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Abstract: In this paper, the optimization problem subject to N nonidentical closed convex set constraints is studied.
The aim is to design a corresponding distributed optimization algorithm over the fixed unbalanced graph to solve the
considered problem. To this end, with the push-sum framework improved, the distributed optimization algorithm is
newly designed, and its strict convergence analysis is given under the assumption that the involved graph is strongly
connected. Finally, simulation results support the good performance of the proposed algorithm.

Key words: Distributed optimization; Nonidentical constraints; Improved push-sum framework
https://doi.org/10.1631/FITEE.2200596 CLC number: O224

1 Introduction

Because the distributed optimization algorithm
performs well in solving large-scale optimization
problems involved in smart grid systems, smart com-
munication systems, multiple unmanned systems,
and intelligent transportation systems, it has at-
tracted increasing attention recently. Many excel-
lent algorithms have been obtained, including the
continuous-time algorithms (Wang and Elia, 2011;
Gharesifard and Cortés, 2014; Kia et al., 2015; Liu
QS and Wang, 2015; Yang et al., 2017; Zhu YN
et al., 2019a, 2019b) and the discrete-time algo-
rithms (Nedić and Ozdaglar, 2009; Nedić et al., 2010;
Yuan et al., 2011; Zhu MH and Martínez, 2012; Nedić
and Olshevsky, 2015; Pu et al., 2018, 2021; Qu and
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Li, 2018; Xi et al., 2018; Mai and Abed, 2019; Zim-
mermann et al., 2020; Liu HZ et al., 2021; Yu et al.,
2021). In this paper, we focus on the results involv-
ing the design of discrete-time algorithms. The dis-
tributed gradient (subgradient) method was first de-
signed in Nedić and Ozdaglar (2009), and the uncon-
strained problem was solved. Then, based on Nedić
and Ozdaglar (2009), the distributed projected gra-
dient (subgradient) method was designed in Nedić
et al. (2010), and the optimization problem sub-
ject to the identical closed convex set constraint was
solved. Then, to extend the results with inequal-
ity and equality constraints, the primal dual method
was introduced in Zhu MH and Martínez (2012).

However, in the above-mentioned results, only
balanced graphs were considered. To design dis-
tributed optimization algorithms over unbalanced
graphs, the method of estimating the left eigenvec-
tor with respect to eigenvalue 1 of the row-stochastic
adjacent matrix, push-sum method, and push-pull
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method were introduced. As for using the method
of estimating the left eigenvector with respect to
eigenvalue 1 of the row-stochastic adjacent matrix,
distributed algorithms were designed to solve the
problem with N nonidentical closed convex set con-
straints in Mai and Abed (2019) and the problem
with N nonidentical inequality constraints, N non-
identical equality constraints, and N nonidentical
closed convex set constraints in Liu HZ et al. (2021).
Concerning the use of the push-sum method, a dis-
tributed algorithm was designed in Nedić and Ol-
shevsky (2015), which can solve only the uncon-
strained optimization problem. A distributed algo-
rithm was developed in Yu et al. (2021) to solve the
optimization problem with N nonidentical set con-
straints and in Zimmermann et al. (2020) to solve the
problem with identical global constraints and N non-
identical inequality constraints. However, the struc-
tures of these algorithms are complex. As for using
the push-pull method, related distributed algorithms
were designed in Pu et al. (2018, 2021), and they can
solve only unconstrained optimization problems.

In the above-mentioned results, some of the de-
signed distributed algorithms involved the sub-linear
convergence rate and others (push-pull based algo-
rithms) involved the linear convergence rate. Most
recently, many excellent studies focused on designing
distributed algorithms with a linear convergence rate
to solve various optimization problems; details can
be found in Qu and Li (2018) and Xi et al. (2018).

In this paper, the aim is to use the push-sum
method to design a distributed algorithm over the
fixed unbalanced graph with a sub-linear conver-
gence rate and to solve the optimization problem
with N nonidentical set constraints. Therefore, the
main contribution of this paper is the successful de-
velopment of a distributed optimization algorithm
with strict convergence analysis. In detail, the im-
proved push-sum framework was introduced in Zim-
mermann et al. (2020) to integrate the constraint
handling method in the push-sum framework, while
the new constraint handling method (gradient de-
cent like method) was employed in Yu et al. (2021)
to achieve the same aim. These two methods are
combined in this paper to handle the constrained
distributed optimization problems for unbalanced
graphs. Moreover, compared to Zimmermann et al.
(2020), the optimization problem studied in this pa-
per is different and involves N nonidentical set con-

straints, which is more challenging than the problem
with identical set constraints.

2 Preliminaries

The notations and graph theories used in this
study are the same as those in Liu HZ et al. (2021).
Therefore, we omit them here.
Lemma 1 (Nedić and Olshevsky, 2015) (1) For
a scalar sequence {θ(k)}, let lim

k→∞
θ(k) = θ0 and 0 <

γ0 < 1 hold. Then, lim
k→∞

k∑

l=0

γk−l
0 θ(l) = θ0

1−γ0
.

(2) For a strictly positive scalar sequence {θ(k)},
let

∞∑

k=0

θ(k) < ∞ and 0 < γ0 < 1 hold. Then,

∞∑

k=0

k∑

l=0

γk−l
0 θ(l) < ∞.

Lemma 2 (Nedić and Olshevsky, 2015) For the
nonnegative scalar sequences {a(k)}, {b(k)}, {c(k)},
and {d(k)} with

∞∑

k=0

b(k) < ∞ and
∞∑

k=0

c(k) < ∞, if

the following condition holds:

a(k + 1) ≤ (1 + b(k))a(k)− d(k) + c(k), ∀k ≥ 0,

then the sequence {a(k)} converges to a for some

a ≥ 0 and
∞∑

k=0

d(k) < ∞.

Lemma 3 (Mai and Abed, 2019) The following
inequality holds for all x1 ∈ R

n and x2 ∈ Y :

‖PY (x1)− x2‖2 ≤ ‖x1 − x2‖2 − ‖PY (x1)− x1‖2,
where Y is an arbitrarily given closed convex set in
R

n and PY denotes the projection operator on Y .
Note that Lemma 1 is the foundation of the

directed graph, whereas Lemma 2 is for conver-
gence analysis with diminishing step sizes. Lemma 3
is the projection lemma for the nonidentical set
constraints.

3 Main results

3.1 Problem formulation

In this study, we consider the following opti-
mization problem:

min
y

f(y) =

N∑

i=1

fi(y) s.t. y ∈ Yi, (1)

where y ∈ R
n, fi : R

n → R (i = 1, 2 · · · , N)
are convex functions that can be seen as the lo-
cal objective functions associated with agent i, and
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Yi ⊆ R
n (i = 1, 2 · · · , N) are compact sets. Let

Y =
N⋂

i=1

Yi 
= ∅ and Y0 =
N∏

i=1

Yi. In this study, we

design the distributed optimization algorithm on a
static weight-unbalanced digraph G. Moreover, let
B ⊆ R

N×N be the weight matrix associated with G.
Assume that B is column-stochastic.

In the following, the assumptions for the opti-
mization problem and digraph G are introduced for
subsequent analysis:
Assumption 1 For i = 1, 2, · · · , N , fi(x) has a
continuous gradient.
Assumption 2 Digraph G is strongly connected.

Remark 1 Because sets Yi are compact,
N⋃

i=1

Yi

is compact. Thus, there exists a positive constant R
such that

dist(y, Y ) ≤ R max
1≤i≤N

dist(y, Yi), ∀y ∈
N⋃

i=1

Yi. (2)

The measurement dist(y, Y ) and parameter R

denote the distance of y to Y and a positive con-
stant related to the diameter of the sets, respectively.
Inequality (2) is known as the constraint regularity
condition, which is the key to solving optimization
problems with multiple nonidentical constraints.

3.2 Distributed algorithms

In this subsection, the distributed algorithm on
digraph G is designed for problem (1), which is given
as

xi(t+ 1) =

N∑

j=1

Bijxj(t), (3a)

vi(t+ 1) =
1

xi(t+ 1)

N∑

j=1

Bijxj(t)yj(t), (3b)

yi(t+1)=PYi

(
vi(t+1)− α(t)

xi(t+1)
∇fi(yi(t))

)
, (3c)

where xi(t) ∈ R is the introduced auxiliary vari-
able, yi(t) ∈ R

n is the decision variable, vi(t) is
the introduced intermediate variable, and {α(t)} is
the decaying positive step-size sequence satisfying
∞∑

t=0
α(t) = ∞ and

∞∑

t=0
α2(t) < ∞. Moreover, the

initial values yi(0) can be arbitrarily selected and
xi(0) = 1, i = 1, 2, · · · , N .
Remark 2 Because Yi (i = 1, 2, · · · , N) are com-
pact sets, yi(t) under iteration (3c) are uniformly

bounded with respect to t. Moreover, from Nedić
and Olshevsky (2015), we know that xi(t) under
iteration (3a) with the given initial values are strictly
positive; in other words, there exists a constant a0
(a0 > 0) such that xi(t) ≥ a0, i = 1, 2, · · · , N and
t ≥ 0. Thus, 1

xi(t)
(i = 1, 2, · · · , N) are uniformly

bounded with respect to t. Therefore, it can be as-
sumed that there exists a positive constant M such
that

max
1≤i≤N

{

xi(t),
1

xi(t)
,yi(t),∇fi(yi(t)),

∇fi(yi(t))

xi(t)

}

≤ M.

Then, without loss of generality, we can assume
that n = 1 and algorithm (3) can be rewritten in a
compact form

x(t+ 1) = Bx(t), (4a)

v(t+ 1) = Q(t+ 1)y(t), (4b)

y(t+ 1) = PY0

(
v(t+ 1)− α(t)D(t+ 1)∇F (y(t))

)
,

(4c)

where
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x(t) = (x1(t), x2(t), · · · , xN (t))T,

v(t) = (v1(t),v2(t), · · · ,vN (t))T,

y(t) = (y1(t),y2(t), · · · ,yN (t))T,

Q(t) = D−1(t)BD(t− 1), ∀t ≥ 1,

D(t) = diag(x1(t), x2(t), · · · , xN (t)).

3.3 Convergence analysis

Clearly, the properties of matrix Q(t) are the
key points for the convergence analysis of the pro-
posed algorithm. The roadmap for the convergence
analysis is briefly introduced as follows: first, we will
discuss the properties of matrix Q(t) in Lemma 4.
Then, we will analyze the consensus property of yi(t)

in Lemma 5 and the convergence property of the op-
timal solution to yi(t) under algorithm (3) in Lem-
mas 6 and 7. Finally, we give the convergence prop-
erties of yi(t) in Theorem 1.
Lemma 4 Under Assumption 2, matrix
Q(t), induced from algorithm (3), has the following
properties:

(1) For all t ≥ 1, Q(t) are stochastic;
(2) For all t ≥ 0, xT(t+ 1)Q(t+ 1) = xT(t).
The proof of Lemma 4 can be found in Zimmer-

mann et al. (2020), and thus it is omitted here.
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Lemma 5 Under Assumptions 1 and 2, yi(t) (i =

1, 2, · · · , N) generated by algorithm (3) satisfy

‖yi(t)− ȳ(t)‖ ≤ C1η
t+C2

t−1∑

s=0
ηt−1−s(α(s) + γ(s)),

(5)
where ȳ(t) = 1

N

∑N
i=1 yi(t), C1 and C2 are two pos-

itive constants, η is a constant satisfying 0 < η < 1,

and γ(t) =
N∑

i=1

‖zi(t)‖ with

{
zi(t) = yi(t+ 1)− ui(t),

ui(t) = vi(t+ 1)− α(t)
xi(t+1)∇fi(yi(t)).

The proof of Lemma 5 can be completed based
on the results in Mai and Abed (2019), and thus it is
omitted here.
Lemma 6 Let y∗ be the optimal solution to
problem (1). Under Assumptions 1 and 2, yi(t) (i =

1, 2, · · · , N) under algorithm (3) satisfy

N∑

i=1

xi(t+ 1)‖yi(t+ 1)− y∗‖2

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 − 2α(t)(f(s̄(t)) − f∗)

+D1α(t)

N∑

i=1

‖yi(t)− ȳ(t)‖ − a0

N∑

i=1

‖zi(t)‖2

+M2α2(t),

(6)
where s̄(t) = PY (ȳ(t)) and D1 = (R + 3)M .

Proof From the definition of yi(t + 1) and
Lemma 3, we obtain

N∑

i=1

xi(t+ 1)‖yi(t+ 1)− y∗‖2

≤
N∑

i=1

xi(t+ 1)‖ui(t)−y∗‖2−
N∑

i=1

xi(t+ 1)‖zi(t)‖2.
(7)

Furthermore, we have

N∑

i=1

xi(t+ 1)‖ui(t)− y∗‖2

≤
N∑

i=1

xi(t+ 1)

∥
∥
∥
∥

N∑

j=1

Qij(t+ 1)yj(t)− y∗
∥
∥
∥
∥

2

+

N∑

i=1

xi(t+1)
∥
∥
∥

α(t)

xi(t+1)
∇fi(yi(t))

∥
∥
∥
2

−2
N∑

i=1

xi(t+1)

(
N∑

j=1

Qij(t+1)yj(t)− y∗
)T

·
( α(t)

xi(t+ 1)
∇fi(yi(t))

)
.

(8)

Then, for the first term of the right-hand side of
inequality (8), based on the property 2 of Lemma 4
we have

N∑

i=1

xi(t+ 1)

∥
∥
∥
∥

N∑

j=1

Qij(t+ 1)yj(t)− y∗
∥
∥
∥
∥

2

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2.
(9)

For the second term of the right-hand side of
inequality (8), we have

N∑

i=1

xi(t+1)
∥
∥
∥

α(t)

xi(t+1)
∇fi(yi(t))

∥
∥
∥
2

≤M2α2(t). (10)

For the third term of the right-hand side of in-
equality (8), we have

N∑

i=1

xi(t+ 1)

(
N∑

j=1

Qij(t+ 1)yj(t)− y∗
)T

·
( α(t)

xi(t+ 1)
∇fi(yi(t))

)

=

N∑

i=1

(
N∑

j=1

Qij(t+ 1)yj(t)− yi(t) + yi(t)− y∗
)T

·(α(t)∇fi(yi(t))).
(11)

Furthermore, we can obtain
(

N∑

j=1

Qij(t+1)yj(t)−yi(t)

)T

(α(t)∇fi(yi(t)))

=

(
N∑

j=1

Qij(t+1)yj(t)−ȳ(t)

)

(α(t)∇fi(yi(t)))

+ (ȳ − yi(t))(α(t)∇fi(yi(t)))

≥−Mα(t)
N∑

j=1

Qij(t+ 1)‖yj(t)− ȳ(t)‖

−Mα(t)‖ȳ − yi(t)‖

≥ − 2Mα(t)

N∑

i=1

‖yi(t)− ȳ(t)‖.
(12)
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Moreover, we have

(yi(t)− y∗)T(α(t)∇fi(yi(t)))

≥ α(t)(fi(yi(t))− f∗)

≥ −α(t)|fi(yi(t)) − fi(s̄(t))|
+α(t)(fi(s̄(t))− fi(y

∗))

≥ −α(t)M‖yi(t)−s̄(t)‖+α(t)(fi(s̄(t))−fi(y
∗)).
(13)

Noting the results discussed in Remark 1, we
obtain

‖yi(t)− s̄(t)‖
≥ − ‖yi(t)− ȳ(t)‖ − ‖ȳ(t)− s̄(t)‖

≥ − ‖yi(t)− ȳ(t)‖ −R

N∑

i=1

‖ȳ(t)− si(t)‖

≥ − ‖yi(t)− ȳ(t)‖ −R
N∑

i=1

‖ȳ(t)− yi(t)‖.

(14)

Then, it follows from inequalities (13) and (14)
that

(yi(t)− y∗)T(α(t)∇fi(yi(t)))

≥− (R+ 1)Mα(t)‖yi(t)− ȳ(t)‖
+ α(t)(fi(s̄(t))− f∗).

(15)

Thus, substituting inequalities (12) and (15)
into Eq. (11) yields

N∑

i=1

xi(t+ 1)

(
N∑

j=1

Qij(t+ 1)yj(t)− y∗
)T

·
( α(t)

xi(t+ 1)
∇fi(yi(t))

)

≥−D1α(t)

N∑

i=1

‖yi(t)−ȳ(t)‖+α(t)(f(s̄(t))−f∗).

(16)
Therefore, it follows from inequalities (9), (10),

and (16) that

N∑

i=1

xi(t+ 1)‖ui(t)− y∗‖2

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 +M2α2(t)

+2D1α(t)

N∑

i=1

‖yi(t)−ȳ(t)‖−2α(t)(fi(s̄(t))−f∗),

(17)

N∑

i=1

xi(t+ 1)‖yi(t+ 1)− y∗‖2

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 − 2α(t)(fi(s̄(t)) − f∗)

+M2α2(t) + 2D1α(t)

N∑

i=1

‖yi(t)− ȳ(t)‖

−
N∑

i=1

xi(t+ 1)‖zi(t)‖2.
(18)

The proof is completed.

Let β(t) = α(t)
t−1∑

s=0
ηt−1−sγ(s) with β(0) = 0.

Furthermore, we have

β(t+ 1) ≤ ηβ(t) + α(t)γ(t). (19)

Lemma7 Under Assumptions 1 and 2, yi(t) (i =

1, 2, · · · , N) under algorithm (3) further satisfy

N∑

i=1

xi(t+ 1)‖yi(t+ 1)− y∗‖2 + abβ(t+ 1)

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 + abβ(t)

−2α(t)(f(s̄(t)) − f∗) + ξ(t) +
1

2
a2α2(t),

(20)

where a = NC2

(1−η)b , b =
√

2a0

N , and

ξ(t)=M2α2(t)+D1C1η
tα(0)+D1C2

t−1∑

s=0

ηt−1−sα2(s).

Proof It can be obtained from inequalities (5)
and (6) that

N∑

i=1

xi(t+ 1)‖yi(t+ 1)− y∗‖2

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 − 2α(t)(f(s̄(t))− f∗)

+ ξ(t) +NC2β(t)− a0

N∑

i=1

‖zi(t)‖2.
(21)

Then, it follows from inequalities (19) and (21)
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that

N∑

i=1

xi(t+ 1)‖yi(t+ 1)− y∗‖2 + abβ(t+ 1)

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 + abηβ(t) + abα(t)γ(t)

−2α(t)(f(s̄(t))− f∗) + ξ(t)

+NC2β(t)− a0

N∑

i=1

‖zi(t)‖2

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 + abβ(t) + ab(η − 1)β(t)

+abα(t)γ(t)− 2α(t)(f(s̄(t)) − f∗) + ξ(t)

+NC2β(t)− a0

N∑

i=1

‖zi(t)‖2.
(22)

Thus, with the selected a, we have

N∑

i=1

xi(t+ 1)‖yi(t+ 1)− y∗‖2 + abβ(t+ 1)

≤
N∑

i=1

xi(t)‖yi(t)− y∗‖2 + abβ(t) + abα(t)γ(t)

−2α(t)(f(s̄(t))− f∗) + ξ(t)− a0

N∑

i=1

‖zi(t)‖2.
(23)

Therefore, noting that

abα(t)γ(t) ≤ 1

2
a2α2(t) +

1

2
b2γ2(t)

≤ 1

2
a2α2(t) +

1

2
b2N

N∑

i=1

‖zi(t)‖2
(24)

and b =
√

2a0

N , we can obtain inequality (20).
The proof is completed.

Now, we present Theorem 1, which describes the
convergence property of the proposed algorithm (3):
Theorem 1 Under Assumptions 1 and 2, all
yi(t) under algorithm (3) converge to a common op-
timal solution to problem (1).

Proof It can be obtained from Lemma 1 and the
properties of α(t) that ξ(t) is summable and thus
ξ(t) + 1

2a
2α2(t) is summable. Then, based on the

results in Mai and Abed (2019) and Lemma 2, we
can easily complete the proof.

4 Simulations

In this section, we consider the economic dis-
patch problem (EDP) in an IEEE 118-bus system
with nine microgrids (nodes), where the topology is
given in Fig. 1.

2 3

4

5

678

9

1

Fig. 1 Communication graph of an IEEE 118-bus
example

In general, the distributed EDP can be trans-
formed into problem (1) using the Fenchel dual
method. That is, EDP obtains the optimal solu-
tion for the output power of all units as long as the
optimal solution to problem (1) is achieved. Further-
more, we focus only on the dual problem modeled as

min
y∈Y

f(y) =

N∑

i=1

fi(y), y ∈ Yi, (25)

where fi(y) = aiy
2 + biy+ ci is a quadratic function

with coefficients ai ∈ [100, 500], bi ∈ [7.5, 8], ci ∈
[0.001, 0.004], and N = 9. Then, we give the column-
stochastic matrix Bc

ij based on the topology of the
fixed digraph as

Bc
ij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2

1
3 0 0 0 0 0 0 1

2

0 1
3

1
2 0 0 0 0 0 0

0 0 1
2

1
3 0 0 0 0 0

0 1
3 0 1

3
1
3 0 0 0 0

0 0 0 1
3

1
3

1
2 0 0 0

0 0 0 0 0 1
2

1
3 0 0

0 0 0 0 1
3 0 1

3
1
3 0

1
2 0 0 0 0 0 1

3
1
3 0

0 0 0 0 0 0 0 1
3

1
2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Specifically, the behaviors of yi(t) (i =

1, 2, · · · , 9) are shown in Fig. 2, and it can be seen
that yi(t) converge to a common optimal solution
y∗ = 9.684.

Furthermore, we use the classical distributed
projected gradient descent algorithm with row-
stochastic adjacent matrix (DPGD-RS) in Mai and
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Fig. 2 States for the incremental cost of all generation
units with capacity limitations

Abed (2019) as a benchmark to compare with the
convergence performance of the proposed algorithm
in this study. The settings are the same, except the
selection of the row-stochastic matrixBr

ij for DPGD-
RS as

Br
ij =

⎡
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.

All behaviors of yi(t) under the DPGD-RS as
proposed in Mai and Abed (2019) are shown in Fig. 3
for comparison. Comparing the results from the con-
vergence analysis, the algorithm in this study has
some advantages in terms of the convergence rate.
Clearly, it can be shown that the algorithm presented
in this study has a better convergence performance.

5 Conclusions

In this paper, we investigated the optimization
problem with N nonidentical closed convex set con-
straints. Furthermore, we introduced the improved
push-sum framework, based on which we designed
the distributed algorithm over the fixed unbalanced
graph. We presented strict convergence analysis of
the proposed algorithm. Additionally, we verified
the good performance of the proposed algorithm us-
ing simulations. Future works will focus on optimiza-
tion problems with more complicated constraints and
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Fig. 3 Accuracy of the proposed algorithm with row-
stochastic distributed projected gradient descent

on distributed optimization over time-varying unbal-
anced graphs.
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