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Abstract: We demonstrate a heuristic approach for optimizing the posterior density of the data association tracking algorithm via 
the random finite set (RFS) theory. Specifically, we propose an adjusted version of the joint probabilistic data association (JPDA) 
filter, known as the nearest-neighbor set JPDA (NNSJPDA). The target labels in all possible data association events are switched 
using a novel nearest-neighbor method based on the Kullback–Leibler divergence, with the goal of improving the accuracy of the 
marginalization. Next, the distribution of the target-label vector is considered. The transition matrix of the target-label vector can 
be obtained after the switching of the posterior density. This transition matrix varies with time, causing the propagation of the 
distribution of the target-label vector to follow a non-homogeneous Markov chain. We show that the chain is inherently doubly 
stochastic and deduce corresponding theorems. Through examples and simulations, the effectiveness of NNSJPDA is verified. The 
results can be easily generalized to other data association approaches under the same RFS framework. 
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1  Introduction 
 

In multi-target tracking applications, multiple 
single-target Bayes trackers are generally used sim-
ultaneously to track multiple targets (Li et al., 2017). 
To achieve this, a data association algorithm is nec-
essary for determining the correspondence between 
measurements and targets. Then, the tracking filter 
seeks to marginalize over the association events to 

calculate the marginal density of each track. A typical 
example of such algorithms is the joint probabilistic 
data association (JPDA) filter (Bar-Shalom and Tse, 
1975; Fortmann et al., 1983). In situations character-
ized by high target densities, data association is often 
ambiguous. If false association lasts some time, tracks 
on closely spaced targets will tend to coalesce (Fitz-
gerald, 1985). To circumvent track coalescence, 
Fitzgerald (1990) proposed the exact nearest- 
neighbor JPDA (ENNJPDA) filter, where only the 
association event with the highest posterior probabil-
ity is used for marginalization. The ENNJPDA filter 
can effectively address track coalescence, but it per-
forms poorly, resulting in applications with false and 
missed detections. An alternative is the JPDA* filter, 
developed to conserve JPDA’s resistance to false and 
missed detections while avoiding track coalescence 
(Bloem and Blom, 1995). When estimating the target 
states, these JPDA-based methods consider only the 
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current density of the targets. An approach that con-
siders the joint posterior of states over time will not 
have the track coalescence problem (Vo BN and Vo, 
2019). However, the computation load of such a 
multi-scan solution can be large. Another method of 
avoiding ambiguous association is the use of a multi- 
hypothesis tracking (MHT) algorithm, which propa-
gates all possible data association events over time 
(Reid, 1979). The correct association is always ob-
tainable from sufficient association events. However, 
in the case of a large number of targets and meas-
urements, MHT becomes computation demanding. 

Recently, a lot of work has been devoted to 
random finite set (RFS) based multi-target tracking, 
with fruitful results. The finite set statistics (FISST) 
developed by Mahler (2007b) is among the most 
important results. Under the multi-target Bayes for-
mulation, FISST efficiently avoids explicit associa-
tion between measurements and targets. After pre-
diction, the filter state is updated using a multi-target 
likelihood, which is a measure of the affinity between 
the predicted environment and the received meas-
urement set. Some sequential Monte Carlo (SMC) 
implementations (Sidenbladh and Wirkander, 2003; 
Vo BN et al., 2005; Mahler, 2007b) of the filter have 
been proposed which have huge computational bur-
den due to the complexity of the multi-target likeli-
hood. To reduce computational complexity and ena-
ble practical application, Mahler proposed approxi-
mations like the probability hypothesis density (PHD) 
filter and the cardinalized probability hypothesis 
density (CPHD) filter (Mahler, 2003, 2007a). For the 
PHD and CPHD filters, implementations are possible 
using SMC methods (Sidenbladh, 2003; Zajic and 
Mahler, 2003; Vo BN et al., 2005) and Gaussian 
mixtures (Vo BN and Ma, 2006). Another approxi-
mation is the multi-Bernoulli filter (Vo BT et al., 2009; 
Li et al., 2020), which represents the multi-target 
posterior density using a multi-Bernoulli RFS. These 
filters reduce the computational complexity at the 
cost of losing the ability to easily model interactions 
and dependencies between targets (Reuter et al., 
2013). Further, a closed-form solution of the multi- 
target Bayes filter has been proposed using the la-
beled RFS in several studies (Vo BT and Vo, 2013; 
Reuter et al., 2014; Vo BN et al., 2014; Beard et al., 
2015). By combining the advantages of the RFS the-
ory and data association methods, another kind of 
approach has been developed (Svensson D et al., 2011; 

Svensson L et al., 2011; Zhu et al., 2017, 2019). Col-
lectively, these studies show that the tracking accu-
racy of the data association filter can be improved by 
switching the posterior densities in its RFS family. 
However, the computational complexity is usually 
high and the accuracy of the correspondence between 
labels and targets is not considered in these studies.  

Assuming that the target number is known and 
that the targets are independent, we propose a heuris-
tics approach for efficiently optimizing the posterior 
density of the data association filter while propagat-
ing the distribution of the target-label vectors. Since 
the JPDA filter is one of the most typical data asso-
ciation methods, we specifically consider this filter 
and develop an approach named nearest-neighbor set 
JPDA (NNSJPDA). The posterior density is opti-
mized by switching the target labels in each data as-
sociation event, aiming to improve the accuracy of 
marginalization. The target labels in each data asso-
ciation event are switched by a succinct nearest- 
neighbor method based on the Kullback–Leibler (KL) 
divergence (Kullback, 1968). After optimization, the 
transition matrix of the target-label vector is com-
puted. Then, the propagation of the distribution for 
the target-label vector is modeled as a non- 
homogenous Markov chain using the transition ma-
trix. The distribution of the target-label vector gives 
the user additional information about the target label, 
which is not available in conventional approaches. 
Moreover, some interesting properties and theorems 
of the non-homogenous Markov chain can be de-
duced. We will show that the chain is not only doubly 
stochastic but also ergodic, and that it always con-
verges to the equilibrium state. The promising results 
can be generalized to study the target-label issue in 
other label-switching-based approaches under the 
same RFS framework, such as Svensson D et al. 
(2011), Svensson L et al. (2011), Williams (2015), 
Garcia-Fernandez (2016), and Zhu et al. (2017, 2019). 
The preliminary work is Liang et al. (2019). The cur-
rent study provides a theoretical description of the op-
timization of posterior density and considers the tar-
get-label switching problem. 
 
 

2  Problem formulation 
 

To formulate the problem, we introduce the 
vector of ordered (labeled) target states at time k: 
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1 T 2 T T T( ) [( ( )) ,  ( ( )) ,  ,  ( ( )) ] ,nk k k k X x x x     (1) 

 
where n is the number of targets, and xi(k)= 

T[ , , , ]i i i i
k k k kx x y y   (i is the target label, and i=1, 2, …, n) 

is the state vector of a target with position 
T[ , ]i i i

k k kx yp  and velocity T[ , ] .i i i
k k kx yv    Since an 

RFS is not ordered, the targets in Eq. (1) can be re-
ordered without affecting the RFS. For example, 
when the target number n=2, the RFS family is ex-
pressed as 
 

2 2
1 2 1 2

1 1

{ ( ), ( )} { , } ( ) ,j j
j j

k k k
 

   x x a a X π a   (2) 

 
where a=[a1, a2] is a point in the joint target state 
space and πj is a permutation matrix. Since the di-
mensionality of x(k) is four, the two permutation 
matrices are as follows: 
 

1 4 2 4

1 0 0 1
,  .

0 1 1 0

   
      
   

π I π I           (3) 

 
The set of validated measurements collected at 

time k is denoted as 
 

1 2( ) { ( ), ( ), , ( )},
kmk k k kZ z z z           (4) 

 
where mk denotes the number of measurements. The 
measurement set Z(k) comprises target-generated 
measurements and false measurements. Targets are 
detected with detection probability Pd. The false 
measurements are assumed to be Poisson distributed 
in number, with rate r=λ|FoV|, where λ is the clutter 
intensity and |FoV| is the sensor’s field of view. All 
false measurements distribute uniformly in the sur-
veillance area.  
 
 
3  Nearest-neighbor set joint probabilistic 
data association filter 
 

A typical approach for the problem of tracking a 
fixed number of targets is the JPDA filter, the essence 
of which is the association of measurements and tar-
gets. At time k, the probability P(θh) of data associa-
tion event θh (h=1, 2, …, NH) is given by 
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            (6) 

[ ( )] [ ( ), ( | 1), ( )],t t
tj j jN k N k k k k z z z S        (7) 

 

where  is the number of false measurements, V is the 

volume of the valid space, ( | 1)t k k z  is the pre-

dicted measurement of target t, ( )j hf   is the meas-

urement indicator, and ( )t h   is the target indicator. 

The target state and covariance at time k are updated 
as 

H

1

( | ) ( ) ( | ) ,
N

t t
h h

h

k k P k k


x x                  (8) 
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(9) 
 

where ( | )t
h k kx  and ( | )t

h k kP  are the updated state 

and covariance of target t in θh, respectively. Note that 
the standard JPDA filter updates each target by a 
weighted average of the measurements, whereas an 
alternative formulation is used here. For the proof of 
equivalence, refer to Liang et al. (2019). 

In what follows, the posterior density f(X) is 
modeled as a Gaussian mixture: 

 

H

1

( ) ( ) ( ),
N

h h
h

f P f


X X                 (10) 

 

where fh(X)=N(X; xh, Ph) is the Gaussian density of 

h  with mean xh and covariance matrix Ph. Here, xh is 

the stacked vector of the updated target states in θh 
and Ph is the state covariance of xh. Assuming that the 
targets being tracked are independent of each other, 
Ph is denoted as 

 
1 2diag( , , , )n

h h h h P P P P .              (11) 

 

All covariance matrices are assumed to be strictly 
positive definite, so another description of Eq. (10) is 
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(12) 
 

Depending on the choice of f(X), the Gaussian 
approximation can be more or less accurate. It is as-
sumed that the degenerate Gaussian mixture with a 
single Gaussian component is given by  

 

T 1

( ) ( ; , )

1 1
exp ( ) ( ) ,

2det(2π )

g N


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X X X R

X X R X X
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(13) 
where X  and R  are computed as 
 

( ){ },pE XX X  ( )Cov { }.p XR X         (14) 
 

Here E{} and Cov{} represent the expected value and 
covariance, respectively. 

3.1  Posterior density switching within the RFS 
family 

The KL divergence has been widely used to 
measure the dissimilarity between two probability 
densities. In this study, it is used to measure the ac-
curacy of the Gaussian approximation. If g(X) and f(X) 
are more similar, the KL divergence between them is 
smaller and the Gaussian approximation is more ac-
curate, and vice versa. The KL divergence between 
f(X) and g(X) is defined as  

 

 KL

( )
( ) || ( ) ( ) log δ .

( )

f
d f g f

g
 

X
X X X X

X
    (15) 

 

By optimizing over f(X), the KL divergence can 
be decreased. Ideally, f(X) is optimized such that the 
KL divergence is minimized. Unfortunately, the KL 
divergence is not tractable, since f(X) is expressed as a 
Gaussian mixture model. In general, the Monte Carlo 
(MC) sampling method is used to solve this problem, 
but it requires many samples and can be inefficient. 
To facilitate the computations, the KL divergence 
defined in Eq. (15) is approximated as 

 
 

   
H

KL KL
1

( ) || ( ) ( ) ( ) || ( ) ,
N

h h
h

D f g P d f g


 X X X X  

(16) 

where  KL ( ) || ( )hd f gX X  is the KL divergence 

between fh(X) and g(X). The approximated KL di-
vergence is an upper bound on the KL divergence, i.e., 

   KL KL( ) || ( ) ( ) || ( ) .D f g d f gX X X X  This is 

based on the convexity of the KL divergence (Kull-
back, 1968). Since a direct measure of the KL diver-
gence would appear to be computation demanding, a 
compromise approach would be to use Eq. (16) as the 
cost function for posterior density optimization. 

To make g(X) approximate f(X) more accurately, 
Svensson D et al. (2011) and Svensson L et al. (2011) 
showed that it is feasible to switch the ordered poste-
rior density in the corresponding RFS family. Gener-
ally speaking, one can reorder the permutation of 
targets in each association event to decrease the dis-
similarity between f(X) and g(X). In this study we 
develop a concise nearest-neighbor method to mini-
mize the KL convergence (see Eq. (16)). In θh (h=1, 
2, …, NH), we enumerate all of the permutations of 
targets, and the permutation corresponding to the 
minimum KL divergence with g(X) is selected. In 
mathematics,  

 

KLarg min ( ) || ( ) ,  , h nd f g    
π

π
π X X π    (17) 

 

where  ( )hf
π X  is the posterior density of θh under 

permutation π,  n  is the set of all possible permuta-

tions of targets, and KL[ ( ) || ( )]hd f gπ X X  is the KL 

divergence between ( )hf
π X  and g(X), which is 

computed as in Liang et al. (2019): 
 

     
KL[ ( ) || ( )]

1
= 2log det( ) log det( ) log det( ) ,

2

h

h h

d f g
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π

π π

X X

R P R
 

(18) 
where 

T( )( ) .h h h h    π π π πR P R x X x X       (19) 
 

In this way, the KL divergence defined in Eq. (16) 
is decreased. 

To further decrease the KL divergence, we em-
ploy an iterative strategy. Assume that the number of 
all iterations is denoted as L. Thus, the computational 
complexity of the posterior density optimization is 
O((4n)3NHL). The detailed pseudocode is summarized 
in Algorithm 1. 
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Algorithm 1    Posterior density optimization of 
NNSJPDA 
1. Initiate the parameters with i=0 and inputs Z(k), X(k−1), 
P(k−1)  
2. Formulate all NH global data association events and 
compute their posterior probabilities using Eq. (5) 

3. Update the target state ( | )t
h k kx  and covariance matrix 

( | )t
h k kP  for each target t (t=1, 2, …, n) in each association 

event θh 
4. Obtain the joint state vector and its corresponding co-
variance matrix using Eqs. (1) and (11), respectively 
5. Approximate the posterior density with a single Gaussian 

( ) ( ; , )i i ig NX X X R  using Eq. (14) 

6. Switch the index order in each hypothesis and set i=i+1 
for data association event θh (h=1, 2, …, NH) do 

    for each permutation of targets  nπ  do 

        Compute the KL divergence KL[ ( ) || ( )]hd f gπ X X  

    end for 
Select the permutation with the minimum KL divergence  

end for 
7. Approximate the new posterior density with a new 

Gaussian density ( ) ( ; , )i i ig NX X X R   

8. Compute  KL ( ) || ( )i
i iD f gX X  using Eq. (16). If 

   1
KL KL 1 1( ) || ( ) ( ) || ( )i i

i i i iD f g D f g
 X X X X , stop;  

otherwise, go back to step 6 

 
The following example illustrates the posterior 

density optimization. It is assumed that there are two 
Gaussian distributed one-dimensional targets which 
generate two data association events θ1 and θ2. The 
initial posterior density f0(X) is denoted as 

 

1 2

1 2
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          
X X

(20) 
 

The single Gaussian approximation is 
 

0 1.5 3.25 0
( ) ; , .

0 3.252.5
g N

    
     

   
X X         (21) 

 
The approximate KL divergence between f0(X) 

and g0(X) is 0.5119. Then, we perform the iterative 
optimization to obtain a new f(X) that more closely 
represents g(X). The algorithm converges quickly 
such that only two iterations are performed. The re-
sulting posterior density f2(X) is  

1 2

1 2

( ) 0.5, ( ) 0.5,

 1 1 0 0 1 0
~ ; , , ~ ; , .

0 1 0 13 4

P P

N N

 
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          
          

          
X X

 (22) 
Its single Gaussian approximation is 

 

2 0.5 1.25 0
( ) ; , .

0 1.253.5
g N

    
     

   
X X        (23) 

 

The approximate KL divergence between f2(X) 
and g2(X) is decreased to 0.0969. We plot f0(X) and 
g0(X) in Figs. 1a and 1b, respectively. The resulting 
f2(X) and g2(X) are plotted in Figs. 1c and 1d, re-
spectively. It is obvious that the initial densities are 
very different from each other, and that the similarity 
between f2(X) and g2(X) becomes much higher than it 
was initially.  

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

 

3.2  Non-homogeneous Markov chain for label 
propagation 

In the posterior density optimization procedure, 
the output is the best permutation of targets in each 
association event. Each event is associated with a 
posterior probability, and this probability also carries 
the information about the permutation of target labels. 
We define the probability of a target label at time k as 
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Fig. 1  Posterior density and its single Gaussian density: 
(a) posterior density of iteration 0; (b) single Gaussian of 
iteration 0; (c) posterior density of iteration 2; (d) single 
Gaussian of iteration 2 
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the probability of a label vector Lj, i.e., 
 

0( ) Pr{ | },   1,2, , !,L
k j k j kP j n L L π L Z     (24) 

 

where T
0 [1,2, , ]n L  is the initial label vector, and 

n! is the total number of all the label vectors.  
For example, when there are two targets and n=2, 

there will exist two permutations of target labels, that 
is, L1=[1, 2]T and L2=[2, 1]T. We use  
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1
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2
L

k k kP
      
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and 
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   
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to express the probabilities of the target labels. The 
propagation of these probabilities can be modeled as a 
Markov chain (Svensson D et al., 2011; Svensson L  
et al., 2011), for two reasons: (1) the outcome of each 
time is one of the discrete states; (2) the outcome of 
the present time depends only on the past states, and 
not on any future states. The probabilities of labels 
can be computed as follows: 
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where | 10 1ij
k kt    is the transition probability from 

label vector Li to Lj. 

The recursion of ( )L
k jP L  is then generalized for 

the n-target case. Assuming that all transition proba-

bilities are known, the recursion of ( )L
k jP L  is  

 
!

| 1 1
1

( ) ( ).
n

L ij L
k j k k k i

i

P t P 


 L L                  (29) 
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can be updated as a matrix product: 
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k k k k P T P                         (30) 

where 
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            (31) 

 

is an n!×n! transition matrix with element (i, j) being 

| 1.
ij
k kt   The probability vector L

kP  can be propagated 

over time using Eq. (30). With the propagation of 

,L
kP  the approach has the ability to preserve uncer-

tainties of the target labels. 

The transition probability | 1
ij
k kt   is related to the 

probability of each association event. In event θh, we 

use | 1( )ij
k k h   as the permutation indicator (if label 

vector 1
i
kL  is switched to j

kL  in θh, the indicator 

| 1( )=1;ij
k k h   otherwise, | 1( )=0).ij

k k h   Then, the 

transition probability 1|
ij
k kt   is expressed as 

 

H

| 1 | 1
1

( ) ( ).
N

ij ij
k k h k k h

h

t P    


                (32) 

 

The transition matrix varies with time, so the 
Markov chain is non-homogeneous. Compared to the 
homogeneous case, the non-homogeneous Markov 
chain has received less attention. We will prove that 
with the increase of time, the probabilities of all pos-
sible label vectors will be equal. To clarify the prob-
lem, consider two definitions regarding the Markov 
chain below: 
Definition 1    A discrete Markov chain {xk} (k=1, 
2, …) with state space S={1, 2, …} is said to be sta-
tionary or homogeneous if the probability of going 
from one state to another is independent of the time at 
which the step is being made. That is, for all states, we 
have 

 

1 1 1 1Pr( | ) Pr( | )n n n n n k n k n k n kx i x i x i x i           
(33) 

 

for k=−(n−1), −(n−2), …, −1, 0, 1, 2, …. The chain is 
said to be non-stationary or non-homogeneous if the 
condition for stationarity fails.  

Definition 2    A vector nv   is stochastic if v≥0 

and 
1

1.
n

ii
v


  A matrix A is stochastic when all its 

rows are stochastic, and it is further doubly stochastic 
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when both A and AT are stochastic.  
With the above definitions, we will show some 

properties and theorems of the proposed non-  
homogeneous Markov process. First, note that  
although the transition matrix of the chain is time- 
varying, the transition matrix is always doubly  
stochastic. 

Property 1    At time k, if the (i, j)th element | 1
ij
k kt   of 

transition matrix | 1k kT  is modeled as in Eq. (32), the 

transition matrix is doubly stochastic.  
Proof    For the ith (1≤i≤n!) row of the transition ma-
trix, we have 

 
H! !

| 1 | 1
1 1 1

( ) ( )=1.
Nn n

ij ij
k k h k k h

j j h

t P    
  

         (34) 

 
In fact, it is also a proof that the proposed tran-

sition matrix satisfies the feature of the Markov pro-
cess. That is, the sum of the entries in any row must be 
1, since the entries in the row give the probability of 
changing from the state at the previous time step to 
one of the current states. For the jth (1≤j≤n!) column 
of the transition matrix, we have 
 

H! !

| 1 | 1
1 1 1

( ) ( )=1.
Nn n

ij ij
k k h k k h

j j h

t P    
  

           (35) 

 
From Eqs. (34) and (35), it is proved that the 

transition matrix is doubly stochastic.  

With the increase of time, the distribution L
kP  of 

label vectors will be propagated through the transition 

probability matrix | 1.k kT  At time K>k, the distribu-

tion L
kP  is computed as 

 
, ,L k K L

K kP T P                         (36) 

 

where ,
1| 2| 1 | 1=k K

k k k k K K   T T T T  is the product of the 

transition matrices used. Since each transition matrix 
is doubly stochastic, the product of these transition 
matrices is also doubly stochastic. 
Theorem 1    Let S denote the set of doubly stochastic 
matrices. The product of matrices in any subset CS 
is also doubly stochastic. 
Proof    If we can prove that the product of two ran-
dom doubly stochastic matrices A and B is still dou-

bly stochastic, then Theorem 1 is proved. Let  
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(37) 
 

For matrix A, 
1

1
N

ijj
a
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1
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iji
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
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product of A and B, 
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A B    (38) 

 
the sum of entries in the kth (1≤k≤N) row of A×B is  
 

1 1 1 1 1

1,
N N N N N

ki ij ki ij ki
j i i j i

a b a b a
    

             (39) 

 
and the sum of entries in the lth (1≤l≤N) column of 
A×B is  

 

1 1 1 1 1

1.
N N N N N

ji il il ji il
j i i j i

a b b a b
    

             (40) 

 
It can be seen that A×B is also a doubly stochastic 
matrix. It follows that any product of doubly sto-
chastic matrices is also doubly stochastic.  

Property 2    At time k, if the (i, j)th element 1|
ij
k kt   of 

the transition matrix | 1k kT  is modeled as in Eq. (32), 

the non-homogeneous doubly stochastic Markov 
chain is ergodic. 
Proof     The Birkhoff–von Neumann theorem (Horn 
and Johnson, 1985) establishes that any doubly sto-
chastic matrix can be written as a convex combination 
of the permutation matrices. Therefore, any doubly 
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stochastic chain is decomposable. For the proposed 
chain, it is decomposable with a trivial permutation 
component since entries on the diagonal are equal. In 
this case, the infinite flow property is equivalent to the 
absolute infinite flow property. Touri and Nedić (2011) 
proved that a doubly stochastic chain is ergodic if it 
has the property of absolute infinite flow. Thus, the 
proposed doubly stochastic non-homogeneous Mar-
kov chain is ergodic. This property will make the 
Markov chain converge. Not only does the Markov 
chain have the equilibrium vector, but the product of 
the transition matrices also converges to a unique 
matrix.  
Theorem 2    For the ergodic doubly stochastic non- 
homogeneous Markov chain, we denote {Ak|Ak(i, j)= 
ak(i, j), k≥1, 1≤i≤N, 1≤j≤N} as the set of transition 
matrices. There is a unique N×N matrix 1 with each 
entry equaling 1 such that  
 

, 1
lim 0,k K

K N
 A 1                  (41) 

 

where ,
1 2= .k K

k k K A A A A  For any initial distribu-

tion of the Markov chain, the output distribution is a 
fixed vector (1/N)e, where e denotes the N×1 vector 
with all entries equal to one. 
Proof    Since the Markov chain is ergodic, it follows 

that 
,lim 0,k K

K
 A Q  where Q is a row-constant 

matrix. Referring to Theorem 1, the product of doubly 
stochastic matrices Ak,K is still doubly stochastic, and 
hence Q must be doubly stochastic. For a row- 
constant matrix Q, if it is doubly stochastic, then 
Q=(1/N)1. Whenever a stochastic vector is used to 
multiply the matrix (1/N)1, the output will always be 
(1/N)e. 
 
 

4  Simulations 
 

In this section, the NNSJPDA filter is evaluated 
in two scenarios. The first scenario is used to evaluate 
the performance of posterior density optimization, 
and the second is used to observe the propagation of 
the target-label vectors. Both scenarios under con-
sideration involve the tracking of two targets. Their 
trajectories are shown in Fig. 2, in which the targets 
approach each other, then move in parallel at a close 
distance, and finally are separated from each other 

(Svensson D et al., 2011; Svensson L et al., 2011; 
Panakkal and Velmurugan, 2013; Jing et al., 2015; 
Zhu et al., 2017, 2019). The target dynamics is mod-
eled by a linear Gaussian model: 

 
( 1) ( ) ( ),k k k  x Fx u                  (42) 

 
where F is the transition matrix and u(k)~N(0, Q) is 
the zero-mean white Gaussian process noise with 
covariance matrix Q. We adopt 
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where Ts is the sampling interval and p is a tuning 
parameter. For simplicity, it is assumed that the target 
position can be observed. The relationship between a 
target and its measurement is given by the measure-
ment model: 
 

( ) ( ) ( ),k k k z Ηx w                   (44) 

where 

1 0 0 0
,  ( ) ~ ( , ).

0 0 1 0
k N
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The covariance matrix R for the Gaussian 

measurement noise w(k) is 
 

2

2

0
,

0
x

y




 
  
  

R                        (46) 

 
where σx

2 and σy
2 are noise deviations in the x and y 

dimensions, respectively. The clutter measurements 
are assumed to be Poisson distributed with intensity λ 
over the region |FoV|. It is noteworthy that although 
we assume linear models in this study, the proposed 
approach can be easily extended to handle nonlinear 
Gaussian dynamic and measurement models. 

 
 
 
 
 
 
 
 Fig. 2  Illustration of the scenario 
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In Fig. 2, the fixed values used in the simulations 
are =π/6, l1=10 m, and l2=10 m. Targets exist for 
time indices k=1, 2, …, 31 with speed v=1 m/s. The 
sampling interval Ts=1 s. For the clutter measurement, 
λ=0.01 m−2 and |FoV|=1.4×103 m2. All experiments 
are tested in Matlab R2010a and implemented on a 
computer with a 3.40 GHz processor. 

4.1  Scenario 1 

In the first scenario, the parameters used in the 
evaluations are σx=σy=0.2 m, Pd=0.9, p=0.3, and 
d=0.5 m. The target position estimates for a single run 
of the NNSJPDA and JPDA filters are illustrated in 
Figs. 3a and 3b, respectively. 

 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
It is evident from Fig. 3a that track coalescence 

does not occur in the NNSJPDA filter when targets 
are closely spaced, whereas this is not the case with 
the JPDA filter, as shown in Fig. 3b. The estimation 
accuracy of the algorithms is measured using the 
optimal sub-pattern assignment (OSPA) error dis-
tance. As the number of targets is assumed known, we 
present only the OSPA distance for a known number 

of targets. Let 1 2
ˆ ˆ ˆ ˆ{ , , , }nX  x x x  be the set of target 

state estimates and X={x1, x2, …, xn} the set of true 
target states, both with n elements. The OSPA dis-
tance between X̂  and X is defined as in 

Schuhmacher et al. (2008): 
 

1

OSPA ( ) ( ) ( )
,

1

1ˆ ˆ( , ) min ( , ) ,
n

p
n

c i i p
p c

i

d X X d
n 



  
   

  
 π

π
x x  (47) 

 

where ( ) ˆ ˆ( , ) min( , ( , ))cd c dx x x x  is the distance 

between x and x̂ , c>0 is the cut-off parameter, p≥1 is 

a unitless real number, ( )ˆ iπx  is the state vector cor-

responding to the ith permutation, and n  is the set of 

all possible permutations of X̂ . In the following, we 

adopt the parameters of the OSPA metric as p=1, 
c=0.4 m.  

To evaluate the tracking performance of the 
NNSJPDA filter, it is compared with the JPDA,  
ENNJPDA, SJPDA, and KLSJPDA (Svensson D  
et al., 2011; Svensson L et al., 2011) filters using the 
averaged OSPA (AOSPA) error. At each time step, the 
implementation of the SJPDA filter retains at most 
eight hypotheses with the largest probabilities, to 
reduce the computation burden. For the KLSJPDA 
filter, 100 samples are used for all iterations. The 
AOSPA performances over 500 MC trials are shown 
in Fig. 4. It can be observed that the performances of 
all filters vary with the change of the detection 
probability. For Pd=1, the AOSPA performances of all 
anti-coalescing methods are comparable with each 
other. However, the AOSPA performances of SJPDA, 
KLSJPDA, and NNSJPDA are significantly better 
than those of other algorithms when Pd=0.75. This is 
because the SJPDA, KLSJPDA, and NNSJPDA fil-
ters are designed under the RFS framework to mini-
mize the AOSPA measure at the cost of losing target 
identity. 

To study the performances of the SJPDA, 
KLSJPDA, and NNSJPDA filters in depth, we pro-
vide some results showing the relationship between 
Pd and the AOSPA error at a certain time for these 
four algorithms (Table 1). The results of the JPDA 
filter are used as the reference. Table 1 shows that the 
AOSPA performances of the KLSJPDA and 
NNSJPDA filters are better than that of the SJPDA 
filter. The KLSJPDA filter is derived in the optimal 
KL sense, but it performs only slightly better than the 
NNSJPDA filter. 

Fig. 3  True and estimated target trajectories: (a) output of 
NNSJPDA; (b) output of JPDA 
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The track loss probability is also a generally used 
evaluation criterion of tracking algorithms and is 
considered in Table 2. A track is considered lost if the 
state covariance matrix elements corresponding to the 
x or y dimension surpass 2 m. Table 2 indicates that 
the track loss probabilities of the SJPDA, KLSJPDA, 
and NNSJPDA filters are dramatically reduced when 
compared with that of the JPDA filter, due to their 
avoidance of track coalescence. Going a step further, 
the track losses of the KLSJPDA and NNSJPDA fil-
ters occur less frequently than that of the SJPDA filter 
when Pd<1, because they can give better target  
locations. 

 
 
 

 

 

 
 

 
The averaged computing time for the JPDA, 

SJPDA, KLSJPDA, and NNSJPDA filters against the 
averaged number of clutter points per scan varying 
from r=10 to 100 are shown in Fig. 5. There is an 
overall increase of computing time with the increase 
of r. This is because there are many false measure-
ments which fall into the track gate when r is high and 
all the data association based methods can be 
time-consuming. However, the KLSJPDA filter needs 
much more computing time than the JPDA, SJPDA, 
and NNSJPDA filters. Note that only 100 samples are 
used during the iterative procedure for the KLSJPDA 
filter. Using more samples can improve the accuracy 
of the posterior density, which improves the perfor-
mance of the KLSJPDA filter to a certain accuracy, 
but the computing time will further increase. The 
JPDA filter is about 2–3 times faster than the SJPDA 
filter, because the SJPDA filter establishes a goal 
function to measure the multimodality of the density. 
To minimize the goal function, one needs to search for 
all of the combinations of indexations of all hypoth-
eses, which takes a long time. Compared with the 
SJPDA and KLSJPDA filters, as expected, the 
NNSJPDA filter clearly reduces the computation 
burden. Moreover, the computing time of the 
NNSJPDA filter is nearly equivalent to that of JPDA 
in the operational environment of these simulations. 
Therefore, the above simulations show that the esti-
mation accuracy of the NNSJPDA filter is compara-
ble to that of the optimal KLSJPDA filter. In terms of 
computing time, the proposed approach is signifi-
cantly more efficient. 

4.2  Scenario 2 

In this subsection, simulations are conducted to 
demonstrate that the NNSJPDA filter has the potential 
to propagate the distribution of the target-label vec-
tors. The NNSJPDA filter with the target label is 
evaluated using the scenario illustrated in Fig. 2, with 
p=0.08, Pd=0.9, and σx=σy=0.1 m. Three different 

Table 1  Averaged OSPA error for a single run  

Detection 
probability 

Averaged OSPA error (cm) 

JPDA SJPDA KLSJPDA NNSJPDA 

1.0 39.7 20.9 19.1 20.1 

0.9 38.9 23.6 20.0 20.9 

0.8 36.3 25.1 21.2 22.3 

Table 2  Track loss probabilities with different detection 
probabilities 

Detection 
probability 

Track loss probability 

JPDA SJPDA KLSJPDA NNSJPDA 

1.0 0.22 0 0 0 

0.9 0.27 0.02 0.01 0.01 

0.8 0.32 0.05 0.01 0.02 

Fig. 4  Evaluation of the JPDA, ENNJPDA, SJPDA,
KLSJPDA, and NNSJPDA filters for different detection
probabilities: (a) Pd=1; (b) Pd=0.75 
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separation distances d=1.5, 1, and 0.5 m are consid-
ered. The output of the JPDA filter is used as a ref-
erence. In Fig. 6, the position estimates for a single 
run of the JPDA and NNSJPDA filters with the target 
label are shown in the left and middle panels, respec-
tively, and the probabilities of label vectors are shown 
in the right label. 

In Fig. 6a, the probability that tracks follow the 
original targets is close to one throughout the scenario, 
because the targets move far away and switches of 
target labels seldom occur. In Fig. 6b, the probability 
of the original label vector slightly decreases to 0.5 
after the two targets move close to each other. In  
Fig. 6c, the probability of the original label vector 
quickly drops to 0.5, which indicates that it is  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5  Averaged computing time against the averaged
number of clutter points per scan  
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Fig. 6  Example output for d=1.5 m (a), d=1 m (b), and d=0.5 m (c) 
The position estimates for a single run of the JPDA and NNSJPDA filters with the target label are shown in the left and middle 
panels, respectively, and the probabilities of label vectors are shown in the right panel. In the left and middle panels, the true 
target positions are indicated by dotted lines and the estimated target positions by “-○-” and “-△-.” In the right panel, the solid 
line represents the probability that tracks are associated with the original targets and the dashed line denotes the probability of 
the opposite case 
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impossible to associate the tracks with the correct 
targets after they move close together. These results 
are in agreement with the theoretical analysis. In a 
word, the NNSJPDA filter has the ability to propagate 
the distribution of the label vectors, which indicates 
the uncertainty in track-to-target assignment. How-
ever, the JPDA filter does not provide such infor-
mation, as it always assumes that the tracks are fol-
lowing the right targets even when false association 
occurs. 

 
 

5  Conclusions 
 
In this paper, we present a novel filter named 

NNSJPDA, which combines the RFS theory with the 
JPDA filter. To accurately approximate the posterior 
density of the NNSJPDA filter with a single Gaussian 
density, the posterior density is optimized by 
switching within its RFS family. Specifically, poste-
rior density optimization is accomplished by switch-
ing the posterior densities of all possible data associ-
ation events in parallel, aiming to minimize the KL 
divergence between the posterior density and the 
single Gaussian density. It is further shown that the 
information of the target label vectors can be pre-
served during the posterior density switching proce-
dure. This information is used to propagate the dis-
tribution of the target label vectors, and the propaga-
tion is modeled as a non-homogeneous Markov chain. 
The chain is doubly stochastic and ergodic, and al-
ways converges to the equilibrium state whatever the 
initial distribution is. The simulation results show that 
the NNSJPDA filter can effectively avoid the well- 
known track-coalescence problem and estimate the 
target positions well. In terms of computation, the 
computing time of the NNSJPDA filter is comparable 
to that of the JPDA filter, because optimization of the 
posterior density needs less computational effort and 
converges quickly. One limitation of the NNSJPDA 
filter is that the target number must be given a priori. 
Thus, a future direction would be to adapt the pro-
posed approach to uncertainty in the number of  
targets. 
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