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Abstract: This paper investigates the issue of event-triggered adaptive finite-time state-constrained control for
multi-input multi-output uncertain nonlinear systems. To prevent asymmetric time-varying state constraints from
being violated, a tan-type nonlinear mapping is established to transform the considered system into an equivalent
“non-constrained” system. By employing a smooth switch function in the virtual control signals, the singularity in
the traditional finite-time dynamic surface control can be avoided. Fuzzy logic systems are used to compensate for
the unknown functions. A suitable event-triggering rule is introduced to determine when to transmit the control
laws. Through Lyapunov analysis, the closed-loop system is proved to be semi-globally practical finite-time stable,
and the state constraints are never violated. Simulations are provided to evaluate the effectiveness of the proposed
approach.
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1 Introduction

In recent years, some meaningful control tech-
nologies have been studied for a class of uncertain
nonlinear systems. As an effective control method,
backstepping control technology has been investi-
gated and applied in uncertain nonlinear systems.
To avoid the issue of “complexity explosion,” dy-
namic surface control (DSC) (Swaroop et al., 2000)
and command filter backstepping (Dong et al., 2012)
have been proposed. Fuzzy logic systems (FLSs)
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(Yu et al., 2015; Tian et al., 2016) or neural net-
works (NNs) (Ge and Wang, 2004; Wang M et al.,
2010) are usually combined with adaptive backstep-
ping control technology to compensate for the un-
known smooth functions.

Note that output/state constraints often oc-
cur in practical systems. The transgression of out-
put/state constraints may decrease system perfor-
mance or even cause danger. Considering the out-
put/state constraints, barrier Lyapunov function
(BLF) based control approaches have been proposed
by Tee et al. (2009).
BLFs have been presented, such as log-type BLFs
(Li GJ, 2017; Wei et al., 2019), tan-type BLFs (Jin,
2016), and integral BLFs (iBLFs) (Tee and Ge, 2012;

Since then, many kinds of
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Wei et al., 2020b). When using log-type BLFs or
tan-type BLFs, the output/state constraints should
be transformed on error constraints, which leads to
the initial state selection tending to be conservative.
When applying iBLFs, the output/state constraints
can be handled directly. However, feasibility condi-
tions for virtual control signals are usually needed
(Zhao and Song, 2019). Another effective way to
handle output/state constraints is nonlinear map-
ping (NM). When using NM, the considered system
can be transformed into a new system that is free of
constraints. Then, the controller is designed based
on the transformed system, so that the state con-
straints of the system will not be violated. To settle
the output constraints, a log-type NM function was
proposed by Guo and Wu (2014). A neural DSC ap-
proach for state-constrained systems using log-type
NM was presented by Zhang et al. (2017). A com-
mand filter backstepping state-constrained control
scheme for multi-input multi-output (MIMO) sys-
tems using NM was designed by Qiu et al. (2020),
and Liu YL et al. (2018) extended this work to asym-
metric time-varying constraints. Some new forms of
NM have also been put forward to handle the prob-
lem of output/state constraints, such as tanh-type
NM (Hua and Zhang, 2020a) and fraction-type NM.
However, if there are no requirements for state con-
straints, the restrictions of state constraints cannot
be ignored in these studies.

It is noticed that the above studies cannot guar-
antee that the system will achieve the control goal
in finite time. Different from infinite-time control
approaches, finite-time control approaches have bet-
ter robustness and tracking performance. Recently,
many studies have been done on finite-time control
of nonlinear uncertain systems (Miao et al., 2016;
Wang F et al., 2018; Li YM et al., 2019; Xue et al.,
2020). Among them, Wang F et al. (2018) proposed
an adaptive fuzzy finite-time control method. A
finite-time adaptive DSC approach for MIMO uncer-
tain systems was developed by Li YM et al. (2019),
a fuzzy finite-time command filtered control scheme
was developed by Yu et al. (2018), and Xia et al.
(2019) performed studies of finite-time control for
systems subject to state constraints. In previous
studies, an exponential parameter 0 < 2 < 1 was
used in the virtual control laws. Unfortunately, when
tracking errors converge to zero, the time derivative

of the virtual control laws will grow infinitely. To
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avoid this problem, a C'! smooth finite-time NN con-
trol scheme using a log-type BLF was proposed by
Cui B et al. (2020).

The above-mentioned studies are based on time-
triggered methods.
sources, event-triggered control (ETC) approaches
have received much attention. ETC-related meth-
ods have been studied using FLSs or NNs (Liu TF
and Jiang, 2015; Sahoo et al., 2016; Wang YY et al.,
2019; Zhu et al., 2020). Among them, ETC schemes
were investigated with the help of input-to-state sta-
bility (ISS) (Liu TF and Jiang, 2015; Sahoo et al.,
2016; Wang YC et al., 2017). To remove the ISS
assumption, an ETC-based adaptive approach for
uncertain nonlinear systems was proposed by Xing
et al. (2017). ETC approaches have been applied
widely in other systems (Li BW et al., 2018; Demirel
et al., 2019; Liu Y et al., 2020; Xu et al., 2020; Zhu
et al.,, 2020). Recently, finite-time control meth-
ods using event-triggered strategies were also in-
vestigated (Chen MH et al., 2020).
event-triggered finite-time control scheme was pro-
posed by Chen MH et al. (2020), and event-triggered
state-constrained control method was investigated
by Wang YC et al. (2020).
triggered finite-time state-constrained control prob-

To save communication re-

An adaptive

However, the event-

lem has not been mentioned.

Motivated by existing results, an event-
triggered adaptive smooth finite-time DSC approach
for MIMO uncertain nonlinear systems under asym-
metric time-varying full state constraints is provided.
The contributions of this paper are summarized as
follows:

1. A novel NM function is introduced to trans-
form an asymmetric time-varying state-constrained
system into a new system that is free of constraints.
Different from existing NM-based control methods
(Guo and Wu, 2014; Hua and Zhang, 2020a; Zhao
and Song, 2020), the tan-type NM-based control
scheme is also available without state constraint re-
quirements. Different from the tan-type NM-based
method proposed by Wei et al. (2020a), we ex-
tend this work to deal with asymmetric time-varying
constraints.

2. A new ETC-based smooth finite-time DSC
approach is introduced for state-constrained sys-
tems. Note that some finite-time DSC-based control
strategies have been developed (Li YM et al., 2019).

However, when the tracking errors converge to zero,
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the time derivative of the virtual control laws grows
infinitely. To solve this problem, smooth switch func-
tions are applied to the virtual laws. Then, the sin-
gularity in the traditional finite-time DSC can be
avoided. Different from the smooth finite-time ap-
proach using BLFs by Cui B et al. (2020), a tan-type
NM is applied to settle the state constraints directly.
Moreover, an ETC rule is introduced to reduce the
burden of communication while maintaining the sta-
bility of the state-constrained system.

2 Problem formulation and preliminar-
ies

2.1 System description

Given a class of MIMO nonlinear systems in the
following strict-feedback form:

= Fjr, (@jir;) + Gl (Tjir, )25 415
j: 1727"' , N, T = 1727"' IR _17
x.j,mj = Fj»mj (Xv ‘Fj*l) + Gj»mj ("ij,mj )Tj (t),

Yj = Tj1,

Lj,r;

(1)
[xj,laxj,Qa"' € Rrja
Tj,r; denote the states,
Fj, (xj,;) and Fj, (X,T;_1) are smooth non-
[T, 27, ,a:;-f]T with

T _
zj = [minwie wimg] s G (@) and
Gjm; (®;m;) are nonzero control gains, 7;(t) is the

’ */L'j,rj]
system

where ;.

and @,

linear functions, X =

T
,ijl] S
€ R™ denotes the

control inputs with 7,1 = [r, 7, -
RIY and y = [y1,y2, )
system output.

The aim of this work is to design an event-
triggered adaptive finite-time fuzzy control approach
using a tan-type NM, such that the asymmetric time-
varying state constraints are never transgressed and
y; can follow the reference signal y4; in finite time.
Remark 1 The system described in Eq. (1) is a
general MIMO strict-feedback system that can be
found in many practical applications, such as robotic
systems (Zhang et al., 2018), aero vehicle systems
(Hua and Zhang, 2020b), and underwater vehicle
systems (Wang LJ et al., 2020). Meanwhile, output/
state constraints often exist in these systems.
Assumption 1 The control gain G, is bounded.
The control gain G ,,,; is known and bounded. There
exist constants gp > 0 and g; > 0 such that 0 < gg <
Gr;| < 91

Assumption 2 The reference signal yq;(t) satis-
fies ya;(t) € @y = {lya;(t)| < baj1 < bja, VE >
0}, where bgj1 > 0 and bj; > 0 are constants.
Meanwhile, the j*h-order derivatives of ya;(t) (j =
1,2,...,n) are continuous and bounded.

2.2 Finite time

Definition 1 (Wang F et al., 2018)  Consider the
system ¢ = ¢(s,7), <(to) = <p. If a constant ¢ and
a settling time Ty < oo exist, where |¢| < ¢, Vt >
to + Ts, then the equilibrium point ¢ = 0 of the
system is semi-globally practical finite-time stable
(SGPFS).

Lemma 1 (Hardy et al., 1952)  For Vw € R and
0 <2 < 1, the following inequality holds:

m ! m m !
Doloil ] <D el <mt Y el ] (@)
j=1 Jj=1 Jj=1

Lemma 2 (Qian and Lin, 2001) For any variables
x1 and y2 and positive constants ¢, ¢2, and g3, one
has

S1
S1+ <2

CH—
< S2 €1+<2. 3
e bl 3)

|§1 +<2

x| [xal? < s3lxa

Lemma 3 (Polycarpou, 1996) Considering the
constant i > 0 and Vs € R, the following inequality
holds:

0< |¢| — ctanh (%) < 0.2785h. (4)

Lemma 4 (Chen CLP et al., 2014) For ¢1,¢ € R,
the following Young’s inequality holds:

< Xlap + e (5)
G1¢2 = P 1 q)\q S217,

where A > 0, p > 1, and ¢ > 1 with (p—1)(¢—1) = 1.
Lemma 5 (Wang F et al.,, 2018)  Consider the
system ¢ = ¢(s, 7) and the Lyapunov function V().
If there exist ¢; > 0, c2 > 0, and 0 < 2 < 1, so that

V() < —e1V's) + ca, (6)
then the system ¢ = ¢(¢, 7) is SGPFS.
2.3 Fuzzy logic systems

FLSs are designed to compensate for unknown

functions. The inference rules can be described as
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RI: If ¢ is H], ¢2 is H}, -+, and «, is H}, then y
is K7 (3=1,2,---,N), where g; represents the FLS
input, vy is the FLS output, and N represents the
number of rules. HJ and K7 are fuzzy sets, associated
with the fuzzy membership functions pps(s,) and
s (y), respectively.

By the singleton fuzzifier and center average de-
fuzzification, the FLS can be described as

Zjvzl [gy H::l Hp? (9”)]
Zjvzl | HH? (sr)

here y, = .
where ¥, I;léiﬁ(/ix:(y)

y(s) = ; (7)

The fuzzy basis function is defined as

[L—y pmo (sr)

S, = — . (8)
! Z;V:1 | o (sr)
Denote OT = (71,72, ,UN] = (01,02, ,OnN]
and S(s) = [91(s),52(¢), - ,Sn(s)]T.  Then,

Eq. (7) can be described as
y(s) = @7 5(s). (9)

Lemma 6 (Tong et al., 2012)
ous function h(¢) which is defined on a compact set
2. Then, a fuzzy logic system exists such that

Consider a continu-

sup [(s) — ©TS(s)] < 4, (10)
zes?
where § > 0 is a bounded constant.

Define the optimal approximation weight as

©* = min sup|h(g)—@TS(g)|]. The function
o)

SEO |z B
f(z) can be expressed as f(c) = (@*)TS(c) + 9,
where 0 is a bounded constant.

2.4 Nonlinear mapping

Definition 2
defined as follows:

w= q(x)%g tan (;%) +(1- q(x))%b tan (ﬂ_x) ,

A tan-type NM function &(x) is

where

1, x>0,
q(w)Z{

0, z <0.

For ease of notation, ¢(x) is abbreviated as ¢, and
b > 0and b > 0 are time-varying state constraints of
2. Then we can obtain the time derivative of Eq. (11)
as

w =+ vi, (13)
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where p and v are given as follows:

25 Tw b 5 (T

— tan (—_) — —=sec (—_)

U 20 b 2b

+(1-9q) 2 ta s zb e i
Dz ™\ %) " 2™\ )|

v = gsec? (%) + (1 — g)sec? (7;—2) . (15)

Using Eq. (13), the considered system (1) can be
transformed as

"=q

Wiry = fJ}Tj + Wjrj+1

s=1,2,---,n, r; =1,2,--- ,m; — 1,

(16)
@jm; = Jim; + Gim; T (t),
y;‘ = Wj,1,
where
Finy =Vir; (Fir; + Gy Ty 41) (17)
+ Wjr; — Wjrs+1s
Fim; = Vim; Fjm; + tjm,, (18)
Gjm; = Vim; Gjm,- (19)

Meanwhile, yq; can be transformed as

201 TYd; 2b; | TYd;
p- tan <le) +(1—q)7 tan <2Qj,1) .
(20)
Lemma 7 Consider the sets 2, = {x;,,(t) :
_bj,rj < Tjr; (t) < bj,rj} and 2, = {wjﬁ. (t) :
wjr,;(t) € R}. For any initial condition satisfying
zjr,(0) € £2,, if the signal w; ., (t) is bounded, then
i (1) € 24, VE> 0.
Proof The proof is provided in Appendix A.
Consider the sets 2, = {x;,,(t) :
=bjr, < T (t) < bjr,} and 2o = {wj,, () :
w@j,r,(t) € R}, and parameters [*,1 € R. If the signal
@, (t) = 1%, then aj . (£) — 1 =& (1%).
Proof The proof is provided in Appendix B.
Remark 2 We compare the proposed tan-type NM
with the existing log-type NM (Guo and Wu, 2014).
For fair comparison, we discuss only the case of sym-

yéij:q

Lemma 8

metric constraints. That is, the state x; ., is required
to remain in the set 2, = {x;,,| = bj,, < zj,; <
bjr;}, where bj,. > 0 is a constraint.

When no state constraints are required, that is,
bj; — 00, then we have

2bj rj T r;
s t s3T5 — _—
T an < 2b; r; Ty (21)

lim wj,rj =
bj,rj — 00
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When b;,-, — oo, the log-type NM proposed by
Guo and Wu (2014) can be rewritten as

bir, + T

lim o, =g (4) =0. (22
bj’rj*)OO b.j7Tj — Lj,r;

It can be seen from Eq. (21) that when bj ., — o0,

@jr; — Tjr;. Thus, the states of the original sys-
tem will not be affected by the tan-type NM. How-
ever, from Eq. (22) we can see that when b;,, — oo,
@;r; — 0. Therefore, tan-type NM is a versatile
function, which is more suitable to handle state con-
straint problems.

Remark 3 It is noticed that a tan-type NM was
proposed in our previous paper (Wei et al., 2020a).
However, the tan-type NM proposed in Wei et al.
(2020a) was a symmetrical one. In this study, we ex-
tend tan-type nonlinear mapping to solve the prob-
lem of asymmetric state constraints. That is to say,
compared with the old tan-type NM, the new tan-
type NM is a more general one.

3 Event-triggered finite-time
troller design

con-

Fig. 1 shows the main structure of the designed
control method. First, the error equations are de-
fined as

Xil = @51 — Yaj» (23)
Xjr; = Wir; — U;,Tj’ (24)
Zjr; = /U;-:,T]‘ — Vjr—1, (25)

where x;1 denotes the tracking error, x;, -, denotes
the error surface, v; .., is the virtual control law, and
vj . denotes the filtered value of vjr; .

1. Step 4,1 (j =1,2,---,n)

Virtual
controller

Virtual
controller

Yy [ Nonlinear |,/
mapping ik

£ fr

A A
@ O, (2] en

—4 Adaptive law Adaptive law
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According to Egs. (16), (23), and (24), the time
derivative of ;1 is given by
Xj,l = fj,l + ;.2 4+ V5,1 4+ 252 — y;] (26)
Construct the Lyapunov function candidate (LFC)
as follows:
1, 1 1~
Vj,l = §Xj,1 + Fjlej’lej,la

)

(27)

where ;1 > 0 is a constant, 6;; = 67, — 6,1,
O, denotes the optimal weight, and éjyl denotes
the adaptive weight.

Differentiating Vj; 1 respective to time and con-
sidering Eq. (26), we have

Vin =x;,1 (051851 + 61 + @2 + vj1 + 2
1 -1 2
—91:) ——6.,6,;.
yd]) Yi1 7,195,1
(28)
We design the virtual control law as follows:

3 AT -
Ui = = 5 X~ kjaega (i) = 65,85 + v,
(29)
where k;1 > 0 is a constant. a;1(x;,1) is a smooth
switch function, which is defined as
21—1
Xj,ll
071X +hiaxias Ixsal < e,
(30)
where €;1 is a small positive constant, g;1 = (2 —
z)e?ﬁ”, and hj1 = (1 — 1)6??{4.
The adaptive law is presented as follows:

s Ixgal > €,

aj1(xj1) = {

Qj,l = Y5,1 (xj,lSj,l — Iij’léj’1> y (31)

where ;1 > 0 and ;1 > 0 are constants. Substi-
First-order
filter

Vi -
m-1

Vm-1 X i
'"’—)gg-*_ m’-)l ETC rule |—)| F'”al'l
4 controller
Tmy Nonlinear H Constrained l_yf)
mappin system
I:FLS:IS pping YT
A Unconstrained Inverse
F+1 Oy Oy, system | mapping |

—4 Adaptive law

Fig. 1 Block diagram of the proposed control approach
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tuting Egs. (29) and (31) into Eq. (28), we have

. 3 ~T =
Vipg=— §X?,1 = kjixjaea(x;a) + 61051651
+ Xj.1 (Sj,l + Xj,2 + Zj’Q) .
(32)
Using Young’s inequality, we have
X5,1(851 + Xj.2 + 2j,2)
L1 1
2XJ 1t 2537 + 2XJ>2 +3 2 J>2’ (33)

61651 < 5 (165117~ 167,1)
Substituting inequality (33) into Eq. (32) yields

. Ii71 -~
Vin < —=kjaxgiegi(x) — ]—||6j,1||2

1, 1 (34)
+ 2X]2 + 2Z]2 +D]>17
where Dj; = sz_lHe;lHQ ;5321
2. Step j,r; (j =1,2,-- r;=2,3,---,m—
1)
The time derivative of x;, ., is given by
. *T <
Xj,r; :9-T.S-,rj +0jr; + Vi F Zjr41
J J 7, j J (35)
+ Wjrj+1 — _],T‘]
Consider the LFC as follows:
1, 15 1 -7 =
Vies = 3%, 3%, 55—050,8iirss - (30)
3T

where 7y; ,, > 0 is a design parameter, éj,” 9;‘ o
éj,rj, ©; ., denotes the optimal weight, and 9”]
denotes the adaptive updating weight. Taking the

time derivative of V.. yields

. . . 1 -7 3
Vj»Tj = Xy Xy T 2 %y — Y%
Vi
(37)
The first-order filter is introduced as follows:
0 = =0y 2y Vo (0) = 03, 1(0). (38)
According to Egs. (25) and (38), we have
'éj»rj = —0jr;%jr; t 6J»Tj7 (39)

where ;. is a continuous function. Substituting
Egs. (35) and (39) into Eq. (37), we have

Vj,rj =Xj,rj (ej r; SJ r T 5j»Tj + Vi + 24
1 -7 *
+Xg ri+1 T jT]) - T YiriYarg
Vi,

+ Zjr; (_UJ}TJ'ZJ}TJ‘ + ﬁjvTj) :

The virtual control law is designed as follows:

2Xjr; — Ky, (Xj»Tj )
AT ) (a)
- QJ}TJ'SJ'»TJ‘ + Ujrso

Vjr; = —

where kj ;.. is a positive constant. «;,,, is a smooth
switch function provided as

21—1
S Xy o
a]#j -

3
0j,r; Xgr; T hj,rij,rja |Xj>7‘j| < €y
(42)
where ¢, is a small positive constant, g;,, = (2 —
20-2 20—4
z)ejlr and hy,, = (1 — 1)6]-71” .
The adaptive law is designed as follows:

IXjrs | = €5y

ejyrj = Yj,r; (Xj7Tij>Tj - '%J}Tjejyrg) ) (43>

where ;. > 0 is a design constant. Substituting

Egs. (41) and (43) into Eq. (40) yields
Vj#j = — Kjor; Xg,ry Qi (XJ}TJ')

) _
— Gjir; % s + Xiiry (Ojiry + Zjirsr1 + Xirs 1)

2
2Xj,Tj

~T =
+ Zjr; 6J»Tj + K/jvrjej,rjej’rj'
(44)
Using Young’s inequality, we have

Xi,rj (SJ}TJ‘ + Zjri+1 + vaTJ"‘l)
172 1 2 1 2
2X],r] + §5j,r] + 2Z_],T‘]+l + §Xj7Tj+l7
2

. . j’TJ 2
zjvrjﬁjvrj — 2192 ]77”] + 19

@ﬁ@ﬁ_QOMnm%wamw)

(45)
where ¥ is a nonzero constant. Substituting inequal-
ity (45) into Eq. (44), we have

1

y 1 2 2
Vjvrj < 5 Xy kj#j X Og,ry (XJ'J;') + §Xj7rj+1

D)

: 1
o Pirm ) 2 1o
Oj,rj 292 Zj,rj + 2Zj,Tj+1

Kiopr. ~
- %Hej,m I+ Djr),

(46)
where Dj .. = %192 ;5]2” R =6
3. Step j,m; (j=1,2,--- ,n)

Inspired by the studies in Xing et al. (2019), a

relative threshold ETC is introduced in this step:

oI

Tj(t) = wj(tk), Vit € [tk,tk+1), (47)
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trpr = Inf{t > tf|w; (t) — 75(t)| = dw; ()] + 0},
(48)
where 7;(t) denotes the actual controller, inf{-} de-
notes the infimum of {-}, w;(¢) is the control law,
tr denotes the updating time, and 0 < d < 1 and
0 < n < 1 are constants. When ¢ € [tg, tx11), the
actual control input 7;(¢) stays constant at w;(tx).
Then, we have
|w; (1) = 75(8)] < d|7(t)[ +n, ¥E=> 0. (49)
Therefore, there exist |s1(¢)] < 1 and |s2(t)] < 1,
which makes the following equality holds:

w;(t) = [1 4 51()d]7;(t) + s2(t)n.  (50)
Then we have
w;(t) sa2(t)n
(t) = —2 - : 51
0= T amd 1t s 04 (51)
The time derivative of x; ., is given as
. _ * T . 7. . .
Xj,m; _(ej.,:lj) Sjﬂnj +0 ;M + 9j,m;Tj (t> (52)
=0 m,—1-
Consider the LFC as follows:
1, 1, 1 1T -
Vims = 3Xam; + 5 %5m; ¥ O, Osom
(53)
where 7; ., is a positive constant, @; ,,;, = O} my

éj7mj7 6], denotes the optimal weight, and 9]7,,1].
denotes the adaptive weight. Then, the time deriva-
tive of Vj ., is given as
Vim; =Xgm;Xim; + Zj.m; Zj.m;
1 - 2
- —6,,,6m,.

. J,m;
Vj,m;

(54)

Similarly, the first-order filter is introduced as

follows:
’l.};,mj = —0j4,m;%j,m;, ’qu,mj (O> = ’Ujﬂnj—l(o)' (55)
According to Egs. (25) and (38), we have
Zjm; = —0j,m;%jm; + Bjymj' (56)

Substituting Eqgs. (52) and (56) into Eq. (54),

we have

3 o

gjymj (t>
— 3XGm; ~

J
1+51( )d

Jmy T

Xij,m; Qf.my + Xjm, [

~ Gim,s2(t)n

N .
i s+ B, |

2
- ijmjzj,mj + z]ﬂnjﬁjﬂnj

1 =x
+9] m; (ijmjsjvmj - Wejﬂnj> )
(57)
where vj ,, is given as follows:
3
Uj,m; :§Xj7mj + Kjom; Qm; (ijmj> (58)

+9J mySjms —

J N

where kj ,; is a positive constant. o ,; is a smooth
switch function designed as

21—1
XJ mj?
Qjom; =

3
Qj.m; Xgm; + gm; Xim,» Xgmy| < €5,m;

|Xj7mj| > €4,mj >

(59)
where € ., is a small positive constant, 0j m; = (2—
z)e?z?, and hj g, = (1 — 1)6?3;;1.
Using Young’s inequality, we have
g <k e
Xj,mj J.m5 —= X],m~ + 7,m; o
2 72 ¥ (60)
X . Bimj 2 1192
ZJ»mjﬁJ,mj = 992 Zjm; + 97

Substituting inequality (60) into Eq. (57), we have

. 2
Vim; <= Xjm; = Xgom; Qomy + Xjom, [1 + 81( )d

gijZ() 2 <2
_ Spmy A m =V J
1+51()d+3’ J]+ +2S’"1

~ 1 =
+ Oj,mj (Xj,ijj,mj - 9j,mj)
Yi,my

2
J,Mj 2
- (Gj,mj - 2192]> Zj.mye
(61)

Then, the ETC approach and the adaptive law are

designed as follows:

w;(t) = —9;, m] (1+d)’ujm tanh ()(Lm]ih%)
— g;m,1(1 + d) tanh (XJ_;ZJ”) ’

(62)

ej,mj = Yj,m; (Xj7mjsj,mj - :‘ﬁj,mjej,mj) , (63)
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where i > 0 and k., > 0 are constants. Substitut-
ing Eqs. (62) and (63) into inequality (61) yields
‘./j,mj S - X? mj

1+d
_ man] Vj,m; tanh (

1+d Xg,m; 1

- Xjm; Nt h(’—f)
11 i () ma T
gjyijQ(w

- Xj,m;
1+ s1(t)d

2
Jym 2 52
: (Uj’mj T2 ) Ty 19 " 258 m;°
(64)

Using Young’s inequality, Lemma 3, and the fact
1+ s1(t)d < 1+ d, we have

= Xj,m; Oj,m; + X3g,m; Vj,m

Jym; Uj,my )

h

~T ~
n + Kj,mjej,mj ej»mj

Xg,m; Vjm; )

1+d
g Xy Viom, tanh ( -

S 1+si(t)
_|Xj m; Uj,mj| + O2785h,
1+d Xg,m; 1

- ———Xjm tanh (’—J)

11 si(O)a ma T T
< —Ixjm; T]| + 0.2785h,

~T ~ ~

6,,0im, < 5 (16,17 ~ 165, 117).

(65)
From Assumption 1, we have that G, is
known and bounded. Then, g; ., is also bounded.

Therefore, there exist positive constants g; .., and

jm, such that 0 < Gim, < |9j,m;| < Gjm,;. Thus,
the following 1nequahty holdb
im, 52(t) 1 I, 2
— Ly im X5, +=g:,.n°. (66
1+ sy (0)d Fma = 5 Xom; + 5 8m" (60)

Substituting inequality (65) into inequality (66)
yields

. 1
Vj,m]‘<__ Z

Kj .
= 2Xj,mj = Xj,m; Qj,my; — ,7,2m] Hej,ij2

2
J,mj 292 Jymy

(67)
where Dj ;= 0.55Th+ 532 ,,,.1° + 39° + 302, +
11650, I
Remark 4 For most kinds of state-constrained
control methods based on log-type BLFs (Liu YJ
et al., 2020), integral BLFs (Tee and Ge, 2011), and
tan-type BLFs (Jin, 2016), feasibility conditions on
virtual controllers are all required. It can be seen
from Section 3 that the designed control approach in

J,mMj
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this study can handle the state constraints directly
without any feasibility conditions.
Remark 5 We can see from Egs. (3
(59) that o, (e;frj) = aj, (ej_,rj) = €
s (ef,) = djr(e,) = 20—1e7°-% Thus,
ajr;(Xjr;) are smooth switch functions. ~When
IXjr;| € [0, €], the time derivative of the virtual
control signals remains bounded. Different from the
C' smooth finite-time control approach proposed by
Cui B et al. (2020), the proposed control method is
an ETC approach. Using the event-triggered rule,
communication resources can be saved.

0), (42), and

21—1 and

4 Stability analysis

Theorem 1 Consider system (1), with Assump-
tions 1 and 2, under the virtual control laws (29),
(41), and (58), the adaptive laws (31), (43), and
(63), and the final control law (62), with the initial
states satisfying z;,r,(0) € £ = {x;r,(t) : =b;,, <
zjr, (t) < bj,,;}. Then, we have the following con-
clusions: (1) The closed-loop system is SGPFS; (2)
All signals of the closed-loop system are bounded,
and xj,, (t) € £2,, Vt > 0; (3) There exists a time
constant t, satisfying tx11 — tp > t,.

Proof The LFC is constructed as follows:

n m
= § : : : 77T]
j=1r;=1

(68)

Differentiating V' and considering inequalities (34),
(46), and (67), we have

Kaim. ~
7575 2
V <§ : § : ( J)T]X]7r]a]7r] - 2 H9]7T]H
Jj=1r;=1
n m
= 2
- E : § :0.77szj,rj7

J=1mr;=2

+ Dj)rj>

(69)
_ ﬁjz.,’r]‘ . .. .
where Ojr; = Ojir; — g+ The proof is divided into
two cases:

Case 1:

21—1
XjT

Kip.  ~
WEL 2
V <Z Z ( ],rj XJWJ - 2 HQJ'J]'H
Jj=1r;=1
n m
— 2
=D Tin iy

j:l Tj:2

When x| > €j,,, substituting o, =
into inequality (69) yields

X ij) (70)
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According to Lemma 2, let wi = 1, wy = Héj,er27

G1=16G6=1—1, andgg_z + . So we have

18,0, 1% < 163 + 16,1, 1. (71)

Similarly, let w; = 1, wy = z?,rj, 1 =16 =1—71,

1—2
and ¢3 =1 . We have

27 2
Ziry S8 Zjr,

(72)

Substituting inequalities (71) and (72) into inequal-
ity (70), we have

n m
Y
vszz( s, = 185, )

(73)

where =

Z;’L:I 22:2 53+

can be expressed as

Z?:l 27;:1 (K3 + DJ}TJ) +
Using Lemma 1, inequality (73)

V<—CV'+Cy, (74)

Where Cl = min{2zkj,rj, Ql_llﬁj,rj’)/j,rj, 215’]',1”]-}-
Case 2:  When [x;,r,;| < €j,r;, substituting o, =
Q). Xjory + Py X3, into inequality (69) yields

m

n
Kigp. &~
7,7 2
ey (g, ~ 56,00
n m
= 2
- E : § O.J»szj,rj'

j:l T4 =2
(75)
Using Lemma 1, inequality (74) can be changed to

4
+ kjﬂ”j |hjﬂ”j |€j7rj + Dj»""j)

V < —C5V +Cy, (76)

where C3 = min{2°k; ., 0j.r;, 2" K, Virss 2'Cjr, }
and 04 = Z?:l Z:;:l (kj,rj |hj,rj |€;{Tj + Dj,rj) .
First, we will prove conclusion (1). When
IXj,r;| > €jr;, considering Lemma 5 and inequal-
ity (74), we can conclude that the closed-loop system
is SGPFS. That is, a constant ¢ and a settling time
T, < oo exist such that |x;,,| < ¢, Vt > to + T,
When |x;,;| < €r;, we also have |x;,,,| < ¢. There-
fore, we conclude that the whole system is SGPFS.
In the following, we will prove conclusion (2).
From inequality (74) and the study by Wang F et al.
(2018), we have V < (OT) fort > to+17%. From

inequality (76), we have V < V(0)e™¢% + g;‘ Thus,

V is bounded. Considering Eq. (68), it follows that
Xjyrys Zjr, and éjyrj are bounded. Thus, we have
that @, éjﬁ., and v§ .
@;r; is bounded, from Lemma 7, we can determine
that the state constraints are not transgressed.

Finally, we will prove that conclusion (3) can
be achieved. Define the control sampling error as
e(t) = w(t) — 7(t), Vt € [tg, trt1)-
obtain

Cle(t)] = <) = sign(2)é < (o).

, are all bounded. Because

Then, we can

(77)

From Eq. (62), it can be seen that w;(t) is a continu-
ous and bounded function. Therefore, there exists a
constant @ such that |w(t)] < Q. From Eq. (62), we
have e(t;) = 0 and lim;_, , £(t) = dw;(t)|+n > n.
Then, the lower bound of the inter-execution interval
t, satisfies t, >
Remark 6 From inequalities (74) and (76), we can
obtain some suggestions on parameter selection. To
achieve a smaller tracking error, we can enlarge Cy
and C'5 while reducing C5 and Cy. Hence, we can se-
lect large k., and kj .7, and small k, 7, and 9.
Furthermore, the energy cost and the actual ability
of the control force must be considered when select-

%. Thus, Zeno behavior is avoided.

ing control parameters.

5 Simulation studies

In this section, two simulation examples are of-
fered to validate the effectiveness of the designed
ETC approach.

5.1 Example 1

Simulations of a fully actuated autonomous un-
derwater vehicle (AUV) are offered. The motion
functions of the AUV are described as follows:

w.l = J(w)w27
&y = F(xo) + M '7(t), (78)
Yy =y,

where &1 = [z, y, 1] denotes the position and yaw
angle of the AUV in the Earth frame, o = [u, v, r]*
denotes the linear velocities and yaw angular veloc-
ity in the body frame, J(%) is the rotation from the
AUV body frame to the Earth frame, M is the iner-
tia matrix, and F(x3) = M~ (C(x2) + D(x2)) T2
denotes the nonlinear function. The detailed descrip-
tions and the values of parameters can be found in
Cui RX et al. (2017).
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Using the NM function, Eq. (78) can be trans-

formed as
wi = f1 + @,

@y = fo + got(t), (79)
Yy =,
where
fi=vi (F +Jxzs) + py — w,
fo=voFs + o, (80)

go = VQJ.

Here, vy, vo, p1, and po can be obtained from
Egs. (14) and (15).

In this simulation, the function f5 =
[fi.2, f2.2, f3.2]T is assumed to be unknown. An FLS
is designed to compensate for the unknown function.
The fuzzy membership functions are selected as

(zj2+4-2)7

) =1,2,3.
4 :|7] )<

e {—

The control parameters are designed as k1 = ky = 5,

0'1:0.1,Z:%,61262:0.1,d20.1,n:
0.3, and 7~ = 5. The parameters of the adaptive
weights are given as 75 = 1 and ke = 10. The

selected simulation time is ¢ = 20 s. The initial
states are 1 = [—1, -1, %]T and &2 = [0, 0, O]T.
Other initial values are given as zero. The reference
trajectories are selected as xq = 1 + 2sin (%t) and
yqa = 1 —2cos (%t) Then, the desired yaw angle can
be calculated as ©q = arctan|[2(gq,#q)]. The state
constraints are selected as by = [5 + sin (Z),5 +
sin (%t) ,5000]T, b, = [4+sint,44sint,5000]T, by =
[5+sint,5 +sint,5 +sint]T, and b, = [4,4,4]T.
The simulation results are plotted in Figs. 2—6.
The output-tracking performance under asymmetric
time-varying state constraints is plotted in Fig. 2. At
4 and 12 s, the desired yaw angle 1)q changes from Z
to —Z. Fig. 3 depicts the linear velocities and yaw
angular velocity under constraints. The responses of
the adaptive weights are plotted in Fig. 4. The ETC
control law is shown in Fig. 5. The time intervals
are plotted in Fig. 6. As we can see from Fig. 2, the
system outputs can follow the reference trajectories
well. From Fig. 2, the system can also achieve good
trajectory tracking with large finite constraints. As
observed in Figs. 2 and 3, no state constraints are
violated. We can see from Figs. 2-5 that all signals
are bounded. In Fig. 6, for 71 (), 72(t), and 72(t), the
total numbers of triggers are 606, 450, and 278 re-
spectively, and the numbers of non-triggering events
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Fig. 2 Output-tracking performance under con-

straints « (a), y (b), and % (c) in Example 1
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Fig. 3 Trajectories of the system states under con-
straints u (a), v (b), and » (c) in Example 1

are 1394, 1450, and 1722 respectively. Thus, using
the designed ETC rule, the communication burden
can be reduced significantly.

5.2 Example 2

Consider a two-degrees-of-freedom robot ma-
nipulator system with state constraint (Jin, 2016),
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whose dynamics is presented as follows:

T = T2,
D(wl)iilg = T(t) — 0(33171122)1122 — G(iL’l) (81)
— F(.’Bl, CCQ,t),
Y=,
25 A
— 16,
20 —le.l

o 1.5
<
1.0
0.5
0 . !
0 2 4 6 8 10 12 14 16 18 20
Time (s)
Fig. 4 Responses of the adaptive weights in
Example 1
1000 — 10 |
— 1
—
500
€
= 0
~
-500
-1000
0 5 10 15 20
Time (s)

Fig. 5 Trajectories of control inputs in Example 1
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Fig. 6 Time intervals of triggering events 71(t) (a),
72(t) (b), and 73(t) (c) in Example 1
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where r1 = [Il,l,IQ,l]T and o = [ILQ,IQ’Q]T de-
note the joint position and velocity vectors, respec-
tively, D(x1) denotes the inertia matrix, C'(x1, x2)
denotes the centripetal-Coriolis matrix, G(x1) de-
notes the gravity vector, and F'(x1, €2, t) denotes the
unmodeled structure vector. We define Fy(x1, x2) =
DY (z1)[-C(x1,z2)T2 — G(1) — F(x1,22,1)]. In
this simulation, the function F3(z1,22) is assumed
to be unknown. The detailed model information and
values of the parameters in Eq. (81) can be found in
Jin (2016).

The control parameters are selected as k1 =
k2:4,0120.1,22%,61262:0.1,d:0.1,
n = 0.3, and h = 5. The parameters of the adaptive
weights are given as v = 1 and ko = 10. The simu-
lation time is ¢ = 20 s. The initial states are x1(0) =
[0, 1]* and x2(0) = [0, 0]T. Other initial values are
given as zero. The desired trajectory is set as yq =
[1+sin (Z),1 — cos (Z%)]". The state constraints
are selected as by = [4+4sin (%t) ,4+4cos (%)]T7 b, =
[2+sint, 2+ cost]T, by = [4 +sin(2t),4 +sin (2t)]T,
and b, = [4+sin(2t), 4+ cos(2t)]T. The fuzzy mem-
bership functions are the same as those in Example 1.

The simulation results are plotted in Figs. 7-10.
The output-tracking performance under asymmetric
time-varying state constraints is plotted in Fig. 7.
Fig. 8 shows the system states under constraints.
The ETC control law 7(¢) is shown in Fig. 9. The
time intervals are plotted in Fig. 10. We can see from
Fig. 7 that the system outputs can follow the refer-
ence trajectories well. As observed in Figs. 7 and 8§,
the proposed control approach can be easily applied

6
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Time (s)
Fig. 7 Position-tracking performance under con-

straints 1,1 (a) and x2,1 (b) in Example 2
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Fig. 8 Trajectories of the system states under con-

straints ¢1,2 (a) and z2,2 (b) in Example 2
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Fig. 9 Trajectories of control inputs in Example 2

to cope with the asymmetric time-varying state con-
straints. In Fig. 10, for 7 and 7o, the total num-
bers of triggers are 337 and 329 respectively, and the
numbers of non-triggering events are 1663 and 1671
respectively. Thus, using the designed ETC rule, the
communication burden can be reduced significantly.

6 Conclusions

This paper investigated the issue of event-
triggered adaptive finite-time control for MIMO
nonlinear systems subject to asymmetric time-
varying state constraints. With the help of tan-type
NM, the considered system can be transformed
into an equivalent ‘non-constrained” one, and the
feasibility conditions can be removed. Based on the
transformed system and the smooth switch function,
a new adaptive fuzzy finite-time constrained-control
approach was presented. Furthermore, the energy
consumption was reduced using the designed ETC.

t-t_, (s)

0o 2 4 6 8 10 1 14 16
Time (s)

18 20

t-t_, (s)

18 20

0 2 4 6 8 10 12 14 16
Time (s)

Fig. 10 Time intervals of triggering events 71(t) (a)
and 72(t) (b) in Example 2

Stability analysis and two simulation examples were
offered to confirm the effectiveness of the proposed
ETC scheme.
result to stochastic switched systems.

Our future works will expand this
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Appendix A: Proof of Lemma 7

Using proof by contradiction: Suppose that
some time ¢t = ¢; and a constant A > 0 exist, such
that xj,rj (tl) = l_)j,rj + A or xj,rj (tl) = _bj,rj — A.
Because -, (t) is a continuous function, there exists
a time instant 0 < t* < ¢; such that z;,, (t*) = bj,
or xjr, (") = —b;, . Then, we have @;,, (t*) =
fjﬂ”j (bj»Tj) = 00 O Wj,r; (t) = gj»rj(_bj,rj) = —00,
which leads to the boundedness of @ ., (t). Because
zjr,(0) € £2,, we have x;, (t) € £2,, Vt > 0. This
completes the proof.
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Appendix B: Proof of Lemma 8

According to Definition 2, we can determine
that & and £~! are two continuous functions. De-
fine x;, = @wj; — 1" and ej,., = x5, — 1. First, we
assume that z;,, > 0. Then, we have

€j,r; =Lj,r; -1

21_)j - T Til*
=—"7 |arctan 7 | —arctan | —
s 2bj,rj 2bj,rj

2bj,rj T ijj —I*
—=——arctan — P
Tt g
7 \ 1+ —p J
357

From Eq. (B1), we can obtain

ej,lv}jnimejyrj
= lim 2bi.r, arctan _ﬂ wj’r,j _ l**
Tl T gy \ 14 22l
G
=0.
(B2)

Thus, we have w; ., — " as 2, — [. For x;,. <0,
the proof process is the same as that in the case of
xj,rj Z 0.
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