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Abstract: As an indispensable part of process monitoring, the performance of fault classification relies heavily on
the sufficiency of process knowledge. However, data labels are always difficult to acquire because of the limited
sampling condition or expensive laboratory analysis, which may lead to deterioration of classification performance.
To handle this dilemma, a new semi-supervised fault classification strategy is performed in which enhanced active
learning is employed to evaluate the value of each unlabeled sample with respect to a specific labeled dataset.
Unlabeled samples with large values will serve as supplementary information for the training dataset. In addition,
we introduce several reasonable indexes and criteria, and thus human labeling interference is greatly reduced. Finally,
the fault classification effectiveness of the proposed method is evaluated using a numerical example and the Tennessee
Eastman process.
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1 Introduction

In the past decades, to ensure process safety
and improve product quality in modern industries,
many process monitoring methods have been pro-
posed; among them, detection and fault classifica-
tion play significant roles in guaranteeing the effec-
tive operation of process monitoring systems (Chiang
et al., 2004; Ge et al., 2013; Deng et al., 2022). Fault
classification techniques are generally employed to
determine the type of fault that has occurred by ana-
lyzing the discrepancy and similarity between faults.
Meanwhile, with the rapid development of informa-
tion technology, such as distributed control systems
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(DCSs) and the Internet of Things (IoT), massive
valuable data have been collected, transmitted, and
stored. Consequently, data-driven methods have re-
cently become feasible methods for fault classifica-
tion (MacGregor and Cinar, 2012; Ge, 2017, 2018;
Ge et al., 2017).

As typical data-driven approaches, traditional
multivariate statistical process monitoring (MSPM)
methods have been widely used in process moni-
toring and achieved great success in recent years
(Feng et al., 2013; Ge, 2016). For example, to ex-
tract potential variables, principal component ana-
lysis (PCA) is proposed as an effective dimension re-
duction method for fault detection (Dong and Qin,
2018), while partial least squares (PLSs) have better
applicability for the common input-output model-
ing in chemical processes (Botre et al., 2017; Harkat
et al., 2019). Nevertheless, correlation among differ-
ent modes is always neglected during characteristic
extraction, which makes these methods unsuitable
for fault classification. Alternatively, Fisher discri-
minant analysis (FDA), which finds appropriate de-
cision surfaces among different classes by minimizing
within-class variance and maximizing between-class
diversity, has been considered as one of the most
effective solutions (Chiang et al., 2000; Zhong et al.,
2020).

However, the classification performance of FDA
relies heavily on the assumption that data are Gaus-
sian distributed. This assumption means that fault
types cannot be identified in real situations, because
practical process data are often non-Gaussian dis-
tributed due to the complexity of the system set-
ting (Abramson et al., 1963). Recently, to handle
this problem, traditional linear discriminant analy-
sis was extended to a mixed form, known as the mix-
ture discriminant analysis (MDA) model, in which
every class can be estimated by a Gaussian mixture
model (GMM) (Hastie and Tibshirani, 1996; Fraley
and Raftery, 2002). Compared with FDA, MDA
has excellent classification performance when deal-
ing with within-class non-Gaussianity. For example,
Kalantar et al. (2019) evaluated the performance of
FDA and MDA in groundwater potential mapping.
The results showed that MDA has better robustness
and applicability than FDA. Huang et al. (2013) pro-
posed a hybrid multivariate approach named mixture
discriminant monitoring (MDM), which overcomes
the defects of FDA and identifies the unknown-

fault-related variables using statistical process con-
trol (SPC) chart techniques. In addition, Pu and Li
(2021) proposed a probability discrimination algo-
rithm combined with information theoretic learning
(ITL) and robust MDA (RMDA) to address the in-
dustrial label-noise fault diagnosis issue.

Note that the MDA method usually requires
adequate sample labels, which cannot be easily ob-
tained in real situations because the accumulation
of expert experiences and prior process knowledge
are often time-consuming and costly (Wang J et al.,
2014). Therefore, the labeled samples in an actual
industry are often very sparse, and insufficient label-
ing for supervised modeling will lead to inadequate
statistical significance of the model and cause overfit-
ting which degrades the classification performance.
Conversely, unlabeled samples are often abundant
and can reflect a great deal of information. As a
result, a semi-supervised fault classification strat-
egy has become an increasingly hot topic and has
attracted much attention recently. A large number of
semi-supervised learning (SSL) methods (Schwenker
and Trentin, 2014; Liu JW et al., 2015) have been
proposed to acquire the information in unlabeled
data, including the self-training model (Raina et al.,
2007; Zou et al., 2019), semi-supervised support vec-
tor machines (SVMs) (Chapelle et al., 2006; Wang
L et al., 2021), graph-based SSL (Blum and Chawla,
2001; Chen et al., 2018; Zaman and Liang, 2021),
committee-based SSL (Hady and Schwenker, 2010;
Cui et al., 2012), and semi-supervised generative
model (Yan et al., 2014; Yao and Ge, 2017). Among
them, the self-training model adds non-informative
samples to the dataset to improve the performance
of the classifier. Semi-supervised SVMs can use
unlabeled samples to optimize decision boundaries
and place those boundaries in the low-density area,
whereas graph-based SSL methods can transfer the
relationship between samples into a graph and can
label the unlabeled samples using the min cut algo-
rithm. Committee-based SSL methods try to con-
struct a variety of classifiers that can cooperatively
use the information in unlabeled samples. Compared
with other semi-supervised methods, all available
samples share the same model in the semi-supervised
generative model, which has received much atten-
tion in the past decades (Yan et al., 2014; Yao and
Ge, 2017). For example, Yan et al. (2014) extended
the MDA model to a semi-supervised MDA (SMDA)
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structure, which is more conducive to dealing with
non-Gaussian distributed data with missing labels.
Farajzadeh-Zanjani et al. (2021) proposed a semi-
supervised framework incorporating generative ad-
versarial networks (GANs) to generate minority class
samples. Particularly, soft sensing frameworks for
the insufficient labeling issue have been discussed
and corresponding solutions (such as mixture fac-
tor analysis and mixtures of extreme learning ma-
chines) have been proposed (Shao and Tian, 2017;
Shao et al., 2019a, 2019b; Wang JB et al., 2019).

However, the information of labeled samples is
still limited and cannot fully describe the behavior
of unlabeled samples. The performance of semi-
supervised methods will severely deteriorate as un-
labeled samples accumulate. Some high-value unla-
beled samples are crucial in dealing with the classi-
fication issue, which should be labeled and chosen for
model construction. Alternatively, the active learn-
ing technique has drawn much attention recently.
This technique efficiently combines process know-
ledge and expert experience, measures the value of
each unlabeled sample, and considers it in semi-
supervised modeling using human intervention. The
main idea of active learning is to collect suitable sam-
ples from an unlabeled dataset under the guidance
of supervised data, to provide supplementary process
information to the original labeled dataset (Settles,
2012). Active learning can add the most relevant
unlabeled samples to the training dataset by set-
ting appropriate indexes that measure the value of
each sample, and it fully considers both labeled and
unlabeled information through a continuous inter-
active learning process. For example, Liu J et al.
(2018) proposed a semi-supervised exponential dis-
criminant analysis method based on active learning
(AL-SEDA), which not only extends the traditional
EDA to the fault classification application in semi-
supervised industrial processes, but also alleviates
the noise introduced by the random labeling of un-
labeled samples. On this basis, an active learning
based semi-supervised FDA (ALSemiFDA) was cre-
ated, in which entropy was used to judge the value
of unlabeled samples and then employed for sam-
ple labeling (Yin et al., 2018, 2019). Recently, ac-
tive learning methods have been explored for ac-
tual bearing compound fault diagnosis; the results
showed that such methods can achieve high diagnos-
tic accuracy with only a small number of high-value

samples, which greatly reduces the labeling workload
of domain experts (Jin et al., 2021). However, it
should be mentioned that the selection of unlabeled
samples depends heavily on one single index and the
original model derived from the insufficient labeled
training dataset, which may lead to several severe
problems. First, one single index, such as entropy, is
inappropriate and inadequate to judge the value of
the unlabeled sample. As a result, other related in-
dexes should be involved to help strengthen the per-
formance of unlabeled sample evaluation. Second,
human labeling is always costly and time-consuming
in real situations, whereas model labeling can solve
the dilemma and improve the efficiency of sample
labeling. Finally, one unified model based on an in-
sufficient labeled training dataset may result in the
overfitting problem and can be easily affected by the
wrongly unlabeled samples.

To solve the above problems, an ensemble
enhanced MDA based on active learning (called
E2ALMDA) is proposed, where ensemble learning
is adopted to guarantee the reliability of fault classi-
fication results. The ensemble learning method na-
turally improves the robustness of semi-supervised
methods by integrating the classification results of
multiple weak sub-classifiers formed by different ran-
domly collected training sub-datasets under formu-
lated rules (Araya et al., 2017; Liu Y and Ge, 2018;
Zheng et al., 2019; He et al., 2021; Zhang et al.,
2022). In each sub-classifier, active learning is then
applied to introduce suitable unlabeled samples into
the corresponding training sub-dataset. In this way,
active learning extracts the most related informa-
tion contained in the unlabeled data and uses it
to solve semi-supervised problems. Compared with
previous works, the value of each unlabeled sam-
ple is evaluated according to entropy, prediction er-
ror, and two newly designed indexes (confidence and
deficiency). In this way, human labeling in tradi-
tional active learning methods is replaced by model
labeling, which can effectively avoid human inter-
vention. Finally, the K-nearest neighbor (KNN)
method is employed in the ensemble learning frame-
work to obtain the final classification results by inte-
grating the performance of each sub-classifier based
on the posterior probability matrices of labeled sam-
ples and test samples on all possible sub-classifiers.
To verify the effectiveness of the proposed method,
two cases, including a numerical example and the
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Tennessee Eastman process (TEP) benchmark, are
adopted where the fault classification results of dif-
ferent methods are discussed in detail.

The main contributions of this paper can be
summarized as follows:

1. Several selection indexes are proposed to eval-
uate the performance of unlabeled samples in various
aspects.

2. Human labeling in active learning is replaced
by model labeling; the reliability of model labeling
is improved according to the four proposed indexes,
while human interference is also avoided.

3. A reasonable stopping criterion is pro-
posed to introduce more informative samples to the
sub-dataset.

The notations used throughout the paper are
listed in Table 1.

2 ALSemiFDA

As an integration of active learning and the
SemiFDA method, ALSemiFDA tackles the semi-
supervised problem based on all available data (Yin
et al., 2018, 2019). On one hand, the active learning
in ALSemiFDA can improve the classification perfor-
mance by manually introducing valuable unlabeled
samples into a labeled dataset according to expert
query. On the other hand, SemiFDA tries to make
use of the unlabeled dataset to provide supplemen-
tary information for the traditional FDA method.

The detailed learning steps of ALSemiFDA can be
expanded as follows:

1. The traditional FDA model is initialized ac-
cording to the labeled dataset.

2. The unlabeled data are labeled by the initial
FDA model and then chosen as new members of the
labeled dataset.

3. The entropy ei of each unlabeled sample xi is
obtained based on the classification results from the
SemiFDA model. The sample xs with the maximum
entropy will be added to the training labeled dataset.
Hence, ei and xs can be defined as follows:

ei = −
J∑

j=1

(pij ln pij) , (1)

xs = arg max
xi∈XU

ei. (2)

4. Steps 2 and 3 are executed repeatedly un-
til the maximal classification probability of all unla-
beled samples with respect to any class reaches the
threshold t, which can be expressed as follows:

max
1≤j≤J

pij ≥ t, ∀xi ∈ XU. (3)

Although the ALSemiFDA model takes unla-
beled samples into consideration and the correspond-
ing classification results are enhanced to some extent,
the following issues should be covered:

1. The single criterion based on entropy is quite
fragile and the classification results can be easily

Table 1 Nomenclature

Symbol Description Symbol Description

XL Labeled dataset t Threshold
XU Unlabeled dataset xnew The new observation sample
m Number of variables Cg Confusion matrix of the gth sub-dataset
n Number of labeled samples Confidence(i|g) Confidence of the ith unlabeled sample in
G Number of sub-classifiers the gth sub-classifier
J Number of classes Deficiency(i|g) Deficiency of the ith unlabeled sample in
Kj Number of subclasses in the jth class the gth sub-classifier
cjk The kth subclass in the jth class Error(i|g) Prediction error of the ith unlabeled sample in
Πj Priori probability of the jth class the gth sub-classifier
πjk Priori probability of kth subclass in the Value(i|g) Value of the ith unlabeled sample in

jth class the gth sub-classifier
μjk Mean of the kth subclass in the jth class Px Posterior probability matrix of the xth labeled
Σjk Variance of the kth subclass in the jth class sample
xi The ith sample PL The series of posterior probability matrices of
θ Parameter set of MDA all labeled sample
ei Entropy of xi Pnew Posterior probability matrix of xnew

pij Posteriori probability of xi to class j Dix Euclidean distance between Pnew and Px

xs Selected unlabeled sample

MDA: mixture discriminant analysis
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affected by the disturbance caused by the inappro-
priate involvement of unlabeled samples.

2. The uniform model established based on all
labeled samples can probably be overfitted and influ-
ence the introduction of unlabeled samples into the
labeled dataset.

3. Human labeling generally requires plenty of
human intelligence, which can be costly and time-
consuming. It is increasingly difficult to rely on ex-
pert knowledge due to the data dimension explosion,
while insufficient expert query may result in severe
misclassification.

4. The basic assumption of ALSemiFDA is that
data are Gaussian distributed, which cannot be eas-
ily met in real situations due to non-Gaussianity.
Meanwhile, similar to the traditional FDA model,
the classification results can be influenced by noise.

3 E2ALMDA

E2ALMDA is proposed and discussed in de-
tail in this section to cope with the above prob-
lems. First, the bagging technique is introduced to
randomly collect labeled samples to construct sub-
classifiers for subsequent integration. Then, tradi-
tional active learning will be enhanced by several
newly designed indexes to help improve the relia-
bility of the involved unlabeled samples. Finally,
ensemble learning will be used to strengthen the ro-
bustness of the classification results by integrating
the performance of all sub-classifiers.

3.1 Weak classifier construction based on the
MDA model

The bagging technique is used in our work to ob-
tain several sub-datasets by random sampling (Diet-
terich, 2000; Abellán and Masegosa, 2010). Assume
that the labeled dataset is XL = [x1, x2, ..., xn] ∈
R

m×n, where xi (i = 1, 2, ..., n) denotes the corre-
sponding sample, and m and n represent the num-
bers of variables and samples, respectively. Then, G
different training datasets can be derived based on
the bagging technique, which can form correspond-
ing sub-classifiers. In the gth (g = 1, 2, ..., G) sub-
dataset, due to a sophisticated process, the data col-
lections are unlikely to follow Gaussian distributions.
Therefore, the MDA technique is adopted where the
data distribution is regarded as a mixture of mul-
tiple Gaussian components, to better fit the non-

Gaussian characteristics of each sub-dataset (Fraley
and Raftery, 2002; Bouveyron and Girard, 2009). In
the MDA method, it is assumed that all training data
consist of J classes, where each class j (j = 1, 2, ..., J)

can be further divided into Kj artificial subclasses,
denoted by cjk (k = 1, 2, ...,Kj) which obeys the
Gaussian distribution N(μjk, Σjk). The prior prob-
ability that one sample belongs to class j can be
denoted by Πj , and the mixing probability of the
kth subclass within class j is represented by the pa-
rameter πjk where

∑J
j=1 Πj = 1,

∑Kj

k=1 πjk = 1.
Therefore, the mixture density for class j can be

expressed as follows (Yan et al., 2014):

hj(x) =p(x|j)

=

Kj∑

k=1

{
πjk(2π)

−m/2|Σjk|−1/2

· exp
[
− (x− μjk)

TΣ−1
jk (x− μjk)

2

]}
.

(4)

The parameter set θ = {μjk, Σjk, πjk} (j =

1, 2, ..., J, k = 1, 2, ...,Kj) can be estimated by maxi-
mizing the following log-likelihood function:

θ = argmax
θ

l(θ) = argmax
θ

n∑

i=1

ln p(xi|θ). (5)

The above problem can be solved by the
expectation-maximization (EM) algorithm. In the
expectation step (E-step), provided that xi is a train-
ing sample in class j, the probability of xi belonging
to the kth subclass in class j can be estimated as
Eq. (6) (on the top of the next page), which is fol-
lowed by the maximization step (M-step):

πjk =

∑
xi∈j p(cjk|xi, j)

∑Kj

q=1

∑
xi∈j p(cjq|xi, j)

, (7)

μjk =

∑
xi∈j

(
xip(cjk|xi, j)

)
∑

xi∈j p(cjk|xi, j)
, (8)

Σjk =

∑
xi∈j

(
p(cjk|xi, j)(xi − μjk)(xi − μjk)

T
)

∑
xi∈j p(cjk|xi, j)

.

(9)

The above two steps are repeated iteratively un-
til convergence. Then, the posterior probabilities of
a new observation xnew belonging to class j can be
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p(cjk|xi, j) =
p(xi, cjk|j)
p(xi|j) =

p(cjk|j)p(xi|cjk, j)
p(xi|j)

=

πjk(2π)
−m/2|Σjk|−1/2 exp

[
− (xi − μjk)

TΣ−1
jk (xi − μjk)

2

]

∑Kj

q=1

{
πjq(2π)−m/2|Σjq|−1/2 exp

[
− (xi − μjq)

TΣ−1
jq (xi − μjq)

2

]} .
(6)

computed using the Bayesian theorem:

p(j|xnew)

=
p(xnew|j)p(j)

p(xnew)
∝ p(j)p(xnew|j)

=Πj

Kj∑

k=1

{
πjk(2π)

−m/2|Σjk|−1/2

· exp
[
− (xnew − μjk)

TΣ−1
jk (xnew − μjk)

2

]}
.

(10)

The new observation xnew can be assigned to a
specific class using the maximum a posteriori (MAP)
rule, that is, jnew = argmax

j
p(j|xnew).

3.2 Enhanced active learning for weak classi-
fiers

As an effective solution for extracting the inher-
ent supplementary information within the unlabeled
dataset, traditional active learning methods usually
set different indexes, such as entropy or prediction
error, to evaluate the importance of each unlabeled
sample. However, the introduction of unlabeled sam-
ples in the labeled dataset is still based on human la-
beling, which seems subjective and time-consuming
(Snow et al., 2008; Ipeirotis et al., 2010; Raykar et al.,
2010; Yuen et al., 2011). Actually, model labeling
can significantly avoid these situations, and the only
problem is to ensure the modeling reliability. Un-
fortunately, entropy and prediction error seem to be
inadequate to realize the precision requirement.

On this basis, two new selection indexes, called
confidence and deficiency, are designed in this study
to realize model labeling for unlabeled samples.
First, a verification dataset is randomly collected
from the labeled samples. Then the following confu-
sion matrix of the gth sub-dataset can be obtained
based on the classification result of the verification

dataset using the gth sub-classifier:

Cg =

⎛

⎜⎜⎜⎝

Ng
11 Ng

12 · · · Ng
1J

Ng
21 Ng

22 · · · Ng
2J

...
...

...
...

Ng
J1 Ng

J2 · · · Ng
JJ

⎞

⎟⎟⎟⎠ , (11)

where Ng
aj (a = 1, 2, . . . , J) represents the number

of samples in class a being misclassified into class j

by the gth sub-classifier. Meanwhile, two important
variables are defined here, cgj = Ng

jj/
∑J

a=1 N
g
aj and

rgj = 1 − Ng
jj/

∑J
a=1 N

g
ja. The first variable rep-

resents the credibility that one sample is classified
to the jth class using the gth sub-classifier, and the
second variable indicates the degree to which the gth

sub-classifier lacks the information of class j.

The confidence and deficiency indexes can be
defined as follows:

Confidence(i|g) =
J∑

j=1

(
pgijc

g
j

)
, (12)

Deficiency(i|g) =
J∑

j=1

(
pgijr

g
j

)
, (13)

where pgij indicates the probability of the ith unla-
beled sample belonging to class j using the gth sub-
classifier. The confidence index (Eq. (12)) indicates
the reliability of fault classification with respect to
the ith unlabeled sample using the gth sub-classifier.
Unlabeled samples with high confidence are likely to
be added to the labeled dataset of the correspond-
ing sub-classifier. On the contrary, a high value of
the deficiency index indicates that the gth classifier
lacks information of the ith unlabeled sample, which
seems to be the perfect supplementary information
to the current sub-classifier. In this way, four in-
dexes, entropy, prediction error, confidence, and de-
ficiency, are integrated to provide a comprehensive
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explanation of model labeling:

egi = −
J∑

j=1

(
pgij ln p

g
ij

)
, (14)

Error(i|g) =

nU∑
m=1

[
1− p

(θ+1)
i,g (ŷm)

]

nU
, (15)

where egi indicates the entropy of the ith unla-
beled sample using the gth sub-classifier. Mean-
while, p(θ+1)

i,g (ŷm) represents the probability that the
mth unlabeled sample is identified as the gth sub-
classifer in which the ith unlabeled sample has been
added previously. Therefore, Error(i|g) is the aver-
age classification performance of the gth sub-classifier
after it is enhanced by adding the ith unlabeled sam-
ple. Finally, the value of the ith unlabeled sample
with respect to the gth sub-classifier can be defined
as follows:

⎧
⎪⎪⎨

⎪⎪⎩

Value(i|g) = egi +Confidence(i|g)
+Deficiency(i|g)− Error(i|g),

xg
s = arg max

xi∈XU

Value(i|g).
(16)

Note that each index should be normalized in
the value estimation. It can be seen that entropy,
confidence, and deficiency are positively correlated
with the final value, while the prediction error is
negatively correlated. This means that unlabeled
samples with high entropy, high confidence, high de-
ficiency, and low prediction error are likely to be
considered as supplementary information for the gth

sub-classifier. The unlabeled sample with the high-
est “Value” is selected as the candidate to join the
current gth sub-dataset, which will be updated ite-
ratively until the following criterion is satisfied:

n
(θ+1)
U∑
i=1

Var(θ+1)(pi|g)

n
(θ+1)
U

<

n
(θ)
U∑

i=1

Var(θ)(pi|g)

n
(θ)
U

, (17)

where Var(θ)(pi|g) indicates the variance of the
classification results of the ith unlabeled sample
using the gth sub-classifier. The above restric-
tion guarantees the continuous enhancement of each
sub-classifier during the iteration process. That is
why the proposed method is called enhanced active
learning.

3.3 Information fusion for fault classification

After each sub-classifier is strengthened, the re-
sults of different sub-classifiers should be integrated.
Here, the verification dataset is employed again to
obtain the following posterior probability matrix:

Px =

⎛

⎜⎜⎜⎝

p11 p12 · · · p1J
p21 p22 · · · p2J
...

...
...

...
pG1 pG2 · · · pGJ

⎞

⎟⎟⎟⎠ , (18)

where pqj (q = 1, 2, . . . , G) represents the poste-
rior probability that the current sample is identi-
fied as a member of the jth class using the qth sub-
classifier. Therefore, a series of posterior probability
matrices can be derived for these labeled samples,
PL = {P1, P2, ..., Pn}, which are further considered
as the reference of final classification results.

Assume that the posterior probability matrix of
test sample xnew is denoted by Pnew. Then the Eu-
clidean distance Dix between Pnew and the posterior
probability matrix of each labeled sample Px can be
expressed as follows:

Dix = ‖Pnew − Px‖F, (19)

where “F” denotes the Frobenius norm.
According to the above formula, we can find K

labeled samples closest to the sample xnew and count
the number belonging to class j among these K sam-
ples, expressed as nj . The class with the largest nj

is chosen as the final classification result, which can
be written as follows:

Final(i) = argmax
j

nj , j = 1, 2, ..., J. (20)

The detailed E2ALMDA flowchart is shown in
Fig. 1, and the whole procedure is expressed in Al-
gorithm 1. Fig. 1 shows that E2ALMDA can be dis-
assembled into three parts. First, ensemble learning
can extract diverse information from sparse labeled
data and construct a unique validation dataset as
the basis for calculating confidence and deficiency.
Second, enhanced active learning adds more high-
value samples to each sub-dataset, to improve the
performance of each sub-classifier. Finally, data
fusion takes into account the diversity of all sub-
classifiers to comprehensively predict the labels of
the test samples.
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Fig. 1 Flowchart of E2ALMDA modeling and testing

4 Case study

In this section, a numerical example and the
TEP are introduced to evaluate the performance
of the proposed method. In addition, several re-
lated methods, including MDA, SMDA, ALMDA,
and ALSemiFDA, are considered for comparison.
Note that ALMDA usually treats entropy as the se-
lection index and overall prediction error as the stop
criterion, which is entirely distinct from the proposed
E2ALMDA.

4.1 Numerical example

The purpose of this experiment is to discrimi-
nate a dataset consisting of five types of non-
Gaussian data, each of which contains two variables.
A training dataset of 200 samples and a testing
dataset of 100 samples are collected. The specific
configuration of the dataset is shown in Table 2. To

simulate insufficient labeling, only 20% of the gene-
rated training samples can keep corresponding la-
bels, while the others are considered as unlabeled
samples. The accuracy results of various methods
are shown in Table 3.

In Table 3, it can be seen that the five meth-
ods perform quite differently due to the scarcity of
labeled samples. Testing samples can be easily mis-
classified using MDA, especially in classes 1, 4, and
5, because only the labeled samples are involved in
modeling, while abundant unlabeled samples are di-
rectly abandoned, which results in significant missing
data. Although SMDA performs better than MDA
because unlabeled samples are introduced, it still has
some difficulties in identifying specific types of data,
such as class 4. The main reason is that the labels
of unlabeled samples are assigned by the supervised
model, which is constructed from labeled samples.
As a result, it is quite unreasonable that the labeling
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Table 2 Configuration of the numerical example

Class
Number of Component

Mean Variance
Number of sam- Number of sam-

components proportion ples for training ples for testing

1 5 (0.1, 0.1, 0.6, 0.1, 0.1)
[ −2 −1 0 1 2

0 0 0 0 0

]
0.3I2 200∗ 100

2 5 (0.1, 0.1, 0.6, 0.1, 0.1)
[ −2 −1 0 1 2

3 3 3 3 3

]
0.3I2 200∗ 100

3 5 (0.1, 0.1, 0.6, 0.1, 0.1)
[

4 4 4 4 4

−2 −1 0 1 2

]
0.3I2 200∗ 100

4 5 (0.1, 0.1, 0.6, 0.1, 0.1)
[ −4 −4 −4 −4 −4

−2 −1 0 1 2

]
0.3I2 200∗ 100

5 5 (0.1, 0.1, 0.6, 0.1, 0.1)
[ −2 −1 0 1 2

−3 −3 −3 −3 −3

]
0.3I2 200∗ 100

∗ 20% labeling rate. I2 represents a two-dimensional identity matrix

Algorithm 1 E2ALMDA
Input: XL: labeled dataset; XU: unlabeled dataset; J : num-

ber of classes; t: threshold; G: number of sub-classifiers
Output: MDA models M = {Mg} (g = 1, 2, . . . , G); KNN

classification model K
1: The G different training sub-datasets Xg

L (g = 1, 2, . . . , G)

are obtained using bagging in XL

2: for g = 1 to G do
3: Initialize XU

4: Set the number of cycles c = 0

5: while c = 0 or

n
(θ+1)
U∑

i=1
Var(θ+1)(pi|g)

n
(θ+1)
U

>

n
(θ)
U∑

i=1
Var(θ)(pi|g)

n
(θ)
U

do
6: Obtain an MDA model Mg using Xg

L

7: On the basis of model Mg, obtain the confusion ma-
trix Cg on XL and the probability pgij of unlabeled
data xi belonging to the jth class

8: According to Cg , obtain the credibility cgj (j =

1, 2, . . . , J) and the insufficiency rgj (j = 1, 2, . . . , J),
and then calculate the entropy, confidence, and de-
ficiency of all unlabeled data

9: Try to add a different unlabeled sample from XU

to Xg
L each time, retrain Mg, and obtain the error

of other unlabeled data
10: Calculate the value of all unlabeled data using the

integration of entropy, confidence, deficiency, and
error

11: Label the unlabeled sample xg
s with the maximum

value by Mg

12: Add xg
s into Xg

L, and remove it from XU

13: Update c = c+ 1

14: end while
15: return Mg

16: end for
17: return M

18: Input all the labeled data into M to obtain a set of
posterior probability matrices PL

19: Obtain the KNN classification model K by PL
20: return M , K

information for unlabeled data is only given by the
labeled data, which obviously represent a small part

Table 3 Classification accuracy of the numerical
example (80% unlabeled samples)

Class
Accuracy

MDA SMDA ALMDA ALSemiFDA E2ALMDA

1 0.67 0.81 0.27 0.53 0.83
2 0.92 0.92 0.85 0.98 0.92
3 1.00 1.00 0.86 0.87 1.00
4 0.05 0.12 0.08 0.29 0.48
5 0.48 0.45 0.95 0.96 0.88

Average 0.62 0.66 0.60 0.73 0.82
The best results are in bold

of all available data. To solve the above dilemma,
active learning is exploited to add highly informa-
tive data to the training process, which can be more
targeted by making class boundaries clearer. Un-
fortunately, only entropy and prediction error are
involved in evaluating the value of each unlabeled
sample. To improve the reliability and robustness
of classification results, the enhanced active learn-
ing in E2ALMDA introduces two new indexes, which
can reduce the possibility of introducing noise into
the model. Therefore, E2ALMDA has the best per-
formance among these five methods. In addition,
ensemble learning is employed to avoid overfitting
problems caused by one single model based on all
labeled samples.

Furthermore, the overall variance changes of
ALMDA and E2ALMDA are shown in Fig. 2, where
each subfigure represents the variance changes using
different sub-classifiers. Note that the introduction
of high-value samples may lead to the loss of variance
of the unlabeled dataset in the initial stage and that
a small decrease in variance at the very beginning
can be tolerated. According to the previous research
(Yin et al., 2018, 2019), the ending threshold of
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Fig. 2 Overall variance changes of ALMDA and E2ALMDA in the numerical example: (a) sub-classifier 1; (b)
sub-classifier 2; (c) sub-classifier 3; (d) sub-classifier 4. Each time 5% unlabeled samples are sampled from the
unlabeled dataset

active learning is manually set to 0.03. However,
the variance still can be improved according to the
results using the proposed E2ALMDA. The iteration
of E2ALMDA stops once the maximum variance is
reached, which sounds more reasonable than the pre-
determined threshold set in ALMDA.

4.2 Tennessee Eastman process (TEP)

TEP is a simulation model of an actual indus-
trial process (Downs and Vogel, 1993) and has been
widely used to evaluate the classification effective-
ness of algorithms (Liu J et al., 2020; Zheng et al.,
2020). The TEP flowchart is shown in Fig. S1 in the
supplementary materials; it is composed mainly of a
reactor, condenser, separator, compressor, and strip-
per. In the simulation process, one normal operation
condition and 21 types of faults are collected, each
of which contains 960 samples and 53 variables.

In this study, all variables except the agitator
speed are selected for fault classification, and are
listed in Tables S1 and S2 (see supplementary ma-
terials). Four sub-classifiers are initialized by the
bagging technique for ensemble learning, where all
22 different types of data are used (Table S3 in the
supplementary materials). Each fault appears after
the 160th sample, where the 200th to 500th samples

are chosen as training samples and the 501st to 600th

samples are selected as testing samples. To simulate
the semi-supervised situation, the labels of the 260th

to 500th samples are removed and these samples are
used as unlabeled samples, and other training sam-
ples are considered as labeled samples.

Table 4 shows that the use of unlabeled samples
does have a significant impact on the improvement
of classification performance. The classification re-
sults of MDA are degraded because of the scarcity of
labeled samples and the absence of valuable informa-
tion in unlabeled samples. Compared with the MDA
method, the classification performance of SMDA is
improved on some classes due to the introduction of
unlabeled samples. However, all unlabeled samples
are directly employed without any selection process,
resulting in severe disturbance by unrelated unla-
beled information. Hence, this method still has diffi-
culty in identifying most faults. Furthermore, the la-
bels of unlabeled data are determined mainly by the
labeled data, which greatly limits the involvement
of supplementary information within unlabeled data.
Alternatively, entropy is adopted as a selection index
in ALMDA and ALSemiFDA to introduce high-value
samples from unlabeled dataset to tackle the bound-
ary problem among classes. E2ALMDA shows better
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Table 4 Accuracy of Tennessee Eastman process (TEP) classification (80% unlabeled samples)

Class
Accuracy

MDA SMDA ALMDA ALSemiFDA E2ALMDA

Normal 0.1475 0.165 0.1125 0.1625 0.1725
Fault 1 1 1 1 1 1
Fault 2 1 1 1 1 1
Fault 3 0.2025 0.1875 0.1775 0.0925 0.2375
Fault 4 0.1325 0.1975 0.1675 0.0675 0.3025
Fault 5 0.2375 0.1500 0.0725 0.1350 0.2425
Fault 6 0.8225 0.9875 0.9825 0.9175 1
Fault 7 0.5175 0.3425 0.2575 0.1325 0.6675
Fault 8 0.7375 0.5825 0.4100 0.2500 0.9125
Fault 9 0.1325 0.1075 0.1125 0.0925 0.1375
Fault 10 0.1525 0.1425 0.0925 0.1125 0.1875
Fault 11 0.3200 0.3200 0.2125 0.0650 0.3400
Fault 12 0.6875 0.5225 0.3500 0.2300 0.7225
Fault 13 0.7575 0.7125 0.5875 0.5225 0.9625
Fault 14 0.7725 0.7825 0.7825 0.3550 0.8925
Fault 15 0.1125 0.1875 0.2025 0.0325 0.1875
Fault 16 0.1425 0.1100 0.1075 0.1450 0.1475
Fault 17 0.7225 0.6225 0.5225 0.4525 0.7375
Fault 18 0.7825 0.7675 0.7500 0.5025 0.7875
Fault 19 0.3325 0.4525 0.4275 0.0925 0.3775
Fault 20 0.4125 0.3925 0.2725 0.0375 0.4675
Fault 21 0.1725 0.2825 0.1625 0.1225 0.3125

Average 0.4681 0.4552 0.3983 0.2964 0.5361
The best results are in bold

classification performance than the other four meth-
ods because the classification performance of each
sub-classifier is effectively improved owing to the in-
troduction of enhanced active learning. The newly
designed indexes can significantly reduce the conse-
quences caused by noise, while the value judgment
of unlabeled samples becomes more reasonable. Fi-
nally, ensemble learning improves the robustness and
ability to tolerate noise of the semi-supervised model
through enhanced weak classifiers and corresponding
ensemble rules.

Similarly, Fig. 3 shows the overall variance
changes of ALMDA and E2ALMDA under four dif-
ferent sub-classifiers, in which the prediction error
threshold of ALMDA is set to 0.18. Compared with
ALMDA, E2ALMDA can collect more valuable infor-
mation from the unlabeled dataset until the overall
maximum variance is reached.

5 Conclusions

In this paper, the E2ALMDA method has been
proposed to provide a comprehensive explanation
for the semi-supervised fault classification issue.

First, to improve the robustness of the proposed
method, several sub-datasets have been collected
from the original dataset through the bagging tech-
nique, where corresponding weak classifiers were es-
tablished. Second, several new indexes have been de-
signed to introduce suitable unlabeled samples in the
evolution of sub-classifiers. Instead of human label-
ing, we have proposed a model labeling solution for
unlabeled samples in which a final criterion and an
unlabeled sample value evaluation index were carried
out based on the newly designed indexes to guaran-
tee the performance of each weak classifier. Third,
the results of enhanced sub-classifiers have been in-
tegrated using the KNN method to obtain the final
fault classification results. Finally, the performance
of the proposed method has been further evaluated
using a numerical example and the TEP benchmark
in which the superiority of the proposed method was
shown.
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