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Abstract: We deal with event-triggered H∞ controller design for discrete-time piecewise-affine systems subject to
actuator saturation. By considering saturation information, a novel event-triggered strategy is proposed to conserve
communication resources. A linear matrix inequality based condition is derived based on a piecewise Lyapunov
function. This condition guarantees the stability of the closed-loop system with a certain H∞ performance index
and reduces the number of transmitted signals. Numerical examples are given to show the efficiency of our method.
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1 Introduction

Networked control systems (NCSs) have drawn
considerable attention because of their advantages in
terms of cost, flexibility, and maintainability (Pos-
toyan et al., 2015). In NCSs, the measured outputs
and/or actuator signals are transmitted through a
shared communication network. However, in practi-
cal situations, some problems, such as network con-
gestion in shared networks and high energy consump-
tion of wireless devices, exist. To overcome these
obstacles, control systems based on aperiodic sam-
pling strategies, particularly event-triggered control,
have been proposed (Hespanha et al., 2007). Unlike
traditional periodic time-triggered control strategies
in which signals are transmitted at fixed time, the
event-triggered control (ETC) scheme is based on
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an event generated by some well-designed event-
triggering conditions. This scheme can reduce signal
transmission while maintaining a satisfactory closed-
loop performance (Åarzén, 1999; Åström and Bern-
hardsson, 1999; Tabuada, 2007; Liu JL et al., 2020b).

Most event-triggered techniques, however, deal
with continuous systems, in which the plant
state/output is monitored continuously, and there-
fore special hardware is required. Moreover, the
treatment of Zeno behavior (Lei et al., 2018) poses
a fundamental problem. To address these issues, pe-
riodic ETC (PETC) was proposed (Heemels et al.,
2013), in which the event-triggering condition was
verified only at some given sampling instants. Hence,
the minimum inter-event time is naturally guaran-
teed by the sampling interval, and therefore Zeno be-
havior is prevented. Based on the PETC scheme, se-
curity distributed state estimation for nonlinear net-
worked systems against denial-of-service attacks was
proposed (Liu JL et al., 2020c), and secure leader-
following consensus control was examined for multi-
agent systems considering multiple cyber attacks
(Liu JL et al., 2020a). In addition, some
discrete-time strategies, which are essentially PETC
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approaches, were proposed (Eqtami et al., 2010; Wu
et al., 2015, 2016; Aranda-Escolástico et al., 2017).
The PETC strategy is easily implementable since it
can be implemented in a standard time-sliced em-
bedded software architecture. However, many im-
portant results with regard to the aforementioned
ETC design problem were developed for linear time-
invariant (LTI) systems and nonlinear systems; few
studies examined piecewise-affine (PWA) systems.

PWA systems are an important class of hybrid
systems with wide applications. Many chaotic sys-
tems can be described as PWA systems (Saito et al.,
1995). Moreover, many nonlinear systems can be
approximated by PWA systems; thus, PWA systems
provide a powerful tool for the analysis and syn-
thesis of nonlinear control systems (Heemels et al.,
2001). In fact, PWA systems can be used to an-
alyze smooth nonlinear systems with an arbitrary
accuracy (Sontag, 1981). In Qiu et al. (2018), the
delay-dependent robust and reliable H∞ static out-
put feedback control problem for uncertain discrete-
time PWA systems with time-varying delays and ac-
tuator faults was discussed. The H∞ static output
feedback control problem for PWA systems with ac-
tuator faults was examined (Qiu et al., 2017). Fur-
thermore, H∞ robust model predictive control was
proposed for constrained PWA systems (Esfahani
and Pieper, 2017). Event-triggered fault detection
control for PWA systems was investigated by Liu Y
et al. (2017). A quadratic cost function was con-
sidered for control performance to obtain an op-
timized event-triggering controller for discrete-time
PWA systems by minimizing the cost function (Ma
et al., 2018).

Meanwhile, it is well known that most practi-
cal systems suffer from actuator saturation because
of the natural physical limitations of actuators. In
this sense, state feedback control under an event-
triggering condition for LTI systems was proposed
to maximize the estimate of the domain of attrac-
tion (Wu et al., 2014). Another method (Zuo et al.,
2016) was proposed to handle the saturation nonlin-
earity by transforming the saturation problem into
dead zone nonlinearity with the generalized sector
condition (Tarbouriech et al., 2011). Li et al. (2018)
investigated the problem of event-triggered dynamic
output feedback control for continuous-time linear
systems in the presence of actuator saturation. Re-
garding PWA systems, an event-triggered controller

for PWA systems subject to input saturation was
investigated by Ma et al. (2019); however, robust-
ness was not discussed. The robustness and l2-gain
control problem for uncertain PWA systems with ac-
tuator saturation was addressed by Chen YG et al.
(2014). A robust H∞ controller was developed by
Gao et al. (2009) for constrained uncertain PWA
systems.

In this study, the event-triggered H∞ control
problem is examined for PWA systems subject to
actuator saturation. The piecewise quadratic Lya-
punov function is employed. For controllers, a set of
linear matrix inequalities (LMIs) are solved.

The main contributions of this paper can be
highlighted as follows: (1) An event-triggered H∞
control problem is investigated for the first time for
PWA systems subject to actuator saturation. (2)
A novel event-triggered strategy is proposed by con-
sidering actuator saturation. Compared with strate-
gies without saturation information, our method can
reduce data transmission when saturation occurs.
(3) Optimization approaches are provided to opti-
mize the H∞ performance and the domain of at-
traction. We provide several numerical examples to
illustrate the effectiveness and advantages of the pro-
posed approach.

Notations are described as follows: ‖x‖ =√
xTx denotes the Euclidean norm. | · | denotes

the absolute value. l2[0,∞) stands for the space
of square summable infinite vector sequences over
[0,∞). PT and P−1 represent the transpose and
the inverse of matrix P , respectively. I and 0 are
the identity matrix and zero matrix with compatible
dimensions, respectively. Matrix

(
AAA ∗
BBB CCC

)
is a sym-

metric matrix of
(
AAA BBBT

BBB CCC

)
. For a symmetric matrix

P ∈ R
n×n, P > 0 (P ≥ 0) means that P is positive

definite (semi-positive definite). diag(A,B) denotes
a block diagonal matrix composed of blocks A and
B.

2 Problem formulation

Consider the discrete-time PWA system as

{
x(k + 1)=Aix(k)+B1isat(u(k))+B2iω(k)+ai,

z(k) = Cix(k) +D1isat(u(k)) +D2iω(k),

(1)
where x(k) ∈ χi, i ∈ I, and χi ⊆ R

n denotes a
partition of the state space into a number of closed
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(possibly unbounded) polyhedral regions. We refer
to each χi as a cell. I is the index set of these poly-
hedral cells and is partitioned as I = I0 ∪ I1, where
I0 is the index set of cells containing the origin and
I1 is the index set of cells not containing the ori-
gin. x(k) ∈ R

n refers to the system state vector;
u(k) ∈ R

m is the control input; z(k) ∈ R
p is the

controlled output vector; ω(k) ∈ R
q is an energy

bounded disturbance assumed to belong to l2[0,∞),
satisfying

∑∞
k=0 ω

T(k)ω(k) ≤ ωmax < ∞; matrices
Ai, B1i, B2i, Ci, D1i, D2i represent the known real
constant matrices of the ith local model with appro-
priate dimensions; constant vector ai denotes the
offset term. The saturated input can be expressed
as sat(u) = (sat(u(1)), sat(u(2)), . . . , sat(u(m)))

T,
where sat(u(l)) = sgn(u(l))min{|u(l)|, u0(l)} (l =

1, 2, · · · ,m) with a saturation level u0.
As a special case of χi (i ∈ I0), system (1)

becomes the so-called piecewise linear (PWL) model:
{
x(k + 1) = Aix(k) +B1isat(u(k)) +B2iω(k),

z(k) = Cix(k) +D1isat(u(k)) +D2iω(k),

where x(k) ∈ χi (i ∈ I0).
A partition of the state space can be achieved us-

ing the closed polyhedral cells χi = {x | Lix+ li ≥
0}i∈I ∈ R

n, with Li ∈ R
n×n and li ∈ R

n. Each
polyhedral cell can be outer-approximated by a de-
generate ellipsoid εi. For the convenience of es-
tablishing LMI-based conditions, we adopt the el-
lipsoidal approximation instead of the polytopic de-
scription to describe the cells, since the former re-
quires fewer parameters and can easily cast the syn-
thesis problem as an optimization program involving
a set of LMIs analytically parameterized by a vec-
tor. To describe the ellipsoid, assume that there
exist matrices Ei ∈ R

m×n and fi ∈ R
m such that

the polyhedral cells χi (i ∈ I) are included in the
ellipsoidal regions εi (i ∈ I), that is, χi ⊆ εi (i ∈ I).

εi = {x |‖ Eix+ fi ‖≤ 1}, i ∈ I. (2)

When the polyhedral cells χi (i ∈ I) have the
following form:

χi = {x | d1 < cccTi x < d2}, i ∈ I, (3)

the degenerate ellipsoid is described by Ei =

2cccTi /(d2 − d1) and fi = −(d2 + d1)/(d2 − d1) (Ro-
drigues and Boyd, 2005; Rodrigues and Boukas,
2006).

LetΩ = {(i, j) | x(k) ∈ χi, x(k+1) ∈ χj , i, j ∈
I} represent the index pairs denoting the possible
switching of the state trajectories. Assume that
when the state of the system shifts from region χi to
region χj at instant k, the dynamics of the system is
governed by the ith local model.

Given the PWA system (1), we aim to design
the state feedback controller as follows:

u(k) = Kix(k), i ∈ I, (4)

where Ki ∈ R
m×n (i ∈ I) is the control gain to

be designed later. When implemented in an event-
triggering system, the communication between the
controller and the actuator is no longer periodic,
leading to the following state feedback control law:

{
û(k) = Kix̂(k), i ∈ I,
û(0) = 0,

(5)

where û(k) is a signal defined as

û(k) =

{
u(k), if event is triggered,

û(k − 1), otherwise.
(6)

The control update policy can be obtained
with an event generator, which will be discussed in
Section 3.

The error function is defined as

e(k) = û(k)− u(k), (7)

where û(k) andu(k) refer to the control input signals
updated at the last step and the current instant,
respectively. When the event is triggered, the value
of control input is held via a zero-order holder (ZOH)
until the next event occurs. The structure of the
event-based control loop considered in this study is
shown in Fig. 1.
Definition 1 For convenience, define ξ(Pi, ρ) =

{x ∈ R
n|xTPix ≤ ρ} and L (Hi,u0) = {x ∈ R

n|

ˆ(k)

Event 
trigger

Plant Sampler

Controller

ZOH

Saturated 
actuator

sat(u(k)) x(k) x(k)

u(k)

ˆ(k)

Fig. 1 Structure of the event-based control loop
(ZOH: zero-order holder)
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|Hi(l)x| ≤ u0(l)} as a polyhedron, where matrix
Pi > 0 (i ∈ I) is symmetric and positive defi-
nite, ρ > 0, and Hi(l) and u0(l) are the lth rows
of Hi(l) ∈ R

m×n and u0 ∈ R
m, respectively.

Lemma 1 (Hu et al., 2002) Let u,v ∈ R
m.

Suppose |v(l)| < u0(l). Then, u and v are elements
of the set defined as follows:

sat(u) ∈ co{Λisu+Λ−
isv|s ∈ {1, 2, · · · , 2m}},

where Λis ∈ R
m×m is a diagonal matrix whose ele-

ments are either 1 or 0, and Λ−
is = I − Λis. There

are 2m such matrices.
Corollary 1 Given an ellipsoid ξ(Pi, ρ) and a
polyhedron L (Hi,u0) if

(
Pi ∗

Hi(l) u2
0(l)/ρ

)

> 0, (8)

then ξ(Pi, ρ) ⊂ L (Hi,u0).
Proof (Boyd and Vandenberghe, 2004) Suppose
x(k) ∈ L (Hi,u0). Based on Lemma 1, the satu-
rated control input can be expressed as

sat(u(k)) =

2m∑

s=1

ηis(ΛisKi +Λ−
isHi)x(k)

+

2m∑

s=1

ηisΛise(k),

(9)

where ηis ≥ 0 (s = 1, 2, . . . , 2m) and
∑2m

s=1 ηis = 1.
By substituting Eq. (9) into Eq. (1), the closed-

loop system can be described as
{
x(k + 1) = Aix(k) +Bie(k) +B2iω(k) + ai,

z(k) = Cix(k) +Die(k) +D2iω(k),

(10)
where Ai = Ai +

∑2m

s=1 ηisB1i(ΛisKi + Λ−
isHi),

Bi =
∑2m

s=1 ηisB1iΛis, Ci = Ci +
∑2m

s=1 ηisD1i

· (ΛisKi + Λ−
isHi), Di =

∑2m

s=1 ηisD1iΛis, and
x(k) ∈ χi (i ∈ I).

Now, the control problem can be summarized as
follows:
Problem 1 Considering the discrete-time PWA
system (1) subject to actuator saturation, we design
the state feedback controller (4) based on an event-
triggering scheme, such that the closed-loop system
is locally asymptotically stable with a guaranteed
robust H∞ performance index γ with respect to the
energy bounded disturbance ω(k). At the same time,
the transmission between the plant and the controller
is significantly reduced.

3 Main results

In this section, we will address the event-
triggered H∞ controller synthesis problem for PWA
systems subject to actuator saturation. The event-
triggering strategy is investigated to reduce signal
transmission. Based on a piecewise Lyapunov func-
tion combined with some matrix inequality lineariza-
tion procedures, the H∞ state feedback controller (4)
is designed with respect to the proposed event-
triggering condition.

Now, consider the event generator as

‖e(k)‖ ≥ σ‖Kix(k)‖, (11)

where σ ∈ (0, 1) is a user-defined parameter. This
event-triggering condition implies that when the er-
ror between the present sampled data u(k) and the
latest triggered one û(k) is not large enough, the
control input of the system will not be transmitted
until the condition is satisfied.
Remark 1 For set-point control, with the change
of coordinates x(k) − xeq (Here, xeq represents the
equilibrium point), the problem can be transformed
to the stabilization of the origin. In such a case, the
event generator is adapted as

‖e(k)‖ ≥ σ‖Ki(x(k)− xeq)‖.

Based on the event generator (11), Eq. (6) can
be written as

û(k) =

{
u(k), ‖e(k)‖ ≥ σ‖Kix(k)‖,
û(k − 1), ‖e(k)‖ < σ‖Kix(k)‖.

(12)

Using the event generator designed above, it is
easy to see that

‖e(k)‖ < σ‖Kix(k)‖ (13)

always holds.
Since a saturated control input can be updated

by another saturated one by applying event genera-
tor (12), to further reduce data transmission, Algo-
rithm 1 is proposed (Suppose that the PWA system
contains N subsystems).
Remark 2 In most event-triggered control ap-
proaches for systems with actuator saturation (Wu
et al., 2014; Li et al., 2018; Ma et al., 2019), event-
triggering strategies are based on state-based in-
equality conditions or control input based inequality
conditions like inequality (11). However, saturation
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Algorithm 1 Event-triggered and data transmission
strategy
1: for i = 1 : N do
2: if k = 0 then
3: û(0) = 0

4: else if k = 1 then
5: û(k) = Kix(k)

6: else
7: if ‖û(k)−Kix(k)‖ ≥ σ‖Kix(k)‖ then
8: if ‖û(k − 1)‖ ≥ ‖u0‖ && ‖û(k)‖ ≥

‖u0‖ && û(k − 1)û(k) > 0 then
9: û(k) = û(k − 1)

10: else
11: û(k) = Kix(k)

12: end if
13: else
14: û(k) = û(k − 1)

15: end if
16: end if
17: end for

is not taken into account, and therefore resources
may be wasted when the actuator is saturated.
Hence, in this study, a novel event-triggering strat-
egy is developed by considering saturation.

For the closed-loop system (10), we employ a
piecewise quadratic Lyapunov function in the fol-
lowing form:

V (k) = xT(k)Pix(k), (14)

where Pi ∈ R
n×n is symmetric and positive definite.

The solution to Problem 1 is given below:
Theorem 1 For a given σ under the event-
triggering condition (11), if there exist symmetric
and positive definite matrices Qi ∈ R

n×n, Wi ∈
R

m×n, and Gi ∈ R
m×n, and parameters αi > 0,

βi > 0, and γ > 0 (i, j ∈ I, (i, j) ∈ Ω), such that the
following LMIs hold:

⎛

⎜
⎜
⎜
⎜
⎝

Qi ∗ ∗ ∗ ∗ ∗ ∗
0 αiI ∗ ∗ ∗ ∗ ∗
0 0 γ2I ∗ ∗ ∗ ∗

AiQi+B1iΘi αiBi B2i Qj+βiaia
T
i ∗ ∗ ∗

CiQi+D1iΘi αiDi D2i 0 I ∗ ∗
Wi 0 0 0 0

αi
σ2 I ∗

EiQi 0 0 βifia
T
i 0 0 βi(fif

T
i −I)

⎞

⎟
⎟
⎟
⎟
⎠

> 0 for i ∈ I1, i, j ∈ I, (i, j) ∈ Ω,
(15a)

⎛

⎜
⎜
⎝

Qi ∗ ∗ ∗ ∗ ∗
0 αiI ∗ ∗ ∗ ∗
0 0 γ2I ∗ ∗ ∗

AiQi+B1iΘi αiBi B2i Qj ∗ ∗
CiQi+D1iΘi αiDi D2i 0 I ∗

Wi 0 0 0 0
αi
σ2 I

⎞

⎟
⎟
⎠ > 0 (15b)

for i ∈ I0, i, j ∈ I, (i, j) ∈ Ω, and
(

Qi ∗
Gi(l) u2

0(l)/ρ

)

> 0 for i ∈ I, l ∈ {1, 2, · · · ,m},
(16)

where Θi =
∑2m

s=1 ηis(ΛisWi + Λ−
isGi), Bi =∑2m

s=1 ηisB1iΛis, Di =
∑2m

s=1 ηisD1iΛis, Wi =

KiP
−1
i , Gi = HiP

−1
i , and Wi(l) and Gi(l) de-

note the lth rows of Wi and Gi, respectively, then
the closed-loop system (10) is asymptotically stable
with H∞ performance index γ. Moreover, the con-
trol parameters in Eq. (4) and Lyapunov matrices in
Eq. (14) are given by

Ki = WiQ
−1
i , Pi = Q−1

i .

Proof Let v = Hix with Hi ∈ R
m×n. Based on

the piecewise quadratic Lyapunov function (14), it is
well known that

xT(k + 1)Pjx(k + 1)− xT(k)Pix(k)

+ zT(k)z(k)− γ2ωT(k)ω(k) < 0 (17)

holds, proving that the closed-loop system (10) is
asymptotically stable with H∞ disturbance attenu-
ation level γ with any ω(k) ∈ l2[0,∞) (Qiu et al.,
2011).

Substituting Eq. (10) into inequality (17) yields

(
x(k)
e(k)
ω(k)
1

)T
⎛

⎜
⎝

AT
i PjAi−Pi+C

T
i Ci ∗

B
T
i PjAi+DT

1iCi B
T
i PjBi+DT

1iDi

BT
2iPjAi+DT

2iCi BT
2iPjBi+DT

2iDi

aT
i PjAi aT

i PjBi

∗ ∗∗ ∗
BT

2iPjB2i+DT
2iD2i−γ2I ∗

aT
i PjB2i aT

i Pjai

)(
x(k)
e(k)
ω(k)
1

)

< 0.

(18)

From the event-triggering condition (13), we
have

eT(k)e(k) < σ2xT(k)KT
i Kix(k), (19)

that is,

(
x(k)
e(k)
ω(k)
1

)T(
σ2KT

i Ki ∗ ∗ ∗
0 −I ∗ ∗
0 0 0 ∗
0 0 0 0

)(
x(k)
e(k)
ω(k)
1

)

> 0. (20)

Ellipsoid εi (2) can be transformed as

(
x(k)
e(k)
ω(k)
1

)T(−ET
i Ei ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗

−fT
i Ei 0 0 1−fT

i fi

)(
x(k)
e(k)
ω(k)
1

)

≥ 0. (21)
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Applying the S-procedure allows us to combine
inequalities (18), (20), and (21) as follows:

⎛

⎝
ΣΣΣ1 ∗

−B
T
i PjAi−D

T
i Ci κiI−B

T
i PjBi−D

T
i Di

−BT
2iPjAi−DT

2iCi −BT
2iPjBi−DT

2iDi

λif
T
i Ei−aT

i PjAi −aT
i PjBi

∗ ∗∗ ∗
γ2I−BT

2iPjB2i−DT
2iD2i ∗

−aT
i PjB2i ΣΣΣ2

)

> 0, (22)

where ΣΣΣ1 = Pi −A
T

i PjAi −C
T

i Ci − κiσ
2KT

i Ki +

λiE
T
i Ei and ΣΣΣ2 = λi(f

T
i fi − 1)− aT

i Pjai.
When the Schur complement is used thrice, the

above inequality becomes
⎛

⎜
⎜⎜
⎜
⎜
⎝

Pi+λiE
T
i Ei ∗ ∗ ∗ ∗ ∗ ∗

0 κiI ∗ ∗ ∗ ∗ ∗
0 0 γ2I ∗ ∗ ∗ ∗

λif
T
i Ei 0 0 λi(f

T
i fi−1) ∗ ∗ ∗

Ai Bi B2i ai P−1
j ∗ ∗

Ci Di D2i 0 0 I ∗
Ki 0 0 0 0 0 1

κiσ
2 I

⎞

⎟
⎟⎟
⎟
⎟
⎠

> 0.

(23)
Pre- and post-multiplying inequality (23) by

diag
(
I, I, I,

(
0,0,0,0
0,I,0,0
0,0,I,0
I,0,0,0

))
, its transpose yields

⎛

⎜⎜
⎜
⎜
⎜
⎝

Pi+λiE
T
i Ei ∗ ∗ ∗ ∗ ∗ ∗

0 κiI ∗ ∗ ∗ ∗ ∗
0 0 γ2I ∗ ∗ ∗ ∗
Ai Bi B2i P−1

j ∗ ∗ ∗
Ci Di D2i 0 I ∗ ∗
Ki 0 0 0 0 1

κiσ
2 I ∗

λif
T
i Ei 0 0 aT

i 0 0 λi(f
T
i fi−1)

⎞

⎟⎟
⎟
⎟
⎟
⎠

> 0.

(24)
Then, by applying the Schur complement, in-

equality (24) can be rewritten as

⎛

⎜
⎜
⎜
⎝

Pi+λiE
T
i Ei ∗ ∗ ∗ ∗ ∗

0 κiI ∗ ∗ ∗ ∗
0 0 γ2I ∗ ∗ ∗
Ai Bi B2i P−1

j ∗ ∗
Ci Di D2i 0 I ∗
Ki 0 0 0 0 1

κiσ
2 I

⎞

⎟
⎟
⎟
⎠

−ζT
1

1

λi
(fT

i fi − 1)−1ζ1 > 0,

(25)

where ζ1 =
(
λif

T
i Ei 0 0 aT

i 0 0
)
.

According to the inversion lemma (A +

BCD)−1 = A−1−A−1B(C−1+DA−1B)−1DA−1

(Kailath, 1980), we have
{
(I − fT

i fi)
−1 = I + fT

i (I − fif
T
i )−1fi,

fi(I − fT
i fi)

−1 = (I − fif
T
i )−1fi.

(26)

Through simple calculation, inequality (25)

becomes
⎛

⎜
⎜⎜
⎝

Pi ∗ ∗ ∗ ∗ ∗
0 κiI ∗ ∗ ∗ ∗
0 0 γ2I ∗ ∗ ∗
Ai Bi B2i P−1

j + 1
λi

aia
T
i ∗ ∗

Ci Di D2i 0 I ∗
Ki 0 0 0 0 1

κiσ
2 I

⎞

⎟
⎟⎟
⎠

−ζT
2 λi(fif

T
i − I)−1ζ2 > 0,

(27)

where ζ2 =
(
Ei 0 0 1

λi
fT
i ai 0 0

)
.

Now, by applying the Schur complement again,
inequality (27) becomes
⎛

⎜
⎜
⎜⎜
⎜
⎝

Pi ∗ ∗ ∗ ∗ ∗ ∗
0 κiI ∗ ∗ ∗ ∗ ∗
0 0 γ2I ∗ ∗ ∗ ∗
Ai Bi B2i P−1

j + 1
λi

aia
T
i ∗ ∗ ∗

Ci Di D2i 0 I ∗ ∗
Ki 0 0 0 0 1

κiσ
2 I ∗

Ei 0 0 1
λi

fia
T
i 0 0 1

λi
(fif

T
i −I)

⎞

⎟
⎟
⎟⎟
⎟
⎠

> 0.

(28)
Pre- and post-multiplying inequality (28) by

diag(P−1
i , 1

κi
I, I, I, I, I, I), we obtain

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎜
⎝

P−1
i ∗ ∗ ∗ ∗ ∗ ∗
0 1

κi
I ∗ ∗ ∗ ∗ ∗

0 0 γ2I ∗ ∗ ∗ ∗
AiP

−1
i

1
κi

Bi B2i P−1
j + 1

λi
aia

T
i ∗ ∗ ∗

CiP
−1
i

1
κi

Di D2i 0 I ∗ ∗
KiP

−1
i 0 0 0 0 1

κiσ
2 I ∗

EiP
−1
i 0 0 1

λi
fia

T
i 0 0 1

λi
(fif

T
i −I)

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎟
⎠

> 0.
(29)

Thus, inequality (29) is transformed to inequal-
ity (15a) by Qi = P−1

i , Wi = KiQi, Gi =

HiQi, αi = 1
κi

, and βi = 1
λi

. For i ∈ I0,
the subsystem is treated as a linear system, and
through similar derivation, the LMI can be written
as inequality (15b).

By performing pre- and post-multiplication for
inequality (8) by diag

(
P−1

i , I
)
, LMI (16) can be

obtained by substituting Qi = P−1
i and Gi(l) =

Hi(l)P
−1
i . Hence, it can be concluded that LMI (16)

ensures ξ(Pi, ρ) ⊂ L (Hi,u0). This completes the
proof.
Remark 3 When fT

i fi − 1 ≤ 0, inequality (15)
has no feasible solution; then, the subsystem lies in-
side ellipsoid εi. In this case, ΔV is negative for
x(k) ∈ εi if AT

i PjAi − Pi < 0, which is equivalent
to inequality (15b).
Remark 4 For the design of event-triggered con-
trollers of the PWA systems in Ma et al. (2018, 2019),
the nonlinear term γiQiEiQi was relaxed accord-
ing to γiQiEiQi ≥ QiEi

1
2 + Ei

1
2Qi − γ−1

i I. This



726 Jiang et al. / Front Inform Technol Electron Eng 2021 22(5):720-731

method resulted in conservativeness to some extent.
In this study, the inversion lemma is applied to deal
with the term λiE

T
i Ei in inequality (25), thereby

avoiding the conservativeness in handling the non-
linear term in LMI.
Remark 5 By introducing constraint Pi = P ,
the piecewise quadratic Lyapunov function (14) be-
comes a common quadratic Lyapunov function (Ro-
drigues and Boyd, 2005; LeBel and Rodrigues, 2009).
Obviously, the common Lyapunov function is more
conservative than the piecewise Lyapunov function.

The smallest H∞ performance index can be
measured by solving the following optimization
problem:

Optimization problem 1:

min
Wi, Qi

γ, i ∈ I,

subject to inequalities (15) and (16).
(30)

For a fixed γ, the region of attraction can be
maximized by the following optimization problem:

Optimization problem 2:

min
Wi, Qi

tr(Q−1
i ), i ∈ I,

subject to inequalities (15) and (16).
(31)

Remark 6 As the optimization goals of optimiza-
tion problems 1 and 2 are convex functions (Boyd
and Vandenberghe, 2004), LMIs in Theorem 1 can
be numerically effectively solved in MATLAB using
toolbox CVX (Grant and Boyd, 2014) as an inter-
face and SDPT3 (Toh et al., 1999)/SeDuMi (Sturm,
1999) as a solver.
Remark 7 When using PWA systems to ap-
proximate nonlinear systems, more subsystems are
needed if a higher accuracy is required. In such
a situation, one should be aware of the fundamen-
tal limitations of computations. For each subsys-
tem, the number of free variables in Theorem 1 is

N =
1

2
n2 +

1

2
n+ 2mn+ 3. In contrast, the number

of free variables in Theorem 1 in Ma et al. (2019) was

N =
1

2
n2+

1

2
n+2mn+3m+2, which is larger. Note

that robustness was not discussed in Ma et al. (2019).
Consequently, our method has lower complexity.

4 Examples

In this section, we present a discrete-time
chaotic map-T system and a single-link robot arm

control system to demonstrate the merits and effec-
tiveness of the proposed controller design method.
Comparisons are made with methods in the liter-
ature. The transmission reduction is measured by
the control input update rate or, equivalently, the
transmission rate (TR), which is defined as follows:

TR =
Number of event triggers
Number of measurements

.

Example 1 Consider the following discrete-time
chaotic map-T system (Chen CL et al., 2005) with
modifications:

x(k + 1) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

A1x(k) +B11u(k) +B21ω(k) + a1,

− 10 ≤ x1 < 6,

A2x(k) +B12u(k) +B22ω(k) + a2,

6 ≤ x1 ≤ 10,

z(k) = Cx(k) +Du(k),

with

Ai =

⎛

⎝
0 0.89 0.5

hi 0.89 0

−0.1 0 0.9

⎞

⎠ , a1 =

⎛

⎝
0

0

0

⎞

⎠ ,

a2 =

⎛

⎝
0

−18.72

0

⎞

⎠ , B11 =

⎛

⎝
1

0

1.5

⎞

⎠ , B12 =

⎛

⎝
0.5

0

0

⎞

⎠ ,

B21 = B22 =

⎛

⎝
0.01

0.01

0.01

⎞

⎠ , C =
(
0.5 0.5 0.5

)
,

D = (0.1), i = 1, 2, h1 = −1.12, h2 = 2.

The state spaces of these two subsystems can be de-
scribed by the degenerate ellipsoid (2) with E1 =(
0.125 0 0

)
, f1 = (0.25), E2 =

(
0.5 0 0

)
, and

f2 = (−4).
Let σ = 0.9. By solving Theorem 1, we can

obtain the controller gains as
{
K1 = (0.3158 − 0.8499 − 0.5128),

K2 = (0.3661 − 0.5736 − 0.3334).

For comparison, we obtain the following controller
gains by applying Theorem 3 in Chen YG et al.
(2014):

{
K1 = (0.5158 − 0.7569 − 0.5576),

K2 = (0.5722 − 1.2075 − 0.8641).

The initial condition is taken as x(0) =
(
10 −0.4 1

)T
in χ2, and the number of sam-

pling steps is set to 50. For an external disturbance
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ω(k) = 50exp(−0.2t) sin(2πt), the results obtained
by our approach and those based on Chen YG et al.
(2014)’s approach are shown in Figs. 2–4 for compar-
ison. Fig. 2 shows the state responses of the system.
It can be seen that the system converges faster when
our approach is used. The control inputs are shown
in Fig. 3. Event triggers are recorded in Fig. 4, where
“1” means that the event is triggered, and “0” means
that it is not. Fig. 4 shows that events occur at
every event sampling instant when Chen YG et al.
(2014)’s approach is adopted; in contrast, events are
significantly reduced when our approach is used, im-
plying that communication resources can be greatly
conserved using our approach. Table 1 lists the TR
and the minimum H∞ performance index γmin for
different values of σ when solving the optimization
problem 1.

Chen YG et al. (2014)’s approach
Our approach

0 5 10 15 20 25 30 35 40 45 50

10
5
0
2
1
0

−1
1
0

−1
−2

x 1
x 2

x 3

Number of sampling steps

Fig. 2 State responses of the system when σ = 0.9

Chen YG et al. (2014)’s approach
Our approach
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Fig. 3 Control input of the system when σ = 0.9

Chen YG et al. (2014)’s approach

0 5 10 15 20 25 30 35 40 45 50
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Fig. 4 Simulation results of the events when σ = 0.9

“1” means that the event is triggered and “0” means that it is
not triggered

Table 1 shows that the larger the event-
triggering threshold σ, the fewer the events trig-
gered. However, H∞ performance worsens with a
higher threshold. Consequently, a trade-off between
TR and the H∞ performance is necessary. For spe-
cific situations, a proper control performance and an
appropriate TR can be obtained by adjusting the
value of σ.

Table 1 H∞ performance index γmin and transmis-
sion rate (TR) for various values of σ

σ γmin TR (%)

0.1 0.0406 94.12
0.3 0.0795 74.51
0.5 0.2616 66.67
0.7 6.0865 52.94
0.9 11.7065 39.22

Example 2 Consider the following single-link
robot arm control system (Zhang et al., 2017):

θ̈(t) = −MgL

J
sin(θ(t)) − R

J
θ̇(t) +

1

J
u(t) + ω(t),

where θ(t) is the angle of the arm, u(t) the control
input, ω(t) the external disturbance, M the mass of
the payload, J the moment of inertia, g the accel-
eration of gravity, L the length of the arm, and R

the coefficient of the viscous friction. Parameters
are selected as follows: M = 1 kg, J = 1 kg · m2,
g = 9.8 m/s

2, L = 1 m, R = 0.5 kg ·m/s2.
By defining x1(t) = θ(t), x2(t) = θ̇(t), x(t) =

(x1(t) x2(t))
T, and z(t) = x1(t)+0.3ω(t), the system

can be expressed as follows:
⎧
⎪⎨

⎪⎩

ẋ1(t) = x2(t),

ẋ2(t) = −9.8 sin(x1(t))− 0.5x2(t) + u(t) + ω(t),

z(t) = x1(t) + 0.3ω(t).

The characteristic of the nonlinear term sin x1

is approximated by a piecewise function. An illus-
tration of the approximation effect is given in Fig. 5.
The state space is partitioned into three regions:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

χ1 =
{
x ∈ R

2| − 3π

5
≤ x1 < −π

5

}
,

χ2 =
{
x ∈ R

2| − π

5
≤ x1 <

π

5

}
,

χ3 =
{
x ∈ R

2|π
5
≤ x1 ≤ 3π

5

}
.

By discretizing the system with period T =

0.1 s, we end up with the discrete-time PWA
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Fig. 5 Piecewise affine (PWA) approximation of sinx1

model (1) with

A1 = A3 =

(
0.9861 0.0971

−0.2750 0.9376

)
, a2 =

(
0

0

)
,

A2=

(
0.9553 0.0961

−0.8806 0.9072

)
,a1=−a3 =

(
0.0195

0.3864

)
,

B11 = B13 = B21 = B23 =

(
0.0049

0.0971

)
,

B12= B22=

(
0.0049

0.0961

)
, C1= C2= C3=

(
1 0

)
,

D11= D12= D13= (0), D21= D22= D23= (0.3).

Here, using degenerate ellipsoid (2) to (exactly) cover
the polytopic regions, we obtain E1 = E2 = E3 =(
5

π
0

)
, f1 = −f3 = (2), and f2 = (0).

For the above saturated PWA system, we
are interested in designing an event-triggered
controller (5) such that the closed-loop system (10) is
asymptotically stable with a guaranteed H∞ distur-
bance attenuation level γmin while the signal trans-
mission is reduced. Considering u0 = (1), σ = 0.7,
and γ = 1 for the optimization problem 2, the con-
troller gains and Lyapunov matrices are obtained as
follows:

K1 = K3 =
(−53.3438 − 11.9312

)
,

K2 =
(−48.2323 − 11.7772

)
,

P1 = P3 =

(
3.4593 0.3213

0.3213 0.0924

)
,

P2 =

(
3.4092 0.3135

0.3135 0.0904

)
.

To simulate the performance of the derived con-
troller, two cases are considered:
Case 1 (Without disturbance) Consider an undis-
turbed system, i.e., ω(t) = 0.

Case 2 (With disturbance) Assume that the sys-
tem is subject to an external disturbance ω(t) =

0.5 sin(4πt).
Applying the controller given above, the sim-

ulation results are shown in Figs. 6–9 with initial
condition x0 =

(
0.23π −0.13π

)T
and simulation

time t = 10 s. Fig. 6 depicts the state responses of
the system without disturbance. It is seen that the
closed-loop stability is ensured using the proposed
controller. Fig. 7 shows the control input without
disturbance. Figs. 8 and 9 show the state responses
and control input of the system with disturbance,
respectively. From Fig. 8, it is seen that the state of
the system is maintained near the origin.

The estimate of the domain of attraction when
σ = 0.7 is shown in Fig. 10. The domain of attrac-
tion can be significantly enlarged for the optimiza-
tion problem 2. For different values of σ, the estimate
of the domain of attraction is shown in Fig. 11. It
is clear that with increasing σ, the estimate of the
domain of attraction decreases. Table 2 presents the
comparison of TR between a previous approach (Wu
et al., 2014; Ma et al., 2019) and the proposed Algo-
rithm 1 with different values of σ.

Table 2 Comparison of the transmission rate (TR)
with various values of σ

σ

TR (%)

Strategy in Wu et al. (2014)
Algorithm 1

and Ma et al. (2019)

Case 1 Case 2 Case 1 Case 2

0.01 99.01 100 47.52 48.51
0.1 90.10 85.15 47.52 42.57
0.3 78.22 67.33 52.48 45.54
0.7 52.48 48.51 48.51 43.56
0.9 21.78 24.75 20.79 24.75

Table 2 shows that for the triggering technique
in Wu et al. (2014) and Ma et al. (2019), the larger
the event-triggering threshold σ, the fewer the events
triggered. In addition, Table 2 and Fig. 11 indicate
that there exists a trade-off between TR and the
control performance. However, because of actuator
saturation, resources may be wasted. Obviously, by
applying Algorithm 1, TR can be further reduced. In
fact, TR may be affected by parameter uncertainties,
disturbances, and actuator saturations. In practical
applications, appropriate control performance can be
obtained by adjusting the value of σ.
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5 Conclusions

We have studied the event-triggered H∞ con-
trol for discrete-time PWA systems subject to ac-
tuator saturation. A novel event-triggered strategy
that considers the saturation information has been
proposed. With the aid of a piecewise Lyapunov
function combined with S-procedure and some ma-
trix linearization procedures, sufficient conditions for
novel event-triggered H∞ controllers have been for-
mulated as LMIs that can be efficiently solved by
available software. Numerical examples have been
provided to confirm the effectiveness of the proposed
approach.
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