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Abstract: In this paper, observer-based control for fractional-order singular systems with order α (0 < α < 1) and
input delay is studied. On the basis of the Smith predictor and approximation error, the system with input delay
is approximately equivalent to the system without input delay. Furthermore, based on the linear matrix inequality
(LMI) technique, the necessary and sufficient condition of observer-based control is proposed. Since the condition is
a nonstrict LMI, including the equality constraint, it will lead to some trouble when solving problems using toolbox.
Thus, the strict LMI-based condition is improved in the paper. Finally, a numerical example and a direct current
motor example are given to illustrate the effectiveness of the strict LMI-based condition.
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1 Introduction

Recently, a large number of researchers have
focused on fractional-order systems, which describe
the model of the real-world phenomena with mem-
ory more concisely and precisely (Du and Lu, 2021;
Hua et al., 2021; Saffarian and Mohebbi, 2021; Jiang
et al., 2022). In general, stability analysis is fun-
damental for control systems, including fractional-
order systems. The first criterion has been proposed
by Matignon (1998) for fractional-order systems with
0 < α < 2. Although stability can be judged through
the location of poles, it is still difficult to design
controllers in practice. The linear matrix inequality
(LMI) technique can be better used to solve con-
trol theory, which can be expressed by convex opti-
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mization problems. Thus, to perform the stability
analysis for fractional-order systems with order α

(0 < α < 1 or 1 < α < 2), the LMI-based condi-
tions have been derived (Lu and Chen, 2009, 2010;
Sabatier et al., 2010).

Singular systems, also referred to as descriptor
systems, are a class of widespread systems (Xu et al.,
2002). Many real-world systems, such as economic
systems, circuit systems, and viscoelastic systems,
can be more accurately described by singular systems
(Xu and Lam, 2006; Guerrero et al., 2021; Li YC
and Ma, 2021; Zhang L et al., 2021). Different from
the normal system, admissibility analysis for singular
systems, including regular, impulse-free, and stable
ones, is the fundamental problem. Recently, we have
noticed that, by introducing the fractional calcu-
lus, singular systems can describe phenomena more
accurately. Therefore, on the basis of fractional-
order and singular system results, a large number of
papers have been published (N’Doye et al., 2013; Ji
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and Qiu, 2015; Marir et al., 2017; Zhang XF and
Chen, 2018; Marir and Chadli, 2019; Wei et al.,
2019; Wu et al., 2020). In these works, stability
and stabilization have been widely studied (N’Doye
et al., 2013; Wu et al., 2020), since they can be
directly derived. In Marir et al. (2017) and Marir
and Chadli (2019), the admissibility conditions were
derived, and the strict LMI-based conditions were
discussed further for fractional-order singular sys-
tems with 1 < α < 2. Moreover, the admissibility
conditions were derived for 0 < α < 1 in Zhang
XF and Chen (2018), and to improve the nonstrict
LMI-based conditions, two kinds of strict LMI-based
conditions were proposed. Lin et al. (2018) studied
observer-based control for fractional-order singular
systems with order α (1 ≤ α < 2). It is noteworthy
that the stability region of α (0 < α < 1) is non-
convex. Thus, the study of α (0 < α < 1) is more
difficult and interesting (Zhang XF and Chen, 2018).
In addition, various researchers (Li RC and Zhang,
2020; Udhayakumar et al., 2020) have reported the
conditions of polytopic uncertainties and Takagi–
Sugeno (T-S) fuzzy control for fractional-order sin-
gular systems. Delayed neutral networks have also
been studied (Aghayan et al., 2021).

In practice, state estimation and observer-based
controller should be required for fractional-order sys-
tems. Many efforts have been made for observer-
based control (Lan et al., 2012; Lan and Zhou, 2013;
Li C et al., 2014; Ibrir and Bettayeb, 2015; Li BX
and Zhang, 2016; Geng et al., 2020). In Lan et al.
(2012) and Lan and Zhou (2013), the conditions of
observer-based control of 1 < α < 2 have been pro-
posed. Furthermore, Li C et al. (2014) investigated
nonlinear systems with 0 < α < 2. Observer-based
control of 0 < α < 1 has been developed in Li BX
and Zhang (2016) using the singular value decompo-
sition concept. In addition, new sufficient conditions
of observer-based control have been proposed for un-
certain systems of 1 < α < 2 and 0 < α < 1 in Ib-
rir and Bettayeb (2015). Moreover, observer-based
control has been studied for fractional-order systems
with input delay (Geng et al., 2020) using the Smith
predictor, which is a class of effective dead-time com-
pensators (Nguyen et al., 2021). To overcome the
shortcomings, methods that include sensitivity to
model errors and unstable processes have been pro-
posed in Stamova (2014). Pu and Wang (2020) pro-
posed the conditions to deal with state and input de-

lay for fractional-order systems. Marir et al. (2022a)
studied the bounded real lemma for fractional-order
singular systems with order α (1 ≤ α < 2), and
Marir et al. (2022b) derived the conditions of H∞
static output-feedback control. Even so, H∞ control
of order α (0 < α < 1) was rarely studied.

Although a lot of papers have been published
for input delay, it is worth mentioning that most re-
search is mainly in the field of nonsingular fractional-
order systems with input delay. For general singular
systems with input delay, these were rarely studied.
In short, the contributions are as follows:

1. Using the Smith predictor, observer-based
control is first studied for fractional-order singular
systems with order α (0 < α < 1) and input delay.

2. The necessary and sufficient condition based
on nonstrict LMI is presented. Then, the condition
based on strict LMI is improved.

The notations used throughout the paper are as
follows: R denotes the real set, AT denotes the trans-
pose of A, sym(X) = X +XT, and spec(X,Y , α)

is the spectrum of det(sαX − Y ) = 0. Moreover,
det(·) and deg(·) denote the determinant and degree,
respectively.

2 Preliminaries and problem formula-
tion

2.1 Preliminaries

The Caputo definition (Du and Lu, 2021) of a
fractional derivative operator is given by

Dαf(t) =
1

Γ(l − α)

∫ t

0

f (l)(τ)

(t− τ)α−l+1
dτ,

where Γ(·) is the Gamma function and α ∈ (l− 1, l).
Consider the following system:

{
EDαx(t) = Ax(t) +B1u(t) +B2u(t− τ),

y(t) = Cx(t),
(1)

where 0 < α < 1, Dα denotes the Caputo derivative,
and x(t) ∈ R

n, u(t) ∈ R
m, and y(t) ∈ R

p denote the
state vector, input, and output, respectively. E ∈
R

n×n, A ∈ R
n×n, B1 ∈ R

n×m, B2 ∈ R
n×m, and

C ∈ R
p×n are constant matrices, and rank(E) < n.

τ ∈ [0,∞) denotes the input delay constant.
Before proceeding, one definition and one

lemma for system (1) are introduced as follows:
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Definition 1 (Zhang XF and Chen, 2018) The
fractional-order linear singular system EDαx(t) =

Ax(t) with rank(E) < n is admissible if det(sαE −
A) �= 0 (regular), deg(det(sαE − A)) = rank(E)

(impulse-free), and |arg(spec(E,A, α))| > πα/2

(stable).

Lemma 1 (Zhang XF and Chen, 2018) The
fractional-order linear singular system EDαx(t) =

Ax(t) with rank(E) < n is asymptotically admissi-
ble if and only if the following inequalities hold with
two matrices X and Y :

[
EX EY

−EY EX

]
=

[
XTET −Y TET

Y TET XTET

]
≥ 0,

aAX + aXAT + bAY − bY AT < 0,

where a = sin(πα/2) and b = cos(πα/2).

2.2 Problem formulation

For system (1), define the following state
transformation:

Ez(t) = Ex(t) +

∫ t

t−τ

eA(t−s−τ)
α B2u(s)ds. (2)

In particular, if E is the identity matrix, the
following equation holds according to the results in
Si-Ammour et al. (2009):

z(t) = x(t) +

∫ t

t−τ

eA(t−s−τ)
α B2u(s)ds. (3)

According to Geng et al. (2020), we have

Dα

∫ t

t−τ

eA(t−s−τ)
α B2u(s)ds

=Dα

∫ t

0

eA(t−s−τ)
α B2u(s)ds

−Dα

∫ t−τ

0

eA(t−s−τ)
α B2u(s)ds

=A

∫ t

0

eA(t−s−τ)
α B2u(s)ds+ e−Aτ

α B2u(t)

−A

∫ t−τ

0

eA(t−s−τ)
α B2u(s)ds−B2u(t− τ),

(4)

where e−Aτ
α = τα−1

∞∑
k=0

(−A)kτkα

Γ(αk + α)
.

From Eqs. (2) and (4), we obtain

EDαz(t) =EDαx(t) + Dα

∫ t

t−τ

eA(t−s−τ)
α B2u(s)ds

=Ax(t) +B1u(t) +B2u(t− τ)

+ Dα

∫ t

t−τ

eA(t−s−τ)
α B2u(s)ds

=Ax(t) +B1u(t)

+A

∫ t

t−τ

eA(t−s−τ)
α B2u(s)ds.

According to Eq. (3), system (1) can be rewrit-
ten as follows:{

EDαz(t) = Az(t) + B̄u(t),

y(t) = Cz(t)−C
∫ t

t−τ e
A(t−s−τ)
α B2u(s)ds,

(5)

where B̄ = B1 + e−Aτ
α B2.

Thus, the following observer-based controller is
obtained:{

EDαẑ(t) = Aẑ(t) + B̄u(t) +L(y(t)− ŷ(t)),

u(t) = Kẑ(t),

(6)

where ẑ(t) denotes the state estimate, K is the ob-
server, and L is the controller gain to be determined.
From y(t) = Cx(t), we obtain
⎧⎪⎨
⎪⎩

EDαẑ(t) = (A−LC)ẑ(t) + B̄u(t) +Ly(t)

+LC
∫ t

t−τ
e
A(t−s−τ)
α B2u(s)ds,

u(t) = Kẑ(t).

(7)

We define the error e(t) = z(t) − ẑ(t). Hence,
from Eqs. (5) and (6), we have

EDαe(t) = (A−LC)e(t). (8)

Then, we obtain

ĒDαz̄(t) = Āz̄(t), (9)

where⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ē =

[
E 0

0 E

]
, z̄(t) =

[
z(t)

z(t) − ẑ(t)

]
,

Ā =

[
A+ B̄K −B̄K

0 A−LC

]
.

(10)

Remark 1 Our aim is to design the controller in
Eq. (7), and to ensure that system (9) is asymptot-
ically admissible. According to Lemma 2.1 in Geng
et al. (2020), LC

∫ t

t−τ
e
A(t−s−τ)
α B2u(s)ds does not

affect the admissibility for systems (1) and (9).
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3 Main results

In this section, the LMI-based necessary and
sufficient conditions of system (9) are proposed.
First, the nonstrict LMI-based condition is given in
the following theorem:
Theorem 1 System (9) with matrices K and L is
asymptotically admissible, if and only if there exist
matrices X1, X2, Y1, Y2, Z, and R such that the
following inequalities hold:
[
EX1 EY1

−EY1 EX1

]
=

[
XT

1 E
T −Y T

1 ET

Y T
1 ET XT

1 E
T

]
≥ 0, (11)

[
EX2 EY2

−EY2 EX2

]
=

[
XT

2 E
T −Y T

2 ET

Y T
2 ET XT

2 E
T

]
≥ 0, (12)

P1 = aX1 + bY1, sym(P1A−ZC) < 0, (13)

P2 = aX2 + bY2, sym(AP2 + B̄R) < 0, (14)

where a = sin(πα/2) and b = cos(πα/2). Further-
more, L and K are given by

L = P−1
1 Z, K = RP−1

2 . (15)

Proof (Sufficiency) Let Z = P1L and R = KP2.
Then, according to inequalities (13) and (14), we
obtain

sym(P1(A−LC)) < 0, (16)

sym((A+ B̄K)P2) < 0. (17)

Pre- and post-multiplying inequality (14) by
P−1

1 and its transpose, we obtain

sym
(
(A−LC)P−T

1

)
< 0. (18)

So, we can easily find a scalar μ satisfying

sym
([

A+ B̄K −B̄K

0 A−LC

] [
μP2 0

0 P−T
1

])
< 0.

(19)

Choose P =

[
μP2 0

0 P−T
1

]
= aX + bY ; from

Lemma 1, system (9) is asymptotically admissible.
(Necessity) Suppose that system (9) is asymp-

totically admissible. Choose a nonsingular matrix
P̄ :

P̄ =

[
? ?

? P̄1

]
,

where “?” is the unused part in the following proof.
Substituting the above equation into Lemma 1,

we have

sym
([

? ?

? (A−LC)P̄1

])
< 0. (20)

Therefore, we can obtain

sym((A−LC)P̄1) < 0. (21)

Pre- and post-multiplying inequality (19) by
P̄−T

1 and its transpose, we obtain

sym(P̄−T
1 (A−LC)) < 0.

Then, set Z = P̄−T
1 L, P1 = P̄−T

1 ; thus, inequal-
ity (11) can be obtained.

Similarly, when choosing P̂−T =

[
P̂2 ?

? ?

]
, we

can obtain

sym

([
(A+ B̄K)P̂2 ?

? ?

])
< 0. (22)

Thus, we have

sym((A+ B̄K)P̂2) < 0. (23)

Letting R = KP̂2 and P̂2 = P2, inequality (12)
can be derived. The proof is completed.
Remark 2 Theorem 1 in this study is equivalent
to Theorem 3.1 in Geng et al. (2020), when E = I;
i.e., Theorem 1 can be regarded as the extension of
results of normal fractional-order systems. Inequali-
ties (11) and (12) are nonstrict LMIs, which contain
equality constraints. Due to round-off errors in nu-
merical calculations, equality constraints are fragile
and usually cannot be well satisfied. As a result, the
strict LMI-based condition is proposed in the follow-
ing theorem:
Theorem 2 System (9) with K and L is asymptot-
ically admissible, if and only if there exist matrices
X1, X2, Y1, Y2, Q, Z, and R such that the following
inequalities hold:

[
X1 Y1

−Y1 X1

]
> 0, (24)

[
X2 Y2

−Y2 X2

]
> 0, (25)

P1 = aX1 + bY1, sym(P1E
TA+ SQA−ZC) < 0,

(26)

P2 = aX2 + bY2, sym(AP 2E
T +ASQ+ B̄R) < 0,

(27)

where a = sin(πα/2), b = cos(πα/2), and S ∈
R

n×(n−r) satisfying ES = 0. Here, L and K are
given by

L = P−1
1 Z, K = RP−1

2 . (28)
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Proof Suppose that inequalities (24) and (25)
hold with matrices X1, X2, Y1 and Y2, and that
Q ∈ R

(n−r)×n should satisfy SQ ∈ R
n×n. Let

X̄1 = X1E
T + a−1SQ, Ȳ1 = Y1E

T,

X̄2 = X2E
T + a−1SQ, Ȳ2 = Y2E

T.

Then, substituting the above equations into in-
equalities (26) and (27), we can obtain

sym(aX̄1A+ bȲ1A−ZC) < 0, (29)

sym(aAX̄2 + bAȲ2 + B̄R) < 0. (30)

According to Theorem 1, Theorem 2 can be
proved directly.
Remark 3 The condition of observer-based con-
trol for system (9) is presented based on the strict
LMI in Theorem 2, which eliminates the equality
constraints. Thus, the condition is less conservative
and easier to solve using the LMI toolbox.

4 Simulations

In this section, two examples are given to illus-
trate the effectiveness of our condition. The first
one is a numerical example, and the second one is a
practical system of direct current (DC) motor.

4.1 Example 1

System (9) with parameters as follows is
considered:

E =

⎡
⎢⎢⎣

0 −1 0 −1

1 2 0 1

−2 −2 1 −2

−1 −1 0 0

⎤
⎥⎥⎦ , A =

⎡
⎢⎢⎣
1 −1 −1 1

0 3 2 0

2 −5 −1 −5

1 −2 −1 −1

⎤
⎥⎥⎦ ,

B1 =

⎡
⎢⎢⎣
1

1

1

2

⎤
⎥⎥⎦ , B2 =

⎡
⎢⎢⎣
1

1

0

1

⎤
⎥⎥⎦ ,

C =
[
1 2 1 −1

]
, α =

1

3
, τ = 0.5.

Choose S =
[−1 1 −2 −1

]T
, which can

satisfy ES = 0. Then, solving inequalities (24)–
(27) and Eq. (28) in Theorem 2, we can obtain the
feasible solutions as follows:

K = [0.3225 − 0.6320 − 0.1244 0.0123] ,

L = [−6.3313 − 8.6988 1.6989 − 7.6680]
T
.

Fig. 1 shows that system (9) with the above K

and L is asymptotically admissible. Fig. 2 shows
that the observation errors can converge to zero, and
the effectiveness of the observer-based controller is
verified.
Remark 4 Theorem 2 is based on the strict LMI,
which avoids the computational complexity and it
can be viewed as a generalization of the results of
integer-order systems. Compared with the results in
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Wu et al. (2020), Theorem 2 overcomes the problem
of solving different orders α ∈ (0, 1) and reduces the
computational cost.

4.2 Example 2

DC motor, as a kind of actuator, is used widely.
In this study, the DC motor model is used as the
example shown in Fig. 3.

The variables and inputs of the system are
shown in Tables 1 and 2, respectively.

In fact, the DC motor with delayed inputs actu-
ally exists (Léchappé et al., 2016), and thus u(t−τ) is
introduced to denote the delay voltage of the source.
Based on the mechanical and electrical laws (Li H
and Yang, 2019; Lee, 2020), we can obtain the fol-
lowing system with 0 < α < 1:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

LDαi(t) = uL(t),

JDαw(t) = Kti(t)− bw(t),

u(t) + u(t− τ) = uL(t)− i(t)R +Kww(t),

y(t) = w(t),

(31)

where y(t) is the output, and J and b are as follows:

J = Jm +
Jc
n2
0

, b = bm +
bc
n2
0

. (32)

The parameters in Eqs. (31) and (32) are given
in Table 3.

w(t) bm
u(t)

u(t-τ) LR

i(t)u(t)

u(t−τ) Excitation

Jm

Jc

bc

Fig. 3 Block diagram of the direct current (DC)
motor

Table 1 Variables of the system

Variable Symbol Unit

Voltage of inductance uL(t) V
Current i(t) A

Speed of shaft w(t) r/min

Table 2 Inputs of the system

Input Symbol Unit

Voltage of source u(t) V
Delay voltage of source u(t− τ) V

Suppose i(t) and uL(t) are measurable. Then
i(t), w(t), and uL(t) can be expressed as x1(t), x2(t),
and x3(t), respectively. From Eq. (31), we have
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎣L 0 0

0 J 0

0 0 0

⎤
⎦Dα

⎡
⎣x1(t)

x2(t)

x3(t)

⎤
⎦ =

⎡
⎣ 0 0 1

Kt −b 0

R −Kw −1

⎤
⎦

·
⎡
⎣x1(t)

x2(t)

x3(t)

⎤
⎦+

⎡
⎣00
1

⎤
⎦u(t) +

⎡
⎣00
1

⎤
⎦u(t− τ),

y(t) =
[
0 1 0

]
⎡
⎣x1(t)

x2(t)

x3(t)

⎤
⎦ .

(33)

Choose the parameter settings shown in Table 4.
Hence, system (33) can be expressed as follows:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎣2 0 0

0 3 0

0 0 0

⎤
⎦Dα

⎡
⎣x1(t)

x2(t)

x3(t)

⎤
⎦=
⎡
⎣ 0 0 1

2.5 −2 0

4 −4 −1

⎤
⎦
⎡
⎣x1(t)

x2(t)

x3(t)

⎤
⎦

+

⎡
⎣00
1

⎤
⎦ u(t) +

⎡
⎣00
1

⎤
⎦u(t− τ),

y(t) =
[
0 1 0

]
⎡
⎣x1(t)

x2(t)

x3(t)

⎤
⎦ .

(34)

We choose S =
[
0 0 1

]T
, which satisfies

ES = 0; different combinations of α and τ can be

Table 3 Parameters of the system

Parameter Symbol Unit

Input delay constant τ s
Inductance L mH

Armature winding resistance R Ω

Electromotive force constant Kt kg · cm2/s2

Torque constant Kw V/(rad·s)
Moment of inertia of rotor Jc kg · cm2

Moment of inertia of load Jm kg · cm2

Damping ratio of the motor bm –
Damping ratio of the load bc –

Gear ratio n0 –

Table 4 Parameter settings

Parameter Value Parameter Value

L 2 mH Jm 1 kg · cm2

R 4 Ω bm 1.5
Kt 2.5 kg · cm2/s2 bc 2
Kw 4 V/(rad·s) n0 2
Jc 8 kg · cm2
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used to verify the applicability of Theorem 2 in this
study, as shown in Tables 5 and 6.

Table 5 Simulation results for K

α τ K

0.21

0.37
[
1.3729 2.2329 −0.8073

]

1.21
[
1.0350 2.7757 −0.3342

]

2.35
[
0.4279 3.0690 −0.2465

]

0.64

0.37
[
4.1368 −2.6281 0.4634

]

1.21
[
2.5584 −1.3251 −0.1366

]

2.35
[
2.0506 −0.8866 −0.3650

]

0.98

0.37
[
2.1249 −1.2776 0.6772

]

1.21
[
2.1000 −1.2840 0.3802

]

2.35
[
2.1017 −1.2961 0.2318

]

Table 6 Simulation results for L

α τ L

0.21

0.37
[
12.7852 11.7590 5.2006

]T

1.21
[
8.7194 12.7752 13.3779

]T

2.35
[
5.0822 10.5641 16.8711

]T

0.64

0.37
[−0.3521 −15.2569 −41.2119

]T

1.21
[−2.0668 −14.5905 −45.0673

]T

2.35
[−4.1104 −14.1993 −49.4751

]T

0.98

0.37
[
2.8932 −7.8294 −10.9265

]T

1.21
[
2.1371 −8.2418 −14.6744

]T

2.35
[
1.2399 −8.6320 −19.3545

]T

The states and observer errors of system (9) are
given in Figs. 4–6, using three different combinations
of α and τ . The system with the state-feedback con-
troller can be stabilized, and observer errors of the
system can fluctuate in a small range, which can illus-
trate that the controller design and observer design
are effective.
Remark 5 According to the results of Example 2,
it is shown that we can always find a set of K and L

which is suitable to make the system stable, no mat-
ter what values of α and τ we take. The effectiveness
of Theorem 2 proposed in this study can be verified.

5 Conclusions

The paper deals with observer-based controller
design for fractional-order singular systems with
0 < α < 1 and input delay. Using the linear ma-
trix inequality (LMI) technique, the necessary and
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Fig. 4 States z(t) (a) and errors e(t) (b) with α = 0.21

and τ = 0.37
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Fig. 5 States z(t) (a) and errors e(t) (b) with α = 0.64

and τ = 1.21
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Fig. 6 States z(t) (a) and errors e(t) (b) with α = 0.98

and τ = 2.35

sufficient condition based on the nonstrict LMI is
obtained. In the case of random error, the nonstrict
LMI-based condition will cause trouble. When we
improve the condition based on the strict LMI, the
condition is easier to handle. Finally, the numeri-
cal example and the DC motor example are given to
illustrate the effectiveness of the proposed condition.

In the future, observer-based robust control and
observer-based H∞ control for fractional-order sin-
gular systems will be studied.
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