reconnaissance radars compensate for
the propagation loss at different distances and main-
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tain the received power constant (Balanis, 2011), and
the flat-top beam in a cellular network provides a
uniform signal level and thus improves the coverage
in the service area (Palacios et al., 2016). Traditional
phased-array antennas can be used to achieve com-
plex beam patterns, but they are not convenient due
to the complicated radio frequency (RF) modules.
On the other hand, electromagnetic metasurfaces
(Cui et al., 2017) have attracted extensive atten-
tion in recent years because of their simple structure
and strong capability. In particular, they can flexi-
bly control the electromagnetic wavefront and have
found various applications (Wu et al., 2020, 2021;
Liang et al., 2022; Lou et al., 2023; Sun et al., 2023).
Therefore, using electromagnetic metasurfaces is a
reasonable way to generate complex beams.

The design of complex beams is actually an ar-
ray synthesis problem, which aims to find the excita-
tion vector of the array that meets the expected far-
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field characteristics and criteria. Many effective ap-
proaches have been proposed in the past few decades
to solve array synthesis problems. Analytical ap-
proaches such as Dolph–Chebyshev (Dolph, 1946)
and Taylor (Li et al., 2017) syntheses can realize far-
field beam patterns with low side lobe levels, but they
are suitable only for linear arrays with equal spacing
and few elements. Stochastic optimization methods
like differential evolution (DE) (Caorsi et al., 2005),
particle swarm optimization (PSO) (Khodier and
Christodoulou, 2005), and genetic algorithm (GA)
(Shi et al., 2012) have been widely used. Although
these methods have significant universality and flex-
ibility, their disadvantages are obvious, such as slow
convergence, extensive computations, or even pro-
hibitive costs. The alternative projection approach
(Bucci et al., 1994) features high computational effi-
ciency. However, it may be trapped by local minima
due to the nonconvexity of the optimization problem.

Convex optimization is an important branch of
the optimization field, and it has been studied ex-
tensively in combination with the design of antenna
beams (Lebret and Boyd, 1997; Nai et al., 2010; Tsui
and Chan, 2010; Yang et al., 2018; Wu et al., 2023).
Once the array synthesis problem is expressed in
convex form, the optimal solution can be obtained
by using a readily available tool (Grant and Boyd,
2020). However, most synthesis problems of complex
beam patterns are concave, which hinders the direct
application of convex optimization. The semidefi-
nite relaxation (SDR) technique can be used to deal
with the non-convex synthesis problem (Wang et al.,
2003; Kajenski, 2012). The point of SDR is relax-
ation, which means removing the concave restric-
tion from the original problems. Feasible solutions
to difficult optimization problems can be found ef-
fectively by using SDR. In this work, an iterative
method based on SDR is described to solve complex
beam-forming problems, and amplitude-phase cod-
ing metasurfaces based on C-shaped structures are
designed to verify the effectiveness of the method
(Bao et al., 2019). The weighting vectors satisfying
the expected far-field patterns, including the cose-
cant, flat-top, and double beams, can be obtained in
a few seconds. Full-wave simulations and experimen-
tal measurements of the fabricated metasurface are
performed, and the results verify that the numerical
method and the realization approach are effective
and feasible.

2 Method

2.1 Antenna array

Consider a uniform and N -element linear array
with the nth element located at (xn, 0, 0) in the
Cartesian coordinates. The corresponding far field
is

G(θ) =
N∑

n=1

Enwne
j 2πλ xn sin θ, (1)

where θ is the angle between the observation point
and the positive z axis, wn is the complex weight of
the nth element, and λ is the wavelength. En is the
far field of the nth element in the θ direction, and it
will be simplified to 1 in this study. We can rewrite
Eq. (1) as follows:

w = [w1, w2, . . . , wN ] , (2)

v(θ)=
[
ejkx1 sin θ, ejkx2 sin θ, . . . , ejkxN sin θ

]T
, (3)

G(θ) = wv(θ). (4)

By separating the real and imaginary parts of
the complex vector w, we obtain a new vector:

x =[R (w1) , R (w2) , . . . , R (wN ) ,

I (w1) , I (w2) , . . . , I (wN )]T,
(5)

where R(·) and I(·) represent the real and imaginary
parts, respectively. In the same way, we separate
v(θ) to obtain two new vectors:

a(θ) =[R (v1) , R (v2) , . . . , R (vN ) ,

− I (v1) ,−I (v2) , . . . ,−I (vN )],
(6)

b(θ) =[I (v1) , I (v2) , . . . , I (vN ) ,

R (v1) , R (v2) , . . . , R (vN )],
(7)

where vn (n = 1, 2, . . ., N) is the nth element of v(θ).
Now we can express the far-field power as

|G(θ)|2 = xTU
T
Ux, (8)

where
U = [a, b]T. (9)

According to the linear algebra theory (Strang,
2023), we know that for any N -dimensional real-row
vector y and any N×N real matrix A, the following
relationship holds:

yTAy = tr
(
yTAy

)
= tr

(
AyyT

)
, (10)
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where tr(·) stands for the trace of a matrix. There-
fore, we can rewrite Eq. (8) as

|G(θ)|2 =xTPx = tr
(
xTPx

)
= tr

(
PxxT

)

=tr(P X),
(11)

where
X = xxT, (12)

and
P = U

T
U (13)

is the direction matrix of θ. Note that Eq. (12) means
that X is a symmetric positive semidefinite matrix
whose rank is 1.

2.2 Semidefinite relaxation

We consider an optimization problem in the fol-
lowing form:

min
z∈RM

zTCz

s.t. zTz∇bn, n = 1, 2, . . . , N,
(14)

where C is an M × M real matrix, ∇ means ≥,
= , or ≤, and bn represents an arbitrary real num-
ber. The above problem aims to find the minimum
value of zTCz among all z’s that satisfy the con-
straints. In general, the problem is difficult and non-
deterministic polynomial (NP) hard. To solve it, a
new variable matrix Z = zzT is introduced. Z is
an M × M symmetric positive semidefinite matrix
and its rank is 1. According to Eqs. (10) and (12),
problem (14) can be rewritten as follows:

min
Z∈SM

tr(C Z)

s.t. tr
(
CnZ

)∇bn, n = 1, 2, . . . , N, (15)

Z ≥ 0, rank(Z) = 1,

where S denotes the set of symmetric positive
semidefinite matrices, and Z ≥ 0 means that Z is a
symmetric positive semidefinite matrix. In the above
problem, only the rank-one constraint is non-convex,
and thus we remove it and obtain a new optimization
problem:

min
Z∈SM

tr(C Z)

s.t. tr
(
CnZ

)∇bn, n = 1, 2, . . . , N, Z ≥ 0.
(16)

The above expression is the SDR (Luo et al.,
2010) form of problem (15). The problem is now

strictly convex (Boyd and Vandenberghe, 2004), and
we can then use the CVX toolbox to obtain the so-
lution Z

∗
. Note that the local solution of a convex

problem is also globally optimal, which is an excel-
lent property for convex optimization.

Problems (15) and (16) are equivalent only if the
rank of Z

∗
is 1. This is the best case, under which

problem (15) has an optimal solution. However, the
interior point method usually leads to a solution with
the rank larger than 1. To find the optimal solution
to problem (15), or to make the rank of Z

∗
equal to

1, we here adopt an iterative optimization algorithm
(Fazel et al., 2004). The idea is to obtain a mini-
mum rank of a matrix by minimizing its trace, which
is known as the rank minimization solution theory.
Therefore, an extra objective function is added to
problem (16) as

min
Z

k∈SM

tr
(
C Z

k
)
+ ζ tr

((
Z

k−1
+ δI

)−1

Z
k
)

s.t. tr
(
Cn Z

k
)
∇bn, n = 1, 2, . . . , N, Z

k ≥ 0,

(17)

where k is the number of iterations, δ is a small pos-
itive constant, ζ is a constant between 0 and 1, I is
the identity matrix of M ×M , and Z

0
= I. If the

rank of Z
∗
1 obtained by problem (17) is 1, we obtain

the optimal solution to Eq. (15). Otherwise, an ap-
proximation solution to the original problem can be
found by the method of eigenvalue decomposition:

Z
∗
2 = σ1u1u

T
1 , (18)

z∗
2 =

√
σ1u1, (19)

where σ1 is the maximum eigenvalue of Z
∗
1, and

u1 is the corresponding eigenvector. Z
∗
2 is thus

regarded as the feasible solution to problem (15).
Therefore, we obtain the appropriate solution z∗

2 to
problem (14) by eigenvalue decomposition.

Up to now, we have solved the non-convex opti-
mization problem by using SDR, rank minimization
theory, and eigenvalue decomposition. The key steps
are summarized as follows: the convex problem is
obtained by dropping the rank-one constraint. Once
the rank of the solution to the SDR problem is one,
the optimal solution to the original problem is found.
Otherwise, an iterative approach is adopted to solve
the problem. If the rank-one solution still cannot
be found, we will obtain the approximate solution to
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the original problem through eigenvalue decomposi-
tion. The flowchart to solve problem (14) is shown
in Fig. 1.

Initial problem (14)

Equivalent 
rewriting 

Problem (15)

Removing rank-
one constraint

SDR problem (16)

Rank>1

Rank=1

Optimal 
solution 

Iterative problem (17)

Rank=1 Optimal 
solution 

Rank>1

Feasible solution

Fig. 1 Key steps to solve problem (14)

2.3 Exemplary complex beam-forming prob-
lems

We here present exemplary applications of the
above method in determining the weighting vector
of complex beams. Generally, the intended beam
patterns should satisfy the following constraints: an
upper boundary for the side lobe level and a double-
boundary constraint for the main lobe. For in-
stance, the side lobe level is below −20 dB, while
the level of the main lobe region fluctuates within
[−0.5, +0.5] dB.

2.3.1 Cosecant and flat-top beams

The problem of synthesizing cosecant and flat-
top beams is formulated as follows:

find w

s.t. l (θi) ≤ |G (θi)|2 ≤ u (θi) ,

θi ∈ ML (i = 1, 2, . . . , I), (20)

|G (θj)|2 ≤ ρ (θj) , θj ∈ SL (j = 1, 2, . . . , J),

where I and J are the numbers of directions in the
main lobe and side lobe regions respectively, l (θi),
u (θi), and ρ (θj) are all positive constants, and ML

and SL represent the sets of main lobe and side lobe
directions respectively. In the above problem, the
first inequality is the double-boundary constraint in
the main lobe region, while the second inequality
shows the maximum level of the side lobe region. In
this work, the step of θ is set to 1◦. According to
the conversion method mentioned in Section 2.2, the

above problem can be rewritten as

find X

s.t. l (θi) ≤ tr
(
P i X

) ≤ u (θi) ,

θi ∈ ML (i = 1, 2, . . . , I),

tr
(
P jX

) ≤ ρ (θj) , θj ∈ SL (j = 1, 2, . . . , J),

(21)

where X is naturally a symmetric positive semidefi-
nite matrix with rank one.

We obtain the SDR problem of problem (21) by
removing the rank-one constraint and then solving
the problem according to the method proposed in
Section 2.1. The analogical form of problem (17)
can be obtained by rewriting problem (21) as

min
X

k∈SM

ζ tr

((
X

k−1
+ δI

)−1

X
k
)

s.t. l (θi) ≤ tr
(
P i X

k
)
≤ u (θi) ,

θi ∈ ML (i = 1, 2, . . . , I),

tr
(
P jX

k
)
≤ ρ (θj) , θj ∈ SL (j = 1, 2, . . . , J),

X
k ≥ 0.

(22)

Although there is no objective function in prob-
lem (20), it does not affect the usage of the above
iterative algorithm. To simplify this optimization
problem, ζ in problem (22) is set to 1. An optimal or
feasible solution to problem (20) will be found finally
through Eqs. (18) and (19) and problem (22).

2.3.2 Double beams

Inspired by the works of Lebret and Boyd (1997)
and Bucci et al. (2002), the synthesis of double beams
can be expressed as

find w

s.t. |G (θ∗1)|2 ≥ 1, |G (θ∗2)|2 ≥ 1,

l (θi) ≤ |G (θi)|2 ≤ u (θi) , (23)

θi ∈ ML (i = 1, 2, . . . , I),

|G (θj)|2 ≤ ρ (θj) , θj ∈ SL (j = 1, 2, . . . , J),

where θ∗1 and θ∗2 represent the central directions of
the two beams to be formed. The above constraints
are similar to those in problem (20). Problem (23)
can be rewritten in the following form according to
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Eqs. (2)–(4) and (11)–(13):

find w

s.t. tr
(
P

∗
1 X

)
≥ 1, tr

(
P

∗
2 X

)
≥ 1,

l (θi) ≤ tr
(
P i X

) ≤ u (θi) ,

θi ∈ ML (i = 1, 2, . . . , I),

tr
(
P j X

) ≤ ρ (θj) , θj ∈ SL (j = 1, 2, . . . , J),

(24)

where P
∗
1 and P

∗
2 are the direction matrices of the

beams along θ∗1 and θ∗2 , respectively. Then the
method in Section 2.1 is used to solve the problem.

3 Results

Numerical calculations, full-wave simulations,
and experimental results are presented in this sec-
tion. Fig. 2 shows the three-dimensional scenario
of one of the designs. The working frequency is set
as 16 GHz, and the distances between the array el-
ements are all 5 mm, which is close to 1/4 wave-
length. Such spacing is designed to yield metasurface
elements with good amplitude and phase responses,
and the purpose is not to obtain an angular resolu-
tion better than that of a regular array with element
spacing of 1/2 wavelength.

3.1 Numerical results

The synthesis of the cosecant beam is performed
first. A linear array composed of 25 isotropic el-
ements is designed. The optimization goal is to
achieve a cosecant beam with a low ripple in the
main lobe region and a side lobe level that is as

Fig. 2 Schematic of generating a flat-top beam by
using an amplitude-phase digital coding metasurface.
The incident wave is along the z direction, while the
metasurface is in the xy-plane

low as possible. The numerical results are shown
in Fig. 3a with the black solid line. The cosecant
beam is formed from 20◦ to 51◦ and the 0 dB main
lobe points at 21◦, while the side lobe level is almost
below −30 dB in −90◦–13◦ and 58◦–90◦. On the left
and right sides of the main lobe region, there are
two transition areas with a range of 6◦. The corre-
sponding weighting factors of the array are shown in
Fig. 3b.

For the synthesis of a flat-top beam, the array is
made up of 30 elements. The optimization results are
presented as the black solid line in Fig. 4a. The main
lobe area is −40◦–4◦. The left side lobe region is in
−90◦–−41◦ with a level less than −20 dB, and the
right minor lobe is from −3◦ to 90◦ with a level less
than −24 dB. The corresponding weighting factors
of the array are shown in Fig. 4b.

For the synthesis of double beams, the array is
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Fig. 3 Synthesis results of the cosecant beam: (a) nu-
merically calculated, full-wave simulated, and experi-
mentally measured beam patterns; (b) corresponding
amplitude and phase of the array weighting vector.
References to color refer to the online version of this
figure
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Fig. 4 Synthesis results of the flat-top beam: (a) nu-
merically calculated, full-wave simulated, and experi-
mentally measured beam patterns; (b) corresponding
amplitude and phase of the array weighting vector.
References to color refer to the online version of this
figure

also composed of 30 elements. As shown by the black
solid line in Fig. 5a, two main beams pointing to −9◦

and 16◦ are formed. Moreover, the side lobe level is
all less than −24 dB including the transition area.
Fig. 5b shows the weighting factors of the array.

The optimization program is executed on a com-
puter with Intel i5-8300H CPU (2.9 GHz) and 16 GB
RAM. The time required for the three optimizations
is 27.65, 31.96, and 15.34 s, and the memory con-
sumption is 4.82, 46.2, and 7.45 MB, respectively.

3.2 Full-wave simulations and experimental
measurements

The calculated weighting vectors are then phys-
ically implemented using reflective metasurface ele-
ments whose amplitudes and phases can be tailored
independently. The structure of the metasurface el-
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Fig. 5 Synthesis results of the double beams: (a) nu-
merically calculated, full-wave simulated, and experi-
mentally measured beam patterns; (b) corresponding
amplitude and phase of the array weighting vector.
References to color refer to the online version of this
figure

ement is shown in Fig. 6a, with a period of W =
5 mm. The structure consists of three layers, namely,
the metallic ground, the 2-mm-thick substrate (F4B,
εr=2.65, and tan δ=0.001), and the C-shaped metal
(also called the split ring) on the top layer. The
inner and outer radii of the ring are R1=1.5 mm
and R2=2 mm, respectively. The opening angle of
the ring is 2β, while the angle between the center-
line of the ring and the x axis is α. As described in
Bao et al. (2019), a y-polarized wave will be pro-
duced by the structure under the illumination of an
x-polarized wave. It is noted that the propagation di-
rection of incident electromagnetic waves is along the
−z axis. α and β are used to control the amplitude
and phase of the reflected wave, respectively. By
changing their values, we obtain waves with different
amplitudes and phases, which can be used to embody
the array weighting factors. Reflective metasurfaces
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corresponding to cosecant, flat-top, and double
beams are realized, separately. It is noted that linear
arrays are copied as square arrays along the direc-
tion of the electric field in the full-wave simulations
and experimental measurements. Fig. 6b shows one
of the fabricated metasurfaces, which embodies the
weighting vector shown in Fig. 3b and induces the
cosecant beam.

The full-wave simulation results of the design
giving rise to the cosecant beam are shown as the blue
dashed line in Fig. 3a, from which we can see that
the main lobe generally agrees with the numerical
calculation. Although the side lobe level is slightly
larger than the numerical calculation, it is still below
−15 dB. The full-wave simulation results of the flat-
top beam are represented as the blue dashed line in
Fig. 4a. The main lobe here also agrees with the nu-
merical calculation. Notably, there is a slightly high
side lobe on the right side of the main lobe. The
full-wave simulation results of the double-beam de-
sign are shown in Fig. 5a with the blue dashed line,
whose main lobe coincides with the numerical calcu-
lation. The higher side lobes in Figs. 3a and 4a can

y

z

x

H

W

R1

R2

2β

α

(a)

(b)

Metasurface

Fig. 6 The C-shaped metasurface element (a) and
fabricated metasurface that gives rise to the cosecant
beam (b)

be explained as follows: the numerical calculation is
based on the point-source model, which is an ideal
assumption. On the contrary, the full-wave simula-
tions take actual physical mechanisms into account,
such as the pattern of meta-atoms and the coupling
between adjacent meta-atoms. Further work is de-
manded to include the physical mechanisms in the
numerical calculation.

Fig. 7 shows the scenario of measuring the beam
patterns of the fabricated metasurfaces in a mi-
crowave anechoic chamber. The metasurfaces are
fed by a horn antenna, and they are mounted at the
center of a rotating stage. The recorded far-field
patterns of the three designs are plotted as the red
dotted lines in Figs. 3a, 4a, and 5a, separately. Over-
all, the beam patterns in the main lobe regions are
in good agreement with those of full-wave simula-
tions, although there is some growth of the side lobe
level. The imperfection can be attributed to the in-
fluences of the drift of the dielectric parameter, the
misalignment between the antenna and metasurface,
and the errors in the fabrication. In general, the
experimental results verify the feasibility of the nu-
merical optimization method and the approach for
realizing complex beams based on metasurfaces.

In this work, we use the cross-polarization con-
version function of the C-shaped meta-atoms to ver-
ify the numerical algorithm. When we are control-
ling the magnitudes of the cross-polarized fields, part
of the power becomes the co-polarized mode be-
cause the meta-atom is lossless. We analyze the
co-polarized pattern of the three designs, and the
results are given in Figs. S1–S3 in the supplemen-
tary materials. It is also preferable to give a quan-
titative comment on the gain of the designed meta-
surface, as shown in Figs. S4–S6 and Table S1 in

Receiving 
horn antenna

Metasurface

Transmitting 
horn antenna

Fig. 7 Measurement scenario of the metasurface
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the supplementary materials. The SDR algorithm is
also applicable for synthesizing the pattern of two-
dimensional (2D) arrays after vectorizing the beam
steering matrix and visible optimization region. In
light of this, the SDR algorithm sees no essential dif-
ference between the one-dimensional (1D) problem
and 2D problem. The reason behind the fact that
only 1D optimizations are shown in this work is that
the rotator in our microwave anechoic chamber can
rotate only horizontally, and we can measure only
the beam pattern in one direction. Note that this
study focuses on the application of the SDR method
for the synthesis of complex beams, and the good
agreement between the simulation and measurement
patterns in the cross-polarization direction verifies
the effectiveness of the method.

4 Conclusions

An effective approach for forming complex
beams was presented. To find the optimal array
weighting vector, the SDR technique was adopted
to transform the non-convex optimization problem
into a convex one, and the rank minimization the-
ory was used iteratively. When there was no optimal
solution, approximate results were obtained by us-
ing eigenvalue decomposition. Amplitude and phase
coding metasurfaces composed of C-shaped rings
were used to embody the optimized array weighting
vector. The feasibility of the approach was verified
by full-wave simulations and experimental measure-
ments. Although this work considered only uniform
linear arrays, it can be extended to the synthesis
of planar and non-uniform arrays. The approach
will find applications in the designs of wireless beam-
forming systems.
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