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Abstract: This paper presents a novel optimal synchronization control method for multi-agent systems with input
saturation. The multi-agent game theory is introduced to transform the optimal synchronization control problem
into a multi-agent nonzero-sum game. Then, the Nash equilibrium can be achieved by solving the coupled Hamilton—
Jacobi-Bellman (HJB) equations with nonquadratic input energy terms. A novel off-policy reinforcement learning
method is presented to obtain the Nash equilibrium solution without the system models, and the critic neural
networks (NNs) and actor NNs are introduced to implement the presented method. Theoretical analysis is provided,
which shows that the iterative control laws converge to the Nash equilibrium. Simulation results show the good

performance of the presented method.
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1 Introduction

Multi-agent synchronization control has at-
tracted much attention due to its high efficiency and
computational performance (Wieland et al., 2011;
Wei et al., 2018, 2020, 2021; Li JQ et al., 2021;
Rehéak and Lynnyk, 2021; Zhang KQ et al., 2021).
Generally speaking, synchronization control prob-
lems require that the agents synthesize to the same
value (Cao et al., 2015; Garcia et al., 2017; Yang
JY et al., 2019) or track the trajectories of leaders
(Du et al., 2014; Zhao et al., 2014) by designing dis-
tributed control laws. Because of the practical signif-
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icance of multi-agent systems, many researchers have
devoted themselves to tackling various synchroniza-
tion control problems, including switching topolo-
gies (Thunberg et al., 2014), system faults (Ma and
Yang, 2016) and so on (Han et al., 2013; Wei et al.,
2015; He et al., 2018). Among the research works
on synchronization control, optimal synchronization
control, which requires each agent to minimize its
own local performance index function, is a promising
research direction. Multi-agent cooperative games
provide an effective tool to study multi-agent opti-
mal control problems, and they rely on solving cou-
pled Hamilton—Jacobi (HJ) equations (Vamvoudakis
et al., 2012). However, coupled HJ equations are
hard to solve, which limits the applications of co-
operative game theory in synchronization control
problems.

Reinforcement learning is an effective method
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for solving coupled HJ equations. The main idea of
reinforcement learning is to solve the coupled HJ
equations forward by time, which can reduce the
computational burden (Wang et al., 2009; Wei and
Liu, 2014; Wei et al., 2014, 2016, 2017; Zhang HG
et al., 2015; Yang N et al., 2019; Zhang LD et al.,
2019). In recent years, reinforcement learning has
been further developed to solve multi-agent cooper-
ative game problems. (2012)
proposed an online policy iteration method for opti-

Vamvoudakis et al.

mal synchronization control problems; however, the
external disturbance was not considered. In Jiao
et al. (2016), a novel policy iteration method was
proposed for the multi-agent zero-sum game prob-
lem, and disturbance rejection was achieved. In Wei
et al. (2015), the graphical game was studied for het-
erogeneous multi-agent systems. The off-policy re-
inforcement learning method was proposed to solve
multi-agent synchronization control problems by Li
JN et al. (2017), and the input constraint was con-
sidered by Qin et al. (2019). However, there are
few research results considering cooperative game
problems with input saturation, which motivates our
study.

In this paper, the multi-agent optimal syn-
chronization control problem with input satura-
tion is studied based on cooperative game theory
and reinforcement learning. Compared with Qin
et al. (2019), we consider coupled terms with
neighboring agents in the performance index func-
tions. The main contributions can be summarized as
follows:

1. A novel off-policy reinforcement learning
method is presented without the information of sys-
tem models for cooperative game problems of multi-
agent systems. The control constraint and coupled
terms in the performance index functions are con-
sidered which broaden the application scope of the
presented method.

2. The characteristics of the presented model-
free off-policy reinforcement learning method, in-
cluding convergence and optimality,
lyzed, showing that the solutions obtained from
the presented method converge to the Nash

are ana-

equilibrium.

3. Critic neural networks (NNs) and actor NNs
are used to implement the off-policy reinforcement
learning algorithm. Simulation results verify the
good performance of the presented method.
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2 Problem formulation
2.1 Graph theory

Let G, = (V,e, E) be a directed graph, where
V = {v1,v9,...,un} denotes the nonempty finite
Furthermore, ¢ C V x V is the set of
edges. An edge of graph G, is denoted as €;;, which
means that agent j is a neighbor of agent i. E =
leij] € RV*N s the adjacency matrix, where e;;
represents the weight of edge €;;. If €;; € ¢, e;; > 0;
otherwise, e;; = 0. Let the set of neighbors of agent

i be N; = {v;] (vj,v;) € €}. Define G = diag(g;) €
RNXN

vertex set.

as the pinning matrix. If agent ¢ has access
to the leader, g; > 0; otherwise, g; = 0. Define the
Laplacian matrix as L = D—E, where D = diag (d;)
and d; = " ej;.

J

2.2 Multi-agent synchronization control

For ¢« = 1,2,...,N, consider the following
systems:

x; = Ax; + Bu,;, (1)

where ; € R” and uw; € U; C R™ are the sys-
tem state and control, respectively. Here, A and
B are system matrices with suitable dimensions.
Uy = {uilu; € R™, fJug]| o < A} (A > 0 s a known
constant). Let the leader dynamics be

.’i}o - ACB(), (2)

where y € R” is the system state. Then, we can
define the synchronization error as

&=y eij(@i—a;) +gi (@i —z0).  (3)

JEN;
Taking the derivative of Eq. (3), we have

(;1' :A(Sl + (dz + gl-) B’Ull — Z eijBuj. (4)
JEN;

For system (4), the performance index function can
be given as

Ji (61 (0)7 U;, u_i)

:/OO 87Qiid; + Ri(u;) + Z Ri(u;) |dt, (5)
0

JEN;
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where the term w_; represents the policies of the
neighbors of agent i. Qi > 0,

Ri(us) = 2 /0 " v

Ri(uj) = 2/0uj ()\j&p_l (t/)\j))TRijdt,

L(t/\)) T Rudt,

where
t= [t17t27 s 7tm]T € Rm?
R;;, = diag (14,1,7i5,25- - -, Tii,m) > 0,
R;j = diag (14,1, 745,25+ Tijm) > 0,
and ¥~ is the inverse function of the hyperbolic

tangent function (i.e., ¥~! = arctanh(-), or equiv-
¥(-) £ tanh(-)). Then, R;(u;) and R;(u;)
can be written as

Ri(us) =2 /0 e

:227‘%,(1/ ’ )\ilp_l (tq/)\i)dtq, (6)
q=1 0

alently,

L(t/\) " Rigdt

“L(t/\;)) " Rijdt

- (tq/)‘j)dtq- (7)

For Eq. (5), the Nash equilibrium condition can be
described as

Ji(ul,u') < Ji(ui,uty), i=1,2,...,N.  (8)

For agent ¢, we define the iterative value function as

Vi (0i(t))

:/ 67Qiibi + Ri(wi) + Y Ri(uy) | dr. (9)
t

JEN;

Then, we can obtain the Bellman equation as

ov;
H; (51', 8—&,%,”1')

avi\"
= A(Sl + (dl + gl-) Bul — Z BijB’U,j

09; :
JEN;
Z Ri(u;)

JEN;

6TQ116 + R uz

(10)

with V;(0) = 0. According to the stationary condi-
tion (Bertsekas, 2007), it can be derived that

OH;
Ju, 07
A%
Y. Tl T 7
AJ(M (di +g:) R;'B —86i>' (11)

Substituting Eq. (11) into Eq. (10), we can obtain
the Hamilton—Jacobi-Bellman (HJB) equation as

v T
( 5 ) (A‘si N
+ Z )\jeijB!I/(A;k)> + 6?Qii6i + Ri(= NP (A]))
JEN;

+ > Ri(

JEN;

with V;(0) = 0, where

Xi(di + g;) B (A7)

—\T(AF)) = (12)

1 1%

Al = — —.
We would like to design u;, such that the Nash
equilibrium condition represented in inequality (8)

(d; + gi) R;;' BT

and the following state synchronization condition are
satisfied:

lim ||@; — xo|| =0, i =1,2,...,N. (13)

t—

Remark 1  The performance index function con-
sidered by Qin et al. (2019) is defined as

Ji (61 (0)7 u;, ’U,_i)

o0

Comparing Egs. (5) and (14), it can be seen that the
coupled terms with neighboring agents in the perfor-
mance index function are considered in this study.
In multi-agent systems, the behavior of agent i may
have an impact on its neighboring agents. There-
fore, the performance index function (5) is more nat-
ural for the optimal synchronization control of multi-
agent systems.

Remark 2  Based on Eq. (3), it can be derived
that
0=(L+G)®I,)(x—x),

where

5=[867,67,...,65]",

e =[af ], .. 2§,

_ T

Lo = ["BEJF?"BEJFV 7mg] )
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“®” is the Kronecker product, and I,, is an identity
matrix with dimension n. According to Vamvoudakis
et al. (2012), we have

& — o] < [|0]]/omin(L + G),

where oy (+) represents the minimum singular value
of the matrix. Therefore, the stability of the tracking
error dynamics represented in Eq. (4) guarantees the
state synchronization condition denoted by Eq. (13).

3 Main results
3.1 Multi-agent nonzero-sum game

A theorem is provided, which shows that the
solution to the HIB equation (i.e., Eq. (12)) satisfies
the Nash equilibrium condition (i.e., inequality (8))
under certain conditions.

Assume that the optimal control law
u is given as shown in Eq. (11), and that V; is the
positive definite smooth solution to the HJB equa-
tion (12). Then, system (4) is asymptotically stable.
The optimal control laws u} (i = 1,2,..., N) consti-
tute the Nash equilibrium, and the solution V; to the
HJB equation (12) is the optimal value of the game,

Theorem 1

ie.,

T (0:(0), ui, ul;) = Vi (8:(0) - (15)

Proof Choosing the iterative value function V; as
the Lyapunov function, it can be derived that

dv;_(aw

-\ 06,

T
1 ) A6i+(di+gi) Bui—ZeijBuj

JEN;

(16)
For the right-hand side of the Bellman equation,
ie., Eq. (10), adding and subtracting R;(u}) +

T
> Ri(u}) and (g?) (Aéi + (di + gi) Buj—

JEN;

4

> eijBu;f> , it can be derived that

JEN;
oV;
H; (51', 8—&»%,”1)

—,[t[Z <6i7 8_61-’ui’u_i) +Rz(uz) Rl('u’i)

+ > (Ri(uy) — Ri(u)))

JEN;

avi\ " .
+ (861-) (di + g;) B (u; —u))

A .
— (a_al> Z €ijB (’U,j - uj).

JEN;
According to Eq. (12), we have
Letting u; = u and u; = u} (j € N;), Eq. (17) can
be written as
dv;
dt

+67Qiidi + Ri(wi) + Y Ri(u;) =0. (18)
JEN;

dvi
It can be derived that T < 0, and thus system (4)

is asymptotically stable.
Based on Egs. (5) and (9), it can be derived that

Ji (6:(0), ui, u_;)
0 JEN;

+ V; (8:(0)) — V; (8:(c0))

— Z eijBuj> dt.

JEN;

(19)

Because of the asymptotic stability of system (4) and
the boundary condition V;(0) = 0, it can be derived
that V;(9;(c0)) = 0. Then, substituting Eq. (12) into
Eq. (19) and completing the squares, we can obtain

Ji (51 (O), u;, ’U,_i)

00 wi/\;
= i(éi(o))+/0 (2/*”‘ A2 (w1 (s)

— @ (ui /A)) " Rids

avi\" .
— 9 Z BijB (UJ — uj) dt (20)
! JEN;
For u_; = u* ;, it can be obtained that
Ji (61(0), u;, u*_z)
i)+ [ 22 [ @)
0 wl /A
—o 1t (ul/\)) " Rudsdt, (21)
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For Eq. (21), it can be derived that
Lo, ¢

_ZTM /

g=1 u;/A

= (s) — 0 (ui/\) | Risds

Uiq/Ni
![,—1 (8q) —

v (u, /A) s,
(22)

where ¥ ~! = arctanh(-) is monotonically increasing,
ie., (W’l)/ > (. Therefore, based on the mean value
theorem for integrals, it can be derived that

Uiq/Ni
[ -
u;‘q/)\i
- (LP ! (5q) — ( zq/)‘ )) (uiq/)‘i - ufq/)‘i)
>0,
(23)

where 8, is between u, / Ai and w;q/X;. Therefore,
the second term of the right-hand side of Eq. (21)
is positive. If w; = u}, it can be derived that the
solution V; to Eq. (12) is the optimal value of the
game. Comparing Eqs. (21) and (15), it can be ob-
tained that the condition expressed in inequality (8)
is satisfied. The proof is completed.

3.2 Policy iteration method for solving the
HJB equation

In the previous subsection, it was derived that
the optimal control, represented in Eq. (11), can be
calculated to construct the Nash equilibrium rep-
resented in inequality (8). However, the optimal
control in Eq. (11) requires the information of V*,
which can be calculated from the HIB equation (12).
The HIB equation (12) is a nonlinear partial differ-
ential equation, which is hard to solve analytically.
Therefore, a policy iteration method is provided (Al-
gorithm 1) to solve the HIB equation (12) numer-
ically. Then, a theorem can be provided, which
shows the convergence of the presented policy itera-
tion method.
Theorem 2  Assume that agent 7 and its neigh-
bors update their control policies according to Algo-
rithm 1. Then, policies u¥ and u*; converge to the
Nash equilibrium, and V converges to V;*, where
V.* is the solution to the HIB equation (12).

Integrating Vik — Vikﬂ

Proof along the system

Z e”Bu (26)

JEN;

0; =Ad; + (d; + g;) BuFt! —

Algorithm 1 Policy iteration method
Initialization: Give the initial stabilizing control laws
uli=1,2,...,N

Iteration:
1: Let k=0
2: For i = 1,2,..., N, solve for V¥ from the following
equation:
avENT
JEN;
+5 Qu‘s +R ZR u] _0
JEN;
(24)
3: Forv=1,2,..., N, update the control laws as
1%
EHL 15T
u; = -—-\¥ (2/\ (di+g9:)R; B 96, ) (25)

4: Let k = k+1; repeat steps 2 and 3 until convergence

5: return V¥ wf i=1,2,... N

we have

Vk _ Vk+l
T
:/ a‘/l 61' - BV; 61' dr.
¢ 00; 00;
Based on Eq. (24), we have

T
k+1
(a‘ga_ ) (Acii—i—(di—i—gi)Buf*l

-> €ijBufH> + 6, Qi

JEN;

k-‘rl Z R k-‘rl

JEN;

(28)

Subtracting and adding Egs. (24) and (2
right-hand side of Eq. (27), we have

8V;—k+l T5' B av;k T(;l
00; ‘ 00; '
T

8) to the

(29)
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For Eq. (29), we have

k T
f“)*—(%) (di+g:) B (uf—uf™)

=R;(uf) — Ri(uj*")

-1 “iﬁl ' k k+1
— 2/\1 v )\— Rii (’U,l —u; )

(30)
and
> Ri(uh) = > Ri(ufth)
JEN; JEN;
u’?//\]
=3 2A§/ ’ (T (s))" Ry;ds (31)
k+1
JEN; U //\J

Therefore, we can rewrite Eq. (27) as

k k+1
Vi,

Il
r\
8
g

ui /A LT
2)\2 / o, (7' (s)) Rijds

) ) » u’?""l T
v (S) 4 ;\— RiidS

E BijB (u?“ — uf) dr.
JEN;

(32)

Based on Eq. (22) and inequality (23), it can be
derived that

u?/Ai k+1 T
/ (!pl (S) —yp! <u1—>> R;;ds > 0.
bt/ Ai

(33)
For Eq. (32), if e;; and omax (R;;) are small enough,
where opax () represents the maximum singular
value of the matrix, it can be derived that Vlk >
Vik+l. According to Eq. (9), we have V¥ > 0. There-
fore, V¥ is convergent as k — co. As V;* is the opti-
mal iterative value function obtained by minimizing
Eq. (9), we have klgi;o Vk = V> > V*. Therefore, it
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can be derived that V;* converges to V;*, where V;* is
the solution to Eq. (12). The proof is completed.

However, system matrices are still required to
solve Eqgs. (24) and (25). A novel off-policy rein-
forcement learning method will be presented in the
next subsection without the information of system
matrices.

3.3 Model-free off-policy reinforcement learn-
ing method for solving the HJB equation

We can rewrite the tracking error dynamics, rep-
resented in Eq. (4), as follows:

0; =A8; + (di + g:) B (u; — uf) + (d; + g:) Buj

— Z BijB’U/? — Z BijB (’I,Lj — uf)
JEN; JEN;
(34)

Taking the derivative of V¥ along system (34), we
have

) v\ T,
k _ 7 )
=) &

avi\"
_< 5 ) A8 eijBul+(di+g;) Buf
! JEN;
v\ T
' (aai ) (e 90 B (s = i)
v\ T
_ ( 861 ) Z eijB (UJ — ’Uz;c)
JEN;
(35)
According to Eq. (25), we have
1 ovF
L ) —-1T 4
AT = N (d; + 9i) R;; B 25 (36)

Then, substituting Eqgs. (24) and (36) into Eq. (35),
it can be derived that

VE(8:(t) = Vi* (8:(1))

t
:/ vkdr

t
+ t t
[ 5TQubidr / Ri(ub)dr— / S Ri(ub)dr
t t t

JEN;

t/
+/ 2)\i(A§+1)TRii(ui —uf)dT

t
tjen; i+

i (Ai-Hl)TRii(’U,j — ’uf)dT

(37)
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Therefore, it can be seen that the system matrices are
not included in Eq. (37). Based on the Weierstrass
high-order approximation theorem (Abu-Khalaf and
Lewis, 2005), the critic and actor NNs can be intro-

duced as

VE = (¢i(8:)) W

AAfll = (SO'U/LII (61))TW’u,kll17
where ¢; € R and Puil, € Rhuty (h,=1,2,...,m)

k

are activation functions. W} and W, are constant

weights. Eq. (39) can be written in the following
compact form:

As=[ 4y Ay . 4]

= [ (uit (80)) T WEL (puin(6:)) Wy

T
(Spuim (ai))qufim} .
(40)
Substituting Egs. (38) and (39) into Eq. (37), we can
obtain Eq. (41) (on the top of the next page), where

ak = —/\i!I/(AAf), oF represents the residual error,

and &, = 9;(t'). Then, Eq. (41) can be written in a
simplified form as follows:

0',5C = pﬁ[t’t’]Wik+l (42)

k
B NINGE

where

’

t t
Trf,[t,t’] :/t J;FQ”(sldT +/t Rl(ﬁf)dT

t/
+ / > Ri(af)dr,
t

JEN;

wi=[ Wit wEYT L wEnT ]

wil uim
pﬁ[t,t’] = [ Pﬁi pquil pqliim ] )
with
T
Pl = (¢:(6:) — ¢:(8})) ",
P, = 2Xi Z Tii sl
11=1
t/
Ak T
[ (o2 (85) a6
t

m

2\
- dl +gz Z Tii,lllg

11=1

/ t, D i (“ﬂl + AW (A?zl)) (it (6:)) " dr,

tojen;

forlo =1,2,...,m.

We would like to determine matrix Wf“ that can
minimize the residual error af . For a positive integer
v, we can define I'* and ITF as

T T T
k k k k
I7 = [(pi,[to,tl]) (pi,[tl,tg]) (Pi,[tv,l,tv]> ]

k _ k k
I = { Tiltosta]  Ti[ta,ta)

T

& T
ﬂ-i»[tv—l,tv] } '

Based on the least square approach, it can be ob-
tained that
-1
VVikH = ((Fz’k)TFik> (Fik)THik' (43)

A model-free off-policy reinforcement learning algo-
rithm can be provided in Algorithm 2.

Algorithm 2 Model-free off-policy reinforcement

learning

Initialization: Choose the initial stabilizing network
weights ij“l fori=1,2,...,N, L =1,2,...,m;
choose the computation precision ¢

Iteration:

1: Employ the control laws w; (i = 1,2,...,N) with
exploration noises to system (34) on the time interval
[to,tu]. Collect the system data {d;,u;} for i =
1,2,...,N

2: Let iteration index k =0

k k k
3: Compute Pilto,t1]s Piltq,ta]r -

i[to—1to] and

Trfw[tvflvtv]

4: Compute W/ according to Eq. (43)

5: Let iteration index k = k + 1; repeat steps 2 and 3
until HW;C+1 — WfH <egfork>1

6: return W) i=1,2,...,N

k k
Tilto,t1]> Tis[t1 2]+

Lemma 1  For system (4), if the iterative value
functions and iterative control laws are designed as
Egs. (38) and (39), respectively, where the weights
WE and Wfﬂl (b = 1,2,...,m) are updated as
Algorithm 2, kli{r;o af =ul (i=1,2,...,N).

The proof process can be found in Li JN et al.
(2017) and Qin et al. (2019), and thus is omitted
here.

Remark 3 In Algorithm 2, the selection of the con-
trol laws w; (i = 1,2, ..., N) is the key to the conver-
gence of the algorithm. Generally, the control laws
are selected as u; = —K;0; + & (i = 1,2,...,N),
where &; is the exploration noise and K is the sta-
bilizing gain matrix.

Remark 4 For traditional on-policy integral rein-
forcement learning methods (Vrabie and Lewis, 2011;
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=(¢i(0:) — $:(6;))

1017

/6Q“6d7—/ Ri( dT—/t > Ri(a

JEN;

o35 8 [ (o0 (48)) 00T WL

11=112=1

JEN;

Liu et al., 2021), the performance index function
is evaluated using the inaccurate data, which cause
a biased estimation. The presented off-policy rein-
forcement learning method can avoid this problem
and thus obtain results with higher accuracy.

4 Numerical analysis

In this section, a simulation example is pro-
vided to show the good performance of the presented
method. The structure of the multi-agent systems is
shown in Fig. 1, with the following dynamics:

o[ 3] e 2]

The Laplacian matrix and the pinning matrix are
given as

1 -1 0 1
L= 0o 1 -11,G= 0
-1 -1 2 0
We define the weight matrices of the perfor-

mance index function, represented by Eq. (5), as
follows:

Qi = Iz, Qo2 =213, Q33 =1.51,
Ri1 =2, Ryp =1, R33 =3,
Ryp = 0.02, Ros = 0.01, Ray = 0.03, Ray = 0.01.

The simulation is performed with x(0) = [1 1]T,
z1(0) = [0.5 —0.5]T, 22(0) = [I —0.5]T, z3(0) =
[2 — 1]T, )\1 = 2, AQ = 15, Ag = 3. FiI‘St, we
collect the system data {d;,u;} every 0.01 s for i =
1,2,3. Then, we solve Eq. (43) iteratively based on
the collected system data. The activation functions
¢i(0;) and ¢,;(6;) are chosen as

¢i(6;) =
Pui(6;) =

(67 0i0i0 05)7T,
[0i1 Oz 0% iz 0%] .

2+igi llz::l 122—: Tii zllz/ > ey um + A (A )> (Puita (8:)) Wi Hdr.

(41)

The simulation results are shown in Figs. 2—6.
The weights of critic and actor NNs are shown in
Figs. 2 and 3, respectively, which show the stability
of Algorithm 2. The synchronization error curves are
provided in Fig. 4, and the three-dimensional curves
are provided in Fig. 5. From Figs. 4 and 5, it can
be derived that the optimal synchronization control
is achieved. The control curves are shown in Fig. 6,
verifying that the control constraint is satisfied.

5 Conclusions

The nonzero-sum game problem of multi-agent
systems with input saturation has been studied

Fig. 1 Structure of the multi-agent systems

2 0/\_/;
S~
A=

2 4 6 8 10 12 14 16

oF .

2\/\

_4. L L L L L L 4
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Fig. 2 Weights of critic neural networks of the multi-
agent systems
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Fig. 3 Weights of actor neural networks of the multi-
agent systems
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Fig. 4
systems

Synchronization errors of the multi-agent

based on the model-free off-policy reinforcement
learning method. It is shown that the presented
off-policy reinforcement learning algorithm can make
the iterative control laws converge to the Nash equi-
librium without the information of system models.
The simulation results showed the good performance

of the presented method.
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