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Abstract: The use of a reconfigurable intelligent surface (RIS) in the enhancement of the rate performance is
considered to involve the limitation of the RIS being a passive reflector. To address this issue, we propose a
RIS-aided amplify-and-forward (AF) relay network in this paper. By jointly optimizing the beamforming matrix at
AF relay and the phase-shift matrices at RIS, two schemes are put forward to address a maximizing signal-to-noise
ratio (SNR) problem. First, aiming at achieving a high rate, a high-performance alternating optimization (AO)
method based on Charnes–Cooper transformation and semidefinite programming (CCT-SDP) is proposed, where
the optimization problem is decomposed into three subproblems solved using CCT-SDP, and rank-one solutions
can be recovered using Gaussian randomization. However, the optimization variables in the CCT-SDP method are
matrices, leading to extremely high complexity. To reduce the complexity, a low-complexity AO scheme based on
Dinkelbachs transformation and successive convex approximation (DT-SCA) is proposed, where the variables are
represented in vector form, and the three decoupling subproblems are solved using DT-SCA. Simulation results verify
that compared to three benchmarks (i.e., a RIS-assisted AF relay network with random phase, an AF relay network
without RIS, and a RIS-aided network without AF relay), the proposed CCT-SDP and DT-SCA schemes can harvest
better rate performance. Furthermore, it is revealed that the rate of the low-complexity DT-SCA method is close to
that of the CCT-SDP method.
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1 Introduction

With the exponential growth of smart devices
and data traffic, a large and complex communica-
tion network has been formed. As a corollary, the
demands that are placed in terms of data rate, con-
nectivity, and reliability continue to become more
stringent (An et al., 2023b), and thus an urgent
need has emerged for the development of an inno-
vative, efficient, highly reliable, and resource-saving
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wireless network that can be used in the future, when
these demands can be expected to greatly intensify.
Meanwhile, two major practical limitations are im-
mediately identifiable when discussing the challenges
that are faced in the design and implementation of
signal propagation in wireless networks. The first
is that the communication process involves the con-
sumption of a vast amount of energy, and the sec-
ond is the nature of uncontrollability characterizing
the transmission channel, which causes serious sig-
nal attenuation. Due to its ability to create friendly
multipaths by adjusting the reflection coefficient of
each passive element (Shu et al., 2021b), reconfig-
urable intelligent surface (RIS) technology is consid-
ered to have the potential to improve the communi-
cation quality (Chen et al., 2022; Tian et al., 2022).
Passive RIS is characterized by the advantages of
low cost and low power consumption, as well as rela-
tive ease of deployment (Wu and Zhang, 2019). The
proper deployment of a RIS in the communication
environment, especially when the direct channel link
is blocked, enables the receipt of the transmitted sig-
nal by the desired receiver over an area of extended
coverage.

Recently, RIS has become a research hotspot
and has drawn much attention. RIS has been widely
researched in different novel communication appli-
cations, and as some immediately familiar examples
we may mention secure communication (Hong et al.,
2021; Jiang WH et al., 2021; Shi et al., 2021a), covert
communication (Zhou XB et al., 2022), satellite com-
munication (Lee et al., 2021; Zheng et al., 2022),
simultaneous wireless information and power trans-
fer (SWIPT) (Shi et al., 2021b), vehicle networks
(Jiang W and Schotten, 2022), and spatial modula-
tion (Shu et al., 2021a, 2022). A RIS-aided multiple-
input multiple-output secure network was proposed
in Jiang WH et al. (2021), where the transmit beam-
forming and RIS phase-shift matrix were jointly op-
timized using an alternating optimization (AO) algo-
rithm for maximum sum secrecy rate. In Zheng et al.
(2022), a RIS-assisted low-Earth orbit satellite sys-
tem was considered. A flexible beamforming could
be achieved by controlling phase shifts of RIS in a
programmable way, so that the time-varying chan-
nel could be cost-effectively handled. In Jiang W and
Schotten (2022), a RIS was applied to a traditional
vehicular network, where a method of maximizing
instantaneous signal-to-noise ratio (SNR) was pro-

posed to jointly optimize the transmit beamforming
and RIS reflection-coefficient matrix. Evaluation of
the sum spectral efficiency revealed that the capac-
ity of a moving vehicular network could be enhanced
by introducing a RIS. Guo et al. (2020) presented
a RIS-aided multiuser multiple-input single-output
downlink communication system. Aiming at maxi-
mizing the weighted sum-rate (WSR) of all users, a
low-complexity method based on fractional program-
ming was used to jointly design transmit beamform-
ing and RIS phase in the case of perfect channel state
information (CSI). Then the proposed algorithm was
extended to the case of imperfect CSI, and stochastic
successive convex approximation (SCA) was adopted
to achieve maximum WSR.

Although the RIS and relay technologies are
similar in forwarding signal, there are essential dif-
ferences between them. RIS is generally considered
as a low-cost and low-power-consumption green re-
flector whose exclusive task is to reflect the incident
signal; however, so far as signal-processing ability is
concerned, it has none, whereas in the case of relay,
this ability is strong, and thus the latter can ac-
tively process and forward the received signal (Shu
et al., 2014). It has been proved that RIS with mas-
sive reflecting elements can match up to a decode-
and-forward (DF) relay in terms of rate performance
(Björnson et al., 2020), while the rate achieved by
RIS is not always improved commensurate with an
increase in the number of elements (Wang MX et al.,
2022). Additionally, as a result of high wind resis-
tance, the deployment of RIS with large metasurface
is more challenging in conventional communication
scenarios. Further, the maintenance cost may be
increased, as well.

At present, there are some studies in the lit-
erature researching a hybrid network encompassing
both RIS and relay. These studies described the out-
comes obtained from combining the RIS and relay
approaches, as well as the benefits derivable from
such an amalgamation in terms of rate enhancement
(Bie et al., 2022; Khalid et al., 2022; Wang XH et al.,
2023), coverage extension (Abdullah et al., 2022),
spectral efficiency and energy efficiency improvement
(Li et al., 2022; Obeed and Chaaban, 2022), and
channel estimation (Sun et al., 2023) of the commu-
nication network. A RIS-aided two-way DF relay
wireless network was proposed in Wang XH et al.
(2023), where power allocation parameters of two
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users and DF relay were optimized using the SCA
method and the maximizing determinant method to
obtain the maximum rate. In the hybrid network, the
position of RIS plays a key role in the rate maximiza-
tion problem. Bie et al. (2022) proposed a method
of optimizing RIS deployment to enhance the rate,
where the closed-form expressions of optimal RIS
deployment were derived. Then it was verified that
when RIS was close to relay, the maximum rate could
be obtained. With the aim of extended coverage,
three different double-RIS networks (i.e., a double-
RIS network without relay, a relay-aided double-
RIS network, and a double-relay-aided double-RIS
network) were proposed in Abdullah et al. (2022),
where the AO and majorization minimization (MM)
schemes were designed to optimize the double-RIS
phase. Furthermore, it was demonstrated that the
double-relay-aided double-RIS network can achieve
a higher rate than the two other networks. Obeed
and Chaaban (2022) proposed a multiuser downlink
network aided by relay and RIS. Their research, seek-
ing to solve the optimization problem of maximiz-
ing the energy efficiency, consisted of the individual
applications of singular value decomposition (SVD),
semidefinite programming (SDP), and function ap-
proximations towards the optimization of the beam-
forming matrices of transmitter and relay, and RIS
phase shifts. In terms of channel estimation, a pilot
pattern was proposed in Sun et al. (2023) to separate
direct and cascaded channels for the channel esti-
mation of a discrete-phase-shifter RIS-assisted two-
way relay network, and the performance loss of finite
quantization was derived.

Given the aforementioned studies, it is evident
that the combination networks consisting of relay
and RIS, where these can work together in coordina-
tion, have drawn researchers’ attention. The hybrid
network can not only make full use of the advan-
tages of relay and RIS, but also maintain a balance
between cost and rate performance (Wang XH et al.,
2022). Compared to a RIS-aided network, a hybrid
RIS and DF relay network can achieve the same rate
improvement with a smaller number of RIS elements,
and it thereby becomes possible to also achieve sav-
ings in terms of the number of RIS units that need
to be deployed (Abdullah et al., 2020). Moreover,
when the channels are of poor quality, and especially
when the three direct links from source to destina-
tion, from source to relay, and from relay to destina-

tion are weak, or are completely unavailable because
of an obstacle, employing the hybrid RIS and relay
network would still be viable; that is to say, the com-
munication between the source and destination can
still be proceeded with based on the joint assistance
of RIS and relay in such a case, which is a testa-
ment to this method’s robustness and aptness for use
in such realistic abominable communication scenar-
ios. Meanwhile, Yildirim et al. (2021) indicated that
adding a relay in a RIS-assisted network is helpful
for the enhancement of the rate performance.

To our knowledge, studies in the literature per-
taining to hybrid networks focus on DF relay and
RIS, and there are few studies dealing with a hybrid
network consisting of amplify-and-forward (AF) re-
lay and RIS. Considering the benefits of the hybrid
relay and RIS network, the present study discusses a
RIS-aided AF relay network. To obtain the needed
rate performance improvement, two AO methods are
proposed to jointly design beamforming for max-
imum SNR. Our contributions are summarized as
follows:

1. A RIS-aided AF relay network is proposed,
in which a non-convex optimization problem of max-
imizing SNR is formulated. Since the optimization
variables (i.e., the beamforming matrix at AF re-
lay and the reflection-coefficient matrices at RIS)
are coupled, a high-performance AO method based
on Charnes–Cooper transformation and semidefinite
programming (CCT-SDP) is proposed. To solve such
a non-convex problem, vectorization and trace func-
tion are applied to convert the problem into a frac-
tional or linear optimization problem. After drop-
ping rank-one constraints, the optimization problem
can be addressed using the CCT-SDP algorithm.
Finally, rank-one solutions are recovered using the
Gaussian randomization method. Simulation results
demonstrate that the proposed CCT-SDP scheme
exhibits a significant rate improvement over three
benchmarks (i.e., a RIS-assisted AF relay network
with random phase, an AF relay network without
RIS, and a RIS-aided network without AF relay).

2. The optimization variables in the pro-
posed CCT-SDP method are matrices, involving
an extremely high computational complexity, i.e.,
O(M13 + N6.5), where M and N are the numbers
of AF relay antennas and RIS units, respectively. To
reduce the complexity, a low-complexity maximizing
SNR scheme based on Dinkelbachs transformation
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and SCA (DT-SCA) is presented. By performing
DT and first-order Taylor approximation, the non-
convex optimization problem is transformed into a
convex problem. Since the optimization variables are
vectors, the complexity of the DT-SCA method (i.e.,
O(M6 +N3.5)) is much lower than that of the CCT-
SDP method. Moreover, from the simulation results,
it is found that the low-complexity DT-SCA scheme
outperforms the three benchmarks. Additionally, its
rate is approximate to that of the CCT-SDP method.

Notations: Throughout this paper, we repre-
sent scalars, vectors, and matrices using letters of
lower case, bold lower case, and bold upper case, re-
spectively. The conjugate, transpose, and conjugate
transpose of matrix A are expressed as A∗, AT, and
AH, respectively. The signs E{·}, | · |, ‖ · ‖, and ∠(·)
represent the expectation operation, the modulus of
a scalar, 2-norm, and the phase of a complex number,
respectively. tr(A) and λmax(A) represent the trace
and the largest eigenvalue of matrix A, respectively.
In stands for the n-dimensional identity matrix, and
⊗ denotes the Kronecker product.

2 System model

2.1 Signal model

Fig. 1 depicts a RIS-aided AF relay network,
where there is a half-duplex AF relay with M trans-
mit antennas, a RIS with N reflecting elements, a
single-antenna source (S ), and a single-antenna des-
tination (D). Here, the network is operated in half-
duplex mode. It is assumed that there is no direct
path from S to D, and S transmits the signal toward
D with the help of RIS and AF relay. Any signal that
is reflected by the RIS twice or more can be ignored
because of the serious path loss, and we consider that
the RIS reflects the signal once in each time slot.

In the first time slot, the received signal at AF
relay is written as

yr =
√
Ps(hsr +HirΘ1hsi)x+ nr, (1)

where x is the signal transmitted from S with
E[|x|2] = 1, and Ps is the total transmission power.
We assume that all channels follow Rayleigh fad-
ing, and hsr ∈ C

M×1, hsi ∈ C
N×1, and Hir ∈

C
M×N are the channels from S to AF relay, from

S to RIS, and from RIS to AF relay, respec-
tively. Θ1 = diag(ejθ11 , ejθ12 , ..., ejθ1N ) is a diagonal

RIS

AF relay
…

(S) (D)

First time slot

Second time slot

sih
H
idh

irH H
irH

srh
H
rdh

DestinationSource

Fig. 1 A RIS-assisted AF relay wireless system

reflection-coefficient matrix of RIS in the first time
slot, where θ1i ∈ [0, 2π) is the phase shift for the ith

RIS reflecting element. nr ∈ C
M×1 denotes the com-

plex additive white Gaussian noise (AWGN) vector
at AF relay with distribution nr ∼ CN (0, σ2

r IM ).
After receive and transmit beamforming operations
are performed to AF relay, the signal transmitted at
AF relay can be expressed as

yt = Ayr

=
√
PsA(hsr +HirΘ1hsi)x +Anr, (2)

where A ∈ C
M×M represents the beamforming ma-

trix. The transmission power at AF relay can be
written as

P t
r = Ps‖A(hsr +HirΘ1hsi)‖2+ ‖A‖2Fσ2

r ≤ Pr, (3)

where Pr is the transmission power budget at AF
relay. In the second time slot, the received signal at
D is given by

yd =(hH
rd + hH

idΘ2H
H
ir )yt + nd

=
√
Ps(h

H
rd + hH

idΘ2H
H
ir )A(hsr +HirΘ1hsi)x

+ (hH
rd + hH

idΘ2H
H
ir )Anr + nd, (4)

where channels hH
rd ∈ C

1×M , hH
id ∈ C

1×N , and
HH

ir ∈ C
N×M denote the links AF–D, RIS–D, and

AF relay–RIS, respectively. The diagonal reflection-
coefficient matrix of RIS in the second time slot is
expressed as Θ2 = diag(ejθ21 , ejθ22 , ..., ejθ2N ), where
θ2i ∈ [0, 2π) is the phase shift for the ith RIS reflect-
ing element. nd is the complex AWGN at D with
distribution nd ∼ CN (0, σ2

d). It is assumed that
σ2

r = σ2
d = σ2 and γs =

Ps
σ2 . The achievable rate can

then be defined as

R =
1

2
log2(1 + SNR), (5)
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where

SNR =
γs|(hH

rd + hH
idΘ2H

H
ir )A(hsr +HirΘ1hsi)|2

‖(hH
rd + hH

idΘ2HH
ir )A‖2 + 1

.

(6)

2.2 Discussion on CSI acquisition

Indeed, CSI is vital for the joint optimization
of the beamforming matrix A and the reflection-
coefficient matrices Θ1 and Θ2. Since channel reci-
procity holds for each channel, the acquisition of the
uplink or downlink channel coefficient is mainly con-
sidered (An et al., 2023a). The CSI for the RIS-
aided AF relay network can be estimated via, e.g.,
the parallel factor based method (Wei et al., 2021),
the anchor-aided method (Guan et al., 2022), the
Bayesian learning based method (Yang et al., 2023),
and the novel least-squares based method (Sun et al.,
2023).

2.3 Problem formulation

To enhance the system rate performance, it is
necessary to maximize SNR. The corresponding op-
timization problem can be formulated as

max
Θ1,Θ2,A

γs|(hH
rd + hH

idΘ2H
H
ir )A(hsr +HirΘ1hsi)|2

‖(hH
rd + hH

idΘ2HH
ir )A‖2 + 1

(7a)

s.t. |Θ1(i, i)| = 1, |Θ2(i, i)| = 1, (7b)

γs‖A(hsr +HirΘ1hsi)‖2 + ‖A‖2F ≤ γr, (7c)

where γr = Pr/σ
2. By defining u1 = [ejθ11 , ejθ12 , ...,

ejθ1N ]T, u2 = [ejθ21 , ejθ22 , ..., ejθ2N ]T, v1 = [u1; 1],
v2 = [u2; 1], Hsir = [Hirdiag(hsi),hsr], and Hrid =

[diag(hH
id)H

H
ir ;h

H
rd], we have hsr + HirΘ1hsi =

Hsirv1 and hH
rd + hH

idΘ2H
H
ir = vH

2 Hrid. Therefore,
the above optimization problem can be converted to
the following form:

max
v1,v2,A

γs|vH
2 HridAHsirv1|2

‖vH
2 HridA‖2 + 1

(8a)

s.t. |v1(i)| = 1, |v2(i)| = 1, ∀i = 1, 2, · · · , N,

(8b)

v1(N + 1) = 1, v2(N + 1) = 1, (8c)

γs‖AHsirv1‖2 + ‖A‖2F ≤ γr, (8d)

where the optimization variables v1, v2, and matrix
A are coupled. To solve problem (8), two schemes,
namely the CCT-SDP-based AO method and the
DT-SCA-based AO method, are proposed to opti-
mize v1, v2, and A for maximum SNR.

3 Proposed high-performance CCT-
SDP-based AO method

Let us define V1 = v1v
H
1 and V2 = v2v

H
2 . Then

problem (8) can be rewritten as follows:

max
V1,V2,A

γstr(V1H
H
sirA

HHH
ridV2HridAHsir)

tr(V2HridAAHHH
rid) + 1

(9a)

s.t. V1(n, n) = 1, V2(n, n) = 1, ∀n = 1, 2, · · · , N + 1,

(9b)

γstr(V1H
H
sirA

HAHsir) + ‖A‖2F ≤ γr, (9c)

rank(V1) = 1, V1 � 0, (9d)

rank(V2) = 1, V2 � 0, (9e)

where the problem is non-convex with rank-one con-
strains. Using the AO algorithm, problem (9) can
be decoupled into three subproblems, as described
in the forthcoming subsections.

3.1 Optimizing A given V1 and V2

When V1 and V2 are fixed, let us define a =

vec(A) ∈ C
M2×1, and problem (9) can be simplified

as

max
a

aHBa

aHCa+ 1
(10a)

s.t. aH(D + IM2)a ≤ γr, (10b)

where matrix B = γs(H
∗
sirV

∗
1 HT

sir)⊗ (HH
ridV2Hrid),

C = IM⊗(HH
ridV2Hrid), andD = γs(H

∗
sirV

∗
1 HT

sir)⊗
IM . Upon defining A = aaH ∈ C

M2×M2

and remov-
ing the rank(A) = 1 constraint, an SDR problem of
Eq. (10) is written as

max
A

tr(BA)

tr(CA) + 1
(11a)

s.t. tr{(D + IM2)A} ≤ γr, A � 0. (11b)

It is a linear fractional problem, which can be
solved using CCT (Charnes and Cooper, 1962). We
introduce the following transformation of variables:

Ã = mA, (12)

where m > 0 needs to meet

tr(CÃ) +m = 1. (13)

We multiply the numerator and denominator of
the objective function in (11a) and the constraint
in (11b) by m, together with regarding Eq. (13)
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as a constraint. Thereafter, problem (11) can be
transformed into the following linear programming
problem:

max
˜A,m

tr(BÃ) (14a)

s.t. tr(CÃ) +m = 1, m > 0, (14b)

tr{(D + IM2 )Ã} ≤ mγr, Ã � 0. (14c)

It is an SDP problem (Zhou X et al., 2019),
which can be directly solved via CVX. While the
constraint rank(A) = 1 is ignored in the SDR prob-
lem, we apply the Gaussian randomization method
to achieve a solution A with rank(A) = 1. Further,
a can be obtained through the eigenvalue decompo-
sition of A, and the AF relay beamforming matrix
A is thereby achieved.

3.2 Optimizing V1 given V2 and A

Upon fixing V2 and A, problem (9) without con-
sidering rank(V1) = 1 can be reduced to

max
V1

γstr(V1H
H
sira

HHH
ridV2HridAHsir) (15a)

s.t. V1(n, n) = 1, ∀n = 1, 2, · · · , N + 1, V1 � 0,
(15b)

γstr(V1H
H
sira

HAHsir) + ‖A‖2F ≤ γr, (15c)

which is a standard SDP problem and can be effi-
ciently solved through CVX. Similarly, rank-one so-
lution V1 is recovered via a Gaussian randomization
method.

3.3 Optimizing V2 given V1 and A

In the case of fixing V1 and A, together with
not considering rank(V2) = 1, optimization problem
(9) can be simplified as

max
V2

γstr(V2HridAHsirV1H
H
sira

HHH
rid)

tr(V2HridAaHHH
rid) + 1

(16a)

s.t. V2(n, n) = 1, ∀n = 1, 2, · · · , N + 1, V2 � 0.
(16b)

Clearly, problem (16) is similar to problem (11),
so that the mean derived from solving A can be
applied to seek V2. In the same manner, the SDR
problem (16) can be transformed into the following

form:

max
˜V2,p

γstr( ˜V2HridAHsirV1H
H
sira

HHH
rid) (17a)

s.t. ˜V2(n, n) = p, ∀n = 1, 2, · · · , N + 1, ˜V2 � 0,
(17b)

tr( ˜V2HridAaHHH
rid) + p = 1, p > 0, (17c)

where p = (tr(V2HridAaHHH
rid) + 1)−1. Solution

Ṽ2 can be found via CVX, and then the Gaussian
randomization method can be applied to seek V2

with rank(V2) = 1.

3.4 Overall algorithm and complexity analysis

The related procedure of the proposed CCT-
SDP method is summarized in Algorithm 1. The cor-
responding total computational complexity is writ-
ten as

O{L1[nA

√

M2 + 3(M6 + 3 + nA(M4 + 3) + n2
A)

+ nV1

√
2N + 3((N + 1)3 +N + 2 + nV1((N + 1)2

+N + 2) + n2
V1

) + nV2

√
2N + 4((N + 1)3 +N + 3

+ nV2((N + 1)2 +N + 3) + n2
V2

)]ln(1/ε)} FLOPs,
(18)

where ε denotes the computational accuracy, and
nA = M4+1, nV1 = (N+1)2, and nV2 = (N+1)2+1

are the numbers of variables in Eqs. (14), (15), and
(17), respectively. L1 is the iterative number re-
quired to be deployed to reach the convergence con-
dition of the CCT-SDP-based AO method. Clearly,
the highest order of computational complexity, as
specified in expression (18), is M13 and N6.5 FLOPs.

4 Proposed low-complexity DT-SCA-
based AO method

In the previous section, we have proposed a
high-performance CCT-SDP method to optimize the
beamforming matrix A, as well as the reflection-
coefficient matrices Θ1 and Θ2, for a high achiev-
able rate. However, the CCT-SDP method is re-
lated to matrix optimization, which results in high
complexity. Aiming at reducing the high complex-
ity, a low-complexity DT-SCA method is proposed.
By optimizing one variable and fixing the two other
variables, the optimization problem (8) can be de-
composed into the three subproblems described in
the forthcoming subsections.
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Algorithm 1 Proposed CCT-SDP method
Initialize A0, V 0

1 , and V 0
2 . R0 can be computed based

on expression (9a)
Set t = 0 and convergence accuracy ε

Repeat
Solve problem (14) to obtain ˜At+1 with given V t

1

and V t
2 , and apply Gaussian randomization to recover

rank-one solution A
t+1 and obtain At+1

Fix At+1 and V t
2 , compute V t+1

1 according to problem
(15), and recover rank-one solution V t+1

1 via Gaussian
randomization
Fix At+1 and V t+1

1 , obtain ˜V t+1
2 by solving problem

(17), and use Gaussian randomization to recover rank-
one solution V t+1

2

Compute Rt+1

Until
∣

∣Rt+1 −Rt
∣

∣ ≤ δ

4.1 Optimization of A with fixed v1 and v2

We reformulate the fractional optimization
problem (10) as follows:

max
a

aHBa

aHCa+ 1
(19a)

s.t. aH(D + IM2)a ≤ γr, (19b)

where matrix B = γs(H
∗
sirv

∗
1(Hsirv1)

T) ⊗
(HH

ridv2v
H
2 Hrid), C = IM ⊗ (HH

ridv2v
H
2 Hrid), and

D = γs(H
∗
sirv

∗
1(Hsirv1)

T) ⊗ IM . Note that the nu-
merator of the objective function in Eq. (19a) is con-
vex, and that the above problem cannot be directly
solved using the Dinkelbachs transformation (Shen
and Yu, 2018). Here, we apply the SCA method to
approximate aHBa to a linear function given by

aHBa ≥ 2
{aHBã} − ãHBã. (20)

The above inequality is the corresponding first-
order Taylor expansion of aHBa at feasible point ã.
Therefore, problem (19) can be transformed into the
following form:

max
a

2
{aHBã} − ãHBã− μ(aHCa+ 1) (21a)

s.t. aH(D + IM2)a ≤ γr, (21b)

where μ is iteratively updated in accordance with

μ(t+ 1) =
2
{aH(t)Bã} − ãHBã

aH(t)Ca(t) + 1
, (22)

where t is the iteration index. Since μ is nonde-
creasing, the convergence of the objective function
in (21a) can be guaranteed. Obviously, problem

(21), consisting of a concave objective function and
a convex constraint, is convex, and its solution a

can be computed via CVX. Consequently, a can be
obtained.

4.2 Optimization of v1 with fixed v2 and a

Given v2 and a, problem (8) can be reduced to
the following form:

max
v1

vH
2 Ev1 (23a)

s.t. |v1(i)| = 1, ∀i = 1, 2, · · · , N, (23b)

v1(N + 1) = 1, (23c)

vH
2 Fv1 + ‖a‖2F ≤ γr, (23d)

where matrix E = γsH
H
sira

HHH
ridv2v

H
2 HridaHsir

and F = γsH
H
sira

HaHsir. The above problem is non-
convex because of the non-concave objective func-
tion in (23a) and the unit-modulus constraint in
(23b). (23a) can be an approximated linear function
through its first-order Taylor expansion at feasible
vector ṽ1, which is

vH
2 Ev1 ≥ 2
{vH

2 Eṽ1} − ṽH
1 Eṽ1. (24)

The unit-modulus constraint in Eq. (23b) can
be relaxed to

|v1(i)|2 ≤ 1, ∀i = 1, 2, · · · , N. (25)

After the above transformation, we have the fol-
lowing optimization problem:

max
v1

2
{vH
2 Eṽ1} − ṽH

1 Eṽ1 (26a)

s.t. (23c), (23d), (25). (26b)

The above is a convex optimization problem,
and its solution, denoted as v̂1, is achieved via CVX.
Accordingly, the solution to problem (23) is given by

v1 = ej∠ v̂1
v̂1(N+1) . (27)

4.3 Optimization of v2 with fixed v1 and a

When v1 and a are given, problem (8) can be
simplified as

max
v2

vH
2 Gv2

vH
2 Jv2

(28a)

s.t. |v2(i)| = 1, ∀i = 1, 2, · · · , N, (28b)

v2(N + 1) = 1, (28c)
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where matrix G = γsHridaHsirv1v
H
2 H

H
sira

HHH
rid

and J = Hridaa
HHH

rid + IN+1

N+1 . Similarly, the SCA
method is applied to achieve the low bound of (28a).
Its first-order Taylor expansion at feasible vector ṽ2

can be expressed as (Guan et al., 2020)

vH
2 Gv2

vH
2 Jv2

≥ 2
{gHv2}+ d, (29)

where

gH =
ṽH
2 G

ṽH
2 Jṽ2

− ṽH
2 (J − λmax(J)IN+1)

ṽH
2 Gṽ2

(ṽH
2 Jṽ2)2

,

(30a)

d =− [2λmax(J)(N + 1)− ṽH
2 Jṽ2]

ṽH
2 Gṽ2

(ṽH
2 Jṽ2)2

.

(30b)

In the same manner, problem (28) can be trans-
formed into the following form:

max
v2

2
{gHv2}+ d (31a)

s.t. |v2(i)|2 ≤ 1, ∀i = 1, 2, · · · , N, (31b)

which is convex. Its solution v̂2 can be efficiently
found using CVX. Therefore, the solution to problem
(28) can be denoted as

v2 = ej∠ v̂2
v̂2(N+1) . (32)

4.4 Overall algorithm and complexity analysis

The related procedure of DT-SCA is summa-
rized in Algorithm 2. The corresponding total com-
plexity of Algorithm 2 is

O{L2[na

√
2(M4 + n2

a) + nv1

√
2N + 3(nv1

+N + 1 + (N + 2)2 + n2
v1
) + nv2

√
2N + 1(nv2

+N + 1 + n2
v2
)]ln(1/ε)} FLOPs. (33)

The numbers of variables na, nv1 , and nv2 in Eqs.
(21), (26), and (31) are equal to M2, N+1, andN+1,
respectively. L2 is the iteration number satisfying
the convergence condition of DT-SCA. The highest
order of computational complexity, as specified in
expression (33), is M6 and N3.5 FLOPs, which is
much lower than that of the CCT-SDP method.

5 Simulation and numerical results

In this section, numerical simulations are ap-
plied to verify the rate performances of the two pro-
posed schemes. For convenience, the positions of

S,D, RIS, and AF relay are set as (0, 0, 0), (0,
100, 0), (−10, 50, 20), and (10, 50, 10) m, respec-
tively, in the three-dimensional (3D) space. The
path loss between the transmitter and receiver can
be computed according to the expression PL(d) =

PL0 − 10αlg( d
d0
), where α represents the path loss

exponent, d is the distance, and PL0 = −30 dB de-
notes the reference path loss at d0 = 1 m. Here, the
path loss exponents of channel link S–RIS, S–AF re-
lay, RIS–AF relay, RIS–D, and AF relay–D are set as
2.0, 3.5, 2.0, 2.0, and 3.5, respectively. Additionally,
let σ2 = −90 dBm.

Algorithm 2 Proposed DT-SCA method
Initialize a0, v0

1 , and v0
2 . Achieve R0 in line with

problem (8). Set t = 0 and convergence accuracy as ε

Repeat
Given vt

1 and vt
2, find at+1 by solving problem (21),

and obtain at+1

Given at+1
1 and vt

2, find vt+1
1 by solving problem

(26)
Given at+1 and vt+1

1 , find vt+1
2 by solving problem

(31)
Achieve Rt+1

Until
∣

∣Rt+1 −Rt
∣

∣ ≤ δ

Figs. 2 and 3 compare the computational com-
plexities between the two proposed methods in terms
of parameter N with (M,L1, L2) = (2, 10, 10) and
parameter M with (N,L1, L2) = (256, 10, 10), re-
spectively. Regardless of the inferences that we
might draw from Figs. 2 and 3, it is obvious that
the computational complexities of CCT-SDP and
DT-SCA increase as N and M increase, while the
complexity of DT-SCA is much lower than that of
CCT-SDP, which is consistent with our analysis of
the complexity in previous sections. Additionally, it
is interesting to find that the complexity difference is
becoming increasingly significant with the increases
of N and M .

Fig. 4 verifies the convergence of the two pro-
posed algorithms with Ps = 15 dBm and Ps =

25 dBm. When Ps = 15 dBm, about four iterations
are required for convergence to be achieved between
CCT-SDP and DT-SCA. In the case of Ps = 25 dBm,
the two proposed methods can come up to the maxi-
mum rate within eight iterations. It is revealed that
CCT-SDP and DT-SCA are convergent and feasible.

Fig. 5 depicts the achievable rate versus Ps with
(M,N,Pr) = (2, 256, 30 dBm). It is obvious that the
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Fig. 2 Computational complexity versus N with
(M,L1, L2) = (2, 10, 10)
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Fig. 3 Computational complexity versus M with
(N,L1, L2) = (256, 10, 10)

rates of CCT-SDP and DT-SCA, as well as those of
the four benchmark networks, AF relay + active RIS,
AF relay + RIS with random phase, only AF relay,
and only RIS, increase as the transmission power
Ps at S increases. Since multiple paths have been
created with the aid of RIS, and the beamforming
matrix at AF relay and the phase shifts at RIS have
been optimized, CCT-SDP and DT-SCA can per-
form much better than AF relay + RIS with random
phase, only AF relay, and only RIS. Additionally, the
rate of DT-SCA is slightly lower than that of CCT-
SDP in the whole Ps region. Since the transmission
power budget at active RIS is limited, as Ps increases,
the rate performance gap between the two proposed
methods and AF relay + active RIS decreases.

Fig. 6 shows the achievable rate versus the num-
ber N of RIS elements with (M,Ps, Pr) = (2, 10 dBm,
30 dBm). It can be seen that as N increases, the
rates of the two proposed methods and two bench-
mark schemes (i.e., AF relay + active RIS and only
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Fig. 4 Convergence of the two proposed methods with
(M,N,Pr) = (2, 256, 30 dBm)
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RIS) increase, while those of the two other bench-
mark schemes (i.e., AF relay + RIS with random
phase and only AF relay) are almost stable. For
small-scale RIS, the rate difference among the two
proposed methods, AF relay + RIS with random
phase, and only AF relay is small. For medium-
and large-scale RIS, the gap between CCT-SDP and
DT-SCA grows smaller. When N = 256, the rate of
DT-SCA is approximate to that of CCT-SDP. Mean-
while, compared to AF relay + RIS with random
phase, only AF relay, and only RIS, the rate is im-
proved by 104.0%, 113.0%, and 55.6% respectively
using the two proposed schemes.

6 Conclusions

The present study investigated a RIS-aided
AF relay wireless network. Two AO methods
were proposed based on the criterion of maximum
SNR, namely CCT-SDP and DT-SCA. Here, the
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beamforming matrix at AF relay and phase-shift
matrices at RIS were jointly optimized for rate
performance enhancement. Simulations verified
that the proposed CCT-SDP and DT-SCA schemes
are convergent, and apparent rate improvement can
be achieved compared to a RIS-assisted AF relay
network with random phase, an AF relay network
without RIS, and a RIS-aided network without
AF relay. Additionally, it was proved that the
rate performance achieved by the low-complexity
DT-SCA method is slightly lower than that of the
high-performance CCT-SDP method.
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